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The article presents an algorithm for modeling diffraction on slits made on a flat screen made of actual materials. As a result,
the boundary conditions of Schukin-Leontovich lead to the mixed boundary value problem. According to the method of Y.V.
Gandel and V.D. Dushkin the solution of the problem can be reduced to a system of paired integral equations with singular and
logarithmic singularities. The author has created and debugged a PC program that performs the numerical solution of the
arising problems, and a series of computational experiments has been performed. This work has been carried at School of
Mathematics and Computer Sciences of V. N. Karazin Kharkiv National University within the state budget themes: "Modeling
of the dynamics of folding systems with the method of identifying problem situations.”
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VY craTTi BUAAETHCA ANTOPUTM MOJEIIOBAHHA AMGPAKLii HA LIUTMHAX MPOAETAaHBIX B IUIOCKOMY €KpaHi BHTOTOBJICHOMY 3
peansHuX MatepianiB. B pesynbraTi rpannuHi ymoBu ll[ykina-JleoHTOBHYA NPU3BOASATH O TPETE KpaioBOro 3aBpaHHs. [lo
merony mpod. F0.B. Tannens i B.Jl. [ymkuHa pimieHHs 3aaa4i 3BOAMTHCS O CHCTEMH TMAPHUX IHTETPATBLHHUX PIBHSIHD 3
CHHTYJSIPHOIO 1 jorapudmivHoio ocobnmBocTsiMu. CtBopeHHs nporpaM EOM 1o peaini3oByIOTH MOIIOHI YMCeNbHI Mojelni
HaJI3BHYaliHO aKTyaJbHO IJIs BIPOBA/DKEHHS IIEPEJOBHX KOMITIOTEPHUX TEXHOJIOTIH B IPAKTHKY pPEAIbHHX (Ii3HYHHX
JOCHIKeHb. ABTOp CTAaTTI OCTaHHIM 9acoM 0arato yBaru npuAiIse CTBOPEHHIO 1 Bimanni nporpam EOM BnpoBamKyBanbHUX
B MPaKTHKy TBopuy cmammuny mnpo¢. H0.B. Nanmens. 3okpema B 3Toif cTarTi aBTOp MpomoOHye BapiaHT mporpama [IEBM
BBHIMTONHSIONICH YHCENbHE PIlIeHHS BHHUKAIOUOi 3a1adi, a TAaKoX 3 ii JOMOMOTOI0 MPOBOAMTH CEPiF0 OOUYHCIIOBAIBHUX
excriepuMeHTiB. L{1 mporpama mMo)ke BUKOPHCTOBYBATHCS JUIS IIMPOKOTO JOCIIKEHHS MPOLECIB po3CiAHHSA 1 Audpakuii Ha
MOAIOHMX CTPYKTYpax, a TaKoX I BepUdikarii aHaJIOTIYHUX NPOTpaM CKIAAEHHX 3 BUKOPUCTAHHSIM TiNEPCHHTYIIPHUX
iHTerpatis, (OPMyIN BUKOPUCTOBYBaHI IPH CTBOPEHHI KX HA0AraTo CKJIaIHIIIE i BUMAraloTh peTeNbHINIHX mepeBipok. L1
pobota BukonaHa Ha Mexmari XHY im. B.H. Kapasuna y pamkax nepxOromkeTHOi TeMaTWku: "MOJEMOBaHHS JUHAMIKH
CKJIQIHMX CHCTEM 3 METOI0 ieHTHdiKkawii mpobieMHuX cutyarii”

Knwwuoei cnosa : ymosu sunpominiosants 3ommeppenvoa, ymosu Maiikchepa, inmezpanvhe pisHsnis @pedzorvma opy2o2o
poOy, iHmezpanvHe pigHaHHA 30pom Kowu i 3 noeapugpmiunoio ocobausicmio cucmema AiHiHUX PIGHAHb aleeOpu.

