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The two-dimensional problem on an advection of passive fluid in the velocity field 

induced by system of point vortices inside a circular domain is considered. It is known 

that laminar motion of fluid particle can display chaotic properties under certain 

conditions. Different criteria and methods are used for identification regions of chaotic 

motion: analysis of phase trajectories, spectral and correlation characteristics, Poincare 

section, largest Lyapunov exponent.  It is necessary to apply different criteria to 

analyse intensive regimes of advection. The comparison analysis of different criteria of 

stirring processes in two-dimensional velocity field induced by system of point 

vortices inside a circular domain. 

 

1.  !"#"$%" 

J(+-0""F @0(050K$)'#$3 1('7$-$+##+ #'<+731"3 ) -0#1(0 )#$5'#$3 /60#F< 

) +G.'"1$ :/#7'50#1'.*#F< $ @($%.'7#F< #'/%, $ #'<+7$1 K$(+%+0 @($50#0#$0 

) L%+.+,$$, <$5$60"%+;, :'(5'-0)1$60"%+; $ @$M0)+; @(+5FK.0##+"13<. 

I?)0"1#+ [1,2], 61+ .'5$#'(#F0 1060#$3 @($ #0%+1+(F< /".+)$3< 5+,/1 

"+@(+)+E7'1*"3 $#10#"$)#F5$ (0E$5'5$ @0(050K$)'#$3. J(+-0"" 

@0(050K$)'#$3 @(07"1').301 "+G+; ".+E#+0 :$?$60"%+0 3).0#$0. 2(07$ 

+"#+)#F< 50<'#$?5+) 5+E#+ )F70.$1* 7)' #'$G+.00 )'E#F< [1]: 7$::/?$+##F0 

3).0#$3, ")3?'##F0 " 5+.0%/.3(#F5 7)$E0#$05, $ %+#)0%1$)#F; @0(0#+", 

)F?)'##F; 7)$E0#$05 "@.+K#+; "(07F. 

 + 5#+,$< @($%.'7#F< ?'7'6'< '#'.$? )(050##F< 5'"K1'G+) @+?)+.301 

$"%.86$1* 7$::/?$+##F0 L::0%1F [3] $ ('""5'1($)'05'3 @(+G.05' ")+7$1"3 % 

'#'.$?/ @(+-0""+) @0(050K$)'#$3 @($ #'.$6$$ 1+.*%+ 70:+(5'-$; $"<+7#+; 

+G.'"1$ ) @+.0 "%+(+"1$ .'5$#'(#+,+ 1060#$3. N'%'3 ?'7'6' ) "+)(050##+; 

.$10('1/(0 @+./6$.' #'?)'#$0 ;!8!-! $< !81+/"## E$7%+"1$ ) $?)0"1#+5 @+.0 

"%+(+"1$ [1,4]. 

B)$E0#$0 @'""$)#F< E$7%$< 6'"1$- +@$"F)'01"3 #0.$#0;#F5$ /(')#0#$35$ 

[3,5,6]. J+ L1+; @($6$#0 ('""1+3#$0 50E7/ 6'"1$-'5$, :+(5$(/8M$5$ ,('#$-F 

)F70.0##+; +G.'"1$ 1060#$3, 5+E01 /)0.$6$)'1*"3 " 1060#$05 )(050#$ 

L%"@+#0#-$'.*#+. N'%+0 1060#$0 ) .$10('1/(0 #'?F)'81 <'+1$60"%$5, ' 

@(+-0""F @0(050K$)'#$3 ) #$< – ,!$*#-+./$) !81+/"#+) [1,4]. 

  <'+1$60"%+; 7$#'5$%0 "/M0"1)/01 5#+,+ 501+7+) $ %($10($0) 7.3 

+@(070.0#$3 <'+1$60"%$< (0E$5+) 7)$E0#$3 7$#'5$60"%$< "$"105 [5,7,8]: 

'#'.$? :'?+)+; 1('0%1+($$ "$"105F, "@0%1('.*#F; $ %+((0.3-$+##F; '#'.$?F, 

@+"1(+0#$0 "060#$; J/'#%'(0, '#'.$? @+%'?'10.0; O3@/#+)' $ 7(/,$0. I< 

"+)50"1#+0 $"@+.*?+)'#$0 @+?)+.301 7+"1'1+6#+ GF"1(+ $ #'70E#+ +@(070.$1* 

(0E$5F 7)$E0#$3 +170.*#F< E$7%$< 6'"1$-. 
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P7#'%+ @($50#0#$0 /%'?'##F< )FK0 %($10($0) 7.3 +@(070.0#$3 (0E$5+) 

'7)0%-$$ +%'?F)'01"3 #07+"1'1+6#F5, @+"%+.*%/ '7)0%-$3 @(07"1').301 "+G+; 

$#10,('.*#+0 3).0#$0, ) %+1+(+5 /6'"1)/81 ('?.$6#F0 E$7%$0 6'"1$-F, 6'"1* 

$? %+1+(F< /6'"1)/01 ) /@+(37+60##+5 7)$E0#$$, ' 7(/,$0 – 5+,/1 7)$,'1*"3 

<'+1$60"%$ [2, 4]. 

