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Óêðàèíà

Â ñòàòüå ðàññìîòðåíû ïðîñòðàíñòâà Vn, ñîñòîÿùèå èç
êîíå÷íûõ ëèíåéíûõ êîìáèíàöèé ñäâèãîâ ôèíèòíûõ áåñêîíå÷íî
äèôôåðåíöèðóåìûõ ôóíêöèé vn(x). Óñòàíîâëåíî, ÷òî Vn ⊂ Vn+1.
Äîêàçàíî ñóùåñòâîâàíèå ôèíèòíîé âåéâëåò-ôóíêöèè wn(x), ñäâèãè
êîòîðîé îáðàçóþò àëãåáðàè÷åñêèé áàçèñ ïðîñòðàíñòâà âåéâëåòîâ
Wn = {ϕ ∈ Vn : ϕ ⊥ Vn−1}.

Ìàêàði÷åâ Â.Î. Ïðî îäíó íåñòàöiîíàðíó ñèñòåìó íåñêií÷åííî
äèôåðåíöiéîâíèõ âåéâëåòiâ ç êîìïàêòíèì íîñi¹ì. Ó ñòàòòi
ðîçãëÿíóòi ïðîñòîðè Vn, ùî ñêëàäàþòüñÿ çi ñêií÷åííèõ ëiíiéíèõ
êîìáiíàöié çñóâiâ ôiíiòíèõ íåñêií÷åííî äèôåðåíöiéîâíèõ ôóíêöié
vn(x). Óñòàíîâëåíî, ùî Vn ⊂ Vn+1. Äîâåäåíå iñíóâàííÿ ôiíiòíî¨
âåéâëåò-ôóíêöi¨ wn(x), çñóâè ÿêî¨ ñêëàäàþòü àëãåáðà¨÷íèé áàçèñ
ïðîñòîðó âåéâëåòiâ Wn = {ϕ ∈ Vn : ϕ ⊥ Vn−1}.

Makarichev V.A. On a nonstationary system of in�nitely dif-
ferentiable wavelets with compact support. The spaces Vn of
�nite linear combinations of shifts of in�nitely di�erentiable functions
vn(x) are considered. It is proved, that Vn ⊂ Vn+1. It is proved, that
there exist compactly supported wavelet-function wn(x), such that the
system of shifts of this function forms an algebraic basis of wavelet space
Wn = {ϕ ∈ Vn : ϕ ⊥ Vn−1}.

2000 Mathematics Subject Classi�cation: 42C40.

Ââåäåíèå

Òåîðèÿ âåéâëåòîâ èëè âñïëåñêîâ (îò àíãë. wavelet) ÿâëÿåòñÿ èíòåíñèâíî
ðàçâèâàþùèìñÿ íàïðàâëåíèåì êàê ÷èñòîé, òàê è âû÷èñëèòåëüíîé ìàòåìàòèêè.
Èññëåäîâàíèÿì â äàííîé îáëàñòè ïîñâÿùåíî áîëüøîå êîëè÷åñòâî ðàáîò,
ñðåäè êîòîðûõ âûäåëèì ìîíîãðàôèè Æ. Ï. Êàõàíà è Ï. Æ. Ëåìàðüå [1];
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È. ß. Íîâèêîâà, Â. Þ. Ïðîòàñîâà è Ì. À. Ñêîïèíîé [2]; È. Äîáåøè [3];
×. Ê. ×óè [4]. Îòìåòèì òàêæå îáçîðíûå ñòàòüè È. ß. Íîâèêîâà, Ñ. Á. Ñòå÷êè-
íà [5] è Í. Ì. Àñòàôüåâîé [6].

Â íàñòîÿùåé ðàáîòå ìû äîêàæåì ñóùåñòâîâàíèå îäíîé íåñòàöèîíàðíîé
ñèñòåìû áåñêîíå÷íî äèôôåðåíöèðóåìûõ âåéâëåòîâ ñ êîìïàêòíûì íîñèòåëåì.
Äëÿ ýòîãî ìû ââåäåì â ðàññìîòðåíèå ïðîñòðàíñòâà, êîòîðûå ñîñòîÿò èç
ëèíåéíûõ êîìáèíàöèé ñäâèãîâ àòîìàðíûõ ôóíêöèé [7, 8, 9], è äîêàæåì,
÷òî â êàæäîì èç ýòèõ ïðîñòðàíñòâ ñóùåñòâóåò áàçèñ, ñîñòîÿùèé èç ñäâèãîâ
íåêîòîðîé ôóíêöèè.

Ðàññìîòðèì ôóíêöèè

fn(x) =
1
2π

·
∞∫

−∞
eitx · Fn(t)dt è gn(t) =

1
2π

·
∞∫

−∞
eitx ·Gn(t)dt,

ãäå

Fn(t) =

(
sin 2t

4n+1

2t
4n+1

)n

· F
(

t

4n

)
, Gn(t) =

(
sin t

4n+1

t
4n+1

)n+1

· F
(

t

4n+1

)

è
F (t) =

∞∏

k=1

sin 2t
4k

2t
4k

· cos
t

4k
,

n = 0, 1, 2, . . ..
Â ñëåäóþùåì ðàçäåëå áóäåò ïîêàçàíî, ÷òî ôóíêöèè fn(x) è gn(x)

ÿâëÿþòñÿ áåñêîíå÷íî äèôôåðåíöèðóåìûìè ñ êîìïàêòíûì íîñèòåëåì.
Ïîëîæèì

v2k(x) = fk

(
x− k + 2

2 · 4k

)

è
v2k+1(x) = gk

(
x− k + 2

4k+1

)

äëÿ âñåõ k = 0, 1, 2, . . ..
Ââåäåì â ðàññìîòðåíèå ïðîñòðàíñòâà êîíå÷íûõ ëèíåéíûõ êîìáèíàöèé

ñäâèãîâ ôóíêöèé vn(x).
Ïóñòü Vn � ïðîñòðàíñòâî ôóíêöèé âèäà

ϕ(x) =
∑

k∈I(ϕ)

ck · vn

(
x− k

2n

)
, x ∈ R,

ãäå I(ϕ) � êîíå÷íîå ïîäìíîæåñòâî ìíîæåñòâà öåëûõ ÷èñåë.
Â ñëåäóþùåì ðàçäåëå ìû äîêàæåì, ÷òî

V0 ⊂ V1 ⊂ V2 ⊂ . . . .



Âiñíèê Õàðêiâñüêîãî íàöiîíàëüíîãî óíiâåðñèòåòó iì. Â.Í. Êàðàçiíà, 967 (2011) 65

Äàëåå ìû áóäåì ñ÷èòàòü, ÷òî ‖f‖ = ‖f‖L2(R) è (f, g) =
∞∫
−∞

f(x) · g(x)dx �

ñêàëÿðíîå ïðîèçâåäåíèå â ïðîñòðàíñòâå Vn.
Äëÿ ëþáîãî íàòóðàëüíîãî n ïóñòü Wn = {ϕ ∈ Vn : ϕ ⊥ Vn−1} �

îðòîãîíàëüíîå äîïîëíåíèå ê Vn−1 â ïðîñòðàíñòâå Vn.
Öåëüþ ñòàòüè ÿâëÿåòñÿ äîêàçàòåëüñòâî ñëåäóþùåé òåîðåìû:

Òåîðåìà 1. Äëÿ ëþáîãî íàòóðàëüíîãî n ñóùåñòâóåò ôóíêöèÿ wn(x),
òàêàÿ ÷òî:

1) ñèñòåìà
{

wn

(
x− j

2n−1

)}
j∈Z

îáðàçóåò áàçèñ ïðîñòðàíñòâà Wn;
2) supp wn(x) ⊆ [

0, n+2
2n−1

]
;

3) äëÿ ëþáîãî m = 0, 1, . . . ,
[

n+1
2

]− 1 èìååò ìåñòî
∫

R

xm · wn(x)dx = 0.

