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Ðàññìàòðèâàåòñÿ íà÷àëüíàÿ çàäà÷à

d(A0u(t))
dt

+
N∑

j=0

Bju(t− ωj) +
N∑

j=0

t−ωj∫

t0−ωj

Φj(t, τ)u(τ)dτ = f(t) + ϕ(u(t)),

t0 ≤ t < T

(1)

u(t) = g(t), t0 − ωN ≤ t ≤ t0. (2)
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Çäåñü A0, Bj (j = 0, .., N) � ïîñòîÿííûå êâàäðàòíûå ìàòðèöû ïîðÿäêà n ñ
âåùåñòâåííûìè ýëåìåíòàìè, ýëåìåíòû n × n ìàòðèö Φj(t, τ) íåïðåðûâíû
ïî ñîâîêóïíîñòè ïåðåìåííûõ íà ìíîæåñòâàõ {(t, τ) ∈ [t0, T ) × [t0 − ωj , T ) :
t0 − ωj ≤ τ ≤ t − ωj} ñîîòâåòñòâåííî, f(t) ∈ C([t0, T ),Rn), ϕ(x) ∈ C(Rn,Rn),
g(t) ∈ C([t0 − ωN , t0],Rn). Çàïàçäûâàíèÿ óïîðÿäî÷åíû: 0 = ω0 < ω1 < · · · <
< ωN . Ñëåäóÿ [1], ïîä ðåøåíèåì çàäà÷è (1),(2) íà îòðåçêå [t0 − ωN , T0] (t0 <
< T0 < T ≤ ∞) áóäåì ïîíèìàòü âåêòîð-ôóíêöèþ u(t) ∈ C([t0 − ωN , T0],Rn)
òàêóþ, ÷òî A0u(t) ∈ C1([t0, T0],Rn), u(t) óäîâëåòâîðÿåò óðàâíåíèþ (1) ïðè
t ∈ [t0, T0] è íà÷àëüíîìó óñëîâèþ (2).

Óðàâíåíèå (1) íàçûâàåòñÿ íåÿâíûì, à â ñëó÷àå íåîáðàòèìîñòè ìàòðèöû
A0�âûðîæäåííûì [1, 2]. Íåëèíåéíîå óðàâíåíèå (1) ñ âûðîæäåííîé ìàòðèöåé
A0 ïîëó÷åíî â [3, 4] ïðè îïèñàíèè ïåðåõîäíûõ ïðîöåññîâ â ðàäèîòåõíè÷åñêèõ
ñèñòåìàõ.

Ïî ñóùåñòâó ÿâíîå óðàâíåíèå (1) (A0 = E, E � åäèíè÷íàÿ ìàòðèöà
ïîðÿäêà n) ñ ó÷åòîì íà÷àëüíîãî óñëîâèÿ (2) ñâîäèòñÿ ê íåëèíåéíîìó
èíòåãðàëüíîìó óðàâíåíèþ Âîëüòåððà ñ çàïàçäûâàíèÿìè. Â ðàáîòàõ [5,
6] (ñì. òàêæå îáçîðíóþ ñòàòüþ [7] è áèáëèîãðàôèþ â íåé) ïîëó÷åíû
ðàçëè÷íûå òåîðåìû ñóùåñòâîâàíèÿ, åäèíñòâåííîñòè è ïðîäîëæàåìîñòè
ðåøåíèé íåëèíåéíûõ èíòåãðàëüíûõ óðàâíåíèé Âîëüòåððà áåç çàïàçäûâàíèé.
Â [8, 9] ïîäîáíûå òåîðåìû ïîëó÷åíû è äëÿ íåëèíåéíûõ èíòåãðàëüíûõ
óðàâíåíèé Âîëüòåððà ñ çàïàçäûâàíèÿìè ïî âðåìåíè.

Ëîêàëüíûå è ãëîáàëüíûå òåîðåìû ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè
ðåøåíèÿ äëÿ óðàâíåíèÿ (1) ñ Φj(t, τ) ≡ 0 ïîëó÷åíû â [1]. Äëÿ ãëîáàëüíûõ
òåîðåì ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåøåíèÿ îñíîâíûì òðåáîâàíèåì,
íàêëàäûâàåìûì íà íåëèíåéíóþ ôóíêöèþ ϕ(x), ÿâëÿåòñÿ ãëîáàëüíîå óñëîâèå
Ëèïøèöà. Â ðàáîòàõ [3, 4] îòìå÷åíî, ÷òî â ðåàëüíûõ ôèçè÷åñêèõ ñèñòåìàõ
âñòðå÷àþòñÿ íåëèíåéíûå ôóíêöèè ϕ(x) ñòåïåííîãî òèïà, óäîâëåòâîðÿþùèå
óñëîâèþ Ëèïøèöà íå ãëîáàëüíî, à ëîêàëüíî íà êàæäîì êîìïàêòå â Rn. Â
îáùåì ñëó÷àå ðåøåíèå óðàâíåíèÿ (1) äëÿ òàêîãî òèïà íåëèíåéíîñòè ìîæåò
áûòü îïðåäåëåíî ëèøü íà êîíå÷íîì ïðîìåæóòêå âðåìåíè.

