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Äëÿ êîììóòàòèâíîé ñèñòåìû ëèíåéíûõ îãðàíè÷åííûõ îïåðàòîðîâ
T1, T2, êîòîðûå äåéñòâóþò â ãèëüáåðòîâîì ïðîñòðàíñòâå H è íè îäèí
èç îïåðàòîðîâ T1, T2 íå ÿâëÿåòñÿ ñæàòèåì, ïîñòðîåíà ôóíêöèîíàëüíàÿ
ìîäåëü. Ýòà ìîäåëü ñòðîèòñÿ â ïðîñòðàíñòâå Ë. äå Áðàíæà äëÿ êðóãà.
Êëþ÷åâûå ñëîâà: Oïåðàòîð, ôóíêöèîíàëüíàÿ ìîäåëü.

Ñèðîâàòñüêèé Â. Í., Ôóíêöiîíàëüíi ìîäåëi êîìóòàòèâíèõ ñèñòåì
îïåðàòîðiâ áëèçüêèõ äî óíiòàðíèõ. Äëÿ êîìóòàòèâíî¨ ñèñòåìè
ëiíiéíèõ îáìåæåíèõ îïåðàòîðiâ T1, T2, ÿêi äiþòü â Ãiëüáåðòîâîìó
ïðîñòîði H, i íå îäèí ç îïåðàòîðiâ T1, T2 íå ¹ ñòèñêóâàííÿì, ïîáóäîâàíà
ôóíêöiîíàëüíà ìîäåëü. Öÿ ìîäåëü ñòðî¹òñÿ â ïðîñòîði Ë. äå Áðàíæà
äëÿ êðóãà.
Êëþ÷îâi ñëîâà: Oïåðàòîð, ôóíêöiîíàëüíà ìîäåëü.

Sirovatsky V. N., Functional models of commutative systems of op-
erators close to unitary. For commutative system of the linear limited
operators T1, T2 which operate in Hilbert space H, and not one of operators
T1, T2 is compression, the functional model is constructed. This model is
build in space of Louis De Branges for a circle.
Keywords: Operator, functional model.
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Ôóíêöèîíàëüíàÿ ìîäåëü îïåðàòîðà ñæàòèÿ T , êîòîðûé äåéñòâóåò â ãèëü-
áåðòîâîì ïðîñòðàíñòâå H áûëà âïåðâûå ïîëó÷åíà Á.Ñ-Íàäåì è ×.Ôîÿøåì [5].
Äàííàÿ ìîäåëü ïîçâîëÿåò ðåàëèçîâàòü îïåðàòîð T êàê îïåðàòîð óìíîæåíèÿ
íà íåçàâèñèìóþ ïåðåìåííóþ â ñïåöèàëüíîì ïðîñòðàíñòâå ôóíêöèé [5,2].
Èçó÷åíèå ñïåêòðàëüíûõ õàðàêòåðèñòèê ýòîé ìîäåëè ïðèâåëî ê ðÿäó íåòðèâè-
àëüíûõ çàäà÷ êàê ôóíêöèîíàëüíîãî àíàëèçà òàê è òåîðèè ôóíêöèè, ñðåäè
êîòîðûõ: âîïðîñû èíòåðïîëÿöèè, çàäà÷è áàçèñíîñòè è ïîëíîòû è äð. [2].

Åñëè èñïîëüçîâàòü òåõíèêó äèëàòàöèé Íàäÿ-Ôîÿøà [5], òî ïîñòðîåíèå
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àíàëîãè÷íûõ ôóíêöèîíàëüíûõ ìîäåëåé äëÿ êîììóòàòèâíûõ ñèñòåì îïåðàòî-
ðîâ {T1, T2} çàäàííûõ â ãèëüáåðòîâîì ïðîñòðàíñòâå H íàòàëêèâàëîñü íà
ñóùåñòâåííûå òðóäíîñòè. Íà ýòîì ïóòè íå óäàëîñü ðåøèòü ïîñòàâëåííóþ
âûøå çàäà÷ó äàæå â ñëó÷àå ñæèìàåìîñòè T1 è T2. Âûõîä èç ýòîé
ñèòóàöèè áûë íàéäåí â ðàáîòå [7], êîòîðàÿ áàçèðóåòñÿ íà îáîáùåíèè ïîíÿòèÿ
óçëà äëÿ êîììóòàòèâíûõ ñèñòåì îïåðàòîðîâ è ïî ñóòè áûëà âûñêàçàíà
Ì. Ñ. Ëèâøèöåì.

Â ðàáîòå [8] ïîñòðîåíà ôóíêöèîíàëüíàÿ ìîäåëü ïàðû êîììóòàòèâíûõ
îïåðàòîðîâ, êîãäà îäèí èç íèõ ÿâëÿåòñÿ ñæàòèåì. Ýòè ïîñòðîåíèÿ îñíîâàíû
íà òåõíèêå ïðåîáðàçîâàíèé Ôóðüå. Åñëè æå íè îäèí èç îïåðàòîðîâ {T1, T2}
íå ÿâëÿåòñÿ ñæàòèåì äàííûé ìåòîä ïðèìåíèì áûòü íå ìîæåò. Â äàííîé
ðàáîòå ïîñòðîåíû ôóíêöèîíàëüíûå ìîäåëè äëÿ êîììóòàòèâíûõ ñèñòåì
îïåðàòîðîâ {T1, T2} ïðè÷¼ì íè T1 íè T2 íå ÿâëÿåòñÿ ñæèìàþùèìè. Â ýòîì
ñëó÷àå ôóíêöèîíàëüíàÿ ìîäåëü ñòðîèòñÿ â ïðîñòðàíñòâå Ë. äå Áðàíæà äëÿ
åäèíè÷íîãî êðóãà, êîòîðîå áûëî ïîëó÷åíî â ðàáîòå [6].

�1. Ïðåäâàðèòåëüíûå ñâåäåíèÿ.

Ðàññìîòðèì ëèíåéíûé îãðàíè÷åííûé îïåðàòîð T , äåéñòâóþùèé â ãèëüáåð-
òîâîì ïðîñòðàíñòâå H. Ñîâîêóïíîñòü

4 =
(

J ; H ⊕ E; V =
[

T Φ
Ψ K

]
; H ⊕ Ẽ; J̃

)
(1.1)

íàçûâàåòñÿ óíèòàðíûì óçëîì [1-4, 9-10], åñëè ëèíåéíûé îïåðàòîð

V =
[

T Φ
Ψ K

]
: H ⊕E 7→ H ⊕ Ẽ (1.2)

óäîâëåòâîðÿåò ñîîòíîøåíèÿì

V ∗
[

I 0
0 J̃

]
V =

[
I 0
0 J

]
, V

[
I 0
0 J

]
V ∗ =

[
I 0
0 J̃

]
, (1.3)

ãäå J è J̃ ÿâëÿþòñÿ èíâîëþöèÿìè â ãèëüáåðòîâûõ ïðîñòðàíñòâàõ E è Ẽ
ñîîòâåòñòâåííî, J = J∗ = J−1, J̃ = J̃∗ = J̃−1. Ëþáîé îãðàíè÷åííûé
ëèíåéíûé îïåðàòîð T â H âñåãäà ìîæåò áûòü âêëþ÷¼í â óíèòàðíûé óçåë
4 (1.1). Äëÿ ýòîãî íåîáõîäèìî ïîëîæèòü [2] −E = DT ∗H, Ẽ = DT H,
Ψ =

√
|DT |, Φ =

√
|DT ∗ |, J = signDT ∗ , J̃ = signDT , K = −J̃T ∗,

ãäå, êàê îáû÷íî, DT = I − T ∗T− äåôåêòíûå îïåðàòîðû, îòâå÷àþùèå T , à√
|A| è signA äëÿ ñàìîñîïðÿæ¼ííîãî îïåðàòîðà A ñëåäóåò ïîíèìàòü â ñìûñëå