Ïðîñòðàíñòâà Wn íàçûâàþòñÿ ïðîñòðàíñòâàìè âåéâëåòîâ, à ñèñòåìà
ôóíêöèé

Ω =
{

wn

(
x− j

2n−1

)}

j∈Z,n∈N

� íåñòàöèîíàðíîé íåîðòîãîíàëüíîé ñèñòåìîé âåéâëåòîâ [2, 10, 11]. Ñâîéñòâî
3) òåîðåìû 1 îçíà÷àåò, ÷òî ôóíêöèÿ wn(x) ÿâëÿåòñÿ âåéâëåòîì

([
n+1

2

]− 1
)
-ãî

ïîðÿäêà, ÷òî, êàê îòìå÷àåòñÿ, íàïðèìåð, â [6], ÿâëÿåòñÿ ñóùåñòâåííûì äëÿ
ïðèëîæåíèé. Êðîìå òîãî, êîìïàêòíîñòü íîñèòåëåé äàííûõ âåéâëåòîâ äåëàåò
èõ óäîáíûìè â ïðèìåíåíèè.

Â îòëè÷èå îò êëàññè÷åñêèõ âåéâëåòîâ, ñèñòåìà ôèíèòíûõ áåñêîíå÷íî
äèôôåðåíöèðóåìûõ ôóíêöèé Ω íå ÿâëÿåòñÿ ïîðîæäåííîé îäíîé ôóíêöèåé.
Çäåñü, îäíàêî, ñëåäóåò îòìåòèòü, ÷òî ñòàöèîíàðíûõ áåñêîíå÷íî äèôôåðåíöè-
ðóåìûõ âåéâëåòîâ ñ êîìïàêòíûì íîñèòåëåì íå ñóùåñòâóåò [12].

Õîä íàøèõ ðàññóæäåíèé áóäåò ñëåäóþùèì: ñíà÷àëà ìû èññëåäóåì
ôóíêöèè fn(x), gn(x) è vn(x), äîêàæåì, ÷òî Vn ⊂ Vn+1, ïîñëå ÷åãî óñòàíîâèì
ñïðàâåäëèâîñòü òåîðåìû 1.

Ñíà÷àëà îòìåòèì, ÷òî f0(x) åñòü ôóíêöèÿ mup2(x), êîòîðàÿ, ñîãëàñíî
[13], ÿâëÿåòñÿ ôèíèòíûì ðåøåíèåì ôóíêöèîíàëüíî-äèôôåðåíöèàëüíîãî
óðàâíåíèÿ

y′(x) = 2(y(4x + 3)− y(4x− 1) + y(4x + 1)− y(4x− 3)). (1)

Â äàëüíåéøåì íàì ïîíàäîáÿòñÿ òàêèå ñâîéñòâà ôóíêöèè mup2(x):
1) supp mup2(x) = [−1, 1], ïðè ýòîì mup2(x) ÿâëÿåòñÿ ÷åòíîé [13];
2) mup2(x) ∈ C∞

[−1,1] [13];

3)
∞∫
−∞

mup2(x)dx = 1, à òàêæå mup2(0) = 1 [13];



66 Â.À. Ìàêàðè÷åâ

4) ïðåîáðàçîâàíèå Ôóðüå ôóíêöèè mup2(x) ÿâëÿåòñÿ öåëîé ôóíêöèåé
ýêñïîíåíöèàëüíîãî òèïà ïåðâîãî ïîðÿäêà ðîñòà è óáûâàåò íà äåéñòâèòåëüíîé
îñè ïðè |t| → ∞ áûñòðåé ëþáîé ñòåïåíè t [9] (ãë. 3, � 1);

5) ïðîèçâîäíàÿ n-ãî ïîðÿäêà ôóíêöèè mup2(x) âû÷èñëÿåòñÿ ïî ôîðìóëå

mup
(n)
2 (x) = 2n2 ·

4n∑

s=1

δ(n)
s ·mup2 (4n · x + 4n − 2s + 1) ,

ïðè÷åì δ
(1)
1 = δ

(1)
2 = 1, δ

(1)
3 = δ

(1)
4 = −1 è äëÿ ëþáîãî s = 1, . . . , 4n−1 èìååò

ìåñòî δ
(n)
s = δ

(n)
s+4n−1 = δ

(n−1)
s , δ

(n)
s+2·4n−1 = δ

(n)
s+3·4n−1 = −δ

(n−1)
s ïðè n ≥ 2;

6) çíà÷åíèå ôóíêöèè mup2(x) â òî÷êå âèäà −1 + 1
4k ìîæåò áûòü íàéäåíî

ñëåäóþùèì îáðàçîì: mup2

(−1 + 1
4k

)
= νk−1

2k2 ·(k−1)!
, ãäå νk =

1∫
0

xk ·mup2(x)dx;

7) âåëè÷èíû νk =
1∫
0

xk · mup2(x)dx, µs =
1∫
−1

xs · mup2(x)dx ìîãóò áûòü

íàéäåíû ïî ñëåäóþùèì ôîðìóëàì: µ0 = 1, µ2n−1 = 0,

µ2n =
(2n)!

4 · (42n − 1)
·

n∑

k=1

1 + 32k+1

(2n− 2k)! · (2k + 1)!
· µ2n−2k ,

ν2n =
1
2
µ2n, ν2n−1 =

1
42n+1

·
n∑

l=0

(2n)! · (1 + 32l)
(2n− 2l)! · (2l)!

· µ2n−2l ;

8) ôóíêöèÿ mup2(x) íà ïðîìåæóòêå [−1, 0] ìîíîòîííî âîçðàñòàåò.
Ñâîéñòâî 5) âçÿòî èç äèññåðòàöèè Ã.À. Ñòàðöà [14]. Åãî ñïðàâåäëèâîñòü

óñòàíàâëèâàåòñÿ íåïîñðåäñòâåííî ïóòåì äèôôåðåíöèðîâàíèÿ óðàâíåíèÿ (1).
Ñâîéñòâà 6)�8) òàêæå âçÿòû èç [14]. Èõ äîêàçàòåëüñòâî ìîæíî íàéòè â [15].

Ñäåëàåì íåêîòîðîå îòñòóïëåíèå. Ïðîñòðàíñòâà Vn ïîÿâèëèñü ïðè ñëåäóþ-
ùèõ îáñòîÿòåëüñòâàõ. Â äèññåðòàöèè Ã.À. Ñòàðöà [14] áûëè ðàññìîòðåíû
ïðîñòðàíñòâà MUPn =

{
ϕ(x) : ϕ(x) =

∑
k

ck ·mup2

(
x− k

4n

)
, x ∈ [−1, 1]

}
.

Ýòè ïðîñòðàíñòâà áûëè èñïîëüçîâàíû äëÿ ïîñòðîåíèÿ áàçèñíûõ ôóíêöèé
îáîáùåííîãî ðÿäà Òåéëîðà äëÿ ôóíêöèé íåêâàçèàíàëèòè÷åñêîãî êëàññà

Hρ,2 =
{

f ∈ C∞
[−1,1] :

∣∣∣f (n)(x)
∣∣∣ ≤ c(f) · ρn · 2n2

}
.

