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Ðàññìàòðèâàåòñÿ çàäà÷à ðîáàñòíîé ýêñïîíåíöèàëüíîé ñòàáèëèçàöèè
ñåìåéñòâà óïðàâëÿåìûõ íåëèíåéíûõ ñèñòåì, ñîäåðæàùåãî íåîïðåäåëåí-
íîñòè è íåëèíåéíî çàâèñÿùåãî îò óïðàâëåíèÿ. Ïîëó÷åíû äîñòàòî÷íûå
óñëîâèÿ ðîáàñòíîé ñòàáèëèçàöèè è ñèíòåçèðîâàíû ðåãóëÿòîðû,
îñóùåñòâëÿþùèå ðîáàñòíóþ ñòàáèëèçàöèþ. Ïðèâåäåíû ÷èñëåííûå
ïðèìåðû.
Êëþ÷åâûå ñëîâà: ýêñïîíåíöèàëüíàÿ ñòàáèëèçàöèÿ, ðîáàñòíîñòü.
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íîãî êëàñó íåëiíiéíèõ ñèñòåì ç îáìåæåíèì êåðóâàííÿì.
Ðîçãëÿäà¹òüñÿ çàäà÷à ðîáàñòíî¨ åêñïîíåíöiàëüíî¨ ñòàáiëiçàöi¨ ñiìåéñòâà
êåðîâàíèõ íåëiíiéíèõ ñèñòåì, ùî ìiñòèòü íåâèçíà÷åíîñòi i íåëiíiéíî
çàëåæèòü âiä óïðàâëiííÿ. Îòðèìàíî äîñòàòíi óìîâè ðîáàñòíî¨ ñòàáiëi-
çàöi¨ òà ñèíòåçîâàíi ðåãóëÿòîðè, ÿêi çäiéñíþþòü ðîáàñòíó ñòàáiëiçàöiþ.
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regulators implementing robust stabilization are synthesized. Numerical
examples are given.
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1. Ââåäåíèå
Â ïîñëåäíèå äåñÿòèëåòèÿ èíòåíñèâíî èññëåäóåòñÿ ïðîáëåìà ñòàáèëèçàöèè

íåëèíåéíûõ ñèñòåì [1, 2, 4, 6, 7, 8, 10, 12, 13, 14, 18]. Çíà÷èòåëüíîå ìåñòî
â òåîðèè ñòàáèëèçàöèè çàíèìàåò ïðîáëåìà ðîáàñòíîé ñòàáèëèçàöèè [2, 3, 5,
11, 15, 16, 17], ñâÿçàííàÿ ñ íàëè÷èåì íåîïðåäåëåííîñòåé â ìàòåìàòè÷åñêîì
îïèñàíèè ñèñòåì óïðàâëåíèÿ.

Ïåðâûì ðåçóëüòàòîì â ýòîì íàïðàâëåíèè ìîæíî ñ÷èòàòü òåîðåìó
À. Ì. Ëÿïóíîâà îá óñòîé÷èâîñòè ïî ïåðâîìó ïðèáëèæåíèþ. Îäíèì èç íàèáî-
ëåå ýôôåêòèâíûõ ìåòîäîâ èññëåäîâàíèÿ ïðîáëåìû ñòàáèëèçàöèè íåëèíåéíûõ
ñèñòåì ÿâëÿåòñÿ ìåòîä ôóíêöèé Ëÿïóíîâà, ïðåäñòàâëÿþùèé ñîáîé ìîùíûé
èíñòðóìåíòàðèé àíàëèçà è ñèíòåçà ñèñòåì óïðàâëåíèÿ, ïîçâîëèâøèé ïîëó-
÷èòü áîëüøîå êîëè÷åñòâî âàæíûõ ðåçóëüòàòîâ [1, 2, 3, 4, 5, 9, 10, 12, 14].