ñîîòâåòñòâóþùèõ ñïåêòðàëüíûõ ðàçëîæåíèé.
Óçåë 4 (1.1) íàçûâàåòñÿ ïðîñòûì [9], åñëè H = H1, ãäå

H1 = span{TnΦf + T ∗mΨ∗g; f ∈ E; g ∈ Ẽ; n,m ∈ Z+} (1.4)

Ïîäïðîñòðàíñòâà H1 è H0 = H⊥
1 = H ªH1 ïðèâîäÿò îïåðàòîð T, ïðè÷¼ì,

ñóæåíèå T íà H0 ÿâëÿåòñÿ óíèòàðíûì îïåðàòîðîì [2].
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Îñíîâíûì èíâàðèàíòîì óçëà4 (1), îïèñûâàþùèì ïðîñòûå óçëû, ÿâëÿåòñÿ,
ââåäåííàÿ åù¼ â 1946 ãîäó [1] Ì.Ñ. Ëèâøèöåì, õàðàêòåðèñòè÷åñêàÿ îïåðàòîð-
ôóíêöèÿ

S4 = K + Ψ(zI − T )−1Φ, (1.5)

êîòîðàÿ èãðàåò îñíîâíóþ ðîëü â òåîðèè òðåóãîëüíûõ [2] è ôóíêöèîíàëüíûõ
ìîäåëåé [4,5,9,10] äëÿ îïåðàòîðîâ áëèçêèõ ê óíèòàðíûì (â ñìûñëå îïðåäåëåíèÿ
(1.1)).

Ïðåäïîëîæèì, ÷òî dimE = dim Ẽ = r < ∞ è J = J̃ . Âûáåðåì â
E è Ẽ îðòîíîðìèðîâàííûå áàçèñû {eα}r

1 è {e′α}r
1. Òîãäà èç ðåçóëüòàòîâ

Â.Ï. Ïîòàïîâà [2] ñëåäóåò, ÷òî ìàòðèöà-ôóíêöèÿ S4(z) = ‖ < S4(z)eα,
e
′
β > ‖, â ñëó÷àå, êîãäà ñïåêòð σ(T ) îïåðàòîðà T ïðèíàäëåæèò åäèíè÷íîé
îêðóæíîñòè T = {z ∈ C; |z| = 1}, èìååò ñëåäóþùóþ ìóëüòèïëèêàòèâíóþ
ñòðóêòóðó

S4(z) =

←−
l∫

0

exp
{

eıϕt + z

eıϕt − z
J dFt

}
, (1.6)

ãäå ϕt � íåîòðèöàòåëüíàÿ íåóáûâàþùàÿ íà [0,l] ôóíêöèÿ 0 ≤ ϕt ≤ 2π; à
Ft � íåóáûâàþùàÿ ýðìèòîâàÿ (r × r) ìàòðèöà-ôóíêöèÿ íà [0,l], äëÿ êîòîðîé
trFt ≡ t.

Èñïîëüçóÿ ïðåäñòàâëåíèå Â.Ï.Ïîòàïîâà (1.6) äëÿ S4(z) (5) íåòðóäíî
ïîñòðîèòü [2] òðåóãîëüíóþ ìîäåëü îïåðàòîðà Ò. Îáîçíà÷èì ÷åðåç L2

r,l(Fx)
ãèëüáåðòîâî ïðîñòðàíñòâî âåêòîð-ôóíêöèé

L2
r,l(Fx) =

{
f(x) = (f1(x), . . . , fr(x));

l∫

0

f(x) dFxf∗(x) < ∞
}

. (1.7)

Çàäàäèì â L2
r,l(Fx) (1.7) ëèíåéíûå îïåðàòîðû T1 è T2

Tf(x) = f(x)eıϕx − 2

l∫

x

f(t) dFtΦ∗t Φ
∗−1
x Jeıϕx , (1.8)

ãäå ìàòðèöà Φx ÿâëÿåòñÿ ðåøåíèåì èíòåãðàëüíîãî óðàâíåíèÿ

Φx +

x∫

0

Φt dFtJ = I, x ∈ [0, l]. (1.9)

Ðàññìîòðèì òàêæå ìàòðèöó-ôóíêöèþ Ψx

Ψx +

l∫

x

Ψt dFtJ = J, x ∈ [0, l]. (1.10)
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Îïðåäåëèì òåïåðü îïåðàòîðû Φc : E 7→ L2
r,l(Fx) è Ψc : L2

r,l(Fx) 7→ E (çäåñü
E = Cn) ñëåäóþùèì îáðàçîì,

Φcf(x) =
√

2fΨxeıϕx , Ψcf(x) =
√

2

l∫

0

f(x) dFxΦ∗x, (1.11)

ãäå f ∈ E. È ïóñòü Kc = S4(∞) (1.6). Ñîâîêóïíîñòü

4c = (J ;L2
r,l(Fx)⊕E; Vc =

[
Tc Φc

Ψc Kc

]
; L2

r,l(Fx)⊕E; J) (1.12)

ÿâëÿåòñÿ óíèòàðíûì óçëîì (1.1)-(1.3) è íàçûâàåòñÿ òðåóãîëüíîé ìîäåëüþ
ïðîñòîãî óçëà 4 (1.1), ãäå L2

r,l(Fx), Tc, Φc, Ψc - èìåþò âèä (1.7), (1.8),
(1.11). Ïîñëåäíåå îçíà÷àåò, ÷òî ïðîñòûå êîìïîíåíòû (1.4) ó óçëîâ 4 (1.1)
è 4c (1.12), â ñëó÷àå, êîãäà ñïåêòð îïåðàòîðà T ëåæèò íà åäèíè÷íîé
îêðóæíîñòè σ(T ) ⊆ T, óíèòàðíî-ýêâèâàëåíòíû [2], êîíå÷íî ïðè óñëîâèè
J = J̃ è dimE = dimẼ = r < ∞.
Ïðåäïîëîæèì, ÷òî dimE = 2, à J = JN , ãäå

JN =
[ −1 0

0 1

]
. (1.13)

Ñëåäóÿ ðàáîòå [6], ââåä¼ì âåêòîð-ôóíêöèè:

Lx(z) = (1− zT )−1Φ(1, 1), (1.14)

L̃x(z) = (1− zT ∗)−1Ψ∗(1,−1). (1.15)

Îïðåäåëåíèå 1. Ãèëüáåðòîâûì ïðîñòðàíñòâîì Ë. äå Áðàíæà B(E, G)
íàçîâ¼ì ïðîñòðàíñòâî, êîòîðîå îáðàçóþò âåêòîð-ôóíêöèè F (z) = [F1(z),
F2(z)], ãäå Fk(z), (k = 1, 2) èìåþò âèä

F1(z) =

l∫

0

f(t) dFtL
∗
t (z̄); F2(z) =

l∫

0

f(t) dFtL̃
∗
t (z̄). (1.16)

È ïóñòü Bφ � îòîáðàæåíèå Ë. äå Áðàíæà

Bφf = [F1(z), F2(z)]. (1.17)

Ñêàëÿðíîå ïðîèçâåäåíèå â B(E, G) èíäóöèðóåòñÿ ïðîîáðàçîì îòîáðàæåíèÿ
Bϕ (1.17):

< F (z), F̂ (z) >Bϕ(E,G)=< f(t), f̂(t) >L2
2,l(Ft) , (1.18)