Â õîäå èññëåäîâàíèÿ àïïðîêñèìàöèîííûõ ñâîéñòâ ïðîñòðàíñòâ MUPn

áûëî óñòàíîâëåíî, ÷òî ñèñòåìà ôóíêöèé
{

f2n

(
x− k

4n
+ 1 +

n + 2
2 · 4n

)}2·4n+n+1

k=1

îáðàçóåò áàçèñ ïðîñòðàíñòâà MUPn. Äëÿ ïîñòðîåíèÿ âåéâëåòîâ ìîæíî áûëî
áû èñïîëüçîâàòü ñëåäóþùóþ ñõåìó: ïóñòü Ṽn � ïðîñòðàíñòâà ôóíêöèé âèäà

ϕ(x) =
∑

k∈I(ϕ)

ck · f2n

(
x− 2k − n

2 · 4n

)
,
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ãäå I(ϕ) � êîíå÷íîå ïîäìíîæåñòâî ìíîæåñòâà öåëûõ ÷èñåë, è W̃n = {ϕ ∈ Ṽn :
ϕ⊥Ṽn−1}.
Òîãäà ñïðàâåäëèâî àíàëîãè÷íîå òåîðåìå 1 óòâåðæäåíèå:
äëÿ ëþáîãî n ∈ N ñóùåñòâóþò ôóíêöèè ϕn1(x), ϕn2(x) è ϕn3(x), òàêèå ÷òî:

1) ñèñòåìà ôóíêöèé
{

ϕn1

(
x− s

4n−1

)
, ϕn2

(
x− s

4n−1

)
, ϕn2

(
x− s

4n−1

)}
s∈Z

îáðàçóåò áàçèñ ïðîñòðàíñòâà Wn;
2) äëÿ ëþáîãî k = 1, 2, 3 ñïðàâåäëèâî âêëþ÷åíèå

supp ϕnk ⊆
[
−k + 1

4n
,
n + 1
4n−1

+
n + 1
4n

]
;

3) äëÿ ëþáîãî k = 1, 2, 3 è ëþáîãî s = 0, 1, . . . , n− 1 èìååò ìåñòî
∞∫

−∞
xs · ϕnk(x)dx = 0.

Äðóãèìè ñëîâàìè, â ïðîñòðàíñòâå W̃n ñóùåñòâóåò ëîêàëüíûé áàçèñ,
îáðàçîâàííûé ñäâèãàìè íå îäíîé, à òðåõ ôóíêöèé. Äëÿ óñòðàíåíèÿ ýòîãî
"íåäîñòàòêà" â íàñòîÿùåé ðàáîòå áûëè èñïîëüçîâàíû "ïðîìåæóòî÷íûå"
ïðîñòðàíñòâà, â ðîëè êîòîðûõ âûñòóïàþò V2n+1; ïðè ýòîì V2n = Ṽn äëÿ
êàæäîãî n = 0, 1, 2, . . ..

Ôóíêöèè fn(x), gn(x) è vn(x)

Ïîñêîëüêó Fn(t) è Gn(t) ÿâëÿþòñÿ öåëûìè ôóíêöèÿìè ýêñïîíåíöèàëüíîãî
òèïà, òî ïî òåîðåìå Âèíåðà � Ïýëè [16] ôóíêöèè fn(x) è gn(x) ÿâëÿþòñÿ
ôèíèòíûìè, ïðè÷åì

fn(x) = 0 ïðè |x| > n + 2
2 · 4n

(2)
è

gn(x) = 0 ïðè |x| > n + 2
4n+1

. (3)

Òàê êàê Fn(t) è Gn(t) óáûâàþò íà äåéñòâèòåëüíîé îñè ïðè |t| → ∞
áûñòðåé ëþáîé ñòåïåíè t, òî ôóíêöèè fn(x) è gn(x) ÿâëÿþòñÿ áåñêîíå÷íî
äèôôåðåíöèðóåìûìè.

Äîêàæåì, ÷òî ôóíêöèÿ fn(x) ìîæåò áûòü ïðåäñòàâëåíà â âèäå êîíå÷íîé
ëèíåéíîé êîìáèíàöèè ñäâèãîâ ôóíêöèè gn(x). Äëÿ ýòîãî çàïèøåì Fn(t) â
ñëåäóþùåì âèäå:

Fn(t) =

(
sin 2t

4n+1

2t
4n+1

)n+1

· cos
t

4n+1
· F

(
t

4n+1

)
,
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îòêóäà ïîëó÷àåì

Fn(t) =

(
sin t

4n+1

t
4n+1

)n+1

·
(

cos
t

4n+1

)n+2

· F
(

t

4n+1

)
=

=
(

cos
t

4n+1

)n+2

·Gn(t) =

(
ei· t

4n+1 + e−i· t
4n+1

2

)n+2

·Gn(t) =

=
1

2n+2
·

n+2∑

j=0

Cj
n+2 · ei·n+2−2j

4n+1 ·t ·Gn(t).

Èç ñâîéñòâ ïðåîáðàçîâàíèÿ Ôóðüå ñëåäóåò, ÷òî

fn(x) =
1

2n+2
·

n+2∑

j=0

Cj
n+2 · gn

(
x +

n + 2− 2j

4n+1

)
. (4)

Èç ýòîãî ñ èñïîëüçîâàíèåì (3) ïîëó÷àåì

fn(x) =
1

2n+2
· gn

(
x +

n + 2
4n+1

)
ïðè x ∈

(
−n + 2

2 · 4n
;−n + 1

2 · 4n

)
(5)

è
fn(x) =

1
2n+2

· gn

(
x− n + 2

4n+1

)
ïðè x ∈

(
n + 1
2 · 4n

;
n + 2
2 · 4n

)
. (6)

Òàêèì îáðàçîì, ôóíêöèþ fn(x) ìîæíî ïðåäñòàâèòü â âèäå êîíå÷íîé
ëèíåéíîé êîìáèíàöèè ñäâèãîâ ôóíêöèè gn(x).

Ïðèìåíÿÿ àíàëîãè÷íûå ðàññóæäåíèÿ, ìîæíî äîêàçàòü, ÷òî

gn(x) =
1

2n+1
·

n+1∑

j=0

Cj
n+1 · fn+1

(
x +

n + 1− 2j

2 · 4n+1

)
, (7)

îòêóäà âìåñòå ñ (2) ñëåäóåò

gn(x) =
1

2n+1
· fn+1

(
x +

n + 1
2 · 4n+1

)
ïðè x ∈

(
−n + 2

4n+1
;−n + 1

4n+1

)
(8)

è
gn(x) =

1
2n+1

· fn+1

(
x− n + 1

2 · 4n+1

)
ïðè x ∈

(
n + 1
4n+1

;
n + 2
4n+1

)
. (9)

Äàëåå íàì ïîíàäîáèòñÿ ñëåäóþùåå ñâîéñòâî ôóíêöèé fn(x) è gn(x):
Ëåììà 1. Äëÿ ëþáîãî n = 0, 1, 2, . . . ñïðàâåäëèâû âûñêàçûâàíèÿ:

fn(x) > 0 ïðè n

2 · 4n
< |x| < n + 2

2 · 4n

è
gn(x) > 0 ïðè n

4n+1
< |x| < n + 2

4n+1
.
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Äîêàçàòåëüñòâî. Ïîêàæåì ñíà÷àëà, ÷òî f0(x) > 0 äëÿ ëþáîãî x ∈ (−1, 1).
Íàïîìíèì, ÷òî f0(x) ≡ mup2(x).

Ïóñòü x0 ∈ (−1, 0]. Ñóùåñòâóåò íàòóðàëüíîå ÷èñëî l, òàêîå ÷òî −1 + 1
4l ≤

≤ x0. Òîãäà â ñèëó ñâîéñòâà 8) ôóíêöèè mup2(x) ñïðàâåäëèâî íåðàâåíñòâî
mup2

(−1 + 1
4l

) ≤ mup2(x0). Èç ñâîéñòâà 7) ñëåäóåò, ÷òî νk > 0 äëÿ
ëþáîãî k = 0, 1, 2, . . .. Ñ ó÷åòîì ñâîéñòâà 6) ýòî äàåò mup2

(−1 + 1
4l

)
> 0.

Ñëåäîâàòåëüíî, mup2(x0) > 0.
Ïîñêîëüêó ôóíêöèÿ mup2(x) ÿâëÿåòñÿ ÷åòíîé, òî äëÿ ëþáîãî x0 ∈ (0, 1)

âûïîëíÿåòñÿ íåðàâåíñòâî mup2(x0) > 0.
Èòàê, f0(x) > 0 äëÿ ëþáîãî x ∈ (−1, 1).
Ïðåäïîëîæèì, ÷òî fn(x) > 0 ïðè n

2·4n < |x| < n+2
2·4n .

