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Ó ñòàòòi ïîáóäîâàíà ìàòåìàòè÷íà ìîäåëü äèôðàêöi¨ Å-ïîëÿðèçîâàíî¨
åëåêòðîìàãíiòíî¨ õâèëi íà ïåðiîäè÷íié ñèñòåìi iäåàëüíî ïðîâiäíèõ
êðóãîâèõ öèëiíäðè÷íèõ ïîâåðõîíü. Ïîáóäîâàíà òàêîæ äèñêðåòíà
ìàòåìàòè÷íà ìîäåëü íà áàçi ìåòîäà äèñêðåòíèõ îñîáëèâîñòåé.
Ïðîâåäåíèé ÷èñåëüíèé åêñïåðèìåíò.
Êëþ÷îâi ñëîâà: çàäà÷à äèôðàêöi¨, ãðàíè÷íå iíòåãðàëüíå ðiâíÿííÿ.
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Å-ïîëÿðèçîâàííîé ýëåêòðîìàãíèòíîé âîëíû íà ïåðèîäè÷åñêîé
ñèñòåìå èäåàëüíî ïðîâîäÿùèõ öèëèíäðè÷åñêèõ ïîâåðõíîñòåé.
Â ñòàòüå ïîñòðîåíà ìàòåìàòè÷åñêàÿ ìîäåëü äèôðàêöèè Å-ïîëÿðèçî-
âàííîé ýëåêòðîìàãíèòíîé âîëíû íà ïåðèîäè÷åñêîé ñèñòåìå èäåàëüíî
ïðîâîäÿùèõ êðóãîâûõ öèëèíäðè÷åñêèõ ïîâåðõíîñòåé. Ïîñòðîåíà
òàêæå äèñêðåòíàÿ ìàòåìàòè÷åñêàÿ ìîäåëü äàííîé çàäà÷è íà áàçå
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Yu. N. Bakhmat, The discrete mathematical model of di�raction
of E-polarized electromagnetic waves by the periodic system
of ideally conducting cylindrical surfaces. The article deals with
the mathematical model of di�raction of Å-polarized electromagnetic
waves on periodic ideally conducting circular cylindrical surfaces. Discrete
mathematical model build above mentioned problems of di�raction based
on Discrete features.The numerical experiment has been made.
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Âñòóï
Öiëëþ äàíî¨ ðîáîòè ¹ ïîáóäîâà äèñêðåòíî¨ ìàòåìàòè÷íî¨ ìîäåëi äèôðàêöi¨

Å-ïîëÿðèçîâàíî¨ åëåêòðîìàãíiòíî¨ õâèëi íà çàìêíåíèõ öèëiíäðè÷íèõ ïîâåðõ-
íÿõ, âèêîðèñòîâóþ÷è ìåòîä äèñêðåòíèõ îñîáëèâîñòåé, äëÿ òîãî, ùîá ïîòiì
ïðîâåñòè ÷èñåëüíèé åêñïåðèìåíò. Ó ÿêîñòi öèëiíäðè÷íî¨ ïîâåðõíi áóäå
áðàòèñÿ êðóãîâèé öèëiíäð. Ïðè ìàëîìó ðàäióñó öèëiíäðà ìè îòðèìà¹ìî
ñèñòåìó òîíêèõ ïðîâîäiâ. Öiêàâî áóäå ïîðiâíÿòè äâi çàäà÷i, â îäíié ç ÿêèõ
áóäå áðàòèñÿ ïåðiîäè÷íà ñèñòåìà êðóãîâèõ öèëiíäðiâ, à â iíøié - ñèñòåìà
ñòði÷îê. Ñàìå ïèòàííÿ ïðî ïîðiâíÿííÿ íà äàíèé ìîìåíò ¹ íåäîñëiäæåíèì, àëå
ïëàíó¹òüñÿ éîãî äîñëiäæåííÿ. Ó ðîáîòi âèêîðèñòîâó¹òüñÿ ìåòîä äèñêðåòíèõ
îñîáëèâîñòåé, áî âií åôåêòèâíî ïðàöþ¹, êîëè âèíèêàþòü iíòåãðàëüíi ðiâíÿííÿ
ç îñîáëèâîñòÿìè.