Ìåòîä ôóíêöèé Ëÿïóíîâà ïðèìåíÿåòñÿ è â íàñòîÿùåé ñòàòüå, öåëü êî-
òîðîé ïîëó÷èòü äîñòàòî÷íûå óñëîâèÿ ðîáàñòíîé ýêñïîíåíöèàëüíîé ñòàáèëè-
çàöèè êëàññà íåëèíåéíûõ íåàâòîíîìíûõ ñèñòåì ñ îãðàíè÷åííûì óïðàâëå-
íèåì.

2. Äîñòàòî÷íûå óñëîâèÿ
ðîáàñòíîé ýêñïîíåíöèàëüíîé ñòàáèëèçàöèè

Â åâêëèäîâîì ïðîñòðàíñòâå Rn ðàññìàòðèâàþòñÿ íåëèíåéíûå ñèñòåìû

ẋ = a(t, x) + b(t, x)p(t, x, u) , (t, x, u) ∈ R+ ×Rn ×Rm , (1)

ãäå R+ = [0,∞), x ∈ Rn � âåêòîð ñîñòîÿíèÿ, u ∈ Rm � âåêòîð óïðàâëåíèÿ,
a(t, x) ∈ Rn, b(t, x) ∈ Rn×m, p(t, x, u) ∈ Rm. Çäåñü Rn×m � ìíîæåñòâî äåé-
ñòâèòåëüíûõ (n × m)-ìàòðèö. Ïðåäïîëàãàåòñÿ, ÷òî u ∈ Ω ⊂ Rm, ôóíêöèè
a(t, x), b(t, x), p(t, x, u) íåïðåðûâíû, íåïðåðûâíî äèôôåðåíöèðóåìû ïî x, u
â R+×Rn×Rm, óäîâëåòâîðÿþò óñëîâèþ a(t, 0) = b(t, 0)p(t, 0, 0) = 0, ôóíêöèÿ
p(t, x, u) ñîäåðæèò íåîïðåäåëåííîñòè.

Ââåäåì íåîáõîäèìûå îáîçíà÷åíèÿ:
1) (∗) � îïåðàöèÿ òðàíñïîíèðîâàíèÿ;
2) ‖x‖ =

√
x∗x � åâêëèäîâà íîðìà âåêòîðà x ∈ Rn;

3) C1
D � ñîâîêóïíîñòü ãëàäêèõ íà ìíîæåñòâå D ôóíêöèé;

4) ∂v(t, x)
∂x

=
(

∂v(t, x)
∂x1

, . . . ,
∂v(t, x)

∂xn

)
� ìàòðèöà ßêîáè ñêàëÿðíîé ôóíêöèè

v(t, x);
5) v̇(t, x)|(2) � ïðîèçâîäíàÿ Ëÿïóíîâà ôóíêöèè v(t, x) â ñèëó ñèñòåìû (2):

ẋ = f(t, x) , (2)

òî åñòü v̇(t, x) =
∂v(t, x)

∂t
+

∂v(t, x)
∂x

f(t, x).

6) B(t, x) = (B1(t, x), . . . , Bm(t, x)) =
∂v(t, x)

∂x
b(t, x).
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Îïðåäåëåíèå 1. Íóëåâîå ðåøåíèå ñèñòåìû (2) íàçûâàåòñÿ ýêñïîíåí öè-
àëüíî óñòîé÷èâûì, åñëè ñóùåñòâóþò ïîëîæèòåëüíûå ÷èñëà α, δ, L òàêèå, ÷òî
êàæäîå ðåøåíèå x(t) ñèñòåìû (2) ñ íà÷àëüíûì óñëîâèåì x(t0), ‖x(t0)‖ < δ
óäîâëåòâîðÿåò íåðàâåíñòâó ‖x(t)‖ ≤ L‖x(t0)‖ e−α(t−t0) ïðè t ≥ t0.

