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Ðîçãëÿäà¹òüñÿ êîíñòðóêöiÿ, ÿêà ñêëàäà¹òüñÿ çi ñìóãè, ÿêà ëåæèòü íà
ïðóæíié ïiâïëîùèíè ïðè íàÿâíîñòi ïðóæíõ çâ'ÿçêiâ íà ¨õ ñïiëüíié ìåæi.
Íà âåðõíþ ìåæó ñìóãè äi¹ ñòèñêàþ÷å íàâàíòàæåííÿ. Ïðîïîíó¹òüñÿ
ñïîñiá âèçíà÷åííÿ âåëè÷èíè çîíè êîíòàêòó òà êîíòàêòíèõ íàïðóæåíü.
Çàäà÷à ðîçâ'ÿçó¹òüñÿ ç âèêîðèñòàííÿì iíòåãðàëüíîãî ïåðåòâîðåííÿ
Ôóð'¹. Îòðèìàíî ñèíãóëÿðíå iíòåãðàëüíå ðiâíÿííÿ çàäà÷i. ×àñòêîâî
äîñëiäæåíî âïëèâ òîâùèíè òà êîåôiöi¹íòà ïðóæíîãî çâ'ÿçêó íà
âåëè÷èíó çîíè êîíòàêòó.
Aíòîíåíêî Í.Í., Âåëè÷êî È.Ã., Ïëîñêàÿ äåôîðìàöèÿ ïîëîñû,
êîòîðàÿ ëåæèò íà óïðóãîé ïîëóïëîñêîñòè ïðè íàëè÷èè
óïðóãèõ ñâÿçåé íà èõ îáùåé ãðàíèöå. Ðàññìàòðèâàåòñÿ
êîíñòðóêöèÿ ñîñòîÿùàÿ èç ïîëîñû ëåæàùåé íà óïðóãîé ïîëóïëîñêîñòè
ïðè íàëè÷èè íà èõ îáùåé ãðàíèöå óïðóãèõ ñâÿçåé. Ê âåðõíåé
ãðàíèöå ïîëîñû ïðèëîæåíà ñæèìàþùàÿ íàãðóçêà. Ïðåäëîæåí ñïîñîá
îïðåäåëåíèÿ âåëè÷èíû çîíû êîíòàêòà è êîíòàêòíûõ íàïðÿæåíèé.
Çàäà÷à ðåøàåòñÿ ïðè ïîìîùè èíòåãðàëüíîãî ïðåîáðàçîâàíèÿ Ôóðüå.
Ïîëó÷åíî ñèíãóëÿðíîå èíòåãðàëüíîå óðàâíåíèå çàäà÷è. ×àñòè÷íî
èññëåäîâàíî âëèÿíèå òîëùèíû ïîëîñû è êîýôôèöèåíòà óïðóãîé ñâÿçè
íà âåëè÷èíó çîíû êîíòàêòà.

N.M. Antonenko, I.G. Velichko, Plane deformation of the strip which
lies on an elastic half plane with elastic relations on common
boundary The construction which considered from a strip and an elastic
half plane has been considered. The compressing load has been applied
to the upper boundary of the strip. The method of the determination of
contact zone and contact stresses in the strip which layered on an elastic
half-plane has been proposed in the article. Fourier's transformation
has been used. The singular integral equation of the problem has been
obtained. The in�uence of the thickness and the coe�cient of elasticity on
the contact zone has researched partly.
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Îãëÿä ëiòåðàòóðè
Ó çàäà÷àõ ìåõàíiêè, ïðèñâÿ÷åíèõ äåôîðìàöi¨ ñìóãè, ùî ëåæèòü íà

