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1. Ââåäåíèå
Çàäà÷à ñòàáèëèçàöèè íåëèíåéíûõ óïðàâëÿåìûõ ñèñòåì ÿâëÿåòñÿ îäíîé

èç öåíòðàëüíûõ çàäà÷ òåîðèè óïðàâëåíèÿ. Âîïðîñû ñòàáèëèçàöèè íåëèíåé-
íûõ ñèñòåì ïî ïåðâîìó ïðèáëèæåíèþ ÿâëÿþòñÿ äîñòàòî÷íî õîðîøî èçó-
÷åííûìè [1, 2]. Îñîáûé èíòåðåñ ïðåäñòàâëÿþò ñèñòåìû, íåñòàáèëèçèðóåìûå
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ïî ïåðâîìó ïðèáëèæåíèþ [3]. Îäíèìè èç îñíîâíûõ ìåòîäîâ èññëåäîâàíèÿ
ïîäîáíûõ çàäà÷ ÿâëÿþòñÿ ìåòîä çàìåíû ôàçîâûõ êîîðäèíàò [4, 5], ïîçâîëÿ-
þùèé ïðèâåñòè ñèñòåìó ê îäíîé èç êàíîíè÷åñêèõ ôîðì, è ìåòîä ïîñòðîåíèÿ
ñòàáèëèçèðóþùåãî óïðàâëåíèÿ ñ ïðèìåíåíèåì ôóíêöèé Ëÿïóíîâà [6, 7, 8, 9].
Â äàííîé ñòàòüå ðåøåíà çàäà÷à ñòàáèëèçàöèè äëÿ îäíîé íåëèíåéíîé íåñòàáè-
ëèçèðóåìîé ïî ïåðâîìó ïðèáëèæåíèþ ñèñòåìû, íàçâàííîé â ðàáîòå ñèñòåìîé
ñî ñòåïåííîé íåëèíåéíîñòüþ. Ïîñòðîåíèå ñòàáèëèçèðóþùåãî óïðàâëåíèÿ ïðî-
âîäèòñÿ íà îñíîâàíèè ìåòîäà ôóíêöèè Ëÿïóíîâà, êîòîðóþ óäà¼òñÿ íàéòè â
âèäå êâàäðàòè÷íîé ôîðìû.

2. Îñíîâíûå ðåçóëüòàòû
Â åâêëèäîâîì ïðîñòðàíñòâå Rn ðàññìîòðèì óïðàâëÿåìóþ ñèñòåìó ñî ñòå-

ïåííîé íåëèíåéíîñòüþ




ẋ1 = u,
ẋi = xi−1, i = 2, . . . , n− 1
ẋn = x2k+1

n−1 , k ∈ N.

(1)

Íåëèíåéíàÿ ñèñòåìà (1) ÿâëÿåòñÿ íåóïðàâëÿåìîé ïî ïåðâîìó ïðèáëèæå-
íèþ. Çàäà÷à ñòàáèëèçàöèè äëÿ ñèñòåìû (1) çàêëþ÷àåòñÿ â ïîñòðîåíèè óïðàâ-
ëåíèÿ u(t, x) òàêîãî, ÷òî íóëåâàÿ òî÷êà ïîêîÿ ýòîé ñèñòåìû áóäåò àñèìïòîòè-
÷åñêè óñòîé÷èâà.

Óïðàâëåíèå, ðåøàþùåå çàäà÷ó ñòàáèëèçàöèè äëÿ ñèñòåìû (1), áóäåì èñ-
êàòü â âèäå

u(x) = a1x1 + a2x2 + · · ·+ an−1xn−1 + anxn + an+1x
2k+1
n−1 , (2)

ãäå x = (x1, . . . , xn)∗ ∈ Rn, {ai}n+1
i=1 ∈ R. Äëÿ ïîëó÷åíèÿ óñëîâèé íà êîýôôèöè-

åíòû ai, ïðè êîòîðûõ óïðàâëåíèå (2) ñòàáèëèçèðóåò ñèñòåìó (1), âîñïîëüçóåì-
ñÿ ìåòîäîì ôóíêöèè Ëÿïóíîâà, êîòîðóþ áóäåì èñêàòü â âèäå êâàäðàòè÷íîé
ôîðìû

V = (Fx, x), (3)
ãäå F − (n× n) � ïîëîæèòåëüíî îïðåäåëåííàÿ ìàòðèöà.