Q0.*8 #'"1+3M0; ('G+1F 3).301"3 @(+)070#$0 "(')#$10.*#+,+ '#'.$?' 

('?.$6#F< %($10($0) '7)0%-$$ ) 7)/<50(#+5 1060#$$ $70'.*#+; E$7%+"1$, 

#')070##+5 7)/53 1+606#F5$ )$<(35$ )#/1($ %(/,+)+; +G.'"1$.  FG+( 1'%+,+ 

5+70.*#+,+ @(07"1').0#$3 +G/".+).0# 7+"1'1+6#+ @(+"1F5 +@$"'#$05 @+.3 

"%+(+"1$ [9,10]. R0?/.*1'1F '#'.$?' @+?)+.381 )F3)$1* $ ":+(5/.$(+)'1* 

+"#+)#F0 ?'%+#+50(#+"1$ @(+-0""+) '7)0%-$$ @'""$)#+; @($50"$ 

7)/<50(#F5$ 1060#$35$. 

 

2. &'(!$"$%) #!%*"$%) 

J/"1* ) $70'.*#+; #0"E$5'05+; E$7%+"1$, %+1+('3 +,('#$60#' %(/,+)+; 

+G.'"1*8 ('7$/"' a, #'<+731"3 N 1+606#F< )$<(0; " $#10#"$)#+"135$  ! , ,70 

N,...,1" , ('"@+.+E0##F0 ) 1+6%'< " %++(7$#'1'5$ ),(   yx  ) @(35+/,+.*#+; 

"$"1050 %++(7$#'1, "+)@'7'8M0; " -0#1(+5 @+.+"1$. B.3 )F@+.#0#$3 

,('#$6#+,+ /".+)$3 #0@(+10%'#$3 #0+G<+7$5+ 7+G')$1* "$"105/ N 5#$5F< 

)$<(0; " $#10#"$)#+"135$  !# , ('"@+.+E0##F< ) 1+6%'< [2] 
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" #'6'.*#F5$ /".+)$35$ 
0)0(   xx " , 

0)0(   yy " .   )F('E0#$3< (2) K1($< 

+?#'6'01 $"%.860#$0 $? "/55$(+)'#$3 "$#,/.3(#+,+ ".','05+,+ , " . 

4#$5F0 )$<($ E0"1%+ ")3?'#F " @(+"1('#"1)0##F5$ @+.+E0#$35$ +"#+)#F< 

)$<(0; $ )"0,7' «+1".0E$)'81» 7)$E0#$0 70;"1)$10.*#F< )$<(0;. 

2$"105' /(')#0#$; (2) +G.'7'01 7)/53 #0?')$"$5F5$ $#)'($'#1'5$ 
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)F('E'8M$0 ?'%+# "+<('#0#$3 5+50#1' $5@/.*"' $ %$#01$60"%+; L#0(,$$ 

1060#$3 $70'.*#+; #0"E$5'05+; E$7%+"1$, "++1)01"1)0##+. 
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4'105'1$60"%'3 @+"1'#+)%' ?'7'6$ +G '7)0%-$$ "$"105F M @'""$)#F< 

E$7%$< 6'"1$-, ('"@+.+E0##F< ) 1+6%'< " %++(7$#'1'5$ ),(   YX  (?70"* 

M,...,1" ) ) $?)0"1#+5 @+.0 "%+(+"1$ )],,(),,,([ tyxVtyxU"U  ")+7$1"3 % 

(0K0#$8 "$"105F +GF%#+)0##F< 7$::0(0#-$'.*#F< /(')#0#$; @0()+,+ 

@+(37%' (?'7'6' C+K$) 

),,( tYXU
dt

dX
  

 " ,  ),,( tYXV
dt

dY
  

 " ,  M,...,1"   (4) 

" #'6'.*#F5$ /".+)$35$ 
0)0(   XX " , 

0)0(   YY " . 