Â íàñòîÿùåé ðàáîòå äîêàçûâàåòñÿ òåîðåìà ñóùåñòâîâàíèÿ è åäèíñòâåííî-
ñòè ðåøåíèÿ íà÷àëüíîé çàäà÷è (1), (2), â êîòîðîé ïðåäïîëàãàåòñÿ ñòåïåííîé
ðîñò íåëèíåéíîé ôóíêöèè ϕ(x). Ïðè äîêàçàòåëüñòâå òåîðåìû, íàðÿäó
ñ ìåòîäîì ñïåêòðàëüíûõ ïðîåêòîðîâ òèïà Ðèññà òåîðèè âûðîæäåííûõ
äèôôåðåíöèàëüíî-àëãåáðàè÷åñêèõ óðàâíåíèé [10], èñïîëüçóåòñÿ òàêæå ìåòîä
ëèíåéíûõ è íåëèíåéíûõ èíòåãðàëüíûõ íåðàâåíñòâ, øèðîêî ïðèìåíÿåìûé
â òåîðèè óñòîé÷èâîñòè äâèæåíèÿ [6]. Ýòîò ìåòîä ïîçâîëÿåò ïðîäîëæèòü
ëîêàëüíîå ðåøåíèå óðàâíåíèÿ (1) íà âïîëíå îïðåäåëåííûé ïðîìåæóòîê
âðåìåíè.

Ëèíåéíîé ÷àñòè óðàâíåíèÿ (1) îòâå÷àåò õàðàêòåðèñòè÷åñêèé ìàòðè÷íûé
ïó÷îê λA0 + B0. Âñþäó â äàëüíåéøåì îí ïðåäïîëàãàåòñÿ ðåãóëÿðíûì
(det(λA0 + B0) 6≡ 0)[11, c. 332] èíäåêñà 0 èëè 1. Ïîä èíäåêñîì ðåãóëÿðíîãî
ïó÷êà λA0+B0 ïîíèìàåòñÿ ïîðÿäîê ïîëþñà ðåçîëüâåíòû (A0+µB0)−1 â òî÷êå
µ = 0. Åñëè èíäåêñ ðàâåí 0, òî ìàòðèöà A0 îáðàòèìà, åñëè èíäåêñ ðàâåí 1,
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òî A0 èìååò íåòðèâèàëüíîå ÿäðî è ðåçîëüâåíòà (A0 +µB0)−1 � ïîëþñ ïåðâîãî
ïîðÿäêà â òî÷êå µ = 0. Áóäåì èñïîëüçîâàòü ïàðó âçàèìíî äîïîëíèòåëüíûõ
ñïåêòðàëüíûõ ïðîåêòîðîâ [10]

P1 =
1

2πi

∮

|λ|=C0

(λA0 + B0)−1A0dλ, P2 = E − P1;

Q1 =
1

2πi

∮

|λ|=C0

A0(λA0 + B0)−1dλ, Q2 = E −Q1,
(3)

ãäå êîíòóð {λ : |λ| = C0} îõâàòûâàåò êîíå÷íûé ñïåêòð ïó÷êà λA0 + B0.
Â [2] ââåäåí îïåðàòîð G âèäà

G = A0 + B0P2 = A0 + Q2B0.

Êàê è îïåðàòîð G èç [2], ìàòðèöà G îáðàòèìà. Äëÿ ïðîåêòîðîâ âèäà (3)
ñâîéñòâà ìàòðèöû G óñòàíîâëåíû â [1].

Âñþäó â ñòàòüå ìû èñïîëüçóåì åâêëèäîâó íîðìó âåêòîðà ïðîñòðàíñòâà Rn

è ïîä÷èíåííóþ åé îïåðàòîðíóþ íîðìó ìàòðèöû ðàçìåðà n× n.
Ïîëîæèì S = G−1Q1B0. Èçâåñòíî, ÷òî ñóùåñòâóþò ïîñòîÿííûå

C > 0, b ∈ R òàêèå, ÷òî

||e−StP1|| ≤ Cebt, t ≥ 0. (4)

Çàìåòèì, ÷òî â ñëó÷àå îöåíêè ||e−St|| ≤ C0e
b0t, t ≥ 0 ïîêàçàòåëü b0 ìîæåò

îêàçàòüñÿ ìåíåå ïîäõîäÿùèì äëÿ äàëüíåéøåãî ïî ñðàâíåíèþ ñ ïîêàçàòåëåì
b â (4), ñì. ïðèìåð íèæå.

Ïî ÿäðàì Φj(t, τ) (j = 0, 1, ..., N) èíòåãðàëüíûõ îïåðàòîðîâ, âõîäÿùèõ â
óðàâíåíèå (1), ïîñòðîèì ñêàëÿðíûå ôóíêöèè

K1
j (t, τ) = C

t∫

τ+ωj

eb(τ−s)||G−1Q1Φj(s, τ)||ds,

K2
j (t, τ) = max

τ+ωj≤s≤t
eb(τ−s)||G−1Q2Φj(s, τ)||, t0 − ωj ≤ τ ≤ t− ωj ≤ t < T.

Ïîñëå äîîïðåäåëåíèÿ Ki
j(t, τ) = Ki

j(τ + ωj , τ), t ≥ t0, t − ωj < τ ≤ t,

i = 1, 2; j = 0, ..., N âñå ôóíêöèè Ki
j(t, τ) (i = 1, 2; j = 1, ..., N) ñòàíîâÿòñÿ

íåïðåðûâíûìè ïî ñîâîêóïíîñòè ïåðåìåííûõ íà ñîîòâåòñòâóþùèõ ìíîæåñòâàõ
{(t, τ) ∈ [t0, T )× [t0 − ωj , T ) : t0 − ωj ≤ τ ≤ t} è ïðè êàæäîì ôèêñèðîâàííîì
τ íå óáûâàþò ïî t.