Èç ðàâåíñòâ (5) è (6) ïîëó÷àåì

gn(x) = 2n+2 · fn

(
x− n + 2

4n+1

)
ïðè − n + 2

4n+1
< x < − n

4n+1

è
gn(x) = 2n+2 · fn

(
x +

n + 2
4n+1

)
ïðè n

4n+1
< x <

n + 2
4n+1

,

îòêóäà â ñèëó ïðåäïîëîæåíèÿ ñëåäóåò, ÷òî

gn(x) > 0 ïðè n

4n+1
< |x| < n + 2

4n+1
. (10)

Àáñîëþòíî àíàëîãè÷íî, èç (10) âìåñòå ñ ðàâåíñòâàìè (8) è (9) ñëåäóåò, ÷òî
fn+1(x) > 0 ïðè n+1

2·4n+1 < |x| < n+3
2·4n+1 .

Ëåììà äîêàçàíà.
Ïðèâåäåì òåïåðü íåêîòîðûå ñâîéñòâà ôóíêöèé vn(x). Ñíà÷àëà îòìåòèì,

÷òî ïî ïîñòðîåíèþ ýòè ôóíêöèè ÿâëÿþòñÿ áåñêîíå÷íî äèôôåðåíöèðóåìûìè.
Êðîìå òîãî, èç (2) è (3) ñëåäóåò, ÷òî

v2n(x) = 0 ïðè x 6∈
[
0,

n + 2
4n

]
(11)

è
v2n+1(x) = 0 ïðè x 6∈

[
0,

n + 2
2 · 4n

]
(12)

äëÿ ëþáîãî n = 0, 1, 2, . . ..
Äàëåå, íåïîñðåäñòâåííûì ñëåäñòâèåì ëåììû 1 ÿâëÿåòñÿ
Ëåììà 2. Äëÿ ëþáîãî n = 0, 1, 2, . . . ñïðàâåäëèâû âûñêàçûâàíèÿ:

v2n(x) > 0 ïðè x ∈
(

0,
1
4n

)
∪

(
n + 1
4n

,
n + 2
4n

)

è
v2n+1(x) > 0 ïðè x ∈

(
0,

1
2 · 4n

)
∪

(
n + 1
2 · 4n

,
n + 2
2 · 4n

)
.
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Äîêàæåì, ÷òî ïðîñòðàíñòâà V0, V1, V2, . . . ÿâëÿþòñÿ âëîæåííûìè.
Òåîðåìà 2. Äëÿ ëþáîãî n = 0, 1, 2, . . . ñïðàâåäëèâî âêëþ÷åíèå Vn ⊂ Vn+1.
Äîêàçàòåëüñòâî. Ðàññìîòðèì ïðîèçâîëüíîå n = 0, 1, 2, . . ..
Ñ èñïîëüçîâàíèåì (4) ïîëó÷àåì

v2n(x) = fn

(
x− n + 2

2 · 4n

)
=

1
2n+2

·
n+2∑

j=0

Cj
n+2 · gn

(
x− n + 2

2 · 4n
+

n + 2− 2j

4n+1

)
=

=
1

2n+2
·
n+2∑

j=0

Cj
n+2·gn

(
x− j

2 · 4n
− n + 2

4n+1

)
=

1
2n+2

·
n+2∑

j=0

Cj
n+2·v2n+1

(
x− j

22n+1

)
,

îòêóäà èìååì V2n ⊂ V2n+1.
Àíàëîãè÷íî, èç (7) ñëåäóåò, ÷òî

v2n+1(x) =
1

2n+1
·

n+1∑

j=0

Cj
n+1 · v2n+2

(
x− j

22n+2

)
.

Ïîýòîìó V2n+1 ⊂ V2n+2.
Òåîðåìà äîêàçàíà.
Òàêèì îáðàçîì, V0 ⊂ V1 ⊂ V2 ⊂ . . ., ïðè÷åì ýëåìåíòû ýòèõ ïðîñòðàíñòâ

ïðåäñòàâëÿþò ñîáîé ôèíèòíûå áåñêîíå÷íî äèôôåðåíöèðóåìûå ôóíêöèè.

Áàçèñ ïðîñòðàíñòâà âåéâëåòîâ Wn

Â ýòîì ðàçäåëå ìû áóäåì ñ÷èòàòü, ÷òî n � íàòóðàëüíîå ÷èñëî.
Ìû íà÷íåì ñî ñëåäóþùåãî ïðîñòîãî ñâîéñòâà ýëåìåíòîâ Wn:
Ëåììà 3. Åñëè ôóíêöèÿ ϕ(x) ïðèíàäëåæèò ïðîñòðàíñòâó Wn, òî äëÿ

ëþáîãî öåëîãî k ôóíêöèÿ ϕ
(
x− k

2n−1

)
òàêæå ïðèíàäëåæèò Wn.

Äîêàçàòåëüñòâî. Ïóñòü ϕ ∈ Wn. Òîãäà äëÿ ëþáîãî s ∈ Z ñïðàâåäëèâî
∞∫

−∞
ϕ(x) · vn−1

(
x− s

2n−1

)
dx = 0. (13)

Ðàññìîòðèì ïðîèçâîëüíîå k ∈ Z. Ïóñòü ξ(x) = ϕ
(
x− k

2n−1

)
. Äîêàæåì,

÷òî ξ ∈ Wn.
Ôóíêöèÿ ϕ(x) ïðåäñòàâèìà â âèäå ϕ(x) =

∑
s∈I(ϕ)

cs · vn

(
x− s

2n

)
.

Òîãäà ìîæíî çàïèñàòü, ÷òî ξ(x) =
∑

s∈I(ϕ)

cs ·vn

(
x− 2·k+s

2n

)
. Ñëåäîâàòåëüíî,

ôóíêöèÿ ξ(x) ïðèíàäëåæèò ëèíåéíîìó ïðîñòðàíñòâó Vn.
Îñòàåòñÿ äîêàçàòü, ÷òî ξ⊥Vn−1.
Äëÿ ëþáîãî j ∈ Z èìååò ìåñòî
∞∫

−∞
ξ(x) · vn−1

(
x− j

2n−1

)
dx =

∞∫

−∞
ϕ

(
x− k

2n−1

)
· vn−1

(
x− j

2n−1

)
dx =
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=

∞∫

−∞
ϕ(t) · vn−1

(
t− j − k

2n−1

)
dt = 0.

Ïîñëåäíåå ðàâåíñòâî ñëåäóåò èç (13). Çíà÷èò, ξ⊥Vn−1.
Ëåììà äîêàçàíà.
Äàëåå áóäåì èñïîëüçîâàòü ñëåäóþùóþ ôîðìó ïðåäñòàâëåíèÿ ôóíêöèè

ϕ ∈ Vn \ {0}:

ϕ(x) =
M(ϕ)∑

k=m(ϕ)

ck · vn

(
x− k

2n

)
,

ãäå m(ϕ), M(ϕ) � öåëûå ÷èñëà, òàêèå ÷òî m(ϕ) ≤ M(ϕ), ïðè÷åì cm(ϕ) 6= 0 è
cM(ϕ) 6= 0.

Ââåäåì â ðàññìîòðåíèå ñëåäóþùèå ìíîæåñòâà:
äëÿ âñÿêîãî k ∈ {0; 1} ïóñòü L

[n]
k � êëàññ ôóíêöèé ϕ ∈ Wn \ {0}, òàêèõ ÷òî

m(ϕ) = 2 · l − k, ãäå l � íåêîòîðîå öåëîå ÷èñëî. Ñ èñïîëüçîâàíèåì ýòèõ
ìíîæåñòâ ìîæíî çàïèñàòü, ÷òî Wn = Ln,0 ∪ Ln,1 ∪ {0}.

Îòìåòèì êëþ÷åâûå ñâîéñòâà ìíîæåñòâ Ln,k.
Ëåììà 4. Ìíîæåñòâî Ln,1 ÿâëÿåòñÿ ïóñòûì äëÿ ëþáîãî n ∈ N .
Äîêàçàòåëüñòâî. Ïðåäïîëîæèì, ÷òî Ln,1 íå ÿâëÿåòñÿ ïóñòûì ìíîæåñòâîì.

