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The Sequences with Stationary differences
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This paper studies nonstationary random sequences with stationary increments.
General representations are obtained for their correlation function and correlation
differences. The general case is studied for non-stationary sequence, which is the
solution of difference equation with stationary right-hand side. Derived spectral
representations prove that such sequences are harmonizable. The general
representation of solution correlation function is obtained for equation, the right-hand
side of which is a non-stationary sequence of finite non-stationarity rank.
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VY cTarTi BHBYAIOTHCSI HECTAIlOHAPHI BHIIAJKOBI IMOCHIIZOBHOCTI 31 CTAI[lOHAPHUMHU
npupoctamu. Js HHX OTpHMaHi 3araibHi 300pakeHHS KOPEISMiHHOT (QyHKImIT i
KOpeISIiHNX ~ pi3HUIbG. JlocHiIpkeHO — 3aralbHHN  BHIIQJOK  HECTAI[lOHApHOI
MOCJIIIOBHOCTI, IO € PIlICHHSM PI3HHUIEBOrO PIBHSHHS 31 CTAlliOHAPHOIO HPABOIO
gacTuHoo. OTpHMaHO CHEKTpalbHI 300paKeHHs, IO JOBOIITH TapMOHI3yEMICTh
TaKWX MOCHifoBHOCTeH. I pIBHSHHS, IIpaBa YacTWHA SIKOTO € HeCTallloHapHa
MOCITIIOBHICTh KIHIIGBOTO PaHTy HECTAlllOHAPHOCTI, OTPHMAHO 3arajbHe 300paKeHHS
KOpeJLiiHOT GyHKIIT po3B’s3KY.

Knwouosi cnosa: pisnuyese pisHAHHA, CcmayiOHapuuil npupicm, KopenayitiHa —QYHKYs,
KOpensyitiHuil pisHuYs, CNeKmpaibHe 300PaANCeHHs, 2APMOHIZYEMICIb, PAHS HECMAYIOHAPHOCMI.

B crarbe wW3y4yaOTCs HECTAMOHAPHBIC CIydYailHble IOCIEAOBATCIBHOCTH CO
CTallMOHAPHBIMU  IIPpUPALICHUAMUA. ﬂﬂﬂ HHUX IIOJIY4YCHBI 06LL[PIC peaCTaBJICHUA
KOPPEISIIIMOHHON (YHKIIMA W KOPPEIALUOHHBIX pasHocTei. MccnenoBan oOmmmit
ClTydail HeCTaIllMOHAPHOM MOCIIEI0BATEIbHOCTH, SBISIONICHCS PEIICHUEM Pa3HOCTHOTO
YpaBHEGHUS CO CTallOHApHON TpaBod yacThio. [lodydeHBl CHEKTpaibHBIC
[PE/ICTABICHUsI, J0KA3bIBAIOIINE TapMOHU3UPYEMOCTh TAKUX I10CICHA0BATEIBHOCTEH.
Jlns  ypaBHeHMs, mpaBas ~ 4acTh ~ KOTOPOTO  SIBJSIETCS  HECTAllMOHAPHOU
MOCJIE/IOBATEJIBHOCTHIO KOHEYHOTO paHra HECTAMOHAPHOCTH, MOJy4eHO oolee
MPE/ICTaBICHUE KOPPEISIIMOHHON (DYHKIIHH PEIICHHS.

Knroueewvie cnosa: PA3HOCmMHOe )YpdeHeHUue, CmayuoHapHoe npupauwjerue, KoppeiayuorHHdA
(ijHKLﬂlﬂ, CneKmpdaibhoe pasziodicenue, capmoHusupyemocms, parne HeCmayuoHapHocmu.

Introduction

Linear random difference equations with discrete variables, the right side of which
is a random function having effect of discrete white noise [1], are widely used in
modeling of random processes with discrete times. The type of non-stationarity of
equation, the right side of which is a random sequence that belongs to one of random
sequence classes, have not been studied yet.

To study sequences in Hilbert space, an operator concept was suggested and
adequate non-stationarity characteristics were introduced in [2,3].

The related close subjects see also [4-6].