Îïðåäåëåíèå 2. Ñèñòåìû (1) íàçûâàþòñÿ ðîáàñòíî ýêñïîíåíöèàëüíî
ñòàáèëèçèðóåìûìè, åñëè ìîæíî óêàçàòü óïðàâëåíèå u = u(t, x), òàêîå ÷òî
íóëåâîå ðåøåíèå ñèñòåì ẋ = a(t, x) + b(t, x)p(t, x, u(t, x)) ÿâëÿåòñÿ ýêñïîíåí-
öèàëüíî óñòîé÷èâûì.

Â ïðèâîäèìîé íèæå òåîðåìå óñòàíàâëèâàþòñÿ äîñòàòî÷íûå óñëîâèÿ ðî-
áàñòíîé ýêñïîíåíöèàëüíîé ñòàáèëèçàöèè è óêàçûâàåòñÿ óïðàâëåíèå, îñó-
ùåñòâëÿþùåå ñòàáèëèçàöèþ.

Òåîðåìà 1 Ïóñòü ñóùåñòâóåò íåïðåðûâíàÿ ôóíêöèÿ ψ(z) : D → Ω ⊂ Rm,
D ⊂ Rm è ñêàëÿðíàÿ ôóíêöèÿ v(t, x) ∈ C1

D1
, D1 = R+ × Rn, óäîâëåòâîðÿþ-

ùàÿ â D1 óñëîâèÿì

c1‖x‖2 ≤ v(t, x) ≤ c2‖x‖2, c1 > o, c2 > 0,

∂v(t, x)
∂t

+
∂v(t, x)

∂x
a(t, x) ≤ 0

(3)

è ïóñòü ïðè íåïðåðûâíûõ â D1 ñêàëÿðíûõ ôóíêöèÿõ {ai(t, x)}2k+1
i=1 , óäîâëå-

òâîðÿþùèõ óñëîâèÿì

a2(t, x) > 0, a2i(t, x) ≥ 0, i = 2, k , a2s+1(t, x)a2(t, x) ≤ a2s(t, x), s = 1, k ,

âûïîëíÿþòñÿ íåðàâåíñòâà

a1(t, x)‖B(t, x)‖ ≤ (b1 − c3)‖x‖2, 0 < c3 < b1 , (4)

è

z(t, x)p0(t, x, z(t, x)) ≤
2k+1∑

i=1

(−1)i−1ai(t, x)‖z(t, x)‖i − b1q(t, x)‖x‖2 . (5)

Çäåñü
p0(t, x, z) = −p(t, x, ψ(z)),
z(t, x) = (z1(t, x), . . . , zm(t, x)) = −q(t, x)B(t, x) ∈ D,

q(t, x) =
a2(t, x)

‖B(t, x)‖+ d(t, x)
,

ãäå d(t, x) � íåïðåðûâíàÿ ïîëîæèòåëüíàÿ â D1 ôóíêöèÿ. Òîãäà ôóíêöèÿ

u(t, x) = ψ(z(t, x)), (6)

ãäå
z(t, x) = −q(t, x)B(t, x)

ÿâëÿåòñÿ óïðàâëåíèåì, ðîáàñòíî ñòàáèëèçèðóþùèì ñèñòåìû (1).
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Ä î ê à ç à ò å ë ü ñ ò â î. Ïîäñòàâèâ óïðàâëåíèå (6) â (1), ïîëó÷àåì

ẋ = a(t, x) + b(t, x)p(t, x, u(t, x)) = a(t, x)− b(t, x)p0(t, x, z(t, x)). (7)

Âû÷èñëèì ïðîèçâîäíóþ Ëÿïóíîâà ôóíêöèè v(t, x) â ñèëó ñèñòåìû (7):

v̇(t, x)|(7) =
∂v(t, x)

∂t
+

∂v(t, x)
∂x

a(t, x)− ∂v(t, x)
∂x

b(t, x)p0(t, x, z(t, x)) ≤

≤ −∂v(t, x)
∂x

b(t, x)p0(t, x, z(t, x)) = −B(t, x)p0(t, x, z(t, x)).