Òîãäà ñóùåñòâóåò òàêàÿ ôóíêöèÿ ϕ ∈ Wn \ {0}, ÷òî m(ϕ) = 2 · l − 1, ãäå l �
íåêîòîðîå öåëîå ÷èñëî.

Äëÿ ôóíêöèè ϕ(x) ñïðàâåäëèâî ïðåäñòàâëåíèå

ϕ(x) =
M(ϕ)∑

k=m(ϕ)

ck · vn

(
x− k

2n

)
,

ïðè÷åì cm(ϕ) 6= 0.
Ðàññìîòðèì ñíà÷àëà ñëó÷àé, êîãäà n = 2 ·m + 1, ãäå m = 0, 1, 2, . . ..
Òàê êàê ϕ⊥V2m, òî

∞∫

−∞
ϕ(x) · v2m

(
x− l −m− 2

4m

)
dx = 0. (14)

Ïîëîæèì ξ(x) = ϕ(x) · v2m

(
x− l−m−2

4m

)
. Èç (11) è (12) ñëåäóåò, ÷òî

íîñèòåëè ôóíêöèé v2m

(
x− l−m−2

4m

)
è v2m+1

(
x− k

2·4m

)
íå ïåðåñåêàþòñÿ ïðè

k > m(ϕ). Ïîýòîìó ξ(x) = cm(ϕ) · v2m

(
x− l−m−2

4m

) · v2m+1

(
x− m(ϕ)

2·4m

)
.

Ñëåäîâàòåëüíî,
∞∫

−∞
ϕ(x) · v2m

(
x− l −m− 2

4m

)
dx =

= cm(ϕ) ·
∞∫

−∞
v2m

(
x− l −m− 2

4m

)
· v2m+1

(
x− m(ϕ)

2 · 4m

)
dx.
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Èç ëåììû 2 ñëåäóåò íåðàâåíñòâî
∞∫

−∞
v2m

(
x− l −m− 2

4m

)
· v2m+1

(
x− m(ϕ)

2 · 4m

)
dx > 0,

êîòîðîå ñ ó÷åòîì (14) äàåò cm(ϕ) = 0, à ýòî ïðîòèâîðå÷èò óñëîâèþ cm(ϕ) 6= 0.
Çíà÷èò, ìíîæåñòâî L2m+1,1 ÿâëÿåòñÿ ïóñòûì.

Ïðèìåíÿÿ àíàëîãè÷íûå ðàññóæäåíèÿ, ìîæíî äîêàçàòü, ÷òî äëÿ ëþáîãî
íàòóðàëüíîãî m ìíîæåñòâî L2m,1 òàêæå ÿâëÿåòñÿ ïóñòûì.

Ëåììà äîêàçàíà.
Ñëåäîâàòåëüíî, Wn = {0} ∪ Ln,0.
Ëåììà 5. Äëÿ ëþáîãî íàòóðàëüíîãî n ìíîæåñòâî Ln,0 íå ÿâëÿåòñÿ

ïóñòûì.
Äîêàçàòåëüñòâî. Èç ïðèâåäåííûõ âûøå ðåçóëüòàòîâ ñëåäóåò, ÷òî

äîñòàòî÷íî äîêàçàòü ñóùåñòâîâàíèå â ïðîñòðàíñòâå Wn ôóíêöèè, êîòîðàÿ
òîæäåñòâåííî íå ðàâíà íóëþ.

Ðàññìîòðèì ñíà÷àëà ñëó÷àé n = 2m + 1, ãäå m = 0, 1, 2, . . .. Äîêàæåì, ÷òî
ñóùåñòâóþò êîýôôèöèåíòû {ck}, íå âñå ðàâíûå íóëþ, òàêèå ÷òî ôóíêöèÿ

ϕ(x) =
3m+4∑

k=0

ck · v2m+1

(
x− k

22m+1

)
(15)

ïðèíàäëåæèò ïðîñòðàíñòâó W2m+1.
Èç (11) è (12) ñëåäóåò ñïðàâåäëèâîñòü âêëþ÷åíèé supp ϕ(x) ⊆ [

0, 2m+3
22m

]

è supp v2m

(
x− j

22m

)
⊆

[
j

22m , m+2+j
22m

]
, îòêóäà âèäíî, ÷òî íîñèòåëè ôóíêöèé

ϕ(x) è v2m

(
x− j

22m

)
íå ïåðåñåêàþòñÿ, åñëè j ≤ −m − 2 èëè j ≥ 2m + 3.

Ñëåäîâàòåëüíî, ôóíêöèÿ ϕ(x) ïðèíàäëåæèò ïðîñòðàíñòâó W2m+1, åñëè äëÿ
ëþáîãî j = −m− 1,−m, . . . , 2m + 2 âûïîëíÿåòñÿ ðàâåíñòâî

∞∫

−∞
ϕ(x) · v2m

(
x− j

22m

)
dx = 0,

÷òî ðàâíîñèëüíî ñëåäóþùåìó:

3m+4∑

k=0

ck ·
∞∫

−∞
v2m+1

(
x− k

22m+1

)
· v2m

(
x− j

22m

)
dx = 0,

ãäå j = −m− 1,−m, . . . , 2m + 2.
Òàêèì îáðàçîì, ìû ïîëó÷èëè îäíîðîäíóþ ñèñòåìó ëèíåéíûõ óðàâíåíèé

îòíîñèòåëüíî {ck}. Ïîñêîëüêó ýòà ñèñòåìà ñîñòîèò èç 3m + 4 óðàâíåíèé è
3m + 5 íåèçâåñòíûõ, òî ñóùåñòâóåò íåíóëåâîå ðåøåíèå. Çíà÷èò, ñóùåñòâóåò
ôóíêöèÿ ϕ(x) âèäà (15), êîòîðàÿ òîæäåñòâåííî íå ðàâíà íóëþ è ïðèíàäëåæèò
ïðîñòðàíñòâó W2m+1.
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Ïóñòü òåïåðü n = 2m + 2, ãäå m = 0, 1, 2, . . .. Ðàññìîòðèì ôóíêöèþ

ϕ(x) =
3m+5∑

k=0

ck · v2m+2

(
x− k

22m+2

)
. (16)

Èç (11) è (12) ñëåäóåò, ÷òî supp ϕ(x) ⊆ [
0, m+2

22m

]
è supp v2m+1

(
x− j

22m+1

)
⊆

⊆
[

j
22m+1 , m+2+j

22m+1

]
. Çíà÷èò, ôóíêöèÿ ϕ(x) ïðèíàäëåæèò ïðîñòðàíñòâó W2m+2,

åñëè äëÿ ëþáîãî j = −m− 1,−m, . . . , 2m + 3 âûïîëíÿåòñÿ
∞∫

−∞
ϕ(x) · v2m+1

(
x− j

22m+1

)
dx = 0,

÷òî ðàâíîñèëüíî îäíîðîäíîé ñèñòåìå ëèíåéíûõ óðàâíåíèé

3m+5∑

k=0

ck ·
∞∫

−∞
v2m+2

(
x− k

22m+2

)
· v2m+1

(
x− j

22m+1

)
dx = 0,

ãäå j = −m− 1,−m, . . . , 2m + 3.
Ýòà ñèñòåìà ñîñòîèò èç 3m+5 óðàâíåíèé è 3m+6 íåèçâåñòíûõ. Ïîýòîìó

îíà èìååò íåíóëåâîå ðåøåíèå. Ñëåäîâàòåëüíî, W2m+2 \ {0} 6= ∅.
Ëåììà äîêàçàíà.
Çàìå÷àíèå 1. Ïðè äîêàçàòåëüñòâå ëåììû 5 íàìè óñòàíîâëåíî, ÷òî äëÿ

ëþáîãî íàòóðàëüíîãî n â ïðîñòðàíñòâå Wn ñîäåðæèòñÿ ôóíêöèÿ ϕ(x) 6≡ 0,
òàêàÿ ÷òî supp ϕ(x) ⊆ [

0, n+2
2n−1

]
.