ïðè÷¼ì F (z) = Bϕf(t), F̂ (z) = Bϕf̂(t), ãäå f(t), f̂(t) ∈ L2
2,l(Ft).
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Ïóñòü T1, T2 � êîììóòàòèâíàÿ ñèñòåìà ëèíåéíûõ îãðàíè÷åííûõ îïåðàòî-
ðîâ, äåéñòâóþùàÿ â ãèëüáåðòîâîì ïðîñòðàíñòâå H. Ñîâîêóïíîñòü ãèëüáåð-
òîâûõ ïðîñòðàíñòâ E, Ẽ è îïåðàòîðîâ Φ ∈ [E,H], Ψ ∈ [H, Ẽ], K ∈ [E, Ẽ],
σs, τs, Ns, Γ ∈ [E, E], σ̃s, τ̃s, Ñs, Γ̃ ∈ [Ẽ, Ẽ] (s = 1, 2) íàçîâ¼ì êîììóòàòèâíûì
óíèòàðíûì ìåòðè÷åñêèì óçëîì 4

4 = (Γ, σs, τs, Ns,H ⊕ E, Vs,
+
V s, H ⊕ Ẽ, Ñs, τ̃s, σ̃s, Γ̃), (1.19)

åñëè äëÿ ðàñøèðåíèé

Vs =
[

Ts ΦNs

Ψ K

]
,

+
V s =

[
T ∗s ΨÑ∗

s

Φ∗ K∗

]

ñïðàâåäëèâû ñëåäóþùèå ñîîòíîøåíèÿ:
1) V ∗

s

[
I 0
0 σ̃

]
Vs =

[
I 0
0 τs

]
,

+
V ∗

s

[
I 0
0 σs

]
+
V s =

[
I 0
0 τ̃s

]
,

2) T2ΦN1 − T1ΦN2 = ΦΓ, Ñ1ΨT2 − Ñ2ΨT1 = Γ̃Ψ,

3) Ñ2ΨΦN1 − Ñ1ΨΦN2 = KΓ− Γ̃K, KNs = ÑsK (s = 1, 2),

ãäå σs, τs, (σ̃s, τ̃s) ñàìîñîïðÿæåíû â E(Ẽ).
Îïåðàòîðû, äåéñòâóþùèå â ïðîñòðàíñòâàõ E è Ẽ óçëà 4 (1.19), � çàâèñèìû.
Ïðîèçâîëüíàÿ êîììóòàòèâíàÿ ñèñòåìà ëèíåéíûõ îãðàíè÷åííûõ îïåðàòîðîâ
T1, T2 âñåãäà ìîæåò áûòü âêëþ÷åíà â óçåë 4 (1.19). Â ñëó÷àå îáðàòèìîñòè
"äåôåêòíûõ" îïåðàòîðîâ σ1 è σ̃1 â E è Ẽ âñåãäà ìîæíî ñ÷èòàòü, ÷òî N1 è Ñ1

îáðàòèìû.

�2. Äåéñòâèå îïåðàòîðîâ T1 è T ∗1 íà âåêòîðû Lx è L̃x.

Ïóñòü çàäàí óçåë4 (1.19), îòâå÷àþùèé êîììóòàòèâíîé ñèñòåìå îïåðàòîðîâ
{T1, T2}. Ïðåäïîëîæèì, ÷òî E = Ẽ, dimE = dimẼ = 2, à σ1 = σ̃1 = JN

(1.13). Îáîçíà÷èì òàêæå ÷åðåç Lx(z) è L̃x(z) âåêòîð-ôóíêöèè (1.14),(1.15),
êîòîðûå îòâå÷àþò îïåðàòîðó T1(T = T1).
1). Ëåììà 1. Îïåðàòîð T1 äåéñòâóåò íà âåêòîð Lx(z) (1.14) ñëåäóþùèì
îáðàçîì

T1Lx(z) =
Lx(z)− Lx(0)

z
. (2.1)

Ä î ê à ç à ò å ë ü ñ ò â î. Ïîëîæèâ â (1) z = 0, ïîëó÷àåì Φ(1, 1) = Lx(0),
òîãäà èìååì:

(1− zT1)Lx(z) = Lx(0),

Lx(z)− Lx(0) = zT1Lx(z),

T1Lx(z) =
Lx(z)− Lx(0)

z
.
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2). Ëåììà 2. Îïåðàòîð T1 äåéñòâóåò íà âåêòîð L̃x(z) (1.15) ñëåäóþùèì
îáðàçîì

T1L̃x(z) = zL̃x(z) +
G̃l(z)−Gl(z)

2
Lx(0)− G̃l(z) + Gl(z)

2
Φ(1,−1). (2.2)

Ä î ê à ç à ò å ë ü ñ ò â î. Ðàññìîòðèì:

T1L̃x = T1(1− zT ∗1 )−1Ψ∗(1,−1) = T1{zT ∗1 (1− zT ∗1 )−1 + I}Ψ∗(1,−1) =

= z(1− zT ∗1 )−1Ψ∗(1,−1)− z(1− T1T
∗
1 )(1− zT ∗1 )−1Ψ∗(1,−1) + T1Ψ∗(1,−1) =

= z(1− zT ∗1 )−1Ψ∗(1,−1)− zΦJΦ∗(1− zT ∗1 )−1Ψ∗(1,−1)− ΦJK∗(1,−1) =

= z(1− zT ∗1 )−1Ψ∗(1,−1)− ΦJS∗
(

1
z

)
(1,−1)

â ñèëó óçëîâûõ ñîîòíîøåíèé. Òîãäà

T1L̃x(z) = zL̃x(z)− ΦJS∗(
1
z
)(1,−1). (2.3)

Ââåä¼ì îðòîïðîåêòîðû P =
1
2

(
1 1
1 1

)
íà ïîäïðîñòðàíñòâî â E2, ïîðîæäàåìîå

âåêòîðîì (1, 1), è Q =
1
2

(
1 −1
−1 1

)
íà ñîîòâåòñòâóþùåå ïîäïðîñòðàíñòâî

E2, îòâå÷àþùåå (1,−1).
Ðàññìîòðèì âòîðîå ñëàãàåìîå â (2.3)

ΦJS∗
(

1
z

)
(1,−1) = Φ(P + Q)JS∗

(
1
z

)
(1,−1) =

= Φ{< JS∗(
1
z
)(1,−1), (1, 1) >

1
2
(1, 1)+ < JS∗(

1
z
)(1,−1), (1,−1) >

1
2
(1,−1)}

Òàê êàê Φ(1, 1) = Lx(0) è (1,−1)S∗
(

1
z

)
= (Gl(z), G̃l(z)), òî

1
2

{
< JS∗(

1
z
)(1,−1), (1, 1) >

}
Φ(1, 1) =

1
2

{
< JS∗(

1
z
)(1,−1), (1, 1) >

}
Lx(0) =

=
1
2
(1,−1)S∗

(
1
z

)
J

(
1
1

)
Lx(0) =

1
2
(Gl(z), G̃l(z))

( −1
1

)
Lx(0) =

=
G̃l(z)−Gl(z)

2
Lx(0)

è

1
2
{< JS∗(

1
z
)(1,−1), (1,−1) >}Φ(1,−1) =

1
2
(1,−1)S∗(

1
z
)J(

1
−1

)Φ(1,−1) =
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=
1
2
(Gl(z), G̃l(z))(

−1
−1

)Φ(1,−1) =

= −G̃l(z) + Gl(z)
2

Φ(1,−1)

Òîãäà ìû ïðèõîäèì ê ñëåäóþùåìó âûðàæåíèþ

T1L̃x(z) = zL̃x(z) +
G̃l(z)−Gl(z)

2
Lx(0)− G̃l(z) + Gl(z)

2
Φ(1,−1)

3) Ëåììà 3. Îïåðàòîð T ∗1 äåéñòâóåò íà âåêòîð L̃x(z) ñëåäóþùèì îáðàçîì

T ∗1 L̃x(z) =
L̃x(z)− L̃x(0)

z
. (2.4)

Ä î ê à ç à ò å ë ü ñ ò â î. Ïîëîæèâ â (2) z = 0, ïîëó÷àåì Ψ(1, 1) = L̃x(0).
Òîãäà èìååì

(1− zT ∗1 )L̃x(z) = L̃x(0),

L̃x(z)− L̃x(0) = zT ∗1 L̃x(z),

T ∗1 L̃x(z) =
L̃x(z)− L̃x(0)

z
.