(8)

Ïîäñòàâèâ
z(t, x) = −q(t, x)B(t, x)

â íåðàâåíñòâî (5), ïîëó÷àåì

−q(t, x)B(t, x)p0(t, x, z(t, x)) ≤
≤

2k+1∑
i=1

(−1)i−1ai(t, x)qi(t, x)‖B(t, x)‖i − b1q(t, x)‖x‖2 =

= a1(t, x)q(t, x)‖B‖+
k∑

s=1

(
a2s+1q

2s+1‖B‖2s+1 − a2sq
2s‖B‖2s

)− b1q(t, x)‖x‖2.

Ñîêðàòèâ íà ïîëîæèòåëüíûé ìíîæèòåëü q(t, x), èìååì

−B(t, x)p0(t, x, z(t, x)) ≤
≤ a1(t, x)‖B‖+

k∑
s =1

(
a2s+1q

2s‖B‖2s+1 − a2sq
2s−1‖B‖2s

)− b1‖x‖2 ≤

≤ −c3‖x‖2 +
k∑

s =1
q2s−1‖B‖2s

(
a2s

a2

a2‖B‖
‖B‖+ d(t, x)

− a2s

)
≤ −c3‖x‖2 .

Îòñþäà è èç (8) ïîëó÷àåì

v̇(t, x)|(7) ≤ −c3‖x‖2 . (9)

Ïóñòü x(t) � ïðîèçâîëüíîå ðåøåíèå ñèñòåìû (7). Â ñèëó ñîîòíîøåíèé (3), (9)
èìååì

v̇(t, x(t)) +
c3

c2
v(t, x(t)) ≤ 0.

Óìíîæèâ ïîñëåäíåå íåðàâåíñòâî íà exp
(

c3

c2
t

)
è ïðîèíòåãðèðîâàâ îò t0 äî t,

ïîëó÷àåì
v(t, x(t)) ≤ v(t0, x(t0)) e

− c3
c2

(t− t0),

îòêóäà, ïðèìåíèâ (3), èìååì

c1‖x(t)‖2 ≤ c2‖x(t0)‖2e
− c3

c2
(t− t0),
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òî åñòü
‖x(t)‖ ≤ L‖x(t0) e−α(t−t0)‖ , L =

√
c2

c1
, α =

c3

2c2

Òàêèì îáðàçîì, íóëåâîå ðåøåíèå ñèñòåìû (7) ýêñïîíåíöèàëüíî óñòîé÷èâî.
Òåîðåìà äîêàçàíà.

Ïðèìåðû

Ïðèìåð 1. Ðàññìîòðèì ñèñòåìû

ẋ =
( −(4 + 2e−t)x1 − 2x2 − t2x3

1

3x1 − 10x2 − 4x3
2

)
+

+




(
1 +

1
2

e−t

)
x1

2x2




(
f(t, x)u + g(t, x)u2 + 2 ln

2e3 + (e3 + 1)u
2− (e3 + 1)u

)
, t ≥ 0,

ãäå x = (x1 , x2)∗;
−2e3

e3 + 1
< u <

2
e3 + 1

; f, g � íåïðåðûâíî äèôôåðåíöèðóå-

ìûå ôóíêöèè, óäîâëåòâîðÿþùèå óñëîâèÿì |f(t, x)| ≤ 1
2
, |g(t, x)| ≤ 1

4
.

Ïðåäñòàâèì ýòè ñèñòåìû â ñëåäóþùåé ôîðìå:

ẋ =
( −2x2 − t2x3

1

3x1 − 2x2 − 4x3
2

)
+

+




(
1 +

1
2

e−t

)
x1

2x2




(
f(t, x)u + g(t, x)u2 + 2 ln

2e3 + (e3 + 1)u
2− (e3 + 1)u

− 4
)

,

t ≥ 0.

Çäåñü

a(t, x) =
( −2x2 − t2x3

1

3x1 − 2x2 − 4x3
2

)
, b(t, x) =




(
1 +

1
2

e−t

)
x1

2x2


 ,

p(t, x, u) = f(t, x)u + g(t, x)u2 + 2 ln
2e3 + (e3 + 1)u
2− (e3 + 1)u

− 4.