I"@+.*?/3 10+(05F H0.*5,+.*-' [6] $ '#'.+,$8 50E7/ /(')#0#$35$ (2) $ (4), 

@'""$)#F0 E$7%$0 6'"1$-F (5'(%0(F) 5+,/1 GF1* @(07"1').0#F ) )$70 

1+606#F< )$<(0; " #/.0)+; $#10#"$)#+"1*8. 2+)50"1#+0 $#10,($(+)'#$0 

/(')#0#$; 7)$E0#$3 (2) $ (4) @+?)+.381 +@(070.$1* 1('0%1+($$ 7)$E0#$3 

@'""$)#F< 5'(%0(+) ) ('""5'1($)'05+5 1060#$$. 

 

3. +$(,%- .'/0"11( (#!"20%% 

R'""5+1($5 "./6'; )?'$5+70;"1)$3 7)/< 1+606#F< )$<(0; $#10#"$)#+"1$ 1!  

$ 2! , ('"@+.+E0##F0 ) #'6'.*#F; 5+50#1 ) 1+6%'< (
0

1

0

1 , yx ) $ (
0

2

0

2 , yx ). 

J+"%+.*%/ /(')#0#$3 7)$E0#$3 )$<(0; (2) +G.'7'81 7)/53 #0?')$"$5F5$ 

$#)'($'#1'5$ (3), 1+ "$"105' 7)/< 1+606#F< )$<(0; )#/1($ %(/,+)+; +G.'"1$ 

3).301"3 $#10,($(/05+;.   ('G+10 [9] @(07"1').0#' %.'""$:$%'-$3 

)?'$5+70;"1)$; 1'%+; "$"105F ) ?')$"$5+"1$ +1 @'('501(+) I $ ]4exp[ HG ." : 

1('0%1+($$ 5+,/1 GF1* %'% ?'5%#/1F5$ (@0($+7$60"%+0 7)$E0#$0), 1'% $ 

('?+5%#/1F5$ (#0@0($+7$60"%+0 )?'$5+70;"1)$0). 

S".$ 7)' )$<(3 $5081 $#10#"$)#+"1$ +7$#'%+)+,+ ?#'%' 021 /!!  $ ) 

#'6'.*#F; 5+50#1 )(050#$ @+.+E0#$0 )$<(0; +G.'7'01 -0#1('.*#+; 

"$5501($0;, 1+ 7)' )$<(3 7)$,'81"3 @0($+7$60"%$ @+ %(/,+)F5 1('0%1+($35. 

J($50( 1'%+,+ )?'$5+70;"1)$3 )$<(0; @+%'?'# #' ($".1 7.3 0.121 "!"! , 

0.00

2

0

1 "" xx , 5.00

2

0

1 "#" yy . C(/E+6%'5$ #' ($"/#%0 @+%'?'#F #'6'.*#F0 

@+.+E0#$3 )$<(0; $ @+.+E0#$3 )$<(3 1 60(0? $#10()'.F )(050#$ 5.0"0t . 

 $<($ 7)$,'81"3 @+ %(/,+)F5 1('0%1+($35 " @0($+7+5 58.15"pT . 

T'.$6$0 "$5501($$ ) ('"@+.+E0#$$ )$<(0; @($)+7$1 % 1+5/, 61+ @'""$)#F0 

5'(%0(F ) ('""5'1($)'05+5 @+.0 "%+(+"1$ 7)$E/1"3 @+ (0,/.3(#F5 

1('0%1+($35. T' ($".2 @(07"1').0# @($50( 1('0%1+($$ 5'(%0(', ('"@+.+E0##+,+ 

) #'6'.*#F; 5+50#1 ) 1+6%0 (-0.5, 0.0). 4'(%0( 7)$E01"3 @+ "@$('.0)$7#F5 

1('0%1+($35, @+@0(050##+ /7'.33"* $ @($G.$E'3"* % -0#1(/ @+.+"1$. 

2060#$0 J/'#%'(0 5'(%0(+) $5001 ".+E#/8 "1(/%1/(/ (($".3). P#+ "+70(E$1 

601F(0 L..$@1$60"%$0 1+6%$, ('"@+.+E0##F0 )#/1($ 1060#$3, $ @31* 

,$@0(G+.$60"%$< 1+60%, +7#' $? %+1+(F< "+70(E$1"3 ) -0#1('.*#+; +G.'"1$ 

1060#$3, ' +"1'.*#F0 ('"@+.+E0#F #' @+)0(<#+"1$ ,('#$-F. A@+(37+60##'3 

@+".07+)'10.*#+"1* 1+60% "060#$3 J/'#%'(0 ")$7010.*"1)/01 + 1+5, 61+ )+ )"0; 

+G.'"1$ 1060#$3 5'(%0(F 7)$E/1"3 @+ (0,/.3(#F5 1('0%1+($35. 
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=#..1. >2!+/*$2## 81#?+-
%#@ 810, .#99+*2#-%(, 

*$-+-%(, 1#,2+) 1%0*2# 

/207$1$) $<&!.*# 

=#..2. >2!+/*$2#@ 81#-
?+%#@ A!..#1%$7$ 9!2/+-

2! 