Ïîñòàíîâêà çàäà÷i
Íåõàé

ÃL =
+∞⋃

n=−∞
Ln

öå ñèñòåìà, ùî ñêëàäà¹òüñÿ ç ïðîñòèõ ãëàäêèõ çàìêíåíèõ êðèâèõ , Ln -
íàïðàâëÿþ÷à öèëiíäðè÷íî¨ ïîâåðõíi (ó äàíîìó âèïàäêó ñèñòåìà êðóãîâèõ
öèëiíäðiâ), òâiðíi ÿêî¨ ïàðàëåëüíi OZ. Ðîçãëÿäà¹òüñÿ ïåðåòèí ïëîùèíîþ,
ïàðàëåëüíîþ ïëîùèíi ÕÎÓ, òîáòî çàäà÷à äâîâèìiðíà. Ðîçãëÿäà¹òüñÿ
ïðÿìîêóòíà ñèñòåìà êîîðäèíàò, òîäi ïàðàìåòðè÷íi ðiâíÿííÿ íàïðàâëÿþ÷èõ
öèëiíäðè÷íèõ ïîâåðõîíü áóäóòü ìàòè âèãëÿä:

{
ξn = x(ϕ) + 2ln

ηn = y(ϕ) ϕ ε [0, 2π).

Ïåðåéäåìî äî ïåðiîäó 2π:




xn =
π

l
· x(ϕ) + 2πn

yn =
π

l
· y(ϕ) ϕ ε [0, 2π).

Ïîçíà÷èìî

Ω =
+∞⋃

n=−∞
intLn.

Ðîçñiÿíå ïîëå áóäåìî øóêàòè ó âèãëÿäi ïîòåíöiàëó ïðîñòîãî ïðîøàðêó [1]:

u(y) =
1
2π

∫

L

v(x)G(x, y)dsx, y ε CΩ, (1)
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äå
G(x, y) =

π

2i
H

(1)
0 (χ|x− y|). (2)

Ïîçíà÷èìî u0(x) - ïàäàþ÷å ïîëå, u(x) - ðîçñiÿíå ïîëå. Îñêiëüêè
ðîçãëÿäà¹òüñÿ âèïàäîê Å-ïîëÿðèçàöi¨, òî íà ïîâåðõíi âèêîíó¹òüñÿ ãðàíè÷íà
óìîâà Äiðiõëå:

u0(y) = −u(y), (3)

òîäi [3]
u0(y) = − 1

2π

∫

L

v(x)G(x, y)dsx, yεL. (4)

Ó ðîáîòi ðîçãëÿäà¹òüñÿ ïàäàþ÷å ïîëå y âèãëÿäi

u0(x, y) = eiχ(sin α·x−cos α·y), α =
π

2
. (5)

Äèñêðåòíà ìàòåìàòè÷íà ìîäåëü ó âèïàäêó Å-ïîëÿðèçàöi¨
Ïåðåéäåìî äî âèçíà÷åíîãî iíòåãðàëó, ïåðåïèøåìî (5) ó âèãëÿäi

u0(x0(ϕ0), y0(ϕ0)) =
−1
2π

+∞∑
n=−∞

2π∫

0

G(xn(ϕ), yn(ϕ), x0(ϕ0), y0(ϕ0))·

· v(x0(ϕ), y0(ϕ))
π

l

√
(x′(ϕ))2 + (y′(ϕ))2dϕ, ϕ0ε[0, 2π). (6)

Ïåðåòâîðèìî âèðàç

W (x, y) =
π

2i

+∞∑
n=−∞

H
(1)
0 (χ

√
(x + 2πn)2 + y2).

Âèêîðèñòîâóþ÷è Ôóð`¹ ïðåäñòàâëåííÿ ôóíêöi¨ Õàíêåëÿ [3]:

H
(1)
0 (χ

√
x2 + y2) =

1
π

+∞∫

−∞
eiχ(αx+

√
1−α2|y|) dα√

1− α2
,

à òàêîæ ôîðìóëó ñóìóâàííÿ Ïóàñîíà [3]:

+∞∑
ν=−∞

f(ν) =
+∞∑

k=−∞

+∞∫

−∞
f(x)e2πixkdx,

ìà¹ìî [3]:

W (x, y) = −
+∞∑

n=1

e−γn|y|

γn
cos (nx) +

eiχ|y|

2iχ
,
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äå
γn =

√
n2 − χ2, Re(γn) ≥ 0, Im(γn) ≤ 0.