B crarbe npeacTaBiseTcst alropuT™M MOJSTHPOBAHUS AU(PPAKIUK Ha MIENIX MPOJENIaHbIX B IFIOCKOM 3KpaHe M3TOTOBICHHOM
U3 peanbHbIX MaTepuaioB. B pe3ynprarte rpannunsle ycnosus llykuna-JleonToBuya npuBOIAT K TpeThel KpaeBoi 3anaue. 1o
Mmeronay npod. F0.B. Tannens u B.Jl. [lymkuHa pemeHne 3a1aund CBOAUTCS K CHCTEME MapHBIX WHTETPAbHBIX YPaBHEHHN C
CHHTYJIIPHOM U JorapuMIYeckoil 0cOOEHHOCTSAMH. ABTOPOM COCTaBlieHa W OTJakeHa mporpamma [19BM BeimomHsromas
YHCIICHHOE pEIIeHHe BO3HUKAIOMMX 33/1ad, NPOBOAMTCS CEpHs BBIYMCIMTENBHBIX SKcIeprMeHTOB. Co3maHHMe NpoTrpamMM
I[I13BM, koTopble pealu3yroT IOAOOHBIE YUCICHHBIE MOJEIM, 4YPE3BbIYAHO aKTyadbHO JUIS BHEAPEHUS IEpeloBBIX
KOMIBIOTEPHBIX TEXHOJIOTHH B MPAKTUKY PEATbHBIX (M3MYECKHX HMCCICIOBAHUH. ABTOp CTaThbM B IOCJIEAHEE BPEMsl MHOTO
BHUMaHUs yJeiseT CO3JaHHIo M oTiaake rnporpamm [I9BM BHenpsrommx B NpakTHKY TBOpYecKoe HaciencTBo mpod. 10.B.
langens. DTa mporpaMma MOXKET HCIIOJIb30BAThCS ISl UCCIIEAOBAHMS IPOIECCOB paccesHHs M IU(PPaKIMU Ha MOAOOHBIX
CTPYKTypax, a Takke Uil BepH(UKaIUM aHAJOTHYHBIX IPOrPAMM COCTABJIEHHBIX C HCIIOJIb30BAaHHUEM THIEPCHUHTYIISIPHBIX
MHTETPANIOB, (OPMYINBI, KOTOPHIE HCIONB3YIOTCS IPU HX CO3JAHWM HAaMHOTO CIIOXKHee M TpeOyloT Ooiee TIIaTeIbHBIX
nposepok../lanHass pabora BbmonHeHa Ha Mexmare XHY wmm. B.H. Kapasmna B pamkax TocOIOPKETHOH TeMaTHKH:
«MopemoBaHHS IUHAMIKA CKIIQJIHUX CHCTEM 3 METOIO ieHTH]IKALlIT TPOOIEMHUX CHTYAIlii».

Knrouesvie cnosa: ycnosus uznyuenus 3ommepgensoa, ycnogus Matikcnepa, unmezpanvhoe ypasnetue Oped2oivma 6mopozo
poda.

1 Introduction
One way of describing the interaction of electromagnetic waves with non PEC structures is to consider
boundary-value problems for the Helmholtz equation with mixed boundary conditions [1] - [5]. Mixed
conditions are consequences of Schukin-Leontovich boundary conditions (IBC). In [6]; [7], the systems
of boundary integral equations for the problem of determining the direction of electromagnetic waves
on an impedance tape were obtained. The method of parametric representations of integral
transformations has been used to obtain these systems [8] - [10]. The numerical solution of these
systems had been found by the method of discrete singularities [11]; [12]. This approach is widely used
in modeling the scattering of electromagnetic waves on PEC structures [12] - [22].

The PC program created, debugged and used for the numerical modeling is based on the methods of
solving diffraction problems developed by Y.V. Gandel and his students. In particular, the monography
[12] in section 5.3 proposes a method for the numerical problem of diffraction of an electromagnetic
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wave by a finite number of slits on a flat screen made of actual materials. The article is devoted to the
numerical solution of this problem. The results of some computational experiments obtained by using
the developed program are presented at the end of the article.