Ïóñòü T > t0 + ω1. Äëÿ íàòóðàëüíîãî k <
T − t0

ω1
ïîëîæèì

Q =
N∑

j=1

e−bωj ||G−1Q2Bj ||, Uk = max{Qk, Q},
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Vk =
k−1∑

j=0

Qj , g0(t) = max
τ∈[t0−ωN ,t]

e−bτ ||g(τ)||

è ââåäåì â ðàññìîòðåíèå ñëåäóþùèå ôóíêöèè

pk(t) = exp


Vk


C

N∑

j=1

e−bωj ||G−1Q1Bj ||(t− t0) +

t∫

t0

2∑

i=1

N∑

j=0

Ki
j(t, s)ds





 ,

(5)

hk(t) = Ukg0(t) + Vk

[
Ce−bt0 ||g(t0)||+ βC

b
(e−bt0 − e−bt)+

+C

t∫

t0

e−bτ ||G−1Q1f(τ)||dτ +
N∑

j=1

t0∫

t0−ωj

(K1
j (t, τ) + K2

j (t, τ))g0(τ)dτ+

+ max
t0≤s≤t

(e−bs||G−1Q2f(s)||) + C
N∑

j=1

t0∫

t0−ωj

e−bωj ||G−1Q1Bj || g0(τ)dτ

]
, (6)

íåïðåðûâíûå íà [t0, T ). Çäåñü ïîñòîÿííàÿ β ≥ 0. Â ñîîòíîøåíèè (6) è
â äàëüíåéøåì âûðàæåíèÿ, çíàìåíàòåëü êîòîðûõ ðàâåí b, îïðåäåëÿþòñÿ â
ñëó÷àå b = 0 ïðåäåëüíûì ïåðåõîäîì ïðè b → 0. Ñïðàâåäëèâà ñëåäóþùàÿ
òåîðåìà ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåøåíèÿ çàäà÷è (1),(2).

Òåîðåìà 1. Ïóñòü ïó÷îê ìàòðèö λA0 +B0 ðåãóëÿðíûé èíäåêñà íå âûøå
1, f(t) ∈ C([t0, T ),Rn), g(t) ∈ C([t0 − ωN , t0],Rn), ýëåìåíòû n × n ìàòðèö
Φj(t, τ) íåïðåðûâíû ïî ñîâîêóïíîñòè ïåðåìåííûõ íà ìíîæåñòâàõ {(t, τ) ∈
[t0, T ) × [t0 − ωj , T ) : t0 − ωj ≤ τ ≤ t − ωj} (j = 0, ..., N) ñîîòâåòñòâåííî,
ϕ(x) ∈ C(Rn,Rn) è â êàæäîì øàðå U(0, r) âûïîëíåíî óñëîâèå Ëèïøèöà

||ϕ(x)− ϕ(y)|| ≤ Mr||x− y||, x, y ∈ U(0, r) (7)

ñ ïîñòîÿííîé Mr, âîîáùå ãîâîðÿ, çàâèñÿùåé îò ðàäèóñà r. Ïðåäïîëîæèì,
÷òî

Q2ϕ(x) = 0, x ∈ Rn, (8)

ïðè íåêîòîðûõ ïîñòîÿííûõ α, β ≥ 0, m ∈ N, m ≥ 2 ñïðàâåäëèâà îöåíêà

||G−1ϕ(x)|| ≤ α||x||m + β, x ∈ Rn (9)

è âûïîëíåíî óñëîâèå ñîãëàñîâàíèÿ

Q2

N∑

j=0

Bjg(t0 − ωj) = Q2f(t0) (10)
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íà íà÷àëüíûé âåêòîð â (2) è ïðàâóþ ÷àñòü â (1). Åñëè äëÿ íåêîòîðîãî
íàòóðàëüíîãî q òàêîãî, ÷òî tq = t0 + qω1 < T âûïîëíåíî óñëîâèå

(m− 1)αCVq

tq∫

t0

e(m−1)bshm−1
q (s)pm

q (s)ds < 1, (11)

òî íà÷àëüíàÿ çàäà÷à (1),(2) èìååò åäèíñòâåííîå ðåøåíèå u(t) íà îòðåçêå
[t0 − ωN , tq], ïðè÷åì

||u(t)|| ≤ ebtpq(t)hq(t)(
1− (m− 1)αCVq

tq∫
t0

e(m−1)bshm−1
q (s)pm

q (s)ds

) 1
m−1

, t ∈ [t0, tq].

(12)

Çàìå÷àíèå 1. Óñëîâèå ñîãëàñîâàíèÿ (10) íà íà÷àëüíûé âåêòîð â (2) è ïðàâóþ
÷àñòü â (1) âîçíèêàåò èç-çà âûðîæäåíèÿ ìàòðèöû A0 è èñïîëüçîâàëîñü
ïðè èññëåäîâàíèè ðàçðåøèìîñòè íà÷àëüíîé çàäà÷è äëÿ âûðîæäåííîãî
ôóíêöèîíàëüíî-äèôôåðåíöèàëüíîãî óðàâíåíèÿ â [1]. Åñëè ìàòðèöà A0

íåâûðîæäåíà, òî Q2 = 0 è óñëîâèå (10) âûïîëíåíî. Óñëîâèå (11) ïî ñóùåñòâó
âñòðå÷àëîñü ðàíåå â [6] ïðè èññëåäîâàíèè ÿâíûõ óðàâíåíèé áåç çàïàçäûâàíèé
(ñì. çàìå÷àíèå 3 íèæå).