Oñòàòî÷íî ìà¹ìî

W (ϕ,ϕ0) = −
+∞∑

n=1

e−γn|y0(ϕ)−y0(ϕ0)|

γn
cos(n(x0(ϕ)− x0(ϕ0)))+

+
eiχ|y0(ϕ)−y0(ϕ0)|

2iχ
. (7)

Ïåðåïèøåìî (6), âðàõîâóþ÷è (7),

u0(x0(ϕ0), y0(ϕ0)) = − 1
2π

2π∫

0

W (ϕ,ϕ0)·v(x0(ϕ), y0(ϕ))
π

l

√
(x′(ϕ)2 + (y′(ϕ))2)dϕ,

ϕ0ε[0, 2π). (8)

Îòðèìàíå ðiâíÿííÿ (8) - iíòåãðàëüíå ðiâíÿííÿ, ÿäðî ÿêîãî ìiñòèòü ëîãàðèô-
ìi÷íó îñîáëèâiñòü. Âèäiëèìî îñîáëèâiñòü

− u0(x0(ϕ0), y0(ϕ0)) =
1
2π

2π∫

0

ln | sin ϕ− ϕ0

2
|u∗(ϕ)dϕ +

1
2π

2π∫

0

W ∗(ϕ,ϕ0)u∗(ϕ)dϕ,

ϕ0ε[0, 2π), (9)

äå
W ∗(ϕ,ϕ0) = W (ϕ,ϕ0)− ln | sin ϕ− ϕ0

2
|,

u∗(ϕ) = v(x0(ϕ), y0(ϕ))
π

l

√
(x′(φ))2 + (y′(ϕ))2.

Òåïåð ïîáóäó¹ìî äèñêðåòíó ìàòåìàòè÷íó ìîäåëü äàíî¨ çàäà÷i. Ñïî÷àòêó
ïåðåéäåìî äî çàäà÷i äëÿ íàáëèæåíîãî ðîçâ`ÿçêó. Çàìiíèìî óñi ãëàäêi ôóíêöi¨
ó (9) âiäïîâiäíèìè iíòåðïîëÿöiéíèìè òðèãîíîìåòðè÷íèìè ïîëiíîìàìè:

− (P (2)
n u0)(x0(ϕ0), y0(ϕ0)) =

1
2π

2π∫

0

ln | sin ϕ− ϕ0

2
|(P (1)

n u∗)(ϕ)+

+
1
2π

2π∫

0

(P (2)
n P (1)

n W ∗)(ϕ,ϕ0)(P (1)
n u∗)(ϕ)dϕ, ϕ0ε[0, 2π), (10)

äå

(P (i)
n g)(ϕ) =

1
2n + 1

2n∑

k=0

g(ϕ(i,n)
k )

sin 2n+1
2 (ϕ− ϕ

(i,n)
k )

sin 1
2(ϕ− ϕ

(i,n)
k )

,
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ϕ
(1,n)
k = ϕn

k =
2πk

2n + 1
, k = 0, 1, ..., 2n,

ϕ
(2,n)
j = ϕn

0j =
2j + 1
2n + 1

π, j = 0, 1, ..., 2n.

Ñêîðèñòàâøèñü iíòåðïîëÿöiéíèìè êâàäðàòóðíèìè ôîðìóëàìè [5], âçÿâøè
ó ÿêîñòi òî÷îê êîëîêàöi¨ äðóãèé íàáið òî÷îê, ìà¹ìî ñèñòåìó ëiíiéíèõ
àëãåáðà¨÷íèõ ðiâíÿíü:

− u0(x0(ϕn
0j), y0(ϕn

0j)) = − 1
2n + 1

2n∑

k=0

{ln2 +
n∑

p=1

cos(p(ϕn
0j − ϕn

k))
p

} · u∗(ϕn
k)+

+
1

2n + 1

2n∑

k=0

W ∗(ϕn
k , ϕn

0j) · u∗(ϕn
k), j = 0, 1, 2, ..., 2n. (11)