2 Arrangement and the method of solving the problem
There is flat panel in subspace z=0 with M slits which are parallel to the axis Ox. Fig. 1 shows the
section of this screen by the Y0Z subspace.
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Fig. 1 Sectional drawing of the diffraction structure by the subspace Y0Z

Let
L:{yeR|yetﬂj(aq,ﬁq),0<a1<,81<...<aq<ﬁq}, (1)
q=1

where Y — the coordinates of metal-free points.
Let us set 2" and Q" half-subspaces above and below the structure.

The flat electromagnetic wave of unit amplitude falls obliquely from infinity to the diffractive
structure with the following x-coordinate:

u'(y,z) =exp(ik (y-sing—z-cosg)). (2)

It is necessary to find the full field resulting from the diffraction of a wave on a structure.
Let U,(Y,2) be the field that is a result of diffraction of a given plane wave, when in the z=0 plane a

solid conductive screen is present. Due to the boundary conditions of Shchukin-Leontovich, the equality
on the screen is:

M by (yv,00=0, yeR 3)
0z

The field U,(Y,2) has the form:
ikcosp+h

ikCOS(p_hexp{ik(y-singo+z-cosgo)}, @)

uy(y,z) =exp(ik (y-sinp—z-cosg))+

and the property:
2ik cosp . .
u,(y,0) :m-exp{lk(y-sm(p)}. (5)

The full field u(y, z), arising from the diffraction of a wave on a structure can be derived in the form:

u,(y,2)+u*(y,2), (y,z2)eQ
U_(y,Z), (y,Z)EQ_.

The field u* (Y, z) in the area QT is derived as:
u'(y,z)= [ C*(2)-exp(ily —y(1)2)d4, , (7)

and in the area O~ 1~ (y, z) is derived as:

u(y,z) ={ (6)
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U (y,2) = J C(4)-exp(idy +7(2)2)dA,, ®)

where y(1) = VA2 K2, Re(y(4)) =20, Im(y(1))<0, A€R. (9)
From the boundary conditions of Schukin-Leontovich on the surface of the screen follows that:

au (10)
E(y,0)+hu‘(y,0) =0, yeCL; (11)
The consequence of the continuity of the field and its derivatives in the screen slits are:
Uy(¥,0)+u"(y,0)=u"(y.0), yelL; (12)
2 30=2-(0, yel (13)

From the boundary conditions (10), (11) and the conjugation conditions (12), (13), taking into account
the representations of the fields (7) and (8) follows that:

j[y(ﬂ)+h] .C*(A)-exp(ily)dA = j[;/(/i)+h] C (A)-exp(ily)dA=0, yeCL; (14)

—00

u,(y,0) - j C*(A)-exp(ily)d A = j C (A)-exp(idy)dA, yel; (15)

a © ©
%(y,o)—_I C*(4)-y(A)exp(iy)d 4 = _I C (4)-y(A)exp(iAy)d4, yel; (16)
Let:

(y)—

jC (A)-[7(A) +h]exp(idy)d 4 (17)
F(y) = E(y’o) +hu™(y,0) = 7f C () -[7(A) +h]exp(idy)d L. (18)

By (10), (11) the functions F*(y) and F~(y) have the properties:
F*(y)=0, F(y)=0, yeCL (19)
Using the definition and properties of the functions F*(y) and F~(y), for the functions C* (A1)
and C~(A) we obtain the integral representations:

1
cttA)N)y=————~ |: t)-edt, AeR: 20
1
Ch=5 lF e -edt, 1eR. 21
Considering (20), (21) for functions u (y O) and u~(y,0) we get integral representations:
u'(y,0)= TC+(/1)-exp(i/1y)dA: jF (t)dt | Wd

17 e0s(A0Y 1) ey gp - F+t[ cos(A(y =) 4, COS(Ay=1) 4 l}ﬂ. -
G e fE ] [ Lo @
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u(y,0)= TC’(/I)@XD(My)dA— j F(t)dt jwd