Äîêàçàòåëüñòâî òåîðåìû 1. Êàê è â [1, ëåììà 1] ïðîâåðÿåòñÿ,
÷òî âåêòîð-ôóíêöèÿ u(t) ÿâëÿåòñÿ ðåøåíèåì çàäà÷è (1),(2) íà ïðîìåæóòêå
[t0, T ) òîãäà è òîëüêî òîãäà, êîãäà îíà óäîâëåòâîðÿåò íà ýòîì ïðîìåæóòêå
èíòåãðàëüíîìó óðàâíåíèþ

u(t) = e−S(t−t0)P1g(t0) +

t∫

t0

e−S(t−τ)G−1Q1f(τ)dτ−

−
N∑

j=1

t−ωj∫

t0−ωj

e−S(t−τ−ωj)G−1Q1Bju(τ)dτ −
N∑

j=0

t−ωj∫

t0−ωj

G−1Q2Φj(t, τ)u(τ)dτ−

−
N∑

j=0

t−ωj∫

t0−ωj

t∫

τ+ωj

e−S(t−s)G−1Q1Φj(s, τ)dsu(τ)dτ+

+

t∫

t0

e−S(t−τ)G−1ϕ(u(τ))dτ + G−1Q2f(t)−
N∑

j=1

G−1Q2Bju(t− ωj). (13)
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è íà÷àëüíîìó óñëîâèþ (2). Àíàëîãè÷íî [1] ñ ó÷åòîì óñëîâèÿ Ëèïøèöà (7)
äîêàçûâàåòñÿ ëîêàëüíàÿ òåîðåìà ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåøåíèÿ
íà÷àëüíîé çàäà÷è (1),(2), â ñèëó êîòîðîé ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå
u(t) çàäà÷è (1),(2), îïðåäåëåííîå íà íåêîòîðîì íåòðèâèàëüíîì îòðåçêå
[t0, T0] ⊂ [t0, T ). Íà îòðåçêå [t0, T0] ðåøåíèå u(t) óäîâëåòâîðÿåò èíòåãðàëüíîìó
óðàâíåíèþ (13). Ïîýòîìó äëÿ íîðìû ðåøåíèÿ u(t) ñïðàâåäëèâà îöåíêà

||u(t)|| ≤ Ceb(t−t0)||g(t0)||+ C

t∫

t0

eb(t−τ)||G−1Q1f(τ)||dτ+

+C
N∑

j=1

t−ωj∫

t0−ωj

eb(t−τ−ωj)||G−1Q1Bj || · ||u(τ)||dτ+

+C
N∑

j=0

t−ωj∫

t0−ωj

t∫

τ+ωj

eb(t−s)||G−1Q1Φj(s, τ)||ds||u(τ)||dτ+

+
N∑

j=0

t−ωj∫

t0−ωj

||G−1Q2Φj(t, τ)|| ||u(τ)||dτ+Cα

t∫

t0

eb(t−τ)||u(τ)||mdτ+||G−1Q2f(t)||+

+
N∑

j=1

||G−1Q2Bju(t− ωj)||+ βC

b
(eb(t−t0) − 1), t ∈ [t0, T0].

Òîãäà ôóíêöèÿ v(t) = e−bt||u(t)|| óäîâëåòâîðÿåò îöåíêå

v(t) ≤ Ce−bt0 ||g(t0)||+ C
N∑

j=1

t−ωj∫

t0−ωj

e−bωj ||G−1Q1Bj ||v(τ)dτ+

+C
N∑

j=0

t−ωj∫

t0−ωj

t∫

τ+ωj

eb(τ−s)||G−1Q1Φj(s, τ)||dsv(τ)dτ +C

t∫

t0

e−bτ ||G−1Q1f(τ)||dτ+

+
N∑

j=0

t−ωj∫

t0−ωj

eb(τ−t)||G−1Q2Φj(t, τ)|| v(τ)dτ + Cα

t∫

t0

e(m−1)bτvm(τ)dτ+

+
N∑

j=1

e−bωj ||G−1Q2Bj ||v(t−ωj)+e−bt||G−1Q2f(t)||+βC

b
(e−bt0−e−bt), t ∈ [t0, T0].
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Ñ ó÷åòîì óïîðÿäî÷åííîñòè çàïàçäûâàíèé ïîëó÷àåì ñëåäóþùóþ îöåíêó äëÿ

íåóáûâàþùåé íà [t0, T0] ôóíêöèè x(t) =





max
t0≤s≤t

v(s), t0 ≤ t ≤ T0,

g0(t), t0 − ωN ≤ t < t0

:

x(t) ≤ Ce−bt0 ||g(t0)||+ C
N∑

j=1

t−ωj∫

t0−ωj

e−bωj ||G−1Q1Bj ||x(τ)dτ+

+C
N∑

j=0

t−ωj∫

t0−ωj

t∫

τ+ωj

eb(τ−s)||G−1Q1Φj(s, τ)||dsx(τ)dτ +
N∑

j=0

t−ωj∫

t0−ωj

K2
j (t, τ)x(τ)dτ+

+Cα

t∫

t0

e(m−1)bτxm(τ)dτ +C

t∫

t0

e−bτ ||G−1Q1f(τ)||dτ + max
t0≤s≤t

e−bs||G−1Q2f(s)||+

+Qx(t− ω1) +
βC

b
(e−bt0 − e−bt), t ∈ [t0, T0]. (14)

Åñëè tk = t0 +kω1 ≤ T0 äëÿ íåêîòîðîãî k ∈ N, òî â ñèëó (14) äëÿ ôóíêöèè
x(t) ïîëó÷èì îöåíêó

x(t) ≤
k−1∑

l=0

Ql

[
Ce−bt0 ||g(t0)||+ C

t−lω1∫

t0

e−bτ ||G−1Q1f(τ)||dτ+

+C
N∑

j=1

t−ωj−lω1∫

t0−ωj

e−bωj ||G−1Q1Bj ||x(τ)dτ + Cα

t−lω1∫

t0

e(m−1)bτxm(τ)dτ+

+C
N∑

j=0

t−ωj−lω1∫

t0−ωj

t−lω1∫

τ+ωj

eb(τ−s)||G−1Q1Φj(s, τ)||dsx(τ)dτ+

+ max
t0≤s≤t−lω1

e−bs||G−1Q2f(s)||+
N∑

j=0

t−ωj−lω1∫

t0−ωj

K2
j (t− lω1, τ)x(τ)dτ+

+
βC

b
(e−bt0 − e−b(t−lω1))