1. Cauchy function
For further investigation, we will use the representation of linear difference

equations of order k with constant coefficients in the form:
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ka<n>=j"zoa,, A, x(n)= £ (n)

a, =1, on(n):x(n)

(1.1)

where 7 1s a natural number, x is the unknown function, and a; ( j=0, k) are known

real numbers;
or in equivalent form:

Definition:
For each given natural number m, the Cauchy function CD(n,m) is defined as
solution of homogenous linear difference equation with constant coefficients
L, ®(n,m) :Zk:a‘, A, ®(n,m)=0
=0 (1.3)
a, =1, AO(D(n,m)zd)(n,m)
under such initial conditions
O(nm) =0, A®_ =0,.. A,

n= n=m -

2

=1 (1.4)

n=m

A @

Let us consider some examples of Cauchy function for linear difference equations
with constant coefficients [7].

Example 1
Let us consider the difference equation
A, x(n)+ayx(n)=f(n) (1.5)
The expression for its Cauchy is following: ®(n,m)= (1-¢,)" " .
Example 2
In the case of linear difference equation of second order
A, x(n)+a, A x(n)+a, x(n)=f(n) 1.7
k k=j
using the equality A, x(n)=)(-1) C/x(n+j) we can transform (1.7) to the
J=0
form

x(n +2)+(a1 —2) x(n+1)+(1—0{] +a0) x(n) =f(n) (1.8)
which is a linear difference equation of second order with constant coefficients.
Cauchy function ®(n,m) is that solution of difference equation

O(n+2,m)+ (o, =2)@(n+1,m)+(1-a, +a,)=0 1.9)

which satisfies this two initial conditions
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O(nm) =0, A®(nm) =1

{cl (m)ﬂj +c,(m)A," =0
¢ (m)(/ll’"+1 A" ) +c, (m)(ﬂ?'"” - /12’") =1
1 1

Ant T

Thus, for ®(n,m) we have ®(n,m)= A"

Remark:
If the roots 4, and A, are complex, they can be written in the form 4 = pe'’ and

A= pe '’ and making this substitution, we bring the Cauchy function to the form
. sin((n - m)l9)

(I)(n,m)zp""” sin @

=csin((n-m)0)
Further we prove several general theorems.

Theorem 1
Cauchy function ®(n,m) for linear difference equation(1.3) of order k with

homogenous constant coefficients, which satisfies the initial conditions (1.4) ,1s a
function of the difference (n—m).

Theorem 2
The difference equation(1.1) has such a solution:

x(n):jz_;d)(n—l,j)f(j) (1.11)

where Cauchy function ®(n,m) is a solution of homogenous difference equation (1 .3)
with initial conditions (1.4) [7].
Application of theorem (2) to both examples (1) and(2)

Due to mentioned above, we can transform solution of equation (10) to the form

n—1

x(n)=2(1-a)"" 1 (J)

Jj=1
Solution of the equation (12) gets the form:
n-1 1 ) 1 )
x(n) = Z[—z oy zj 7))
IR b =4
If n, is any integer then solution of non-homogenous equation (1.1) has the form

x(n)=S o(n-1, ) 7()) (1.12)

J=ng

where ®(n,m) is Cauchy function.
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So we have found that if 4, ,...,4,, A, are the roots of characteristic equation and they
all are different then the general form of solution for (1 . 1) is

f(0) =37, 27 + S 0(n=1.7) ()

J=ng

1 (1.15)
H(’lf_’iﬂ)

V=

(<i
t=j
It is obvious that if (j :I,_k) |/1j| <1, then for n, - —o we obtain:

n—1

x(n),, = 2, ®(n=1,7) 1 ()) (1.16)

j=—
This solution of difference equations (1.1) is called steady state.

We can consider each of non-homogenous stationary equations (1.1) and (1.2) as
stochastic linear difference equation, the right side of which is a stochastic function
f (n) that behaves as discrete white noise [1] .

In this paper, we consider f (n) as random sequence belonging to one of the
random sequence classes.

2. Analytic approach to difference equations with random right side of the
form L, n(n) = .f(n)
Let L, be a linear difference operator having real constant coefficients, and let us
consider the difference equation
L, n(n)=£&(n) (2.1)
We have shown above that if all roots of characteristic equation for difference

equation (2~1) are different and their absolute value is less than one, then the
stationary solution will be given by: -

n(n),, =2 ©(n-1;)&(j) (2.2)

J=—0

where (D(",m) is Cauchy function that satisfies the difference equation (1 '3) and

initial conditions (1-4) .
When the correlation function for equation right side is given the correlation function
for solution has the following appearance

n—1,m-1

K,y (nm) = 3% @(n-1.7) @(m—L1) K (7.6) (23)