Àìïëiòóäà ðîçñiÿíîãî ïîëÿ
Ðîçñiÿíå ïîëå âèðàæà¹òüñÿ ó âèãëÿäi ïîòåíöiàëó

u(y) =
1
2π

∫

L

v(x) ·G(x, y)dsx, y ε CΩ. (12)

Ïåðåéøîâøè âiä êðèâîëiíiéíîãî iíòåãðàëó ïåðøîãî ðîäó äî âèçíà÷åíîãî,
ìà¹ìî

u(y) =
1
2π

2π∫

0

G(xn(ϕ), yn(ϕ), y) · v(x0(ϕ), y0(ϕ))
π

l

√
(x′(ϕ))2 + (y′(ϕ))2dφ,

y ε CΩ. (13)

Çíîâó âèêîðèñòàâøè Ôóð'¹ ïðåäñòàâëåííÿ ôóíêöi¨ Õàíêåëÿ, ôîðìóëó ñóìó-
âàííÿ Ïóàñîíà, à òàêîæ ìåòîä Êðèëîâà ïðèñêîðåííÿ çáiæíîñòi ðÿäiâ [4],
ïåðåòâîðèëè (13):

u(y) =
1
2π

2π∫

0

W ∗
1 (ϕ, y) · u∗(ϕ)dϕ, y ε CΩ, (14)

äå

W ∗
1 (ϕ, y) =

+∞∑

n=1

(
e−n|x2(ϕ)−y2|

n
− e−γn|x2(ϕ)−y2|

γn
) cos(n

π

l
(x1(ϕ)− y1))+

+
eiχ|x2(ϕ)−y2|

2iχ
+

1
2

ln(2e−|x2(ϕ)−y2|(ch(x2(ϕ)−y2)−cos(x1(ϕ)−y1))), y = (y1, y2),
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Ðèñ. 1: Àìïëiòóäà ðîçñiÿíîãî ïîëÿ,
R=1

2 , l=3
2 , χ = π

2 , α = π
2

Ðèñ. 2: Ãðàôiê ìîäóëÿ ðîçâ'ÿçêó
ñèñòåìè ëiíiéíèõ àëãåáðà¨÷íèõ
ðiâíÿíü.

u∗(ϕ) = v(x0(ϕ), y0(ϕ))
π

l

√
(x′(φ))2 + (y′(ϕ))2.

Ïîòiì, çàìiíèâøè óñi ãëàäêi ôóíêöi¨ âiäïîâiäíèìè iíòåðïîëÿöiéíèìè òðèãîíî-
ìåòðè÷íèìè ïîëiíîìàìè i âèêîðèñòàâøè êâàäðàòóðíi ôîðìóëè [5], îñòàòî÷íî
ìà¹ìî

u(y) =
1

2n + 1

2n∑

k=0

W ∗
1 (ϕn

k , y) · u∗(ϕn
k), y ε CΩ.

Ó íàøîìó âèïàäêó âåêòîðè åëåêòðè÷íîãî ïîëÿ ïðåäñòàâëÿþòüñÿ ó âèãëÿäi

E(y, t) = E(y1, y2)eiωt,

|u(y)| - àìïëiòóäà ðîçñiÿíîãî ïîëÿ.

×èñåëüíèé åêñïåðèìåíò
Ïî ïîáóäîâàíié äèñêðåòíié ìàòåìàòè÷íié ìîäåëi áóâ ïðîâåäåíèé ÷èñåëüíèé

åêñïåðèìåíò, à ñàìå äîñëiäæåíà àìïëiòóäà ðîçñiÿíîãî ïîëÿ.

Âèñíîâîê
Îòæå, ó ðîáîòi ïðèâåäåíà ìàòåìàòè÷íà ìîäåëü çàäà÷i äèôðàêöi¨

Å-ïîëÿðèçîâàíî¨ åëåêòðîìàãíiòíî¨ õâèëi íà ïåðiîäè÷íié ñèñòåìi öèëiíäðè÷íèõ
ïîâåðõîíü, à òàêîæ ïîáóäîâàíà äèñêðåòíà ìàòåìàòè÷íà ìîäåëü. Ó ðîáîòi áóâ
çàñòîñîâàíèé ìåòîä äèñêðåòíèõ îñîáëèâîñòåé.
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