4) Ëåììà 4. Îïåðàòîð T ∗1 äåéñòâóåò íà âåêòîð-ôóíêöèþ Lx(z) ñëåäóþùèì
îáðàçîì

T ∗1 Lx(z) = zLx(z) +
E0(z)− Ẽ0(z)

2
L̃x(0) +

E0(z) + Ẽ0(z)
2

Ψ∗(1, 1) (2.5)

Ä î ê à ç à ò å ë ü ñ ò â î. Èñïîëüçóÿ ñîîòíîøåíèå T ∗Φ−Ψ∗JK = 0, ïîëó÷èì

T ∗1 Lx = T ∗1 (1− zT1)−1Φ(1, 1) = T ∗1 (zT1(1− zT1)−1Φ + Φ)(1, 1) =

= (zT ∗1 T1(1− zT1)−1Φ + T ∗1 Φ)(1, 1) = (z(1−Ψ∗JΨ)(1− zT1)−1Φ + T ∗1 Φ)(1, 1) =

= (z(1− zT1)−1Φ−Ψ∗J(Ψ(1− zT1)−1Φ + K))(1, 1) = zLx(z)−Ψ∗JS(z)(1, 1) .

Ðàññìîòðèì âûðàæåíèå Ψ∗JS(z)(1, 1)

Ψ∗JS(z)(1, 1) =
= Ψ∗(< JS(z)(1, 1), (1, 1) > 1

2(1, 1)+ < JS(z)(1, 1), (1,−1) > 1
2(1,−1)) .

Òàê êàê Ψ∗(1,−1) = L̃x(0), òî âòîðîå ñëàãàåìîå èìååò âèä

1
2

< JS(z)(1, 1), (1,−1) > Ψ∗(1,−1) =
1
2

< JS(z)(1, 1), (1,−1) > L̃x(0)
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è òàê êàê (1, 1)S(z)J = (E0(z), Ẽ0(z)), òî

< JS(z)(1, 1), (1,−1) >= (1, 1)S(z)J
(

1
−1

)
=

= (E0(z), Ẽ0(z))
(

1
−1

)
= E0(z)− Ẽ0(z),

òî åñòü âòîðîå ñëàãàåìîå èìååò âèä

Ex(z)− Ẽx(z)
2

L̃x(0).

Ðàññìîòðèì ïåðâîå ñëàãàåìîå 1
2 < JS(z)(1, 1), (1, 1) > Ψ∗

(
1
1

)
.

Àíàëîãè÷íî

< JS(z)(1, 1), (1, 1) >= (1, 1)S(z)J
(

1
1

)
= E0(z) + Ẽ0(z).

Òîãäà ïåðâîå ñëàãàåìîå èìååò âèä

E0(z) + Ẽ0(z)
2

Ψ∗(1, 1).

Òî ïðèõîäèì ê ñëåäóþùåìó âèäó äëÿ T ∗1

T ∗1 Lx(z) = zLx(z) +
E0(z)− Ẽ0(z)

2
L̃x(0) +

E0(z) + Ẽ0(z)
2

Ψ∗(1, 1)

5). Ëåììà 5. Îïåðàòîð T ∗1 äåéñòâóåò íà âåêòîð-ôóíêöèþ Lx(z) ñëåäóþùèì
îáðàçîì

T ∗1 Lx(z) = (z + µ(z))Lx(z) + ν(z)L̃x(z) +
E0(z)− Ẽ0(z)

2
L̃x(0), (2.6)

ãäå
ν(z) =

c2(z)c3(z)− c1(z)c4(z)
c2(z)− c4(z)

, (2.7)

µ(z) =
c1(z)− c3(z)
c2(z)− c4(z)

, (2.8)

c1(z) =
(E0(z) + Ẽ0(z))(1− z2)

2(E0(z)E0(z)− Ẽ0(z)Ẽ0(z))

l∫

0

Ψ∗
t (1, 1)dFtL

∗
t (z), (2.9)

c2(z) =
(G′

l(z) + G̃′
l(z))(1− z2)

2(E0(z)E0(z)− Ẽ0(z)Ẽ0(z))
, (2.10)
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c3(z) =
E0(z) + Ẽ0(z)

E′
0(z)− Ẽ′

0(z)

l∫

0

Ψ∗
t (1, 1)dFtL̃

∗
t (z), (2.11)

c4(z) =
2(Gl(z)Gl(z)− G̃l(z)G̃l(z))

(E′
0(z)− Ẽ′

0(z))(1− z2)
. (2.12)

Ä î ê à ç à ò å ë ü ñ ò â î. Â ñèëó Ëåììû 4

T ∗1 Lx(z) = zLx(z) +
E0(z)− Ẽ0(z)

2
L̃x(0) +

E0(z) + Ẽ0(z)
2

Ψ∗(1, 1).

Ïîêàæåì, ÷òî âåêòîðû Lx(z) è L̃x(z) ëèíåéíî íåçàâèñèìû ïðè êàæäîì
ôèêñèðîâàííîì x ∈ [0, l] è ëþáîì z ∈ C. Ïîëàãàÿ ïðîòèâíîå, ïðåäïîëîæèì,
÷òî δ(z)Lx(z) = L̃x(z), òîãäà

δ(z)(1− zT )−1Φ(1, 1) = (1− zT ∗)−1Ψ∗(1,−1).

Ïðèìåíèì îïåðàòîð 1 ê îáåèì ÷àñòÿì ðàâåíñòâà

δ(z)
(1− zT )−1Φ(1, 1)− Φ(1, 1)

z
= z(1− zT ∗)−1Ψ∗(1,−1)− ΦJS∗(

1
z
)(1,−1),

(1− zT )−1Φ(1, 1)(δ(z)− z2) = Φ(1, 1)δ(z) + zΦJS∗(
1
z
)(1,−1).

Ðàññìîòðèì âíà÷àëå ñëó÷àé δ(z) = z2, òîãäà èç ïîñëåäíåãî ðàâåíñòâà ñëåäóåò,
÷òî (1,−1)S∗(1

z ) = −z(1,−1), ÷òî íåâîçìîæíî, òàê êàê S∗(1
z ) = K∗ + zΨ∗(1−

−zT ∗1 )−1Φ∗ è S∗(1
z ) 6= 0 ïðè z = 0.

Åñëè δ(z) 6= z2, òî

(1− zT )−1Φ(1, 1) = Φ(
(1, 1)δ(z) + zJS∗(1

z )(1,−1)
δ(z)− z2

)

è òîãäà (1− zT )−1Φ(1, 1) ∈ ΦE äëÿ ∀z, íî Lx(z) /∈ ΦE äëÿ ∀z.
Èòàê, ôóíêöèè Lx(z) è L̃x(z) ëèíåéíî-íåçàâèñèìû è îáðàçóþò áàçèñ â E2 ïðè
êàæäîì ôèêñèðîâàííîì x äëÿ ∀z. Ïîýòîìó ïðåäñòàâèì ïîñëåäíåå ñëàãàåìîå
â âèäå

E0(z) + Ẽ0(z)
2

Ψ∗(1, 1) = µ(z)Lx(z) + ν(z)L̃x(z). (2.13)

Óìíîæèì âûðàæåíèå (2.13) íà L̃∗x(z)

E0(z) + Ẽ0(z)
2

l∫

0

Ψ∗(1, 1)dFtL̃
∗
t (z) = µ(z)

l∫

0

Lt(z)dFtL̃
∗
t (z)+ν(z)

l∫

0

L̃t(z)dFtL̃
∗
t (z).
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Âû÷èñëèì ÷åìó ðàâíû èíòåãðàëû â ýòîì âûðàæåíèè. Èìååì ñëåäóþùåå
âûðàæåíèå:

N0(z)− Ñ∗
l (ω) = 2(ω − z)

l∫

0

Mt(z)dFtM̃
∗
t (ω), (2.14)

Ñl(z)−N∗
0 (ω) = 2(z − ω)

l∫

0

M̃t(z)dFtM
∗
t (ω). (2.15)

Óìíîæèì âûðàæåíèå (2.15) ñëåâà íà (−1, 1) è ñïðàâà íà
(

1
1

)

Òàê êàê (−1, 1)Ñl(z) = (Gl(z), G̃l(z)) è (1, 1)N0(ω) = (E0(ω), Ẽ0(ω)), òî

Gl(z) + G̃l(z) + E0(ω)− Ẽ0(ω) = 2(z − ω)

l∫

0

L̃t(z)dFtL
∗
t (ω).