Jjol=—0

and according to the theorem (1):
q)(n—l,j) = CD(n—l—j) (2.4)
Thus the relationship (2-3) takes form:
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n—1,m-1

Ky, (nm) = 30 0(n-1-7) d(m-1-1) K, (1) (25)

Jol=—0
In addition, since the sequence & (n) is stationary, then:
K (J"E) = K (j_f)

Consequently, the correlation function of the sequence 7 (n) takes the form:

n—1,m-1

K, (n,m) = > ®(n-1-j) ®(m-1-1) K. (j-1) (2.6)
J ==
Using the following transformation: 7 —1—-j=n = j=n-1-n,
m=1-l=m = (=m-1-m,

0,0

we obtain: K,;,, (n,m) = Z cD(”1) (D(m1)K§.§(”_m_(”1 —ml)) :f(n—m)

ny,my =+

which means that in this case the sequence 77 (”) is stationary too.

Therefore, we have proved the following theorem.
Theorem 3:
If L, is linear difference operator with real constant coefficients, and the sequence
g (”) is stationary, then the steady-state solution of difference equation, is also
stationary.
According to the theorem (1) , the equation (2.1) has solution given by the
following expression:

n—1

1(m) =2, @(n=1-7) ()

Consequently, for initial conditions, we have:

C(n-1-7) D(m-1-1) K., (ju()

1

n—1l,m
K’I’? (n’m) =
=

~

For the case when coefficients of operator Ly are constant and roots of characteristic
equation are different, we obtain the following expression for Cauchy function:
k
O(nm) =0(n=m) =Y 7, 5" ¢ 7, ==
()
ya
Now we will shall consider in general the case when f(n) is a stationary

sequence. In this case, the correlation function of sequence 7(n) takes the form

n—1,m-1 2z

Ky (nm) = 30 Dy, 2477 2 [0 ar(2)

J.t=1 p,q=1 0
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[/
or '777 _[ Z 7p 761 /1; T ZZ;H% e dF(ﬂ')

0 p.q=l Jj=1 =1

Supposing that: 7, (7.4) Z i il

m)zzjir 49(/1,n)9(/1,m) dF(/l)

0

>=§n 2,(n.2). AF(2)=|AE, |

k (n
we get: 7 ( ’
where:

* is the solution of equation

n—1 R . n—1 eii /
NP

Jj=1 7=t e
i\ 2
i i
(e j e
M.n ll n—1
_ ! /117 /11) . B ﬂ'
P elﬂ e —ﬂ,
-1 4
A

Supposing that £ '(/7«) exists and equals to ./ (/1) , we can conclude that the correlation
function can be written in the form:

where é(ﬂ,,n) 249(/17”) f(ﬂ‘)

(i. e. the sequence 77(") is harmonizable [10]).
So we have proved the following theorem:
Theorem 4:

Let L, be a linear difference operator with constant coefficients, all roots of
characteristic equation L7 (") =0 are different, and sequence ¢ (”) where

L,n (m): ¢ (n) is stationary. Then the correlation function of process 77(") takes
form:

where: é(/?,,n) 26(/19”) f(/l)
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Application:
Let 5(”)= me(”a":o (W)) be a random sequence, where &, (W) is uniform over the

interval [0,27]. Then the correlation function of this sequence is:

ME(n) E(m) = 271'T§(n,/‘t) 0(m,2) P(2)dA

1
where P(/l)=g , thus it will be: Kgg(n,m) =K, (n,m)

This means that the two sequences & (n) and & (n) are unitary equivalent [2.3].

3. The Relation between correlation differences of two sequences &(n) and #(n)
in case of stationary solution
Let us rearrange the stationary equation L, n(n) = &(n)in the form

L n(n) = &(n)
and suppose thatCD(n—m) is Cauchy function of L, difference operator having

constant real coefficients. Then we find that the correlation function of sequence & (n)

can be written in the form:

195 (n(n) . n(m)) = (£(n). £(m))

and thus LZ(") Lz(m) sz (n,m) - Kéc (n,m)
The steady state solution of this equation is
n-1 m—=1 _—
K,M(n,m): Z Z @(n—l—p) (D(m_l_q)Kéi(p’q)
p=-© g=—0

we can obtain the same representation if we write stationary solution of difference
equation of the form:

n—1

n(n) = 2. @(n-1p) ¢(p)

p=—0

Let K, (n.m)=(n(n) . n(m)), =Mn(n)n(m)

n
n—1 m—1

then Kw(n,m)zz Z CD(n—l—p)CD(m—l—q) Kﬁ(p,q)

p=—® g=—
Replacing 7 with n+1in equation: LZ(") 77(”) = f(”)
we have: L") LI K,, (n,m) = K (n,m)
Lz(n) Lz(m) Km] (n + l,m + 1) = K§§ (I’l + l,m + 1)

therefore L") L") W,y (n,m) = W, (n,m)
Consequently the steady state will be:

n—-1 m-l

W, (nm) = Z Zq’(”_l_l’)q’(m_l_q) We(p.q)

p=—0 g=—xn
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Setting w,, (n,m) = (/’(”) 40(’") we get that:
n—l,m—1
n

Wyynm) = 3 @(n=1-p) @(m=1-4) 9(p)o(4)=p(n) v(n)

where ¥ (1) = Y ®(n-1-p) ¢(p)
p=—0

So we have proved the following theorem.

Theorem 5

In steady state of difference equation L, 77(n)=&(n), the correlation differences

of two sequences 77(n),&(n) are tied by relation W, (n,m)=y (n) y(m)
n—1

where ‘//(”)Z Z d)(n—l—p) (P(P) and <D(n,m) are Cauchy Functions of the

p:*@
difference operator L, with real constant coefficients.
Definition
The non-stationary random sequence & (n) is called a dissipative sequence if all
the quadratic forms of this type
N _
z W(n,m)ﬂn A,

n,m=0
are non-negative
From this definition, it follows that if the random sequence is dissipative then the
quadratic forms will be non-increasing sequence OT 2 .

N J—
Z K(n +p,m+ p)/in A,
n,m=0
In a special case, the sequence K (n,n) is non-increasing sequence, from which it
follows that the limit exists.
limK(n,n) =

Hn—>0

It is possible that Do, =0; 2)o, >
In the first case, the sequence is called asymptotically damped, and in the second case
is called asymptotically undamped

Retuning to equation(3-1) , in addition to what we have supposed above, we assume
that & (”) is non-stationary random sequence of the order 7, dissipative, and
convergent damped [3].

Easily, we find that the correlation function can be expressed by relation:

r

K (nm) =3 v, (n+7) v, (m7)

a=1 r=0

Using (3-5) we obtain:
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n-l1

l;;(n+r)= Z@(n—l—j) l//a(j-i-T)

J=—0
By rearrangement (j=n—1-n) n—1-j=n,
we get: y7;(n+z')=zq)(nl)(n—l—nl+r)
n, =0

Easily we can see that the non-stationarity order of sequence 77 (n) equals tor

Application:

Let X (” + 1) =ax (n) +f (n) be the first order difference equation.
The solution of this equation, which meets the initial conditions.

x(n, )

n—1 )
is given by the relation x(n) =a"" x,+ Z a"v f(j)

J=ny

X,

n=ny, — 70

If |a| <1 the stationary solution takes this form

n—1 n—1

) = £ (o $ LY

J=—0

This series is convergent when 7, tends to — if

lim f(j_”). @ _1ym f(j_+1) <1
o aﬁl f(]) a jo—o a/+1
i +1
which means jlifg %

Easily we find that the correlation function of this sequence is given by expression
n=1 m-1
n+m-p—q-2
Ko(mm)= 2 2, """ K, (p.q)
p=—0 q=—0

0

it K, (p.q)= §¢(p+j) #(q+J)

then K, (7,m) =i w(n,j) w(m,j)

Jj=0

n

where ')//(”»j)z z a" ! ¢(P+j)
p:*’»XJ

Using equality 2+ J =/ for substitution we get
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n+j-1

v(n)= 3 6(1)

Jj==0

Consequently, if it is ¥ (”,j )= 4 ('l +J ) , therefore the non-stationary order equals
to 1.

Conclusion

In this study a new class of non-stationary sequences was introduced. An operator
approach was applied, harmonizability of mentioned sequences was shown, and
general representations are obtained for their correlation function and correlation
differences. This makes possible modeling of random sequences having different
nature of non-stationarity, as well as sequence restoration only by its spectrum.

One can use such sequences in investigations of transient modes of discrete control
systems in both cases: when noise or useful signals are non-stationary random
sequences.

The authors express deep acknowledgment to Prof Yantsevich Artem A for valued
and useful guidance offered during this work.
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