Ïðîâåðèì, ÷òî ïðè

ψ(z) =
2(e2z − e3)

(e3 + 1)(e2z + 1)
, v(t, x) = 3x2

1 + 2x2
2

âûïîëíÿþòñÿ óñëîâèÿ òåîðåìû.
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Ëåãêî âèäåòü, ÷òî

− 2e3

e3 + 1
< ψ(z) <

2
e3 + 1

,

2‖x‖2 ≤ v(t, x) ≤ 3‖x‖2 ,

∂v(t, x)
∂t

+
∂v(t, x)

∂x
a(t, x) = −6t2x4

1 − 8x2
2 − 16x4

2 ≤ 0 ,

B(t, x) = 6
(

1 +
1
2

e−t

)
x2

1 + 8x2
2 ,

p0(t, x, z) = −p(t, x, ψ(z)) =

= −f(t, x)ψ(z)− g(t, x)ψ2(z)− 2 ln
2e3 + (e3 + 1)ψ(z)
2− (e3 + 1)ψ(z)

+ 4 .

Òîãäà
z(t, x)p0(t, x, z(t, x)) =

= −f(t, x)z(t, x)ψ(z(t, x))− g(t, x)z(t, x)ψ2(z(t, x))−

−2z(t, x) ln
2e3 + (e3 + 1)ψ(z(t, x))
2− (e3 + 1)ψ(z(t, x))

+ 4z(t, x) ≤

≤ |z(t, x)|+ |z(t, x)| − 4z2(t, x) + 4z(t, x) =

= 2|z(t, x)| − 4z2(t, x) + 4z(t, x).

Òàê êàê z(t, x) = −q(t, x)B(t, x), òî z(t, x) ≤ −6q(t, x)‖x‖2, ñëåäîâàòåëüíî

z(t, x)p0(t, x, z(t, x)) ≤ 2|z(t, x)| − 4z|(t, x)|2 − 24q(t, x)‖x‖2.

Èç ïîñëåäíåãî íåðàâåíñòâà âûòåêàåò, ÷òî ìîæíî ïîëîæèòü

a1(t, x) = 2, a2(t, x) = 4, a3(t, x) = 0, b1 = 24.

Ïîëîæèâ d(t, x) = 2, ïîëó÷àåì

q(t, x) =
4

6
(
1 + 1

2 e−t
)
x2

1 + 8x2
2 + 2

.

Íàêîíåö,

a1(t, x)‖B(t, x)‖ = 2
(

6
(

1 +
1
2

e−t

)
x2

1 + 8x2
2

)
≤ 18‖x‖2,

òàê ÷òî ìîæíî ïîëîæèòü c3 = 6.
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Èòàê, âûïîëíåíû óñëîâèÿ òåîðåìû. Ñëåäîâàòåëüíî, óïðàâëåíèå

u(t, x) = ψ(z(t, x)) =
2(e2z(t,x) − e3)

(e3 + 1)(e2z(t,x) + 1)
,

z(t, x) =
4

(
6

(
1 + 1

2 e−t
)
x2

1 + 8x2
2

)

6
(
1 + 1

2 e−t
)
x2

1 + 8x2
2 + 2

ýêñïîíåíöèàëüíî ñòàáèëèçèðóåò äàííûå ñèñòåìû.