_ L FeosAy 1) 4, Cos(A(y ~1)) d/i}d;
,,{ (t)h () Ld-omen @

It is known that
© cos(/l(y t)) i !
——22dA= kly—t{),
where H; (y)= J(Y)+i-N (y) - Hankel function of the first kind of zero order.
Considering (17), (18) we get:
u(y,0) = T C*(1)-exp(ily)dA :—Ej'?” H;(k|y—t|)F*(t)dt+%jQ(y,t)F*dt}, (25)
—o L

L

(24)

_ ° . 1.iz, . 1 _
u (y,0):_jwc (l)-exp(liy)d/i:{;{%Ho(kw—ﬂ)l: (t)dt+;{Q(y,t)F dt}, (26)

where

2 cos(A(y—t
Q(y.t) =-h| “Oo=Y) g,
07(4)-(y(A) +h)
For the convenience of further transformations we introduce the functions:
AN =[FO+F®] AO=[FO-F®] ter (28)
After substituting the integral representations (25), (26) for the functions u*(y,0) andu (y,0) the

conjugation condition (12), we obtain an integral equation of the first kind with a logarithmic
singularity:

(27)

1.ir . 1 .
15 Hokly—t) A" @dt+— QYDA dE =u,(y.0). yelL. @)

+

From (17), (18), (25), (26) for the function 88u (y,0), we obtain the integral representation:
z

ou*

=~ C*(A)- 7(A)exp(iAy)d A =— | C*(A)-[7(2) +h]exp(iAy)d A +
+h T C*(1)-exp(ily)d A =F+(y)—h{lj%ﬁH;(k|y—t|)F*(t)dt+le(y,t)F+dt}. (30)
o TL Ty
Similarly, for the function%(y, 0), we obtain, using (18), (26), the integral representation:
ou” f . < .
%(y,O) = j C (1) -7(A)exp(iiy)dA :j C™(4)-[r(2) +h]exp(idy)dA—

_hjc (1) -exp(ily)d A =F(y) - h{ljz (kly —t|)F-(t)dt + = jQ(yt)F dt} (31)

After substituting the integral representations (30), (31) for the function

d— ,0
and—-(y,0)

into the conjugation condition (13), we obtain the Fredholm integral equation of the second kind:

_ 1 iz, 4 B B 1 _ __%
A(y)—h[;{?Ho(kw t))A (t)dt+ﬂ{Q(y,t)A dt}_ p- (y,0), yeL (32
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Meixner conditions will be fulfilled if we look for restrictions of functions A*(y) and A"(y) at
intervals (aq,,b’q) in the form:

Ny s @=LM), (33)
JO-a)(B,-) v

_ Vv, (¥) _

A (y)= ye(a,p), (@=L..M) (34)

JO=a)(B, -9
where V" (y) ec[aq,ﬁq], Vo(y) e c[aq,ﬂq], (q=1,..,M).

Let:
0, [-11]>[a,.8,] gq(t):ﬂq;aqﬁﬂq;a'ﬂ (q=1...M) (35)
From this point the following notation will be used'
f=(y) ———(y 0); (36)
f*(y):—u (y,0); (37)
K, (& )———H 2 (k|o,©)-9,(2))) -5, , Infr = £[-Q(lg,(£).9, (),
(9=1,...M), (p=1... M), (38)

Ko (65) =] 1K) 0,0)) -0, Il =218, (209,63 |

(q=1...M), (p=1..M); (39)

From (32) and taking into account (33) - (39), we obtain a system of integral equations with a
logarithmic singularity on the standard interval (-1, 1)_

2 V '“ | §|V (T)d’[
ﬂ - \/1 f 71'1 \J1-
ATk @0 DY @) E<L @=LoM). @)
- T = , <S4, =1,..., .
Tt oP /1—2'2 9, q

Taking into account (33) - (39), we transform the integral equation (29) to a system of integral
equations of the first kind with a logarithmic singularity on the standard interval (-1, 1):

ﬂlnlr—élJ— ZJKlqp(e: )%—f (9,(&). <1 (g=1..M). (41)

Let us use the notation:

1 .aKlJ,rq’p(é:’T) Ikﬂ'
0 o 2

K qp(67) =~ H: (k|9,(£)-9,()])-

o

- 42
EXCETG g(é)ﬁgQ(\g (€).9,(0), (42)




32 Cepis i(MaTemaTiyHe MoaentoBaHHs. IHhopmaLiiHi TexHonorii. ABTOMaT30BaHi CUCTEMU YNPaBIiHHSY, BUNYCK 41

£, (y)= p (y,0). (43)

The system of integral equations with a Iogarithmic singularity (41) is equivalent to the SIE system:

11 1 Vq*(r)dr Y V. (r)dr

= K e
”Jlgq(f)—gq(é:) J1-72 ﬂpz—:l'[l 202 (5 )\/_r (9,())

¢<1 (@=1..,M) (44)

with additional conditions:

7)d
—Il = (:IJLT ZIKlqp(ér)J%T—f (9,69, (g

Thus, the solution of the problem is reduced to solving a system of integral equations with a
logarithmic singularity (40) and the SIE system (44) with Cauchy kernel and with additional conditions
(45), also having a logarithmic feature, on the standard interval (-1, 1). It is assumed that the functions

{9,(), F7(9,(9), 1,7(9, (), 1,7 (9, (). K, (&,2). K] (6,7), K], (£,7)}eCly, for each of

the variables are uniform with respect to the other variable. Here C[lylll — the class of functions

continuously differentiable on the interval [-1, 1], whose derivative satisfies the Holder condition with
the exponent 0 < y <1.

Let's proceed to the task (40):
We will look for approximate solutions of the SIE systems in (40) and (44), (45) as a vector of

=1,..,M). (45)

function (Vl’nl(r),...,Vq’nq(r),...,VM’nM (r)), each g-th coordinate of which is the Lagrange

interpolation polynomial function Vq (z) of the degree (nq —1) over nodes t:", (k :1,...,nq), that is,

by the roots of the Chebyshev polynomial of the first kind.
Using Lagrange type 1 interpolation polynomials: I* () T—(t) k=1..,n and
LT T )-8
Lagrange type 2 polynomials:

2 )
()= VRS

we approximate the smooth kernel of the equation (40)
—1 n,

K, (D)= £ XK (001 (012 (=K, ., (£0).

j=1 k=1

j=1..,n-1

T () and U_ (t) are Chebyshev polynomials of the first and second kind, respectively.

After that, to approximate the integral with a smooth kernel in (40), we use the well-known quadrature
formula [12]:

(T)dT 1 ) _ n, n,
Iqu(é N T EEDY,, € (46)

For integrals with a logarithmic kernel, we use the formula [12]:

1 V@ 13y 1T
;jl|n|f_§|ﬁ__n_qk§vq,nq(tk {In2+22T(.§) } (47)
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Substituting the right-hand sides of the quadrature formulas (46) and (47) into the integral equation
(40) and giving similar terms with respect to the unknown values of the vector functions in all

nodes t:p, (p=1,..,M), (k=1,...,np), we obtain a linear algebraic equation for these

unknowns (note in (47) p = q). The coefficients of these equations are functions which depend on & .
Sequentially substituting in all these functions instead & the values of all nodes

n

M
t', (9=1..,M), ( =l,...,nq), we obtain an of linear algebraic equations for the same
g=1
number of unknowns. The solutions of this system are substituted into wvector function

(Vl,nl (2), ...,qunq (7),...V, n (r)) presenting the solutions of equation (40).