Çàïèøåì âûðàæåíèå â ñëåäóþùåì âèäå:

(z − ω)

l∫

0

L̃t(z)dFtL
∗
t (ω) =

Gl(z) + G̃l(z)
2

+
Ẽ0(ω)−E0(ω)

2
.

Îáîçíà÷èì f(z) = Gl(z)+ eGl(z)
2 è g(ω) =

eE0(ω)−E0(ω)
2 è òàê êàê f(z) = −g(z), òî

f(z)− g(ω)
z − ω

→ f ′(z) (ω 7→ z),

l∫

0

L̃t(z)dFtL
∗
t (z) =

1
2
(
dGl(z)

dz
+

dG̃l(z)
dz

). (2.16)

Òåïåðü âûðàæåíèå (2.14) óìíîæèì ñëåâà íà (1, 1) è ñïðàâà íà
( −1

1

)
, òîãäà

(E0(z), Ẽ0(z))
( −1

1

)
− (1, 1)

(
Gl(ω)

G̃l(ω)

)
= 2(ω − z)

l∫

0

Lt(z)dFtL̃
∗
t (ω),

E0(z)− Ẽ0(z) + Gl(ω) + G̃l(ω) = 2(z − ω)

l∫

0

Lt(z)dFtL̃
∗
t (ω),

è àíàëîãè÷íî
l∫

0

Lt(z)dFtL̃
∗
t (z) =

1
2
(
dEl(z)

dz
− dẼl(z)

dz
). (2.17)
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È òàê æå èìååì âèä äëÿ äâóõ èíòåãðàëîâ

l∫

0

L̃t(z)dFtL̃
∗
t (ω) =

Gx(z)Gx(ω)− G̃x(z)G̃x(ω)
1− zω

(2.18)

è
l∫

0

Lt(z)dFtL
∗
t (ω) =

E0(z)E0(ω)− Ẽ0(z)Ẽ0(ω)
1− zω

. (2.19)

Òîãäà, èñïîëüçóÿ âûðàæåíèÿ (2.16) - (2.19), ïîëó÷èì

E0(z)+ eE0(z)
2

l∫
0

Ψ∗
t (1, 1)dFtL̃

∗
t (z) =

= ν(z)(E′l(z)− eE′l(z)
2 ) + µ(z)(Gx(z)Gx(z)− eGx(z) eGx(z)

1−z2 ).

Òåïåðü âûðàæåíèå (2.13) óìíîæèì ñïðàâà íà L∗x(z)

E0(z)+ eE0(z)
2

l∫
0

Ψ∗
t (1, 1)dFtL

∗
t (z) =

= ν(z)
l∫
0

Lt(z)dFtL
∗
t (z) + µ(z)

l∫
0

L̃t(z)dFtL
∗
t (z).

È àíàëîãè÷íî, èñïîëüçóÿ âûðàæåíèÿ (2.16) - (2.19), ïîëó÷èì

E0(z)+ eE0(z)
2

l∫
0

Ψ∗
t (1, 1)dFtL

∗
t (z) =

= ν(z)(E0(z)E0(z)− eE0(z) eE0(z)
1−z2 ) + µ(z)(G′l(z)+ eG′l(z)

2 ).

Òåïåðü âû÷èñëèì ν(z) è µ(z), îáîçíà÷èâ êîýôôèöèåíòû

c1(z) =
(E0(z) + Ẽ0(z))(1− z2)

2(E0(z)E0(z)− Ẽ0(z)Ẽ0(z))

l∫

0

Ψ∗
t (1, 1)dFtL

∗
t (z),

c2(z) =
(G′

l(z) + G̃′
l(z))(1− z2)

2(E0(z)E0(z)− Ẽ0(z)Ẽ0(z))
,

c3(z) =
E0(z) + Ẽ0(z)

E′
0(z)− Ẽ′

0(z)

l∫

0

Ψ∗
t (1, 1)dFtL̃

∗
t (z),

c4(z) =
2(Gl(z)Gl(z)− G̃l(z)G̃l(z))

(E′
0(z)− Ẽ′

0(z))(1− z2)
.
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Òî ν(z) è µ(z)

ν(z) =
c2(z)c3(z)− c1(z)c4(z)

c2(z)− c4(z)
,

µ(z) =
c1(z)− c3(z)
c2(z)− c4(z)

.

Ïðè ýòîì âûðàæåíèå c2(z)− c4(z) íå ðàâíî òîæäåñòâåííî íóëþ.
Òîãäà èìååì

T ∗Lx(z) = zLx(z) +
E0(z)− Ẽ0(z)

2
L̃x(0) + µ(z)Lx(z) + ν(z)L̃x(z).

Ëåììà 6. Îïåðàòîð T1 äåéñòâóåò íà âåêòîð-ôóíêöèþ L̃x(z) ñëåäóþùèì
îáðàçîì

T1L̃x(z) = (z − ν̃(z))L̃x(z) +
G̃l(z)−Gl(z)

2
Lx(0)− µ̃(z)Lx(z), (2.20)

ãäå
ν̃(z) =

c2(z)c̃3(z)− c̃1(z)c4(z)
c2(z)− c4(z)

, (2.21)

µ̃(z) =
c̃1(z)− c̃3(z)
c2(z)− c4(z)

, (2.22)

c̃1(z) =
(E0(z) + Ẽ0(z))(1− z2)

2(E0(z)E0(z)− Ẽ0(z)Ẽ0(z))

l∫

0

Φt(1,−1)dFtL
∗
t (z), (2.23)

c̃3(z) =
E0(z) + Ẽ0(z)

E′
0(z)− Ẽ′

0(z)

l∫

0

Φt(1,−1)dFtL̃
∗
t (z), (2.24)

à c2(z) è c4(z) èìåþò âèä (2.10) è (2.12) ñîîòâåòñòâåííî.

Ä î ê à ç à ò å ë ü ñ ò â î. Èç ëåììû 2:

T1L̃x(z) = zL̃x(z) +
G̃l(z)−Gl(z)

2
Lx(0)− G̃l(z) + Gl(z)

2
Φx(1,−1).

Òîãäà ïðîâåä¼ì âû÷èñëåíèÿ àíàëîãè÷íûå ëåììå 5:
Òàê êàê ôóíêöèè Lx(z) è L̃x(z) ëèíåéíî-íåçàâèñèìû è îáðàçóþò áàçèñ â L2,
ïðåäñòàâèì ïîñëåäíåå ñëàãàåìîå â âèäå

G̃l(z) + Gl(z)
2

Φx(1,−1) = µ̃(z)Lx(z) + ν̃(z)L̃x(z)
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Àíàëîãè÷íî, óìíîæàÿ íà Lx(z) è L̃x(z) è èñïîëüçóÿ âûðàæåíèÿ äëÿ
èíòåãðàëîâ (2.16) - (2.19), ïîëó÷èì

eGl(z)+Gl(z)
2

l∫
0

Φt(1,−1)dFtL̃
∗
t (z) =

= ν̃(z)(E′l(z)− eE′l(z)
2 ) + µ̃(z)(Gx(z)Gx(z)− eGx(z) eGx(z)

1−z2 ),

eGl(z)+Gl(z)
2

l∫
0

Φt(1,−1)dFtL
∗
t (z) =

= ν̃(z)(E0(z)E0(z)− eE0(z) eE0(z)
1−z2 ) + µ̃(z)(G′l(z)+ eG′l(z)

2 ).