Ïðîäèôôåðåíöèðîâàâ (3) â ñèëó ñèñòåìû (1), ïîëó÷èì

V̇ = ((A∗F + FA)x, x) + 2(F ẽn, x)x2k+1
n−1 , (4)

ãäå

A =




a1 a2 a3 · · · · · · an

1 0 0 · · · · · · 0
0 1 0 · · · · · · 0
... ... . . . · · · ... ...
0 0 · · · 1 0 0
0 0 0 · · · 0 0




, ẽn =




an+1

0
0
...
0
1




. (5)
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Ðàññìîòðèì ìàòðè÷íîå óðàâíåíèå Ëÿïóíîâà
A∗F + FA = −W, (6)

ãäå W = {wij}n
i,j=1 � íåêîòîðàÿ çàäàííàÿ äåéñòâèòåëüíàÿ íåîòðèöàòåëüíî

îïðåäåëåííàÿ ñèììåòðè÷åñêàÿ ìàòðèöà, ìàòðèöà A = {aij}n
i,j=1 èìååò âèä (5),

F = {fij}n
i,j=1 � íåèçâåñòíàÿ ìàòðèöà.

Çàìå÷àíèå 1. Óðàâíåíèå (6) íå ìîæåò èìåòü ïîëîæèòåëüíî îïðåäå-
ëåííîãî ðåøåíèÿ F íè ïðè êàêîé çàäàííîé ïîëîæèòåëüíî îïðåäåëåííîé ìàò-
ðèöå W, ïîñêîëüêó ìàòðèöà A ÿâëÿåòñÿ âûðîæäåííîé, â îòëè÷èå îò õîðîøî
èçó÷åííîãî â òåîðèè óñòîé÷èâîñòè ñëó÷àÿ, êîãäà âñå ñîáñòâåííûå çíà÷åíèÿ
ìàòðèöû A èìåþò îòðèöàòåëüíûå äåéñòâèòåëüíûå ÷àñòè.

Ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ Wn−1 = {wij}n−1
i,j=1, An−1 = {aij}n−1

i,j=1,

Fn−1 = {fij}n−1
i,j=1. Òîãäà óðàâíåíèå (6) ðàñïàäàåòñÿ íà ìàòðè÷íîå óðàâíåíèå

ïîðÿäêà (n-1) âèäà A∗n−1Fn−1 + Fn−1An−1 = −Wn−1 è ñèñòåìó óðàâíåíèé




f11an + f1na1 + f2n = −w1 n

. . . . . . . . . . . . . .
f1 n−2an + f1nan−2 + fn−1n = −wn−2 n

f1 n−1an + f1nan−1 = −wn−1 n

2anf1n = −wnn.

(7)

Ñôîðìóëèðóåì è äîêàæåì óòâåðæäåíèÿ, ïîçâîëÿþùèå îòâåòèòü íà âî-
ïðîñû î ðàçðåøèìîñòè è íàõîæäåíèè ðåøåíèÿ óðàâíåíèÿ (6) îòíîñèòåëüíî
ìàòðèöû F â êëàññå ïîëîæèòåëüíî îïðåäåëåííûõ ìàòðèö.

Ëåììà 1. Ïóñòü ìàòðèöà Wn−1 ïîëîæèòåëüíî îïðåäåëåíà, òîãäà ìàò-
ðèöà 



w11 · · · w1n−1 w1n−1
an

an−1

· · · · · · · · · · · ·
w1n−1 · · · wn−1n−1 wn−1n−1

an
an−1

w1n−1
an

an−1
· · · wn−1n−1

an
an−1

wn−1n−1
a2

n

a2
n−1


 (8)

ÿâëÿåòñÿ íåîòðèöàòåëüíî îïðåäåë¼ííîé.
Äîêàçàòåëüñòâî. Îáîçíà÷èì ÷åðåç M i1,...,ik

j1,...,jk
ìèíîðû ìàòðèöû (8), îáðàçî-

âàííûå ýëåìåíòàìè, ñòîÿùèìè íà ïåðåñå÷åíèè ñòðîê ñ íîìåðàìè 1 ≤ i1 <
. . . < ik ≤ n è ñòîëáöîâ ñ íîìåðàìè 1 ≤ j1 < . . . < jk ≤ n. Ïîêàæåì, ÷òî
ãëàâíûå ìèíîðû ìàòðèöû (8) íåîòðèöàòåëüíû. Äåéñòâèòåëüíî,

M i1,...,ik
i1,...,ik

> 0, 1 ≤ i1 < . . . < ik ≤ n− 1 ,

ïîñêîëüêó ìàòðèöà Wn−1 ïîëîæèòåëüíî îïðåäåëåíà.
M i1,...,ik,n−1,n

i1,...,ik,n−1,n = 0, 1 ≤ i1 < . . . < ik ≤ n− 2 ,

ïîñêîëüêó äâå ïîñëåäíèå ñòðîêè è äâà ïîñëåäíèõ ñòîëáöà ìàòðèöû (8) ëè-
íåéíî çàâèñèìû. Ïðè ýòîì