Äîêàæåì, ÷òî ìíîæåñòâî Ln,0 ñîäåðæèò ôóíêöèþ wn(x), êîòîðàÿ îáëàäàåò
ñâîéñòâàìè, óêàçàííûìè â òåîðåìå 1. Ïîñêîëüêó ñäâèãè ýòîé ôóíêöèè
äîëæíû ñîñòàâëÿòü áàçèñ ïðîñòðàíñòâà Wn (çàìåòèì, ÷òî Wn ñîñòîèò èç
ôèíèòíûõ ôóíêöèé), òî åñòåñòâåííî ïðåäïîëîæèòü, ÷òî åå íîñèòåëü áóäåò
"íàèìåíüøèì" â êëàññå Ln,0. Äàäèì îïðåäåëåíèå âîçíèêàþùåìó ïîíÿòèþ
ôóíêöèè ñ íàèìåíüøèì íîñèòåëåì.

Îïðåäåëåíèå. Ôóíêöèþ ϕ0 áóäåì íàçûâàòü ôóíêöèåé ñ íàèìåíüøèì
íîñèòåëåì â Ln,0, åñëè âûïîëíåíû ñëåäóþùèå óñëîâèÿ:

1) ϕ0 ∈ Ln,0;
2) M(ϕ0)−m(ϕ0) = min

ϕ∈Ln,0

(M(ϕ)−m(ϕ)).
Ïîñêîëüêó Ln,0 íå ÿâëÿåòñÿ ïóñòûì, òî â ýòîì êëàññå ñóùåñòâóåò ôóíêöèÿ

ñ íàèìåíüøèì íîñèòåëåì.
Ïóñòü wn(x) � ôóíêöèÿ ñ íàèìåíüøèì íîñèòåëåì â Ln,0.
Ñîãëàñíî çàìå÷àíèþ 1, äëèíà íîñèòåëÿ ôóíêöèè wn(x) íå ïðåâûøàåò

n+2
2n−1 . Êðîìå òîãî, èç ëåììû 3 ñëåäóåò, ÷òî äëÿ ëþáîãî j ∈ Z ôóíêöèÿ
ξ(x) = wn

(
x− j

2n−1

)
òàêæå ïðèíàäëåæèò Wn. Áîëåå òîãî, âçÿòàÿ òàêèì
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îáðàçîì ôóíêöèÿ ξ(x) òàêæå ÿâëÿåòñÿ ôóíêöèåé ñ íàèìåíüøèì íîñèòåëåì â
Ln,0. Çíà÷èò, ìû ìîæåì ñ÷èòàòü, ÷òî

supp wn(x) ⊆
[
0,

n + 2
2n−1

]
. (17)

Äîêàæåì, ÷òî â ïðîñòðàíñòâå Wn ñóùåñòâóåò áàçèñ, ñîñòîÿùèé èç ñäâèãîâ
ôóíêöèè wn(x).

Ââåäåì â ðàññìîòðåíèå ñèñòåìó ôóíêöèé
{

wn

(
x− j

2n−1

)}

j∈Z

. (18)

Äîêàæåì ñíà÷àëà ñïðàâåäëèâîñòü ñëåäóþùåãî ñâîéñòâà ôóíêöèé äàííîé
ñèñòåìû:

Ëåììà 6. Åñëè ∑

j∈I

λj · wn

(
x− j

2n−1

)
≡ 0,

ãäå I � êîíå÷íîå ïîäìíîæåñòâî ìíîæåñòâà öåëûõ ÷èñåë, òî äëÿ ëþáîãî
j ∈ I âûïîëíÿåòñÿ

λj = 0.

Äîêàçàòåëüñòâî. Ïóñòü I � êîíå÷íîå ïîäìíîæåñòâî ìíîæåñòâà öåëûõ
÷èñåë. Ïðåäïîëîæèì, ÷òî ôóíêöèÿ

ϕ(x) =
∑

j∈I

λj · wn

(
x− j

2n−1

)

òîæäåñòâåííî ðàâíà íóëþ.
Ïðåäñòàâèì ìíîæåñòâî I ñëåäóþùèì îáðàçîì: I =

N⋃
k=1

{zk}, ãäå zk < zk+1

äëÿ ëþáîãî k = 1, 2, . . . , N − 1.
Äîêàæåì, ÷òî äëÿ ëþáîãî k èìååò ìåñòî ðàâåíñòâî λzk

= 0.
Ïóñòü k = 1. Âîçüìåì ëþáóþ òî÷êó x0 ∈ (

z1
2n−1 , z1

2n−1 + 1
2n

)
. Èç (17)

ñëåäóåò, ÷òî wn

(
x0 − zk

2n−1

)
= 0 ïðè k > 1. Çíà÷èò, ϕ(x0) = λz1 ·wn

(
x0 − z1

2n−1

)
.

Äëÿ ôóíêöèè wn(x) ñïðàâåäëèâî ïðåäñòàâëåíèå

wn(x) =
M(wn)∑

j=m(wn)

cj · vn

(
x− j

2n

)
,

ãäå cm(wn) 6= 0.
Òîãäà

ϕ(x0) = λz1 ·
M(wn)∑

j=m(wn)

cj · vn

(
x0 − z1

2n−1
− j

2n

)
,
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îòêóäà â ñèëó (11) è (12) ïîëó÷àåì ϕ(x0) = λz1 · cm(wn) · vn

(
x0 − z1

2n−1

)
.

Èç ëåììû 2 ñëåäóåò, ÷òî vn

(
x0 − z1

2n−1

)
> 0. Òàê êàê cm(wn) 6= 0, òî

ðàâåíñòâî ϕ(x0) = 0 âîçìîæíî â òîì è òîëüêî â òîì ñëó÷àå, êîãäà λz1 = 0.
Ïðèìåíÿÿ àáñîëþòíî àíàëîãè÷íûå ðàññóæäåíèÿ, ìîæíî äîêàçàòü, ÷òî

λz2 = . . . = λzN = 0.
Ëåììà äîêàçàíà.
Òàêèì îáðàçîì, òîëüêî òðèâèàëüíàÿ êîíå÷íàÿ ëèíåéíàÿ êîìáèíàöèÿ

ñäâèãîâ ôóíêöèè wn(x) îáðàùàåòñÿ â íîëü.
Òåïåðü ìû ìîæåì äîêàçàòü îñíîâíóþ òåîðåìó îòíîñèòåëüíî ñèñòåìû

ôóíêöèé (18).
Òåîðåìà 3. Ñèñòåìà ôóíêöèé (18) îáðàçóåò áàçèñ ïðîñòðàíñòâà Wn.
Äîêàçàòåëüñòâî. ×òîáû óñòàíîâèòü ñïðàâåäëèâîñòü òåîðåìû, íàì íóæíî

äîêàçàòü, ÷òî ëþáàÿ ôóíêöèÿ ϕ ∈ Wn ìîæåò áûòü åäèíñòâåííûì îáðàçîì
ïðåäñòàâëåíà â âèäå êîíå÷íîé ëèíåéíîé êîìáèíàöèè ôóíêöèé ñèñòåìû
(18). Åñëè ìû äîêàæåì ñóùåñòâîâàíèå òàêîãî ïðåäñòàâëåíèÿ, òî åãî
åäèíñòâåííîñòü áóäåò ñëåäîâàòü èç ëåììû 6.

Äîêàæåì, ÷òî ëþáîé íåíóëåâîé ýëåìåíò ëèíåéíîãî ïðîñòðàíñòâà Wn

ìîæåò áûòü ïðåäñòàâëåí â âèäå êîíå÷íîé ëèíåéíîé êîìáèíàöèè ôóíêöèé
ñèñòåìû (18). Äëÿ ýòîãî ïîëîæèì I =

⋃
ϕ∈Wn\{0}

{M(ϕ) − m(ϕ)}. Îòìåòèì,

÷òî I ÿâëÿåòñÿ ïîäìíîæåñòâîì ìíîæåñòâà íåîòðèöàòåëüíûõ öåëûõ ÷èñåë.
Ïðåäñòàâèì ìíîæåñòâî I â ñëåäóþùåì âèäå:

I =
∞⋃

j=0

{dj}, ãäå dj < dj+1, j = 0, 1, 2, . . . .