È ââîäÿ àíàëîãè÷íûå êîýôôèöèåíòû

c̃1(z) =
(E0(z) + Ẽ0(z))(1− z2)

2(E0(z)E0(z)− Ẽ0(z)Ẽ0(z))

l∫

0

Φt(1,−1)dFtL
∗
t (z), (2.25)

c̃2(z) =
(G′

l(z) + G̃′
l(z))(1− z2)

2(E0(z)E0(z)− Ẽ0(z)Ẽ0(z))
= c2(z),

c̃3(z) =
E0(z) + Ẽ0(z)

E′
0(z)− Ẽ′

0(z)

l∫

0

Φt(1,−1)dFtL̃
∗
t (z), (2.26)

c̃4(z) =
2(Gl(z)Gl(z)− G̃l(z)G̃l(z))

(E′
0(z)− Ẽ′

0(z))(1− z2)
= c4(z),

èìååì ν̃(z) è µ̃(z)

ν̃(z) =
c2(z)c̃3(z)− c̃1(z)c4(z)

c2(z)− c4(z)
, (2.27)

µ̃(z) =
c̃1(z)− c̃3(z)
c2(z)− c4(z)

. (2.28)

È ïîëó÷èì âûðàæåíèå

T1L̃x(z) = zL̃x(z) +
G̃l(z)−Gl(z)

2
Lx(0)− µ̃(z)Lx(z)− ν̃(z)L̃x(z).

�3. Ïðåîáðàçîâàíèå Ë. äå Áðàíæà.

1)Ëåììà 7. Ïðåîáðàçîâàíèå Ë. äå Áðàíæà BL (îïðåäåëåíèå 1) äåéñòâóåò
íà T1f ñëåäóþùèì îáðàçîì:

BL(T1f) = (z + µ(z))F1(z) + ν(z)F2(z) +
E0(z)− Ẽ0(z)

2
F2(0), (3.1)
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ãäå F1 è F2 èìåþò âèä (1.16).

Ä î ê à ç à ò å ë ü ñ ò â î.

BL(T1f) =

l∫

0

T1fdFtL
∗
t (z) =< T1f, L >=< f, T ∗L >=

l∫

0

fdFt(T ∗1 L(z))∗ =

=

l∫

0

fdFt((z + µ(z))L∗x(z) + µ(z)L̃∗x(z) +
E0(z)− Ẽ0(z)

2
L̃∗x(0)) =

= (z + µ(z))

l∫

0

fdFtL
∗
x(z) + ν(z)

l∫

0

fdFtL̃
∗
x(z) +

E0(z)− Ẽ0(z)
2

l∫

0

fdFtL̃
∗
x(0) =

= (z + µ(z))F1(z) + ν(z)F2(z) +
E0(z)− Ẽ0(z)

2
F2(0).

2). Ëåììà 8. Ïðåîáðàçîâàíèå Ë. äå Áðàíæà BeL äåéñòâóåò íà T1f
ñëåäóþùèì îáðàçîì:

BeL(T1f) =
F2(z)− F2(0)

z
, (3.2)

ãäå F1 è F2 èìåþò âèä (1.16).

Ä î ê à ç à ò å ë ü ñ ò â î.

BeL(T1f) =

l∫

0

T1fdFtL̃
∗
t (z) =< T1f, L̃ >=< f, T ∗1 L̃ >=

l∫

0

fdFt(T ∗1 L̃(z))∗ =

=

l∫

0

fdFt(
L̃x(z)− L̃x(0)

z
)∗ =

F2(z)− F2(0)
z

.

3). Ëåììà 9. Åñëè âåêòîð (1,-1) ÿâëÿåòñÿ ñîáñòâåííûì äëÿ Ñ∗ + zΓ̃∗, òî
ïðåîáðàçîâàíèå äå-Áðàíæà BeL äåéñòâóåò íà T2f , ãäå T2f èç óçëà 4(1.19),
ñëåäóþùèì îáðàçîì:

BeL(T2f(z)) =
F2(z)n(z)− F (0)n(0)

z
, (3.3)

ãäå F1 è F2 èìåþò âèä (1.16), a ôóíêöèÿ n(z) òàêîâà, ÷òî

(Ñ∗ + zΓ̃∗)(1,−1) = n(z)(1,−1). (3.4)

Ä î ê à ç à ò å ë ü ñ ò â î. Èñïîëüçóÿ âèä âåêòîðà L̃x(z) èç (1.15), çàïèøåì

< T2f, L̃ >=< f, T ∗x L̃x(z) >=< f, T ∗2 (1− zT ∗1 )−1Ψ∗(1,−1) > .
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Òàê êàê T ∗2 Ψ∗ − T ∗1 Ψ∗Ñ∗ = Ψ∗Γ̃∗, òî çàïèøåì

T ∗2 (1− zT ∗1 )−1Ψ∗ = (1− zT ∗1 )−1T ∗2 Ψ∗ = (1− zT ∗1 )−1(T ∗1 Ψ∗Ñ∗ + Ψ∗Γ̃∗) =

= (1− zT ∗1 )−1T ∗1 Ψ∗Ñ∗ + (1− zT ∗1 )−1Ψ∗Γ̃∗ =

=
(1− zT ∗1 )−1 − 1

z
Ψ∗Ñ∗ + (1− zT ∗1 )−1Ψ∗Γ̃∗ =

=
1
z
((1− zT ∗1 )−1Ψ∗Ñ∗ −Ψ∗Ñ∗ + z(1− zT ∗1 )−1Ψ∗Γ̃∗) =

=
1
z
((1− zT ∗1 )−1Ψ∗(Ñ∗ + zΓ̃∗)−Ψ∗Ñ∗).

Òîãäà ïîëó÷àåì:

< T2f, L̃ >=< f,
1
z
((1− zT ∗1 )−1Ψ∗(Ñ∗ + zΓ̃∗)(1,−1)−Ψ∗Ñ∗(1,−1)) > .

Ââåä¼ì ôóíêöèþ n(z), óäîâëåòâîðÿþùóþ ñëåäóþùåìó óðàâíåíèþ

(Ñ∗ + zΓ̃∗)(1,−1) = n(z)(1,−1),

òî åñòü ïðåäïîëîæèì, ÷òî (1,-1) � ýòî ñîáñòâåííûé âåêòîð (Ñ∗ + zΓ̃∗).
Òîãäà

< T2f, L̃ >=< f,
1
z
(1− zT ∗1 )−1Ψ∗n(z)(1,−1)−Ψ∗n(0)(1,−1)) >=

=< f,
L̃∗x(z)n(z)− L̃x(0)n(0)

z
>=

F2(z)n(z)− F2(0)n(0)
z

.

Òî åñòü
BeL(T2f) =

F2(z)n(z)− F2(0)n(0)
z

.