M i1,...,ik,n
i1,...,ik,n =

a2
n

a2
n−1

M i1,...,ik,n−1
i1,...,ik,n−1 > 0, 1 ≤ i1 < . . . < ik ≤ n− 2.
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Òîãäà, ñîãëàñíî êðèòåðèþ íåîòðèöàòåëüíîé îïðåäåëåííîñòè (ñì. [10]), ìàòðè-
öà (8) áóäåò íåîòðèöàòåëüíî îïðåäåëåíà. Ëåììà äîêàçàíà.

Çàìå÷àíèå 2. Åñëè ìàòðèöà Wn−1 ÿâëÿåòñÿ íåîòðèöàòåëüíî îïðåäå-
ëåííîé, òî ìàòðèöà (8) òàêæå íåîòðèöàòåëüíî îïðåäåëåíà.

Äîêàçàòåëüñòâî Çàìå÷àíèÿ 2 ïîâòîðÿåò äîêàçàòåëüñòâî Ëåììû 1 ñ çàìå-
íîé ñòðîãèõ íåðàâåíñòâ íà íåñòðîãèå.

Òåîðåìà 1. Ïóñòü ìàòðèöà A èìååò âèä (5), ìàòðèöà Wn−1 ïîëîæè-
òåëüíî îïðåäåëåíà. Òîãäà äëÿ òîãî, ÷òîáû ìàòðè÷íîå óðàâíåíèå (6) èìå-
ëî ïîëîæèòåëüíî îïðåäåëåííîå ðåøåíèå F ïðè íåêîòîðîé íåîòðèöàòåëüíî
îïðåäåëåííîé ìàòðèöå W , íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû ñîáñòâåííûå
çíà÷åíèÿ ìàòðèöû An−1 èìåëè îòðèöàòåëüíûå äåéñòâèòåëüíûå ÷àñòè è
ïðè ýòîì ìàòðèöà W èìåëà âèä (8).

Äîêàçàòåëüñòâî. Äîêàæåì íåîáõîäèìîñòü. Ïóñòü ìàòðèöà Wn−1 ïîëîæè-
òåëüíî îïðåäåëåíà, òîãäà äëÿ ðàçðåøèìîñòè óðàâíåíèÿ

A∗n−1Fn−1 + Fn−1An−1 = −Wn−1 (9)

îòíîñèòåëüíî ìàòðèöû Fn−1 â êëàññå ïîëîæèòåëüíî îïðåäåë¼ííûõ ìàòðèö
íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû ñîáñòâåííûå çíà÷åíèÿ ìàòðèöû An−1 èìåëè
îòðèöàòåëüíûå äåéñòâèòåëüíûå ÷àñòè.

Èç ñèñòåìû óðàâíåíèé (7) è ìàòðè÷íîãî óðàâíåíèÿ (9) ìîæíî âûäåëèòü
ñëåäóþùóþ ïîäñèñòåìó





2f1n−1an−1 = −wn−1n−1

f1n−1an + f1nan−1 = −wn−1n

2anf1n = −wnn.

Îòêóäà ïîëó÷àåì, ÷òî

f1n−1 = −wn−1n−1

2an−1
, f1n = −wnn

2an
, wn−1n =

an

2an−1
wn−1n−1 +

an−1

2an
wnn. (10)

Ïóñòü M i1,...,ik
j1,...,jk

� ýòî ìèíîðû ìàòðèöû W èç (6), îáðàçîâàííûå ýëåìåíòàìè,
ñòîÿùèìè íà ïåðåñå÷åíèè ñòðîê ñ íîìåðàìè 1 ≤ i1 < . . . < ik ≤ n è ñòîëáöîâ
ñ íîìåðàìè 1 ≤ j1 < . . . < jk ≤ n. Òîãäà M i1,...,ik

i1,...,ik
≥ 0, 1 ≤ i1 < . . . < ik ≤ n,

ïîñêîëüêó ìàòðèöà W íåîòðèöàòåëüíî îïðåäåëåíà.
Ó÷èòûâàÿ (10), ïîëó÷àåì

Mn−1n
n−1n = wn−1n−1wnn − w2

n−1n = −(
an

2an−1
wn−1n−1 − an−1

2an
wnn)2 ≥ 0. (11)