Íåîáõîäèìî äîêàçàòü ñëåäóþùåå óòâåðæäåíèå: äëÿ ëþáîãî j = 0, 1, 2, . . .
êàæäàÿ ôóíêöèÿ ϕ ∈ Wn, òàêàÿ ÷òî M(ϕ) − m(ϕ) = dj , ìîæåò áûòü
ïðåäñòàâëåíà â âèäå ëèíåéíîé êîìáèíàöèè ôóíêöèé ñèñòåìû (18).

Äîêàçàòåëüñòâî áóäåì ïðîâîäèòü ñ èñïîëüçîâàíèåì ìåòîäà ìàòåìàòè÷åñêîé
èíäóêöèè.

Áàçà èíäóêöèè. Ïóñòü j = 0. Ðàññìîòðèì ëþáóþ ôóíêöèþ ϕ ∈ Wn \ {0},
òàêóþ ÷òî M(ϕ)−m(ϕ) = d0. Äëÿ ôóíêöèè ϕ(x) ñïðàâåäëèâî ðàçëîæåíèå

ϕ(x) =
M(ϕ)∑

k=m(ϕ)

xk · vn

(
x− k

2n

)
. (19)

Òàê êàê ϕ(x) 6≡ 0, òî ϕ ∈ Ln,0.
Äàëåå, ïîñêîëüêó wn(x) � ôóíêöèÿ ñ íàèìåíüøèì íîñèòåëåì, òî èìååò

ìåñòî ðàâåíñòâî M(wn)−m(wn) = min I = d0 = M(ϕ)−m(ϕ). Äëÿ ôóíêöèè
wn(x) ñïðàâåäëèâî ïðåäñòàâëåíèå

wn(x) =
M(wn)∑

i=m(wn)

ci · vn

(
x− i

2n

)
. (20)
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Ïîëîæèì ξ(x) = ϕ(x)− xm(ϕ)

cm(wn)
· vn

(
x− l

2n−1

)
, ãäå l = m(ϕ)−m(wn)

2 . ×èñëî l

ÿâëÿåòñÿ öåëûì, òàê êàê ôóíêöèè wn(x) è ϕ(x) ïðèíàäëåæàò êëàññó Ln,0. Èç
ëåììû 3 ñëåäóåò, ÷òî ξ(x) ∈ Wn. Èñïîëüçóÿ ðàçëîæåíèÿ (19) è (20), ïîëó÷àåì

ξ(x) = xm(ϕ) · vn

(
x− m(ϕ)

2n

)
+

M(ϕ)∑

k=m(ϕ)+1

xk · vn

(
x− k

2n

)
−

− xm(ϕ)

cm(wn)
· cm(wn) · vn

(
x− l

2n−1
− m(wn)

2n

)
−

− xm(ϕ)

cm(wn)
·

M(wn)∑

i=m(wn)+1

ci · vn

(
x− l

2n−1
− i

2n

)
=

= xm(ϕ) · vn

(
x− m(ϕ)

2n

)
+

M(ϕ)∑

k=m(ϕ)+1

xk · vn

(
x− k

2n

)
−

−xm(ϕ) · vn

(
x− m(ϕ)−m(wn)

2n
− m(wn)

2n

)
−

− xm(ϕ)

cm(wn)
·

M(wn)∑

i=m(wn)+1

ci · vn

(
x− m(ϕ)−m(wn)

2n
− i

2n

)
=

=
M(ϕ)∑

k=m(ϕ)+1

yk · vn

(
x− k

2n

)
,

ãäå yk = xk− xm(ϕ)

cm(wn)
· ck−m(ϕ)+m(wn). Çíà÷èò, åñëè ôóíêöèÿ ξ(x) òîæäåñòâåííî

íå ðàâíà íóëþ, òî M(ξ) −m(ξ) ≤ M(ϕ) −m(ϕ) − 1 < d0, ÷òî ïðîòèâîðå÷èò
óñëîâèþ d0 = min I. Ñëåäîâàòåëüíî, ξ(x) ≡ 0 è

ϕ(x) =
xm(ϕ)

cm(wn)
· wn

(
x− l

2n−1

)
.

Èòàê, ïðè j = 0 óòâåðæäåíèå äîêàçàíî.
Ïðåäïîëîæèì, ÷òî äëÿ ëþáîãî j = 0, 1, . . . ,m âñÿêàÿ ôóíêöèÿ ϕ(x) ∈ Wn,

òàêàÿ ÷òî M(ϕ) − m(ϕ) = dj , ìîæåò áûòü ïðåäñòàâëåíà â âèäå êîíå÷íîé
ëèíåéíîé êîìáèíàöèè ôóíêöèé ñèñòåìû (18). Äîêàæåì, ÷òî ýòî óòâåðæäåíèå
ñïðàâåäëèâî è äëÿ j = m + 1.

Ðàññìîòðèì ëþáóþ ôóíêöèþ ϕ ∈ Wn, äëÿ êîòîðîé âûïîëíÿåòñÿ óñëîâèå
M(ϕ)−m(ϕ) = dm+1.

Ïóñòü ξ(x) = ϕ(x)− xm(ϕ)

cm(wn)
· vn

(
x− m(ϕ)−m(wn)

2n

)
. Èñïîëüçóÿ ïðîâåäåííûå

âûøå ïðåîáðàçîâàíèÿ, ïîëó÷àåì

ξ(x) =
M(ϕ)∑

k=m(ϕ)+1

yk · vn

(
x− k

2n

)
,
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îòêóäà âèäíî, ÷òî âîçìîæíû äâà ñëó÷àÿ:
1) M(ξ)−m(ξ) ≤ M(ϕ)−m(ϕ)−1 < dm+1, åñëè ôóíêöèÿ ξ(x) òîæäåñòâåííî

íå ðàâíà íóëþ;
2) ξ(x) ≡ 0.
Â ïåðâîì ñëó÷àå ìû âîñïîëüçóåìñÿ òåì, ÷òî, ñîãëàñíî ïðåäïîëîæåíèþ,

ôóíêöèÿ ξ(x) ìîæåò áûòü ïðåäñòàâëåíà â âèäå ëèíåéíîé êîìáèíàöèè
ôóíêöèé ñèñòåìû (18). Ñëåäîâàòåëüíî, ôóíêöèÿ ϕ(x) òàêæå ìîæåò áûòü
ïðåäñòàâëåíà â âèäå ëèíåéíîé êîìáèíàöèè ôóíêöèé ñèñòåìû (18).

Âî âòîðîì ñëó÷àå ìû èìååì ϕ(x) ≡ xm(ϕ)

cm(wn)
· wn

(
x− m(ϕ)−m(wn)

2n

)
.

Òàêèì îáðàçîì, ìû äîêàçàëè, ÷òî ëþáàÿ ôóíêöèÿ ϕ ∈ Wn \ {0} ìîæåò
áûòü ïðåäñòàâëåíà â âèäå ëèíåéíîé êîìáèíàöèè ôóíêöèé ñèñòåìû (18).

Òåîðåìà äîêàçàíà.
Èòàê, íàìè óñòàíîâëåíî ñóùåñòâîâàíèå â ïðîñòðàíñòâå Wn ëîêàëüíîãî

áàçèñà, ñîñòîÿùåãî èç ñäâèãîâ ôóíêöèè wn(x).
×òîáû óñòàíîâèòü ñïðàâåäëèâîñòü óòâåðæäåíèÿ òåîðåìû 1, îñòàåòñÿ

äîêàçàòü ñëåäóþùåå:
Òåîðåìà 4. Äëÿ ëþáîãî i = 0, 1, 2, . . . è ëþáîãî m = 0, 1, . . . , i èìåþò

ìåñòî ðàâåíñòâà
∞∫

−∞
xm · w2i+1(x)dx = 0 è

∞∫

−∞
xm · w2i+2(x)dx = 0.