]
+ Qkg0(t− kω1), t ∈ [tk−1, tk]. (15)

Ïîêàæåì, ÷òî ýòî ðåøåíèå ìîæåò áûòü ïðîäîëæåíî íà âåñü îòðåçîê [t0, tq].
Ïðåäïîëîæèì ïðîòèâíîå. Òîãäà â ñèëó ëåììû èç [5, c.327] ñóùåñòâóåò òàêîå
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τ1 ∈ (t0, tq], ÷òî ðåøåíèå u(t) îïðåäåëåíî íà [t0, τ1), óäîâëåòâîðÿåò íà ýòîì
ïîëóèíòåðâàëå óðàâíåíèþ (13) è

lim
t→τ1−0

||u(t)|| = lim
t→τ1−0

x(t) = ∞. (16)

Ïóñòü íàòóðàëüíîå ÷èñëî k0 ≤ q âûáðàíî òàê, ÷òî tk0−1 < τ1 ≤ tk0 .
Ñ ïîìîùüþ íåðàâåíñòâà (15) ïîëó÷àåì ñëåäóþùóþ îöåíêó äëÿ ôóíêöèè x(t):

x(t) ≤
k0−1∑

l=0

Ql

[
Ce−bt0 ||g(t0)||+ C

t∫

t0

e−bτ ||G−1Q1f(τ)||dτ+

+C
N∑

j=1

t0∫

t0−ωj

e−bωj ||G−1Q1Bj ||g0(τ)dτ+

+C
N∑

j=1

t∫

t0

e−bωj ||G−1Q1Bj ||x(τ)dτ + Cα

t∫

t0

e(m−1)bτxm(τ)dτ+

+C

N∑

j=0

t∫

t0−ωj

t∫

τ+ωj

eb(τ−s)||G−1Q1Φj(s, τ)||dsx(τ)dτ+

+
N∑

j=0

t∫

t0−ωj

K2
j (t− lω1, τ)x(τ)dτ +

βC

b
(e−bt0 − e−bt)+

+ max
τ∈[t0,t−lω1]

e−bτ ||G−1Q2f(τ)||
]

+ Uk0g0(t) ≤ Vk0

[
Ce−bt0 ||g(t0)||+

+C

t∫

t0

e−bτ ||G−1Q1f(τ)||dτ + C
N∑

j=1

t0∫

t0−ωj

e−bωj ||G−1Q1Bj ||g0(τ)dτ+

+C
N∑

j=1

t∫

t0

e−bωj ||G−1Q1Bj ||x(τ)dτ + Cα

t∫

t0

e(m−1)bτxm(τ)dτ+

+
N∑

j=0

t∫

t0−ωj

(K1
j (t, τ) + K2

j (t, τ))x(τ)dτ+

+
βC

b
(e−bt0 − e−bt) + max

τ∈[t0,t]
e−bτ ||G−1Q2f(τ)||

]
+ Uk0g0(t), t ∈ [t0, τ1). (17)
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Ïðèìåíÿÿ ê íåðàâåíñòâó (17) òåîðåìó 1.14 èç [6, c.32], ïîëó÷àåì îöåíêó

x(t) ≤ pk0(t)

(
Uk0g0(t) + Vk0

[
Ce−bt0 ||g(t0)||+ C

t∫

t0

e−bτ ||G−1Q1f(τ)||dτ+

+ max
τ∈[t0,t]

e−bτ ||G−1Q2f(τ)||+
N∑

j=1

t0∫

t0−ωj

(K1
j (t, τ) + K2

j (t, τ))g0(τ)dτ+

+C
N∑

j=1

t0∫

t0−ωj

e−bωj ||G−1Q1Bj || g0(τ)dτ + Cα

t∫

t0

e(m−1)bτxm(τ)dτ+

+
βC

b
(e−bt0−e−bt)

])
= pk0(t)

(
hk0(t)+CαVk0

t∫

t0

e(m−1)bτxm(τ)dτ

)
, t ∈ [t0, τ1).

(18)
Ïðèìåíÿÿ ê èíòåãðàëüíîìó íåðàâåíñòâó (18) òåîðåìó 2 [12](ñì. òàêæå
òåîðåìó 1.7 è åå ìîäèôèêàöèþ â [6, ñ. 73]) è ó÷èòûâàÿ îãðàíè÷åíèå (11),
ïîëó÷èì

x(t) ≤ pk0(t)hk0(t)(
1− (m− 1)αCVk0

t∫
t0

e(m−1)bshm−1
k0

(s)pm
k0

(s)ds

) 1
m−1

, t ∈ [t0, τ1).

Ïîñëåäíÿÿ îöåíêà ïðîòèâîðå÷èò (16). Òàêèì îáðàçîì, ðåøåíèå u(t)
îïðåäåëåíî íà îòðåçêå [t0, tq] è óäîâëåòâîðÿåò òàì îöåíêå (12). Òåîðåìà
äîêàçàíà.