Òîãäà èç (10) è (11) ñëåäóåò, ÷òî

wnn =
a2

n

a2
n−1

wn−1n−1, wn−1n =
an

an−1
wn−1n−1. (12)
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Ðàññìîòðèì ñëåäóþùèå ãëàâíûå ìèíîðû òðåòüåãî ïîðÿäêà

M i,n−1,n
i,n−1,n =

∣∣∣∣∣∣∣

wii win−1 win

win−1 wn−1n−1
an

an−1
wn−1n−1

win
an

an−1
wn−1n−1

a2
n

a2
n−1

wn−1n−1

∣∣∣∣∣∣∣
=

= −wn−1n−1(
an

an−1
win−1 − win)2 ≥ 0, i = 1, n− 2 , (13)

ïîñêîëüêó ìàòðèöà W íåîòðèöàòåëüíî îïðåäåëåíà. Òîãäà, ó÷èòûâàÿ ÷òî
wn−1n−1 > 0, ââèäó ïîëîæèòåëüíîé îïðåäåë¼ííîñòè ìàòðèöû Wn−1, èç (13)
ïîëó÷àåì

win =
an

an−1
win−1, i = 1, n− 2. (14)

Íåîáõîäèìîñòü äîêàçàíà.
Äîêàæåì äîñòàòî÷íîñòü. Ïóñòü ìàòðèöà W èìååò âèä (8), ïðè ýòîì ìàò-

ðèöà Wn−1 ïîëîæèòåëüíî îïðåäåëåíà, à ñîáñòâåííûå çíà÷åíèÿ ìàòðèöû An−1

èìåþò îòðèöàòåëüíûå äåéñòâèòåëüíûå ÷àñòè. Òîãäà ìàòðè÷íîå óðàâíåíèå (9)
èìååò åäèíñòâåííîå ïîëîæèòåëüíî îïðåäåëåííîå ðåøåíèå Fn−1 = {fij}n−1

i,j=1.
Èç (7) è (14) ñëåäóåò, ÷òî

f1n = −anwn−1n−1

2a2
n−1

, fin = − an

an−1
wi−1n−1−f1i−1an−ai−1f1n, i = 2, n− 1. (15)

Ïðè âûáîðå fin, i = 1, n− 1 èç óñëîâèÿ (15) ïðåäïîñëåäíåå óðàâíåíèå èç (7)
òàêæå áóäåò óäîâëåòâîðåíî, ÷òî ñëåäóåò èç äîêàçàòåëüñòâà íåîáõîäèìîñòè.
Òàêèì îáðàçîì, ìàòðèöà

F =




f11 · · · f1n

· · · · · · · · ·
f1n−1 · · · fn−1n

f1n · · · ξ


 (16)

ÿâëÿåòñÿ ðåøåíèåì ìàòðè÷íîãî óðàâíåíèÿ (6) ïðè ëþáîì ξ. Çàìåòèì, ÷òî ïðè
äîñòàòî÷íî áîëüøîì ξ ìàòðèöà (16) áóäåò ïîëîæèòåëüíî îïðåäåëåíà.
Òåîðåìà äîêàçàíà.

Òåîðåìà 2. Ïóñòü ìàòðèöà A èìååò âèä (5), ìàòðèöà Wn−1 ïîëîæè-
òåëüíî îïðåäåëåíà, ìàòðèöà Fn−1 ÿâëÿåòñÿ åäèíñòâåííûì ïîëîæèòåëüíî
îïðåäåëåííûì ðåøåíèåì óðàâíåíèÿ (9). Òîãäà ìàòðèöà

F =




f11 · · · f1n−1
an

an−1
f1n−1

· · · . . . · · · · · ·
f1n−1 · · · fn−1n−1

an
an−1

fn−1n−1
an

an−1
f1n−1 · · · an

an−1
fn−1n−1 ξ




(17)

ïðè
ξ >

a2
n

a2
n−1

fn−1n−1 (18)
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ÿâëÿåòñÿ ïîëîæèòåëüíî îïðåäåëåííûì ðåøåíèåì óðàâíåíèÿ (6) ñ ïðàâîé ÷à-
ñòüþ âèäà (8).

Äîêàçàòåëüñòâî. Ïðè ñäåëàííûõ ïðåäïîëîæåíèÿõ åäèíñòâåííîå ïîëîæè-
òåëüíî îïðåäåëåííîå ðåøåíèå óðàâíåíèÿ (9) ìîæíî âûïèñàòü â âèäå

Fn−1 =

∞∫

0

eA∗n−1tWn−1e
An−1tdt À 0.

Èç (10) è (12) ñëåäóåò, ÷òî f1n = an
an−1

f1n−1.