To solve the system of integral equations (44) and (45) for smooth kernels and kernels with a
logarithmic singularity, we use the same quadrature formulas (46) and (47). For the integral with the
Cauchy kernel in equation (44), the quadrature formula [12] is used:

i.lf 1 V, (¢)dz _inzq Vq,nq (t*)
729,0)=0,(&) J1-72  niHg (") -g ()

(48)

Substituting the right-hand sides of quadrature formulas (46), (47) and (48) into integral equations (44)
and carrying out similar terms with respect to the unknown values of the vector functions at all nodes

tE", (p=L..,M), (k =1,...,np), we obtain a linear algebraic equation with respect to these
unknowns. The coefficients of this equation are functions which depend on&. In contrast to the
previous case, in order to obtain a system of linear algebraic equations, successively substituted into all
functions of equation (44) not the & values of all nodes tI”“, (9=1,...M), (I =1,...,nq), but the

M
values & of all nodes tg‘] (9=1,...M), (j =1,...,nq—1). As a result we obtain Z(nq—l) of
g=1

linear algebraic equations. It should be noted that tg‘] are the roots of the Chebyshev polynomial of the
second kind. M equations which are absent will be obtained using the integral equation (45). To do this,
in the quadrature formula instead & for each q, (q=1,...,M) is substituted one arbitrary t;‘] . The

solutions of this system are substituted in vector functions (Vl,nl (r),...,qunq (), o (r)) presenting

the solutions of equations (44) and (45).

3. Results of computational experiments

According to the method presented above, a PC program has been compiled and debugged. Below
we present the results of calculations obtained with it.

As an example, we investigate a finite-dimensional analogue of the dependence of the functions

C*(A)on the dimensionless wavenumber k. To establish such a relationship, we use the
representations of these functions introduced in the previous section as integral transformations (20) and
(21). Then, using expressions (28), (33) and (34), we obtain integral representations C*(1) andC™(A4)
from solutions of integral equations (40), (44) and (45):

1 VOV )

cCA)=—————
) 47r[y<z)+h]u(y—aq)(ﬂq—y)

dt, (9=1..,),4A€R;
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1 (v, (-, () -
ar[y () +h]L Jy=a)(B, - )

Then, using formula (35) for dimensionless variables and using quadrature formula (46) to calculate
integrals with a smooth kernel, we obtain approximate formulas for calculating functions C*(4) and

C™(A) for integer values A :

cC\)= dt, (g=1..,),1€R;

M 1 M N B ] g @)

C+n = — —_— (V+ te +V tq)e 9q (G y _N SnSN, n Z’
(n) 4[}/(n)+h]q§n Z{ q'"q(k ) q,nq(k ) c

C_ — M 1 q V+ tnq V_ tl"lq _ingq(IEQ) N < < N Z.

"= [7(”)+h]2n_kz—1( an, &) =V, (& ))-e , —N<n<N, neZ;

Fig. 2 presents the results of such calculations for the case when a plane electromagnetic wave of a
single amplitude normally falls on a diffraction structure with a single slit. Y-coordinates of a slit are

5) . .
located on the segment{%,f] Through C° the modules of each of the n harmonics are denoted, and

1 T T T 1 T T T

3 e
Co L i | Co - "
[ Tl
ICHI”

Fig.2 Dependencies of functions C* (1) and C™(A) on the dimensionless wavenumber k. Single slot structure
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|C]| is the total modulus of all the considered harmonicsC :\/real(Ci(n))2 +imag(C*(n))* ,

N
Icl= > \freal(Ci(n))Z+imag(Ci(n))2.In all experiments, the case of E-polarization is
n=-N

considered.
Fig. 3 presents similar graphs for the diffraction structure represented by two slits of different

5 . .
widths. Their y-coordinates are located on segments {%,%}and[&z,?ﬁ]. To the slit, which is

considered in the first experiment, a slit of noticeably larger sizes is added. As expected, in comparison
with Fig. 2, in Fig. 3, the previous peaks of the curves remained in place, but many new ones appeared.
This indicates the growth of the diffraction radiation spectrum in the second experiment, in comparison
with the first. The power of diffraction radiation also increases. This is especially evident when
comparing the latest graphs in these figures. In the last two graphs of Fig. 3, and especially for small k,

the graphs of the curves CO+ and C(; coincide almost completely and that is why they are represented
Je]n

almost everywhere in red color. The same situation takes place for pairs of graphs HC+

k

s 0 "

Fig.3. Dependencies of functions C*(4) andC™(A) on the dimensionless wavenumber k. The structure of
two slits of different sizes
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