Çàìå÷àíèå 2. Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 1. Åñëè äëÿ íåêîòîðûõ
q ∈ N è δ ∈ [0, ω1] âûïîëíåíû óñëîâèÿ

tq = t0 + qω1 < T, (m− 1)αCVq

tq−1+δ∫

t0

e(m−1)bshm−1
q (s)pm

q (s)ds < 1,

òî íà÷àëüíàÿ çàäà÷à (1),(2) èìååò åäèíñòâåííîå ðåøåíèå u(t) íà îòðåçêå
[t0 − ωN , tq−1 + δ], ïðè÷åì

||u(t)|| ≤ ebtpq(t)hq(t)(
1− (m− 1)αCVq

t∫
t0

e(m−1)bshm−1
q (s)pm

q (s)ds

) 1
m−1

, t ∈ [t0, tq−1 +δ].
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Â ÷àñòíîì ñëó÷àå ÿâíîãî óðàâíåíèÿ

du(t)
dt

+
N∑

j=0

Bju(t−ωj) +
N∑

j=0

t−ωj∫

t0−ωj

Φj(t, τ)u(τ)dτ = f(t) + ϕ(u(t)), t0 ≤ t < T

(19)
èìååì P2 = Q2 = 0, G = E, ôóíêöèè pk(t), hk(t) (5),(6) íå çàâèñÿò îò k,
ïðè÷åì èõ êîíñòðóêöèè óïðîùàþòñÿ:

p(t) = pk(t) = exp


C

N∑

j=1

e−bωj ||Bj ||(t− t0) +

t∫

t0

N∑

j=0

K1
j (t, s)ds


 ,

h(t) = hk(t) = Ce−bt0 ||g(t0)||+ βC

b
(e−bt0 − e−bt) + C

t∫

t0

e−bτ ||f(τ)||dτ+

+
N∑

j=1

t0∫

t0−ωj

K1
j (t, τ)g0(τ)dτ + C

N∑

j=1

t0∫

t0−ωj

e−bωj ||Bj || g0(τ)dτ.

Ýòî ïîçâîëÿåò óïðîñòèòü ôîðìóëèðîâêó òåîðåìû 1 äëÿ ñëó÷àÿ ÿâíîãî
óðàâíåíèÿ (19) ñëåäóþùèì îáðàçîì

Ñëåäñòâèå 1. Ïóñòü f(t) ∈ C([t0, T ),Rn), g(t) ∈ C([t0 − ωN , t0],Rn),
ýëåìåíòû n × n ìàòðèö Φj(t, τ) íåïðåðûâíû ïî ñîâîêóïíîñòè ïåðåìåííûõ
íà ìíîæåñòâàõ {(t, τ) ∈ [t0, T )×[t0−ωj , T ) : t0−ωj ≤ τ ≤ t−ωj} (j = 0, ..., N)
ñîîòâåòñòâåííî, ϕ(x) ∈ C(Rn,Rn) è â êàæäîì øàðå U(0, r) âûïîëíåíî
óñëîâèå Ëèïøèöà (7) ñ ïîñòîÿííîé Mr, âîîáùå ãîâîðÿ, çàâèñÿùåé îò ðàäèóñà
r. Ïðåäïîëîæèì, ÷òî ïðè íåêîòîðûõ ïîñòîÿííûõ α, β ≥ 0, m ∈ N, m ≥ 2
ñïðàâåäëèâà îöåíêà

||ϕ(x)|| ≤ α||x||m + β, x ∈ Rn.

Åñëè

T0 = sup


t ∈ [t0, T ) : (m− 1)αC

t∫

t0

e(m−1)bshm−1(s)pm(s)ds < 1


 ,

òî íà÷àëüíàÿ çàäà÷à (19),(2) èìååò åäèíñòâåííîå ðåøåíèå u(t) íà ïîëóèíòåð-
âàëå [t0 − ωN , T0), ïðè÷åì

||u(t)|| ≤ ebtp(t)h(t)
(

1− (m− 1)αC
t∫

t0

e(m−1)bshm−1(s)pm(s)ds

) 1
m−1

, t ∈ [t0, T0).
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Óòâåðæäåíèå ñëåäñòâèÿ 1 íåïîñðåäñòâåííî ñëåäóåò èç òåîðåìû 1 ñ ó÷åòîì
çàìå÷àíèÿ 2.

Ðàññìîòðèì òåïåðü çàäà÷ó Êîøè äëÿ âûðîæäåííîãî ïîëóëèíåéíîãî
óðàâíåíèÿ

d(A0u(t))
dt

+ B0u(t) = f(t) + ϕ(u(t)), t0 ≤ t < T ; (20)

u(t0) = u0. (21)

Óðàâíåíèå (20) ÿâëÿåòñÿ ÷àñòíûì ñëó÷àåì óðàâíåíèÿ (1), ïðè ýòîì pk(t) ≡ 1
(k ∈ N), à ôóíêöèÿ hk(t) (6) íå çàâèñèò îò k è åå êîíñòðóêöèÿ óïðîùàåòñÿ

h0(t) = hk(t) = Ce−bt0 ||u0||+ βC

b
(e−bt0 − e−bt)+

+ max
t0≤s≤t

(e−bs||G−1Q2f(s)||) + C

t∫

t0

e−bs||G−1Q1f(s)||ds.

Íåïîñðåäñòâåííî èç òåîðåìû 1 è çàìå÷àíèÿ 2 ïîëó÷àåì ñëåäóþùèå äîñòàòî÷íûå
óñëîâèÿ ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåøåíèÿ çàäà÷è Êîøè (20),(21).