ïiâïëîùèíi, çàçâè÷àé ââàæà¹òüñÿ, ùî çàãàëüíà ìåæà çàëèøà¹òüñÿ òàêîþ i
ïiñëÿ äåôîðìàöi¨. Áiëüø ñêëàäíèìè ¹ òàê çâàíi çàäà÷i ïðî îäíîñòîðîííié
êîíòàêò, êîëè ñìóãà ìîæå âiäñòàâàòè âiä ïiâïëîùèíè. Ó òàêèõ çàäà÷àõ
íåîáõiäíî äîäàòêîâî âèçíà÷èòè îáëàñòü êîíòàêòó, à öå ïðèçâîäèòü äî
íåîáõiäíîñòi ðîçâ'ÿçàííÿ iíòåãðàëüíèõ ðiâíÿíü. Ñåðåä ïåðøèõ ïðàöü,
ïðèñâÿ÷åíèõ äîñëiäæåííþ çàäà÷i ïðî âiäñòàâàííÿ øàðó âiä ïiâïðîñòîðó,
ìîæíà âêàçàòè ðîáîòè Y. Weitsman [10], S.L. Pu, M.A. Hussain [7] òà
L. M. Keer, J. Dundurs, K.C. Tsai [5], M.R. Gecit, F. Erdogan [4]. Ó íèõ
îòðèìàíî ðîçâ'ÿçîê âêàçàíî¨ çàäà÷i â óìîâàõ îñåñèìåòðè÷íî¨ äåôîðìàöi¨.
Ðîçâ'ÿçîê çàäà÷ ïðî âiäñòàâàííÿ ïëèòè âiä ïiâïðîñòîðó áóëî îòðèìàíî â
ðîáîòàõ Oj. Svec [9], L. Ascione, A. Grimaldi [1]. Â ðîáîòi K. Ma, S. Fan,
J. Xiao [6] çàäà÷à ïðî âiäñòàâàííÿ ïëèòè âiä ïiâïðîñòîðó ðîçâ'ÿçàíà ìåòîäîì
ãðàíè÷íèõ åëåìåíòiâ. Ñåðåä âiò÷èçíÿíèõ äîñëiäíèêiâ, ÿêi îòðèìàëè ðîçâ'ÿçîê
àíàëîãi÷íî¨ çàäà÷i, âiäìiòèìî ïðàöi Â.Ä. Ëàìçþêà òà À. Ê. Ïðèâàðíèêîâà
[14, 18], ó ÿêèõ ðîçãëÿíóòî çàäà÷i ïëîñêî¨ òåîði¨ ïðóæíîñòi ïðî âiäñòàâàííÿ
øàðó âiä áàãàòîøàðîâî¨ îñíîâè â ïðèïóùåííi, ùî îáëàñòü êîíòàêòó ìîæå áóòè
áàãàòîçâ'ÿçíîþ. Ó ñòàòòi Þ.À. Íàóìîâà òà Â.Ä. Íiêiôîðîâî¨ [16] ðîçãëÿíóòî
ðiâíîâàãó áàãàòîøàðîâî¨ îñíîâè ïðè íåóòðèìóþ÷èõ çâ'ÿçêàõ ìiæ ¨¨ øàðàìè
â óìîâàõ ïëîñêî¨ äåôîðìàöi¨. Äîñëiäæåíî âiäñòàâàííÿ îäíîðiäíîãî øàðó,
âiëüíî ïîêëàäåíîãî íà ïðóæíó îñíîâó i ïðèòèñíóòîãî äî íüîãî íîðìàëüíèì
íàâàíòàæåííÿì. Ñåðåä ñó÷àñíèõ ðîáiò, ïðèñâÿ÷åíèõ äàíié çàäà÷i, âiäìiòèìî
ñòàòòþ M. Rhimi, S. El-Borgi, W. Ben Said, F. Ben Jemaa [8]. Àâòîðàìè öi¹¨
ðîáîòè ðîçãëÿíóòî çàäà÷ó ïðî âiäñòàâàííÿ ïðóæíîãî ãðàäóéîâàíîãî øàðó
âiä îäíîðiäíîãî ïiâïðîñòîðó â óìîâàõ îñåñèìåòðè÷íî¨ äåôîðìàöi¨. Çàäà÷à
çâåäåíà äî ðîçâ'ÿçàííÿ ñèíãóëÿðíîãî iíòåãðàëüíîãî ðiâíÿííÿ. Ðîçâ'ÿçîê
çíàéäåíî ÷èñåëüíî ç âèêîðèñòàííÿì îðòîãîíàëüíèõ ïîëiíîìiâ ×åáèøîâà, äëÿ
çíàõîäæåííÿ äîâæèíè çîíè êîíòàêòó âèêîðèñòàíà iíòåðàêòèâíà ñõåìà. Â
ðîáîòi L. Fevzi Cakiroglu, Mehmet Cakiroglu, Ragip Erdol [3] äîñëiäæó¹òüñÿ
âiäñòàâàííÿ øàðiâ äâîøàðîâî¨ îñíîâè.