4). Ëåììà 10. Åñëè âåêòîð (1,1) ÿâëÿåòñÿ ñîáñòâåííûì äëÿ (N + zΓ), òî
ïðåîáðàçîâàíèå äå-Áðàíæà BL äåéñòâóåò íà T2f , ãäå T2f èç óçëà 4(1.19),
ñëåäóþùèì îáðàçîì

BL(T2f(z)) =
F1(z)
m(z)

+
µ̃(z)
m(z)

F1(z) +
ν̃(z)
m(z)

F2(z), (3.5)

ãäå F1 è F2 èìåþò âèä (1.16), ôóíêöèÿ m(z) òàêîâà ÷òî

(N + zΓ)(1, 1) = m(z)(1, 1), (3.6)

à êîýôôèöèåíòû µ̃(z) è ν̃(z) èìåþò ñëåäóþùèé âèä

µ̃(z) =
I1(z)d3(z)− I2(z)d1(z)
d2(z)d3(z)− d1(z)d4(z)

, (3.7)
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ν̃(z) =
I1(z)d4(z)− I2(z)d2(z)
d1(z)d4(z)− d2(z)d3(z)

, (3.8)

ãäå

I1(z) =

l∫

0

Ψ∗σ̃2S(
1
z
)(1, 1)dFtL

∗
t (z), (3.9)

I2(z) =

l∫

0

Ψ∗σ̃2S(
1
z
)(1, 1)dFtL̃

∗
t (z), (3.10)

d1(z) =
E0(z)E0(z)− Ẽ0(z)Ẽ0(z)

1− |z|2 , (3.11)

d2(z) =
G′

l(z) + G̃′
l(z)

2
, (3.12)

d3(z) =
E′

0(z)− Ẽ′
0(z)

2
, (3.13)

d4(z) =
Gl(z)Gl(z)− G̃l(z)G̃l(z)

1− |z|2 . (3.14)

Ä î ê à ç à ò å ë ü ñ ò â î. Èñïîëüçóÿ âèä îïåðàòîðîâ T1 (1.8) è T2, çàïèøåì

T2Φ = T1ΦN + ΦΓ,

zT2Φ = zT1ΦN + zΦΓ = (zT1 − 1)ΦN + Φ(Γz + N),

z(zT1 − 1)−1T2Φ = ΦN + (zT1 − 1)−1Φ(Γz + N),

T ∗2 T2z(zT1 − 1)−1Φ = T ∗2 ΦN + T ∗2 (zT1 − 1)−1Φ(Γz + N).

Â ñèëó óçëîâûõ ñîîòíîøåíèé çàïèøåì âûðàæåíèå T ∗2 T2 + Ψ∗σ̃2Ψ = I, òîãäà

(I −Ψ∗σ̃2Ψ)z(zT1 − 1)−1Φ = T ∗2 ΦN + T ∗2 (zT1 − 1)−1Φ(Γz + N),

(Ψ∗σ̃2Ψ− I)z(1− zT1)−1Φ = T ∗2 ΦN + T ∗2 (zT1 − 1)−1Φ(Γz + N),

zΨ∗σ̃2Ψz(1− zT1)−1Φ− z(1− zT1)−1Φ = T ∗2 ΦN − T ∗2 (1− zT1)−1Φ(Γz + N).

Òàê êàê õàðàêòåðèñòè÷åñêàÿ ôóíêöèÿ èìååò âèä S(z) = K + Ψ(z − T1)−1Φ
(1.5), òî, çàïèñàâ âûðàæåíèÿ

S(
1
z
)−K = Ψ(

1
z
− T1)−1Φ = zΨ(1− zT1)−1Φ

è
T2ΦN + Ψσ̃2K = 0,
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ïîëó÷èì ñëåäóþùèå óðàâíåíèÿ

Ψ∗σ̃2(S(
1
z
)−K)− z(1− zT1)−1Φ = T ∗2 ΦN − T ∗2 (1− zT1)−1Φ(N + Γz),

Ψ∗σ̃2S(
1
z
)− z(1− zT1)−1Φ = −T ∗2 (1− zT1)−1Φ(N + Γz),

T ∗2 (1− zT1)−1Φ = z(1− zT1)−1Φ(N + zΓ)−1 −Ψ∗σ̃2S(
1
z
)(N + zΓ)−1,

T ∗2 (1−zT1)−1Φ(1, 1) = z(1−zT1)−1Φ(N+zΓ)−1(1, 1)−Ψ∗σ̃2S(
1
z
)(N+zΓ)−1(1, 1).

Ââåä¼ì ôóíêöèþ m(z), óäîâëåòâîðÿþùóþ ñëåäóþùåìó óðàâíåíèþ

(N + zΓ)(1, 1) = m(z)(1, 1)

òî åñòü ïðåäïîëîæèì, ÷òî (1,1) � ýòî ñîáñòâåííûé âåêòîð (N + zΓ).
Òîãäà âûðàæåíèå

T ∗2 Lx(z) =
Lx(z)
m(z)

+
Ψ∗σ̃2S(1

z )(1, 1)
m(z)

ïðåäñòàâèì â ñëåäóþùåì âèäå

Ψ∗σ̃2S(
1
z
)(1, 1) = µ̃Lx(z) + ν̃L̃x(z). (3.15)

Äîìíîæèì âûðàæåíèå (3.15) íà Lx(z) è L̃x(z), ïîëó÷èì äâà óðàâíåíèÿ

l∫

0

Ψ∗σ̃2S(
1
z
)(1, 1)dFtL

∗
t (z) = µ̃(z)

l∫

0

Lt(z)dFtL
∗
t (z) + ν̃

l∫

0

L̃t(z)dFtL
∗
t (z),

l∫

0

Ψ∗σ̃2S(
1
z
)(1, 1)dFtL̃

∗
t (z) = µ̃(z)

l∫

0

Lt(z)dFtL̃
∗
t (z) + ν̃

l∫

0

L̃t(z)dFtL̃
∗
t (z).

Èñïîëüçóÿ ïîëó÷åííûå ðàíåå âûðàæåíèÿ äëÿ èíòåãðàëîâ (2.16) - (2.19),
ââåä¼ì ñëåäóþùèå êîýôôèöèåíòû

d1(z) =

l∫

0

Lt(z)dFtL
∗
t (z) =

E0(z)E0(z)− Ẽ0(z)Ẽ0(z)
1− |z|2 ,

d2(z) =

l∫

0

L̃t(z)dFtL
∗
t (z) =

G′
l(z) + G̃′

l(z)
2

,
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d3(z) =

l∫

0

Lt(z)dFtL̃
∗
t (z) =

E′
0(z)− Ẽ′

0(z)
2

,

d4(z) =

l∫

0

L̃t(z)dFtL̃
∗
t (z) =

Gl(z)Gl(z)− G̃l(z)G̃l(z)
1− |z|2 .

È îáîçíà÷èì èíòåãðàëû

I1(z) =

l∫

0

Ψ∗σ̃2S(
1
z
)(1, 1)dFtL

∗
t (z),

I2(z) =

l∫

0

Ψ∗σ̃2S(
1
z
)(1, 1)dFtL̃

∗
t (z).

Òîãäà
I1(z)
d1(z)

= µ̃(z) + ν̃(z)
d2(z)
d1(z)

,

I2(z)
d3(z)

= µ̃(z) + ν̃(z)
d4(z)
d3(z)

,

I1(z)d3(z)− I2(z)d1(z)
d1(z)d3(z)

= ν(z)
d2(z)d3(z)− d1(z)d4(z)

d1(z)d3(z)
,

Ïîëó÷èì
ν(z) =

I1(z)d3(z)− I2(z)d1(z)
d2(z)d3(z)− d1(z)d4(z)

,

ν̃(z) =
I1(z)d4(z)− I2(z)d2(z)
d1(z)d4(z)− d2(z)d3(z)

.

È ïðèõîäèì ê âûðàæåíèþ

BL(T2f(z)) =
F1(z)
m(z)

+
µ̃(z)
m(z)

F1(z) +
ν̃(z)
m(z)

F2(z).