Ñëåäñòâèå 2. Ïóñòü ïó÷îê ìàòðèö λA0 + B0 ðåãóëÿðíûé èíäåêñà
íå âûøå 1, f(t) ∈ C([t0, T ),Rn), ϕ(x) ∈ C(Rn,Rn) è â êàæäîì øàðå
U(0, r) âûïîëíåíî óñëîâèå Ëèïøèöà (7) ñ ïîñòîÿííîé Mr, âîîáùå ãîâîðÿ,
çàâèñÿùåé îò ðàäèóñà r. Ïðåäïîëîæèì, ÷òî âûïîëíåíî ñîîòíîøåíèå (8) è
ïðè íåêîòîðûõ ïîñòîÿííûõ α, β ≥ 0, m ∈ N, m ≥ 2 ñïðàâåäëèâà îöåíêà (9).
Åñëè âûïîëíåíî óñëîâèå ñîãëàñîâàíèÿ

Q2B0u0 = Q2f(t0) (22)

íà íà÷àëüíûé âåêòîð u0 â (21) è ôóíêöèþ f(t) ïðàâîé ÷àñòè â (20), òî
çàäà÷à Êîøè (20),(21) èìååò åäèíñòâåííîå ðåøåíèå u(t) íà ïîëóèíòåðâàëå
[t0, T0), ãäå

T0 = sup



t ∈ (t0, T ) : C(m− 1)α

t∫

t0

e(m−1)bshm−1
0 (s)ds < 1



 , (23)

ïðè÷åì

||u(t)|| ≤ ebth0(t)(
1− (m− 1)αC

t∫
t0

e(m−1)bshm−1
0 (s)ds

) 1
m−1

, t ∈ [t0, T0).
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Çàìå÷àíèå 3. Îòìåòèì, ÷òî óñëîâèå ñîãëàñîâàíèÿ (22) � ÷àñòíûé ñëó÷àé
ñîîòâåòñòâóþùåãî óñëîâèÿ (10), â êîòîðîì ïîëàãàåòñÿ Bj = 0, j = 1, ..., N .
Ïî ñóùåñòâó ñëåäñòâèå 2 â ÷àñòíîì ñëó÷àå ÿâíîãî óðàâíåíèÿ (20), êîãäà
A0 = E, f(t) ≡ 0, β = 0 ñîäåðæèòñÿ â [6, ñ. 181�182]. Îãðàíè÷åíèå
(11) äëÿ òàêîãî óðàâíåíèÿ ïåðåïèñûâàåòñÿ â âèäå (23) ñ ôóíêöèåé h0(t) =

= Ce−bt0 ||u0|| + C
t∫

t0

e−bs||f(s)||ds. Êàê ïîêàçûâàåò ïðèìåð íèæå, â óñëîâèÿõ

ñëåäñòâèÿ 2 ðåøåíèå u(t) çàäà÷è (20),(21), îïðåäåëåííîå íà ïðîìåæóòêå
[t0, T0), ìîæåò îêàçàòüñÿ íåïðîäîëæàåìûì.

Ïðèìåð. Ïîêàæåì, êàê ðåçóëüòàòû, ïîëó÷åííûå â òåîðåìå 1, ïðèìåíÿþòñÿ
ê èññëåäîâàíèþ íåÿâíûõ èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíåíèé ñ çàïàçäûâà-
íèåì íà ïðèìåðå ñëåäóþùåé íà÷àëüíîé çàäà÷è

u′1(t)− bu1(t) + c1u2(t− 1) +

t∫

0

Φ01(t, τ)u1(τ)dτ+

+

t−1∫

−1

Φ11(t, τ)u2(τ)dτ = f1(t) + aum
1 (t), t ∈ [0, T ); (24)

u2(t)+a1u1(t−1)+

t∫

0

Φ02(t, τ)u2(τ)dτ+

t−1∫

−1

Φ12(t, τ)u1(τ)dτ = f2(t), t ∈ [0, T );

(25)
ui(t) = ui

0, i = 1, 2, −1 ≤ t ≤ t0 = 0. (26)
Çäåñü ïîñòîÿííûå b < 0, T > 1, a1, c1 ≥ 0, a, u1

0, u
2
0 ∈ R, m ∈ N, m ≥ 2.

Ïðåäïîëàãàåòñÿ, ÷òî âåùåñòâåííîçíà÷íûå ôóíêöèè Φ01(t, τ), Φ02(t, τ) íåïðå-
ðûâíû è îãðàíè÷åíû ïî ñîâîêóïíîñòè ïåðåìåííûõ íà ìíîæåñòâå {(t, τ) ∈
[0, T ) × [0, T ) : 0 ≤ τ ≤ t}, âåùåñòâåííîçíà÷íûå ôóíêöèè Φ11(t, τ), Φ12(t, τ)
íåïðåðûâíû è îãðàíè÷åíû ïî ñîâîêóïíîñòè ïåðåìåííûõ íà ìíîæåñòâå
{(t, τ) ∈ [0, T ) × [−1, T ) : −1 ≤ τ ≤ t − 1 < t < T}, âåùåñòâåííîçíà÷íûå
ôóíêöèè f1(t), f2(t) íåïðåðûâíû è îãðàíè÷åíû íà ìíîæåñòâå [0, T ), ïðè÷åì
ôóíêöèÿ f2(t) ñîãëàñîâàíà ñ íà÷àëüíûì óñëîâèåì (26):

f2(0) = a1u
1
0 + u2

0. (27)

Çàäà÷à (24)�(26) â ïðîñòðàíñòâå R2 äîïóñêàåò àáñòðàêòíîå ïðåäñòàâëåíèå
(1),(2), ãäå

A0 =
(

1 0
0 0

)
, B0 =

( −b 0
0 1

)
, B1 =

(
0 c1

a1 0

)
,

Φ0(t, τ) =
(

Φ01(t, τ) 0
0 Φ02(t, τ)

)
, Φ1(t, τ) =

(
0 Φ11(t, τ)

Φ12(t, τ) 0

)
,
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f(t) =
(

f1(t)
f2(t)

)
, g(t) ≡ u0 =

(
u1

0

u2
0

)
, N = 1, n = 2, ωj = j (j = 0, 1).