ßêùî ìà¹ ìiñöå êëåéîâå ç'¹äíàííÿ äåòàëåé, òî â ìiñöÿõ ç'¹äíàííÿ, ó
ÿêèõ âiäáóâà¹òüñÿ âiäñòàâàííÿ äåòàëåé äiþòü íàïðóæåííÿ, ÿêi íàìàãàþòüñÿ
âiäíîâèòè êîíòàêò ìiæ åëåìåíòàìè äåòàëåé. Öåé ïðîöåñ ìîæíà ìîäåëþâàòè
ïðóæíèìè çâ'ÿçêàìè òàê, ÿê öå ðîáèòüñÿ â [13]. ßêùî íà ñìóãó äiþòü
ñòèñêàþ÷i íàâàíòàæåííÿ, òî íà ¨¨ íèæíié ìåæi áóäóòü äiëÿíêè ÿê ç
äîäàòíèìè, òàê i ç âiä'¹ìíèìè íîðìàëüíèìè íàïðóæåííÿìè. Ãðàíè÷íà
óìîâà íà öié ìåæi ñòà¹ íåëiíiéíîþ. Ó òàêié ïîñòàíîâöi, íàñêiëüêè âiäîìî
àâòîðàì, çàäà÷à ïðî îäíîñòîðîííié êîíòàêò ñìóãè òà ïiâïëîùèíè ðàíiøå íå
ðîçãëÿäàëàñÿ.

Ïîñòàíîâêà çàäà÷i
Ðîçãëÿíåìî îäíîðiäíó íåâàãîìó içîòðîïíó ñìóãó, ÿêà ëåæèòü íà ïðóæíié

ïiâïëîùèíi. Cìóãà çíàõîäèòüñÿ ïiä äi¹þ íîðìàëüíîãî çîñåðåäæåíîãî
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ñòèñêàþ÷îãî íàâàíòàæåííÿ âåëè÷èíè Q̂ òà õàðàêòåðèçó¹òüñÿ êîåôiöi¹íòîì
Ïóàññîíà ν, ìîäóëåì çñóâó µ̂ òà òîâùèíîþ ĥ. Ìiæ ñìóãîþ òà ïiâïëîùèíîþ
ìà¹ ìiñöå ïðóæíèé êîíòàêò: â çîíi êîíòàêòó ðiçíèöÿ íîðìàëüíèõ ïåðåìiùåíü
âiäïîâiäíèõ òî÷îê âåðõíüî¨ ìåæi ïiâïðîñòîðó i íèæíüî¨ ìåæi øàðó ðiâíà
íóëþ, à ïîçà çîíîþ êîíòàêòó, âêàçàíà ðiçíèöÿ ïðîïîðöiéíà íîðìàëüíèì
íàïðóæåííÿì ó âiäïîâiäíèõ òî÷êàõ íèæíüî¨ ìåæi øàðó. Â ñìóçi òà
ïiâïëîùèíi ââåäåìî ïðÿìîêóòíi ñèñòåìè êîîðäèíàò Okx̂kẑk òàê, ÿê ïîêàçàíî
íà ðèñ. 1. Âñi âåëè÷èíè, ÿêi âiäíîñÿòüñÿ äî øàðó ïîçíà÷àòèìåìî íèæíiì
iíäåêñîì 1, à äî ïiâïëîùèíè - 2. Ââåäåìî áåçðîçìiðíi âåëè÷èíè xm = bxm

l ,
zm = bzm

l , Q =
bQ

El , b = bb
l , h = bh

l , µ = bµ
E , r = brE

l , u = bu
l , w = bw

l ,
τxzm = bτxzm

E , σxm = bσxm
E , σzm = bσzm

E ,
äå l, E � õàðàêòåðíi âåëè÷èíè ([l] = ì, [E] = Ïà).

Ðèñ. 1: Ïðóæíèé êîíòàêò ñìóãè ç ïðóæíîþ ïiâïëîùèíîþ.

Ãðàíè÷íi óìîâè çàäà÷i ìàþòü âèãëÿä

σz1 (x, 0) = −Qδ (x) , (1)

τxz1 (x, 0) = 0, (2)
τxz1 (x, h) = τxz2 (x, 0) = 0, (3)

σz1 (x, h) = σz2 (x, 0) , (4)

w2 (x, 0)− w1 (x, h) =

{
0, |x| ≤ b,

rσz1 (x, h) , |x| > b.
(5)

σz1 (x, h) ≤ 0, |x| ≤ b, σz1 (x, h) > 0, |x| > b, σz1 (x, h) ∈ C[−∞,∞]. (6)
Òóò r � ïîñòiéíèé êîåôiöi¹íò ïðîïîðöiéíîñòi (êîåôiöi¹íò ïðóæíîãî çâ'ÿçêó),
b � íåâiäîìà ïiâøèðèíà çîíè êîíòàêòó ñìóãè òà ïiâïëîùèíè. Îñêiëüêè ñìóãà
ïåðåáóâà¹ â ðiâíîâàçi, òî