Èç ëåìì 7,8,9,10 âûòåêàåò ñëåäóþùåå óòâåðæäåíèå.
Òåîðåìà. Ïóñòü çàäàí êîììóòàòèâíûé óçåë 4 (1.19) òàêîé, ÷òî E = Ẽ,
dimE = 2, à σ1 = σ̃1 = JN (1.13); ñïåêòð îïåðàòîðà T1 ñîñðåäîòî÷åí â òî÷êå
{1} è âåêòîð (1,1) ÿâëÿåòñÿ ñîáñòâåííûì äëÿ (N + zΓ)−1, òî åñòü ñóùåñòâóåò
ôóíêöèÿ m(z) òàêàÿ, ÷òî (N +zΓ)−1(1, 1) = 1

m(z)(1, 1) è âåêòîð (1,-1) ÿâëÿåòñÿ
ñîáñòâåííûì äëÿ Ñ∗ + zΓ̃∗, òî åñòü ñóùåñòâóåò ôóíêöèÿ n(z) òàêàÿ, ÷òî
(Ñ∗ + zΓ̃∗)(1,−1) = n(z)(1,−1).
Òîãäà îñíîâíàÿ ñèñòåìà êîììóòàòèâíûõ îïåðàòîðîâ {T1, T2} óçëà 4 (1.19)
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óíèòàðíî ýêâèâàëåíòíà ñèñòåìå îïåðàòîðîâ, êîòîðàÿ äåéñòâóåò â ïðîñòðàíñòâå
Ë. äå Áðàíæà B(E, G) ñëåäóþùèì îáðàçîì

T1F1(z) = (z + µ(z))F1(z) + ν(z)F2(z) +
E0(z)− Ẽ0(z)

2
F2(0),

T1F2(z) =
F2(z)− F2(0)

z
,

T2F1(z) =
F1(z)
m(z)

+
µ̃(z)
m(z)

F1(z) +
ν̃(z)
m(z)

F2(z),

T2F2(z) =
F2(z)n(z)− F (0)n(0)

z
,

ãäå (F1(z), F2(z)) ∈ B(E, G). À êîýôôèöèåíòû µ(z) è ν(z) èìåþò âèä

ν(z) =
c2(z)c3(z)− c1(z)c4(z)

c2(z)− c4(z)
,

µ(z) =
c1(z)− c3(z)
c2(z)− c4(z)

,

c1(z) =
(E0(z) + Ẽ0(z))(1− z2)

2(E0(z)E0(z)− Ẽ0(z)Ẽ0(z))

l∫

0

Ψ∗
t (1, 1)dFtL

∗
t (z),

c2(z) =
(G′

l(z) + G̃′
l(z))(1− z2)

2(E0(z)E0(z)− Ẽ0(z)Ẽ0(z))
,

c3(z) =
E0(z) + Ẽ0(z)

E′
0(z)− Ẽ′

0(z)

l∫

0

Ψ∗
t (1, 1)dFtL̃

∗
t (z),

c4(z) =
2(Gl(z)Gl(z)− G̃l(z)G̃l(z))

(E′
0(z)− Ẽ′

0(z))(1− z2)
,

à êîýôôèöèåíòû µ̃(z) è ν̃(z) ðàâíû

µ̃(z) =
I1(z)d3(z)− I2(z)d1(z)
d2(z)d3(z)− d1(z)d4(z)

,

ν̃(z) =
I1(z)d4(z)− I2(z)d2(z)
d1(z)d4(z)− d2(z)d3(z)

,

I1(z) =

l∫

0

Ψ∗σ̃2S(
1
z
)(1, 1)dFtL

∗
t (z),
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I2(z) =

l∫

0

Ψ∗σ̃2S(
1
z
)(1, 1)dFtL̃

∗
t (z),

d1(z) =
E0(z)E0(z)− Ẽ0(z)Ẽ0(z)

1− |z|2 ,

d2(z) =
G′

l(z) + G̃′
l(z)

2
,

d3(z) =
E′

0(z)− Ẽ′
0(z)

2
,

d4(z) =
Gl(z)Gl(z)− G̃l(z)G̃l(z)

1− |z|2 .

Òàêèì îáðàçîì, äëÿ êîììóòàòèâíîé ñèñòåìû îïåðàòîðîâ T1, T2, ÿâëÿþ-
ùåéñÿ îñíîâíîé äëÿ êîììóòàòèâíîãî óçëà 4(1.19), êîòîðàÿ óäîâëåòâîðÿåò
ïðåäïîëîæåíèÿì òåîðåìû, ïîñòðîåíà ôóíêöèîíàëüíàÿ ìîäåëü. Ïðè ýòîì T1

è T2 íà îäíó èç êîìïîíåíò [F1(z), F2(z)] äåéñòâóþò êàê ñäâèã, à íà âòîðóþ �
êàê óìíîæåíèå íà ñïåöèàëüíûå ãîëîìîðôíûå ôóíêöèè.

ËÈÒÅÐÀÒÓÐÀ
1. Ëèâøèö Ì.Ñ., ßíöåâè÷ À.À., Òåîðèÿ îïåðàòîðíûõ óçëîâ â ãèëüáåðòîâûõ

ïðîñòðàíñòâàõ. � Õàðüêîâ.: Èçä. Õàðüê. óí-òà, 1971. � 160 ñ.

2. Çîëîòàð¼â Â.À., Àíàëèòè÷åñêèå ìåòîäû ñïåêòðàëüíûõ ïðåäñòàâëåíèé
íåñàìîñîïðÿæ¼ííûõ è íåóíèòàðíûõ îïåðàòîðîâ. � Õàðüêîâ.: ÕÍÓ, 2003.
� 342 ñ.

3. De Branges Í.È., Hilbert spaces of entire functions. � Prentice-Hall: London,
1968. � 326 ñ.

4. Ëèâøèö Ì.Ñ., Îá îäíîì êëàññå ëèíåéíûõ îïåðàòîðîâ â ãèëüáåðòîâîì
ïðîñòðàíñòâå. // Ìàòåì. ñáîðíèê � 1946. � 19. 61:2 � 236-260 ñ.

5. Íàäü Á.Ñ., Ôîÿø ×., Ãàðìîíè÷åñêèé àíàëèç îïåðàòîðîâ â ãèëüáåðòîâîì
ïðîñòðàíñòâå. � Ìîñêâà.: Ìèð, 1970. � 431 ñ.

6. Çîëîòàð¼â Â.À., Ñûðîâàöêèé Â.Í., Ïðåîáðàçîâàíèå äå Áðàíæà
îòíîñèòåëüíî êðóãà. // Âåñòíèê ÕÍÓ èì. Â.Í.Êàðàçèíà, Ñåðèÿ
"Ìàòåìàòèêà è ïðèêëàäíàÿ ìåõàíèêà" �711. � 2005. � ñ. 80-92.

7. Çîëîòàð¼â Â.À., Ìîäåëüíûå ïðåäñòàâëåíèÿ êîììóòàòèâíûõ ñèñòåì
ëèíåéíûõ îïåðàòîðîâ. // Ôóíêöèîíàëüíûé àíàëèç è åãî ïðèëîæåíèÿ, 1988,
ò.22, âûï. 1, 66-68.



Âiñíèê Õàðêiâñüêîãî íàöiîíàëüíîãî óíiâåðñèòåòó iì. Â.Í. Êàðàçiíà, 1018 (2012) 61

8. Zolotarev V.A., Functional model of commutative operator systems // J. of
Math.Physics, Analysis, Geometry, 2008. vol. 4, No 3, pp 420 - 440.

9. Dym H., Reproducing kernels and Riccati equations. // Int. J. Appl. Math.
Comput. Sci., 2001, Vol.11, No.1, 35-53 - 440.

10. Arov D.Z., Dym H., J-contractive matrix valued functions and related topic.
// Encyclopedia of Mathematics and its Applications, 116, Cambridge Univer-
sity Press, Cambridge 2008. - 440.

Ñòàòüÿ ïîëó÷åíà: 21.10.2010; îêîí÷àòåëüíûé âàðèàíò: 6.12.2011;
ïðèíÿòà: 18.04.2012.