Ïðèìåð 2. Ðàññìîòðèì ñèñòåìû

ẋ =




−9x1 − 2x2x3

1 + t
− x3

1

3x1x3

1 + t
− 16x2 − 4x3

2

−8x3 − x3
3

1 + t2x4
2




+

+




x1

2x2

x3




(
f(t, x, u)u + g(t, x, u)u2 + 5h(t, x, u)

u

1− |u|
)

, t ≥ 0,

ãäå x = (x1, x2, x3)∗, |u| < 1, f, g, h � íåïðåðûâíî äèôôåðåíöèðóåìûå ôóíê-
öèè, óäîâëåòâîðÿþùèå óñëîâèÿì |f(t, x, u)| ≤ 2, |g(t, x, u)| ≤ 1, h(t, x, u) ≥ 1.
Ïðåäñòàâèì ýòè ñèñòåìû â ñëåäóþùåé ôîðìå

ẋ =




−x1 − 2x2x3

1 + t
− x3

1

3x1x3

1 + t
− 4x3

2

− x3
3

1 + t2x4
2




+

+




x1

2x2

x3




(
f(t, x, u)u + g(t, x, u)u2 + 5h(t, x, u)

u

1− |u| − 8
)

,

çäåñü

a(t, x) =




−x1 − 2x2x3

1 + t
− x3

1

3x1x3

1 + t
− 4x3

2

− x3
3

1 + t2x4
2




, b(t, x) =




x1

2x2

x3


 ,

p(t, x, u) = f(t, x, u)u + g(t, x, u)u2 + 5h(t, x, u)
u

1− |u| − 8.
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Ïðîâåðèì, ÷òî ïðè

ψ(z) =
z

|z|+ 1
, v(t, x) = 3x2

1 + 2x2
2 + 3x2

3

âûïîëíÿþòñÿ óñëîâèÿ òåîðåìû. Ëåãêî âèäåòü, ÷òî
|ψ(z)| < 1,

2‖x‖2 ≤ v(t, x) ≤ 3‖x‖2,

∂v(t, x)
∂t

+
∂v(t, x)

∂x
a(t, x) = −6x2

1 − 6x4
1 − 16x4

2 − 6
x4

3

1 + t2x4
2

≤ 0,

B(t, x) = 6x2
1 + 8x2

2 + 6x2
3,

p0(t, x, z) = −p(t, x, ψ(z)) =

= −f(t, x, ψ(z))ψ(z)− g(t, x, ψ(z))ψ2(z)− 5h(t, x, ψ(z))
ψ(z)

1− |ψ(z)| + 8.

Òîãäà
z(t, x)p0(t, x, z(t, x)) =

= −f(t, x, ψ(z(t, x)))z(t, x)− g(t, x, ψ(z(t, x)))ψ2(z(t, x))z(t, x)−
−5h(t, x, ψ(z(t, x)))

ψ(z(t, x))
1− |ψ(z(t, x))|z(t, x) + 8z(t, x).

Òàê êàê z(t, x) = −q(t, x)B(t, x), òî z(t, x) ≤ −6q(t, x)‖x‖2, ñëåäîâàòåëüíî

z(t, x)p0(t, x, z(t, z)) ≤ 3|z(t, x)| − 5|z(t, x)|2 − 48q(t, x)‖x‖2.

Èç ïîñëåäíåãî íåðàâåíñòâà âûòåêàåò, ÷òî ìîæíî ïîëîæèòü

a1(t, x) = 3, a2(t, x) = 5, a3(t, x) = 0, b1 = 48.

Ïîëîæèâ d(t, x) = 2, ïîëó÷àåì

q(t, x) =
5

6x2
1 + 8x2

2 + 6x2
3 + 2

.

Íàêîíåö,
a1(t, x)‖B(t, x)‖ = 3(6x2

1 + 8x2
2 + 6x2

3) ≤ 24‖x‖2,

òàê ÷òî ìîæíî ïîëîæèòü c3 = 24.
Èòàê, âûïîëíåíû óñëîâèÿ òåîðåìû. Ñëåäîâàòåëüíî, óïðàâëåíèå

u(t, x) = ψ(z(t, x)) =
z(t, x)

|z(t, x)|+ 1
,

z(t, x) = − 5(3x2
1 + 4x2

2 + 3x2
3)

3x2
1 + 4x2

2 + 3x2
3 + 1

ýêñïîíåíöèàëüíî ñòàáèëèçèðóåò äàííûå ñèñòåìû.
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