+∞∫

−∞
σz1 (x, h) dx = −Q. (7)
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Ñòàâèòüñÿ çàäà÷à ïðî âèçíà÷åííÿ âåëè÷èíè çîíè êîíòàêòó b.
Ïîáóäîâà iíòåãðàëüíîãî ðiâíÿííÿ çàäà÷i

Çàìiñòü ñïiââiäíîøåííÿ (5) ñêîðèñòà¹ìîñÿ éîãî íàñëiäêîì

dw2 (x, 0)
dx

− dw1 (x, h)
dx

=

{
0, |x| ≤ b,

r dσz1(x,h)
dx , |x| > b .

(8)

Óâåäåìî íîâó ôóíêöiþ

G (x) =
dw2 (x, 0)

dx
− dw1 (x, h)

dx
− r

dσz1 (x, h)
dx

, ∀x ∈ R . (9)

Ç ôiçè÷íèõ ìiðêóâàíü âèïëèâà¹, ùî ôóíêöi¨ σz1 (x, h) òà w1 (x, h) ¹ ïàðíèìè.
Óìîâó (8) ìîæíà ïðåäñòàâèòè ÷åðåç ôóíêöiþ G (x):

G (x) =

{
0, |x| > b ,

−r dσz1(x,h)
dx , |x| ≤ b .

(10)

Çi ñïiââiäíîøåíü (5), (8) òà (10) îòðèìó¹ìî iíòåãðàëüíå ïðåäñòàâëåííÿ äëÿ
íîðìàëüíèõ íàïðóæåíü â òî÷êàõ íèæíüî¨ ìåæi ñìóãè:

σz1 (x, h) =





1
r

x∫
−b

(
dw2(z,0)

dz − dw1(z,h)
dz

)
dz, |z| > b,

−1
r

x∫
−b

G (z) dz, |z| ≤ b.
(11)

Çàäà÷ó áóäåìî ðîçâ'ÿçóâàòè çà äîïîìîãîþ iíòåãðàëüíîãî ïåðåòâîðåííÿ Ôóð'¹

f(ξ) =

+∞∫

−∞
f(x)eiξxdx, (12)

f(x) =
1
2π

+∞∫

−∞
f(ξ)e−iξxdξ, (13)

Ââåäåìî äîïîìiæíi ôóíêöi¨ α(ξ), β(ξ), γ(ξ), δ(ξ), ÿêi ïîâ'ÿçàíi ç òðàíñôîð-
ìàíòàìè íàïðóæåíü i ïåðåìiùåíü âåðõíüî¨ ìåæi ñìóãè òàêèìè ñïiââiäíîøåí-
íÿìè:

α = σz(ξ, 0), β = µ|ξ|w(ξ, 0), γ = −iξµu(ξ, 0), δ = −isgn(ξ)τxz(ξ, 0). (14)

ßê ïîêàçàíî â [19], íàïðóæåííÿ i ïåðåìiùåííÿ òî÷îê ñìóãè ìîæíà
ïðåäñòàâèòè ó âèãëÿäi ëiíiéíî¨ êîìáiíàöi¨ ââåäåíèõ äîïîìiæíèõ ôóíêöié.
Íàâåäåìî âèðàçè äëÿ çíàõîäæåííÿ òðàíñôîðìàíò íàïðóæåíü i íîðìàëüíèõ
ïåðåìiùåíü òî÷îê ñìóãè:
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2µpw(ξ, z) = ((2− ω) sh pz − ωpz ch pz)α + 2 (−ωpz sh pz + ch pz) β+

+2 ((1− ω) sh pz − ωpz ch pz) γ − ωpz sh pzδ, (15)
σz(ξ, z) = (ch pz − ωpz sh pz) α + 2ω (sh pz − pz ch pz)β−

−2ωpz sh pzγ − ((1− ω) sh pz + ωpz ch pz) δ. (16)

− iξ

p
τxz(ξ, z) = (−(1− ω) sh pz + ωpz ch pz) α + 2ωpz sh pzβ+

+2ω (sh pz + pz ch pz) γ + (ωpz sh pz + chpz) δ, (17)
Òóò ω = 1

2(1−ν) , p = |ξ|.
Çàñòîñóâàâøè äî ìåæîâèõ óìîâ (1) � (4) òà ñïiââiäíîøåííÿ (9) ïðÿìå

ïåðåòâîðåííÿ Ôóð'¹ (12), îòðèìà¹ìî:




σz1 (ξ, 0) = −Q,

− iξ
p τxz1 (ξ, 0) = 0,

− iξ
p τxz1 (ξ, h) = 0,

− iξ
p τxz2 (ξ, 0) = 0,

σz2 (ξ, 0) = σz1 (ξ, h) ,

−iξw2 (ξ, 0) + iξw1 (ξ, h) + iξrσz1 (ξ, h) = M(ξ).