=#..3. B+-+%#+ 50!2/!2+ 
A2# A+2#$8#-+./$9 1;!#-

9$8+).*1## 

 

J(+)0705 6$".0##+0 5+70.$(+)'#$0 @(+-0""' '7)0%-$$ @'""$)#+; @($50"$ ) 

('""5'1($)'05+5 1060#$$. T' ($".4,' @+%'?'#+ #'6'.*#+0 @+.+E0#$0 )$<(0; $ 

)F70.0##+; 6'"1$ E$7%+"1$ ) )$70 %(/,' ('7$/"' R=0.3 " -0#1(+5 ) #'6'.0 

%++(7$#'1. 2 1060#$05 )(050#$ E$7%+"1* ('?70.301"3 #' 6'"1$, %+1+(F0 

#'6$#'81 ?'%(/6$)'1*"3 )+%(/, 1+606#F< )$<(0;. &'('%10(#F; 5+50#1, 

"++1)01"1)/8M$; 5+50#1/ pTt " , @+%'?'# #' ($".4,G. I#10(0"#+ +1501$1*, 61+ 

#0?#'6$10.*#'3 6'"1* @'""$)#+; E$7%+"1$ @+@'7'01 ) .0)/8 $ @(')/8 +G.'"1* 

1060#$3. J($ L1+5 :+(5$(/01"3 1+#%'3 @+.+"%' )F70.0##+; E$7%+"1$, %+1+('3 

7)$E01"3 )+%(/, L..$@1$60"%$< 1+60%, ('"@+.+E0##F< ) L1$< +G.'"13< 1060#$3. 
 

  

=#..4. :81+/"#@ A!..#1%$) ?#8/$.*# 1%0*2# /207!: 
 !) t=0.0,   <)  t=3T 

=#..5. >2!+/*$2## 81#?+-
%#@ 810, %+.#99+*2#-%(, 

1#,2+) 

 

  ('G+1'< [2,9] @+%'?'#+, 61+ @($ #'(/K0#$$ "$5501($$ ) #'6'.*#+5 

('"@+.+E0#$$ )$<(0; ) %(/,+)+; +G.'"1$ #'(/K'01"3 @0($+7$6#+"1* $< 

7)$E0#$3.  $<($ @+-@(0E#05/ )('M'81"3 )+%(/, -0#1(' @+.+"1$ " ('?#F5$ 

/,.+)F5$ "%+(+"135$. J($ 5'%"$5'.*#+5 "G.$E0#$$ )$<(0; @(+$"<+7$1 

"50M0#$0 +7#+,+ )$<(3 % ,('#$-0, ' 7(/,+,+ - % -0#1(/ @+.+"1$. J($50( 1'%+; 

1('0%1+($$ 7)$E0#$3 @+%'?'# #' ($".5, ,70 0.121 "!"! , 0.00

2

0

1 "" xx , 

5.00

1 "y , 6.00

2 #"y . T' ($"/#%0 "@.+K#+; .$#$0; @+%'?'#' 1('0%1+($3 

7)$E0#$3 )$<(3 1, ' @/#%1$(#+; .$#$0; #'#0"0#' 1('0%1+($3 )$<(3 2. 
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=#..6.  +2+70&@2%$+ 81#?+-
%#+ A!..#1%$7$ 9!2/+2! 

=#..7.B+-+%#+ 50!%/!2+ 
A2# %+A+2#$8#-+./$9 

1;!#9$8+).*1## 

=#..8. C$80&' .A+/*2! 
A2$+/"## *2!+/*$2## 

A!..#1%$7$ 9!2/+2! 

 

N('0%1+($3 @'""$)#+,+ 5'(%0(', ('"@+.+E0##+,+ ) #'6'.*#F; 5+50#1 ) 

1+6%0 (-0.5, 0.0), @(07"1').0#' #' ($".6. B)$E0#$0 5'(%0(' ) @+.0 "%+(+"1$ 7)/< 

#0"$5501($6#+ ('"@+.+E0##F< 1+606#F< )$<(0; "1'#+)$1*"3 <'+1$60"%$5. 

4'(%0( #0(0,/.3(#+ @+"0M'01 ('?.$6#F0 +G.'"1$ %(/,+)+; @+.+"1$. 