Äëÿ âåêòîðà u = (u1, u2)tr íåëèíåéíàÿ âåêòîð-ôóíêöèÿ ϕ(u) â (1) èìååò âèä
ϕ(u) = (aum

1 , 0)tr è óäîâëåòâîðÿåò óñëîâèþ Ëèïøèöà (7) â êàæäîì øàðå
U(0, r). Ïó÷îê λA0 + B0 ðåãóëÿðíûé è èìååò èíäåêñ 1. Âû÷èñëÿåì

P1 = Q1 =
(

1 0
0 0

)
, P2 = Q2 =

(
0 0
0 1

)
, G = E, S =

( −b 0
0 0

)
.

Ïîýòîìó íåðàâåíñòâî (4) âûïîëíåíî ñ ïîñòîÿííîé C = 1 è èìååò ìåñòî
ñîîòíîøåíèå (8). Îöåíêà (9) ñïðàâåäëèâà ñ ïîñòîÿííûìè α = |a| è β = 0,
à óñëîâèå ñîãëàñîâàíèÿ (10) âûòåêàåò èç îãðàíè÷åíèÿ (27).
Èìååì ||G−1Q1B1|| = c1, ||G−1Q2B1|| = a1, Q = a1e

−b, g0(t) = e−bt||u0||,
Uk = max{a1e

−b, ak
1e
−kb}, Vk =

k−1∑
j=0

aj
1e
−bj , k ∈ N. Ïðè íåêîòîðîé ïîñòîÿííîé

M ≥ 0 ñïðàâåäëèâû íåðàâåíñòâà

max{||Φ01(t, τ)||, ||Φ02(t, τ)||} ≤ M, 0 ≤ τ ≤ t < T

max{||Φ11(t, τ)||, ||Φ12(t, τ)||} ≤ M, −1 ≤ τ ≤ t− 1 < t < T, 0 ≤ t < T.

Îòñþäà ñ ó÷åòîì âûðàæåíèé (5),(6) äëÿ ôóíêöèé pk(t), hk(t) ïðè âñåõ
t ∈ [0, T ) è k ∈ N ïîëó÷àåì îöåíêè

pk(t) ≤ p̃k(t) = exp

(
Vk

[
c1e

−bt +
M(1− e−bt)

b
+

Mt

b
− M(1− e−bt)

b2
+

+Me−b min{t, 1}+
(

M(b− 1)(e−b − e−bt)
b2

+
M(t− 1)e−b

b

)
χ(t− 1)

])

hk(t) ≤ h̃k(t) = Uk||u0||+ Vk

[
||u0||

(
1 + c1e

−b +
M

b
min{t, 1}e−b−

−M

b2
(max{e−bt, e−b} − e−bt−b) + Me−b max{1− t, 0}+

+
M

b
(max{e−b, e−bt} − e−bt−b)

)
+

M1(1− e−bt)
b

+ M2e
−bt

]
,

ãäå χ(t) � ôóíêöèÿ Õåâèñàéäà, Mj = sup
0≤t<T

|fj(t)|, j = 1, 2. Åñëè äëÿ

íåêîòîðîãî q ∈ N ∩ [0, T ) èìååò ìåñòî îöåíêà

(m− 1)|a|Vq

q∫

0

e(m−1)bsh̃m−1
q (s)p̃m

q (s)ds < 1, (28)
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òî â ñèëó òåîðåìû 1 çàäà÷à (24)�(26) èìååò åäèíñòâåííîå ðåøåíèå, îïðåäåëåí-
íîå íà [−1, q]. Åñëè T = ∞ è îöåíêà (28) âûïîëíåíà ïðè âñåõ q ∈ N,
òî ýòî ðåøåíèå îïðåäåëåíî íà âñåì èíòåðâàëå [−1,∞). Óñëîâèÿ (27),(28)
âûïîëíÿþòñÿ, íàïðèìåð, ïðè T = ∞, a1 = 1, c1 = 0.01, q = m = 2,
b = −1, a = 0.01e−3, Φ01(t, τ) = Φ12(t, τ) = 0.01 sin(t − τ), Φ11(t, τ) =
= Φ02(t, τ) = 0.01 cos2(t − τ), f1(t) = f2(t) = 0.01 cos t, u1

0 = 0, u2
0 = 0.01,

ïðè ýòîì M = M1 = M2 = 0.01.
Â ÷àñòíîì ñëó÷àå a1 = c1 = 0,Φij(t, τ) ≡ 0 (i = 0, 1; j = 1, 2) íà÷àëüíàÿ

çàäà÷à (24)�(26) ñâîäèòñÿ ê çàäà÷å Êîøè (20),(21) íà ïðîìåæóòêå [0, T ). Åñëè
T = ∞, fj(t) ≡ 0 (j = 1, 2), a > 0, m � íå÷åòíîå, òî â ñèëó ñëåäñòâèÿ 2
ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå óêàçàííîé çàäà÷è (20),(21), îïðåäåëåííîå
íà [0, T0), ãäå T0 âû÷èñëÿåòñÿ ïî ôîðìóëå (23):

T0 =

{ ∞, |u0|m−1 ≤ − b
a ,

1
b(m−1) ln

(
1 + b

a|u0|m−1

)
, |u0|m−1 > − b

a

Ýòó âåëè÷èíó ìîæíî âû÷èñëèòü è íåïîñðåäñòâåííî, èñõîäÿ èç ÿâíîãî âèäà
ðåøåíèÿ

u1(t) =
u0e

bt

m−1

√
1 + a

b um−1
0

(
1− ebt(m−1)

) , u2(t) ≡ 0,

íåïðîäîëæàåìîãî çà ïðîìåæóòîê âðåìåíè [0, T0) â ñëó÷àå T0 < ∞.
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