(18)

Òóò M(ξ) =
+∞∫
−∞

G(t)eiξtdt = i
b∫
−b

G(t) sin ξtdt.

Âèêîðèñòîâóþ÷è ñïiââiäíîøåííÿ (14), ïðèâåäåìî ñèñòåìó (18) äî âèãëÿäó:




α1 = −Q,

δ1 = 0,

− iξ
p τxz1 (ξ, h) = 0,

δ2 = 0,

α2 = σz1 (ξ, h) ,

−iξβ2 + iξµ2pw1 (ξ, h) + iξµ2prσz1 (ξ, h) = µ2pM(ξ).

Âèêîðèñòîâóþ÷è ñïiââiäíîøåííÿ (15), (16), (17) ïðè z = h òà ñïiââiäíîøåííÿ,
ÿêå ïîâ'ÿçó¹ äîïîìiæíi ôóíêöi¨ ïiâïðîñòîðó [11]

(
β2

γ2

)
=

(− 1
2ω2

1−ω2
2ω2

1−ω2
2ω2

− 1
2ω2

)(
α2

δ2

)
(19)

âèðàçèìî iç îñòàííüî¨ ñèñòåìè β1 = β1 (M (ξ)), γ1 = γ1 (M (ξ)). Ðiçíèöÿ
òðàíñôîðìàíò ïåðåìiùåíü âiäïîâiäíèõ òî÷îê âåðõíüî¨ ìåæi ïiâïðîñòîðó òà
íèæíüî¨ ìåæi øàðó íàáóâà¹ âèãëÿäó:

β2(ξ)
µ2p

− w1(ξ, h) =
it1(p)

ξ
M(ξ)−Qrt2(p). (20)
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Òóò t1(p) = T1(p)
T (p) , t2(p) = T2(p)

T (p) , p1 = ph, d = µ1

µ2
.

T1(p) = dω1 + ω2 + 2
(
2ω2p1 − dω1 − 2dω1p

2
1

)
e−2p1 + (dω1 − ω2) e−4p1 ,

T2(p) = 2ω2

(
(1 + p1) e−p1 + (p1 − 1) e−3p1

)
,

T (p) = dω1 + ω2 + 2rµ1ω1ω2p +
+ 2

(−dω1 + 2ω2p1 − 2dω1p
2
1 − 4rµ1ω1ω2pp2

1 − 2rµ1ω1ω2p
)
e−2p1 +

+ (dω1 − ω2 + 2rµ1ω1ω2p) e−4p1 ,

Ôóíêöi¨ t1(p) òà t2(p), ÿêi âõîäÿòü ó ñïiââiäíîøåííÿ (20), õàðàêòåðèçóþòüñÿ
òàêèìè âëàñòèâîñòÿìè:

lim
p→0

t1(p) = 1, lim
p→0

t2(p) = 1, pt1(p)− ε ∼p→0 O

(
1
p

)
,

t2(p) ∼p→0 O
(
e−p1

)
, ε =

µ1ω1 + µ2ω2

2µ1µ2ω1ω2r
. (21)

Çàñòîñó¹ìî îáåðíåíå ïåðåòâîðåííÿ Ôóð'¹ (13) äî ñïiââiäíîøåííÿ (20):

w2 (x, 0)− w1 (x, h) =
i

2π

+∞∫

−∞

t1(p)
ξ

M(ξ)e−iξxdξ − Qr

2π

+∞∫

−∞
t2(p)e−iξxdξ =

= − 1
2π

b∫

−b

G(t)




+∞∫

−∞
t1(p)

sin(ξt)
ξ

e−iξxdξ


 dt− Qr

2π

+∞∫

−∞
t2(p)e−iξxdξ =

= − 1
2π

b∫

−b

G(t)




+∞∫

−∞
t1(p)

sin(pt) cos(px)
p

dp


 dt− Qr

2π

+∞∫

−∞
t2(p) cos(px)dp . (22)