×òîáû äîêàçàòü òåîðåìó, íàì ïîíàäîáèòñÿ ñëåäóþùèé ôàêò:
Ëåììà 7. Äëÿ ëþáîãî m = 0, 1, 2, . . . ñóùåñòâóþò êîýôôèöèåíòû {as},

òàêèå ÷òî ∞∑
s=−∞

as ·mup2

(
x− s

4m

)
≡ xm.

Äîêàçàòåëüñòâî. Äëÿ ïðîâåðêè ñïðàâåäëèâîñòè óòâåðæäåíèÿ ëåììû
áóäåì èñïîëüçîâàòü ìåòîä ìàòåìàòè÷åñêîé èíäóêöèè.

1. Áàçà èíäóêöèè. Äîêàæåì íàøå óòâåðæäåíèå äëÿ ñëó÷àÿ, êîãäà m = 0.
Äëÿ ýòîãî âîñïîëüçóåìñÿ òåì, ÷òî

∞∑
s=−∞

mup2(x− s) ≡ 1. (21)

Ýòî ñâîéñòâî âçÿòî èç [14]. Äëÿ ïîëíîòû èçëîæåíèÿ ïðèâåäåì åãî
äîêàçàòåëüñòâî.

Ðàññìîòðèì ôóíêöèþ ϕ(x) =
∞∑

s=−∞
mup2(x− s). Èç ñâîéñòâà 1) ôóíêöèè

mup2(x) ïîëó÷àåì, ÷òî ϕ(x) = mup2(x) + mup2(x − 1) äëÿ ëþáîãî x ∈ [0, 1].
Îòêóäà, ñ ó÷åòîì óðàâíåíèÿ (1), ïîëó÷àåì ϕ′(x) = 0 íà [0, 1]. Èç ñâîéñòâ 1) è
3) ôóíêöèè mup2(x) ñëåäóåò ðàâåíñòâî ϕ(0) = 1. Çíà÷èò, ϕ(x) ≡ 1 íà [0, 1].

Àíàëîãè÷íî, ϕ(x) ≡ 1 íà [s, s + 1] äëÿ ëþáîãî s ∈ Z.
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Ñïðàâåäëèâîñòü (21) óñòàíîâëåíà.
2. Ïðåäïîëîæèì, ÷òî ñóùåñòâóþò êîýôôèöèåíòû {cs}, òàêèå ÷òî

∞∑
s=−∞

cs ·mup2

(
x− s

4m−1

)
≡ xm−1.

3. Äîêàæåì, ÷òî ñóùåñòâóþò êîýôôèöèåíòû {as}, òàêèå ÷òî
∞∑

s=−∞
as ·mup2

(
x− s

4m

)
≡ xm.

Ðàññìîòðèì ôóíêöèþ ϕ(x) =
∞∑

s=−∞
as · mup2

(
x− s

4m

)
. Èç ñâîéñòâà 5)

ôóíêöèè mup2(x) ïîëó÷àåì

ϕ′(x) =
∞∑

l=−∞
νl ·mup2

(
4x− l

4m−1

)
,

ãäå

νl = 2 ·
4∑

s=1

δ(1)
s · al+4m−1(5−2s). (22)

Ñîãëàñíî ïðåäïîëîæåíèþ èíäóêöèè, ñóùåñòâóþò êîýôôèöèåíòû {ck},
òàêèå ÷òî

∞∑
k=−∞

ck ·mup2

(
4x− k

4m−1

) ≡ (4 · x)m−1.

Ïîëîæèì νl = m · cl
4m−1 . Èñïîëüçóÿ (22), ìû ìîæåì íàéòè íàáîð

êîýôôèöèåíòîâ {ak}, òàêèõ ÷òî ϕ′(x) ≡ n · xm−1. Èç ýòîãî âìåñòå ñ (21)
ñëåäóåò óòâåðæäåíèå ëåììû.

Èòàê, ëåììà äîêàçàíà.
Òåïåðü ìû ìîæåì ïðèñòóïèòü ê äîêàçàòåëüñòâó òåîðåìû 4.
Ïî ïîñòðîåíèþ v0(x) = mup2(x− 1). Èç ëåììû 7 ñëåäóåò, ÷òî äëÿ ëþáîãî

m = 0, 1, 2, . . . ñóùåñòâóþò êîýôôèöèåíòû {as}, òàêèå ÷òî
∞∑

m=−∞
as · v0

(
x− s− 22s

22m

)
≡ xm,

îòêóäà â ñèëó òåîðåìû 2 ïîëó÷àåì: äëÿ ëþáîãî m = 0, 1, 2, . . . ñóùåñòâóþò
êîýôôèöèåíòû bk, òàêèå ÷òî

∞∑

k=−∞
bk · v2m

(
x− k

22m

)
≡ xm. (23)

Ðàññìîòðèì ïðîèçâîëüíûå i = 0, 1, 2, . . . è m = 0, 1, . . . , i. Èç (17)
ïîëó÷àåì

∞∫

−∞
xm · w2i+1(x)dx =

∫

A

xm · w2i+1(x)dx,
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ãäå A =
[
0, 2i+3

22i

]
. Êðîìå òîãî, èç (23) ñëåäóåò, ÷òî ñóùåñòâóþò òàêèå öåëûå

÷èñëà k1 è k2, ÷òî
k2∑

k=k1

bk · v2m

(
x− k

22m

)
= xm äëÿ ëþáîãî x ∈ A.

Äàëåå, ââåäåì â ðàññìîòðåíèå ôóíêöèþ ξ(x), êîòîðóþ äëÿ ëþáîãî x ∈ R

îïðåäåëèì ôîðìóëîé ξ(x) =
k2∑

k=k1

bk · v2m

(
x− k

22m

)
. Îòìåòèì, ÷òî ξ(x) = xm

äëÿ ëþáîãî x ∈ A. Ïîñêîëüêó ýòà ôóíêöèÿ ïðèíàäëåæèò ïðîñòðàíñòâó V2m

è 2m < 2i + 1, òî (ξ, w2i+1) = 0. Ñëåäîâàòåëüíî,

0 = (ξ, w2i+1) =
∫

A

xm · w2i+1(x)dx =

∞∫

−∞
xm · w2i+1(x)dx = 0.

Àíàëîãè÷íî,
∞∫

−∞
xm · w2i+2(x)dx = 0.

Òåîðåìà äîêàçàíà.
Èç (17) è òåîðåì 3, 4 ñëåäóåò óòâåðæäåíèå òåîðåìû 1.
Èòàê, ìû äîêàçàëè, ÷òî â ïðîñòðàíñòâå âåéâëåòîâ Wn ñóùåñòâóåò

áàçèñ, êîòîðûé îáðàçîâàí ñäâèãàìè ôèíèòíîé áåñêîíå÷íî äèôôåðåíöèðóåìîé
âåéâëåò-ôóíêöèè

([
n+1

2

]− 1
)
-ãî ïîðÿäêà.

Çàìå÷àíèå 2. Ñèñòåìà ôóíêöèé (18) ìîæåò áûòü îðòîãîíàëèçîâàíà, â
ðåçóëüòàòå ÷åãî áóäóò ïîëó÷åíû íåôèíèòíûå âåéâëåòû, êîòîðûå óáûâàþò
íà áåñêîíå÷íîñòè ýêñïîíåíöèàëüíî.

Çàìå÷àíèå 3. Åñëè ïðîñòðàíñòâà {Vn} ïîïîëíèòü ïî íîðìå L2(R), òî
ñèñòåìà ôóíêöèé, îáðàçîâàííàÿ ñäâèãàìè wn(x), òàêæå áóäåò áàçèñîì â
ñîîòâåòñòâóþùåì îðòîãîíàëüíîì äîïîëíåíèè Wn.
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