2060#$0 J/'#%'(0 7.3 L1+,+ "./6'3 7)$E0#$3 1+606#F< )$<(0; @+%'?'#+ #' 

($".7. P#+ @+"1(+0#+ 7.3 "$"105F @'""$)#F< 5'(%0(+), ('"@+.+E0##F< ) 

#'6'.*#F; 5+50#1 ) ('?.$6#F< +G.'"13< @+.+"1$. B$"%(01$?'-$3 $< 1('0%1+($; 

7)$E0#$3 @(+$?)+7$.'"* ) 5+50#1, %+,7' )$<(* 1 @0(0"0%'. +"* x=0 ) 

+1($-'10.*#+5 #'@(').0#$$. T0/@+(37+60##+0 7)$E0#$0 5'(%0(+) )#/1($ 

%(/,+)+; @+.+"1$ @($)+7$1 % 1+5/, 61+ "060#$0 J/'#%'(0 "1'#+)$1*"3 

<'+1$60"%$5 @('%1$60"%$ )+ )"0; @+.+"1$, ?' $"%.860#$05 +G.'"1$ 1060#$3, 

@($.0,'8M0; % @0()+5/ )$<(8. N'%'3 "1(/%1/(' "060#$3 J/'#%'(0 

")$7010.*"1)/01 + 1+5, 61+ @'""$)#F0 5'(%0(F 7)$,'81"3 <'+1$60"%$ [7]. 

P7#'%+ L1+1 )F)+7 #0+G<+7$5+ @+71)0(7$1* 7(/,$5$ %($10($35$, @+"%+.*%/ 

#'.$6$0 #0(0,/.3(#+,+ "060#$3 J/'#%'(0 3).301"3 #0+G<+7$5F5, #+ 

#07+"1'1+6#F5 /".+)$05 <'+1$?'-$$ 7)$E0#$3 [1,5,7,8]. T' ($".8 @+%'?'# 

5+7/.* "@0%1(' 1('0%1+($$ X(t) 6'"1$-F, 1('0%1+($3 %+1+(+; @+%'?'#' #' ($".6. 

T'.$6$0 G+.*K+,+ %+.$60"1)' @$%+) ) "@0%1(0 ")$7010.*"1)/01 + 1+5, 61+ 

1('0%1+($3 ('""5'1($)'05+; 6'"1$-F 3).301"3 #0(0,/.3(#+;. 

 

  

=#..9.4$DEE#"#+%* !1*$-

/$22+&@"## *2!+/*$2## 
9!2/+2!  

=#..10.  !#<$&'F#) A$-

/!;!*+&' G@A0%$1! 

=#..11 4!2*! &$/!&'%(, 

2!.*@?+%#) A!..#1%$7$ 
9!2/+2! 

 



128 >. >. H/(E$;, I. 2. J(+%+@+)$6  

S".$ 7)$E0#$0 5'(%0(' 3).301"3 <'+1$60"%$5, 1+ %+L::$-$0#1 

')1+%+((0.3-$$, )F6$".0##F; 7.3 L1+; @(+0%-$$ 7+.E0# '"$5@1+1$60"%$ 

"1(05$1*"3 % #/.8. N'%$0 1('0%1+($$ " 1060#$05 )(050#$ “?'GF)'81” ")+$ 

#'6'.*#F0 /".+)$3 [7,8]. R$".9 @+%'?'#+ $?50#0#$0 %+L::$-$0#1' )(1C  

')1+%+((0.3-$$, )F6$".0##F; 7.3 @(+0%-$$ X(t) 1('0%1+($$ $"".07/05+,+ 

5'(%0('.  $7#+, 61+ ?')$"$5+"1* @(07"1').301 "+G+; +"-$..$(/8M/8 

:/#%-$8, %+1+('3 7+"1'1+6#+ GF"1(+ ) 5'"K1'G'< ?'7'6$ @($G.$E'01"3 % #/.8. 

U1+1 %($10($; 1'% E0 ")$7010.*"1)/01 + 1+5, 61+ ('""5'1($)'05F; @'""$)#F; 

5'(%0( /6'"1)/01 ) <'+1$60"%+5 7)$E0#$$. 

T' ($".10 #'#0"0#+ $?50#0#$0 #'$G+.*K0,+ @+%'?'10.3 O3@/#+)' " 1060#$05 
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('"@+.+E0##F< 1+606#F< )$<(0; )#/1($ %(/,+)+; +G.'"1$. J+50"1$5 @31#+ 

@'""$)#+; E$7%+"1$ ) )$70 %(/,' ('7$/"' R=0.3 ) -0#1('.*#/8 6'"1* @+.+"1$. 
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