Äëÿ ïîáóäîâè iíòåãðàëüíîãî ðiâíÿííÿ çàäà÷i íàì çíàäîáëÿòüñÿ ïîõiäíi âiä
ðiçíèöi íîðìàëüíèõ ïåðåìiùåíü òî÷îê âåðõíüî¨ ìåæi ïiâïðîñòîðó òà íèæíüî¨
ìåæi øàðó. Ïðîäèôåðåíöiþ¹ìî ïî x ñïiââiäíîøåííÿ (22), îòðèìà¹ìî:

d

dx
(w2 (x, 0)− w1 (x, h)) =

=
1
2π

b∫

−b

G(t)




+∞∫

−∞
t1(p) sin(pt) sin(px)dp


 dt +

Qr

2π

+∞∫

−∞
pt2(p) sin(px)dp . (23)

Ââåäåìî ïîçíà÷åííÿ

I (t, x) =

+∞∫

0

t1(p) sin(pt) sin(px)dp,K (x) = −Qr

+∞∫

0

pt2(p) sin(px)dp. (24)
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Ç óðàõóâàííÿì ïîçíà÷åíü (24) âèðàç (23) ïðèéìà¹ âèãëÿä:

π
d

dx
(w2 (x, 0)− w1 (x, h)) =

b∫

−b

G(t)I (t, x) dt−K (x) . (25)

Âðàõîâóþ÷è ãðàíè÷íi óìîâè (5), îòðèìà¹ìî iíòåãðàëüíå ðiâíÿííÿ çàäà÷i:
b∫

−b

G(t)I (t, x) dt = K (x) , |x| ≤ b. (26)

Äîñëiäæåííÿ iíòåãðàëüíîãî ðiâíÿííÿ çàäà÷i
Âèäiëèìî â ÿäði iíòåãðàëüíîãî ðiâíÿííÿ (26) ñèíãóëÿðíó i ðåãóëÿðíó

÷àñòèíè. Âèêîðèñòîâóþ÷è âëàñòèâîñòi (21), ïðåäñòàâèìî ÿäðî ó âèãëÿäi
ñóìè:

I (t, x) =

+∞∫

0

t1(p) sin(pt) sin(px)dp =

=

+∞∫

0

(pt1(p)− ε)
sin(pt) sin(px)

p
dp + ε

+∞∫

0

sin(pt) sin(px)
p

dp,

I (t, x) =
ε

2
(ln |t + x| − ln|t− x|) +

+∞∫

0

(pt1(p)− ε)
sin(pt) sin(px)

p
dp, (27)

Ç óðàõóâàííÿì (27) òà ðiâíîñòi
b∫
−b

G(t) ln |t + x|dt = −
b∫
−b

G(t) ln |t− x|dt , ÿêà

âèêîíó¹òüñÿ ó âèïàäêó, êîëè G(t) � íåïàðíà ôóíêöiÿ, iíòåãðàëüíå ðiâíÿííÿ
(26) íàáóâà¹ âèãëÿäó

b∫

−b

G(t)
[
ε ln

1
|t− x| + I1 (t, x)

]
dt = K (x) . (28)

Òóò I1 (t, x) =
+∞∫
0

(pt1(p)− ε)
sin(pt) sin(px)

p
dp � ðåãóëÿðíà ÷àñòèíà ÿäðà.

Îñêiëüêè iíòåãðàëüíå ðiâíÿííÿ (28) ìà¹ ëîãàðèôìi÷íó îñîáëèâiñòü, òî çðó÷íî
ïåðåéòè äî iíòåãðàëüíîãî ðiâíÿííÿ ç ÿäðîì òèïó Êîøi, îñêiëüêè äëÿ ðiâíÿíü
òàêîãî òèïó ðîçðîáëåíî åôåêòèâíi ìåòîäè ðîçâ'ÿçêó. Ïðîäèôåðåíöiþ¹ìî ïî
çìiííié x iíòåãðàëüíå ðiâíÿííÿ (28) òà îòðèìà¹ìî:

b∫

−b

G(t)
[

ε

t− x
+ L (t, x)

]
dt = K1 (x) . (29)
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Òóò L (t, x) =
+∞∫
0

(pt1(p)− ε) sin(pt) cos(px)dp, K1 (x) =
+∞∫
0

p2t2(p) cos(px)dp.
Ïðè äåôîðìàöi¨ ñìóãè íîðìàëüíèì çîñåðåäæåíèì ñòèñêàþ÷èì íàâàíòà-

æåííÿì ôîðìà ëiíi¨ ¨¨ íèæíüî¨ ìåæi íå ìà¹ êóòîâèõ òî÷îê, îòæå, íîðìàëüíi
íàïðóæåííÿ ïîáëèçó ìåæ îáëàñòi êîíòàêòó ìàþòü îñîáëèâiñòü òàêîãî æ òèïó,
ÿê i â êîíòàêòíié çàäà÷i ïðî äåôîðìàöiþ ñìóãè øòàìïîì áåç êóòîâèõ òî÷îê, à
îòæå, ïîõiäíà âiä íîðìàëüíèõ íàïðóæåíü ïîâèííà ìàòè êîðåíåâó îñîáëèâiñòü.
Çâiäñè âèïëèâà¹, ùî íåâiäîìó ôóíêöiþ ìîæíà øóêàòè ó âèãëÿäi:

G (t) =
u(t)√
b2 − t2

. (30)

Ç âðàõóâàííÿì ïðåäñòàâëåííÿ (30) iíòåãðàëüíå ðiâíÿííÿ (29) íàáóâà¹
âèãëÿäó:

b∫

−b

u(t)√
b2 − t2

[
ε

t− x
+ L (t, x)

]
dt = K1 (x) . (31)

Ðîçâ'ÿçîê iíòåãðàëüíîãî ðiâíÿííÿ (31) çàäîâîëüíÿòèìå iíòåãðàëüíîìó ðiâíÿí-
íþ (28), çà óìîâè âèêîíàííÿ äîäàòêîâî¨ óìîâè [15]. Äëÿ ¨¨ ïîáóäîâè
ïîìíîæèìî iíòåãðàëüíå ðiâíÿííÿ (28) íà

(
b2 − x2

) 1
2 òà ïðîiíòåãðó¹ìî îòðèìà-

íó ðiâíiñòü ïî ïðîìiæêó (−b, b). Ç óðàõóâàííÿì (30) äîäàòêîâà óìîâà íàáóâà¹
âèãëÿäó:

b∫

−b

u(t)√
b2 − t2

[B + F (t)] dt−A = 0. (32)

Òóò F (t) =
b∫
−b

I1(t,x)√
b2−x2

dx, A =
b∫
−b

K(x)√
b2−x2

dx, B = επ ln 2
b .

Äëÿ ïîáóäîâè ðîçâ'ÿçêó iíòåãðàëüíîãî ðiâíÿííÿ ïåðåéäåìî äî ïðîìiæêó
iíòåãðóâàííÿ (−1, 1). Óâåäåìî íîâi çìiííi

t = bs, x = by. (33)

Ç âðàõóâàííÿì (33) ðiâíÿííÿ (31) òà óìîâà (32) íàáóâàþòü âèãëÿäó:

1∫

−1

ũ(s)√
1− s2

[
ε

s− y
+ L̃ (s, y)

]
ds = K̃ (y) . (34)

1∫

−1

ũ(s)√
1− s2

[
B̃ + F̃ (s)

]
ds−A = 0. (35)

Òóò ũ(s) = u(bs)
b , F̃ (s) = bF (bs), L̃(s, y) = bL(bs, by), K̃(y) = K1(by),

B̃ = εbπ ln 2
b .



Âiñíèê Õàðêiâñüêîãî íàöiîíàëüíîãî óíiâåðñèòåòó iì. Â.Í. Êàðàçiíà, NNN (2011) 59

Ðîçâ'ÿçîê îòðèìàíîãî iíòåãðàëüíîãî ðiâíÿííÿ (34) øóêàòèìåìî ìåòîäîì
ìåõàíi÷íèõ êâàäðàòóð. Çãiäíî iç âêàçàíèì ìåòîäîì [17] îòðèìàíå ðiâíÿííÿ ç
äîäàòêîâîþ óìîâîþ åêâiâàëåíòíå ñèñòåìi àëãåáðà¨÷íèõ ðiâíÿíü:





∑n
i=1 ũ(si)

[
ε

si − yj
+ L̃ (si, yj)

]
= K̃ (yj) ,

∑n
i=1 ũ(si)

[
B̃ + F̃ (si)

]
−A = 0.

(36)

i = 1, n, j = 1, n− 1, si = cos
(

2i− 1
2n

π

)
, yj = cos

(
πj

n

)

Ïiñëÿ âèçíà÷åííÿ ũ(si) âiäíîâëþ¹ìî ôóíêöiþ G(x). Âèêîðèñòàâøè
ñïiââiäíîøåííÿ (11) òà (25), çíàõîäèìî íîðìàëüíi íàïðóæåííÿ â òî÷êàõ
íèæíüî¨ ìåæi ñìóãè:

σz1 (x, h) =





1
rπ

x∫

−b




b∫

−b

G(t)I(t, z)dt−K(z)


 dz, |z| > b

−1
r

x∫

−b

G (z) dz, |z| ≤ b.

(37)

Âåëè÷èíó b âèçíà÷à¹ìî ç óìîâè, ùî limx→∞ σz1(x, h) = 0, ÿêà ¹ íàñëiäêîì
óìîâè ðiâíîâàãè ñìóãè.

×èñåëüíi ðåçóëüòàòè
Àíàëiç iíòåãðàëüíîãî ðiâíÿííÿ çàäà÷i äîçâîëÿ¹ çðîáèòè âèñíîâîê, ùî

øèðèíà çîíè êîíòàêòó 2b̂ íå çàëåæèòü âiä âåëè÷èíè ïðèêëàäåíîãî íàâàíòà-
æåííÿ Q̂. Òàêèé æå åôåêò áóëî îòðèìàíî äëÿ îäíîñòîðîííüîãî êîíòàêòó
ñìóãè ç ïiâïëîùèíîþ â ðîáîòi [16].

Àíàëiç ðîçìiðíîñòåé äîçâîëÿ¹ çðîáèòè íàñòóïíi âèñíîâêè:
1) ßêùî ìîäóëi çñóâó ñìóãè µ̂1 òà ïiâïëîùèíè µ̂2, çáiëüøèòè â k ðàç, à

êîåôiöi¹íò ïðóæíîãî çâ'ÿçêó r̂ çìåíøèòè â k ðàç, òî øèðèíà çîíè êîíòàêòó
íå çìiíèòüñÿ;

2) ßêùî òîâùèíó ñìóãè ĥ òà ìîäóëi çñóâó ñìóãè òà ïiâïëîùèíè µ̂1, µ̂2

çáiëüøèòè â k ðàç, òî i øèðèíà çîíè êîíòàêòó çáiëüøèòüñÿ â k ðàç;
3) ßêùî òîâùèíó ñìóãè ĥ òà êîåôiöi¹íò ïðóæíîãî çâ'ÿçêó r̂ çáiëüøèòè â

k ðàç, òî i øèðèíà çîíè êîíòàêòó 2b̂ çáiëüøèòüñÿ â k ðàç.
ßêùî òîâùèíó ñìóãè ĥ òà êîåôiöi¹íò ïðóæíîãî çâ'ÿçêó r̂ çáiëüøèòè â k

ðàç, òî øèðèíà çîíè êîíòàêòó 2b̂ çáiëüøèòñÿ â k ðàç. Îñêiëüêè ïiâøèðèíà
çîíè êîíòàêòó b̂ ñëàáî çàëåæèòü âiä êîåôiöi¹íòà ïðóæíîãî çâ'ÿçêó r̂, ÿê âèäíî
ç ðèñ. 3, òî îòðèìó¹ìî íàñòóïíèé âèñíîâîê: ÿêùî çáiëüøèòè òîâùèíó ñìóãè
ĥ â k ðàç, à iíøi ïàðàìåòðè çàëèøèòè íåçìiííèìè, òî øèðèíà çîíè êîíòàêòó
2b̂ ïîâèííà çáiëüøèòèñÿ â k ðàç. Öåé âèñíîê iëþñòðó¹ ðèñ. 2.
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Ðèñ. 2: Çàëåæíiñòü ïiâøèðèíè çîíè êîíòàêòó b âiä òîâùèíè øàðó h

Ðèñ. 3: Çàëåæíiñòü ïiâøèðèíè çîíè êîíòàêòó b âiä êîåôiöi¹íòó ïðóæíîãî
çâ'ÿçêó r

Íàâåäåíi ãðàôiêè, ÿêi iëþñòðóþòü çàëåæíiñòü âåëè÷èíè çîíè êîíòàêòó
âiä òîâùèíè ñìóãè (ðèñ. 2) òà êîåôiöi¹íòà ïðóæíîãî çâ'ÿçêó (ðèñ. 3), äëÿ
ñìóãè, ÿêà ïåðåáóâà¹ ïiä äi¹þ íîðìàëüíîãî ñòèñêàþ÷îãî íàâàíòàæåííÿ
âåëè÷èíè Q, ïðèêëàäåíîãî äî òî÷êè âåðõíüî¨ ìåæi øàðó, ÿêà ñïiâïàäà¹ ç
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ïî÷àòêîì äåêàðòîâî¨ ñèñòåìè êîîðäèíàò ââåäåíî¨ â øàði. ×èñåëüíi ðåçóëüòàòè
ïðèâåäåíî ïðè ν1 = ν2 = 0, 3.
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