Èç (7), (9), (12) è (14) ñëåäóåò, ÷òî
an

an−1
(f1ian−1 + aif1n−1 + fi+1n−1) = f1ian + aif1n + fi+1n, i = 1, n− 2.

Îòêóäà, ñ ó÷åòîì âèäà f1n, ïîëó÷àåì

fi+1n =
an

an−1
fi+1n−1, i = 1, n− 2.

Òîãäà ìàòðèöà F èç (16) ïðèîáðåòàåò âèä (17). Îïðåäåëèòåëü ìàòðèöû (17)
èìååò âèä

∆(F ) = ξ ·∆(Fn−1)− a2
n

a2
n−1

fn−1n−1 ·∆(Fn−1).

Òîãäà, ó÷èòûâàÿ ïîëîæèòåëüíóþ îïðåäåëåííîñòü ìàòðèöû Fn−1, ïîëó÷àåì,
÷òî îïðåäåëèòåëü ∆(F ) > 0 ïðè ξ > a2

n

a2
n−1

fn−1n−1. ×òî äîêàçûâàåò ïîëîæè-
òåëüíóþ îïðåäåëåííîñòü ìàòðèöû (17) ïðè âûïîëíåíèè óñëîâèÿ (18).
Òåîðåìà äîêàçàíà.

Ëåììà 2. Ïóñòü ìàòðèöà Wλmin � êâàäðàòíàÿ ìàòðèöà âèäà

Wλmin
=




λmin 0 · · · 0 b1x
k
n−1

0 λmin · · · 0 b2x
k
n−1

... ... . . . · · · ...
0 0 0 λmin bn−2x

k
n−1

b1x
k
n−1 b2x

k
n−1 · · · · · · 2bn−1




. (19)

Òîãäà ïðè n ≥ 3 îïðåäåëèòåëü ìàòðèöû (19) ðàâåí

∆(Wλmin) = 2λn−2
minbn−1 − λn−3

min(b2
1 + b2

2 + · · ·+ b2
n−2)x

2k
n−1. (20)

Äîêàçàòåëüñòâî. Âîñïîëüçóåìñÿ ìåòîäîì ìàòåìàòè÷åñêîé èíäóêöèè.
Ïðîâåðèì ñïðàâåäëèâîñòü ôîðìóëû (20) ïðè n = 3. Äåéñòâèòåëüíî,

∆(Wλmin) =
∣∣∣∣

λmin b1x
k
2

b1x
k
2 2b2

∣∣∣∣ = 2λminb2 − b2
1x

2k
2 .
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Äîïóñòèì ôîðìóëà (20) âåðíà äëÿ n = m, äîêàæåì ÷òî îíà âåðíà äëÿ
n = m + 1. Çàìåòèì, ÷òî

∣∣∣∣∣∣∣∣∣∣∣

0 0 · · · 0 b1x
k
m

λmin 0 · · · 0 b2x
k
m

0 λmin · · · 0 b3x
k
m

... ... . . . · · · ...
0 0 · · · λmin bm−1x

k
m

∣∣∣∣∣∣∣∣∣∣∣

= (−1)mλm−2
min b1x

k
m. (21)

Ðàñêðîåì îïðåäåëèòåëü ìàòðèöû Wλmin ïî ïåðâîìó ñòîëáöó. Òîãäà ñ ó÷åòîì
èíäóêòèâíîãî ïðåäïîëîæåíèÿ è (21) ïîëó÷èì, ÷òî

∆(Wλmin) = 2λm−1
min bm − λm−2

min (b2
1 + b2

2 + · · ·+ b2
m−1)x

2k
m .

Ëåììà äîêàçàíà.
Âåðíåìñÿ ê ðàññìîòðåíèþ ðàâåíñòâà (4). Âîçüìåì ïðîèçâîëüíóþ ìàòðè-

öó W âèäà (8), óäîâëåòâîðÿþùóþ óñëîâèÿì Ëåììû 1. Ïóñòü ìàòðèöà F ÿâ-
ëÿåòñÿ ïðîèçâîëüíûì ïîëîæèòåëüíî îïðåäåëåííûì ðåøåíèåì óðàâíåíèÿ (6).
Òîãäà ðàâåíñòâî (4) ïðèìåò âèä

V̇ = −(Wx, x) + 2(F ẽn, x)x2k+1
n−1 . (22)

Îáîçíà÷èì In,2 = diag (1, . . . , 1, 0, 0) � ìàòðèöà ðàçìåðíîñòè (n×n).
Ïóñòü λmin > 0 � ìèíèìàëüíîå ñîáñòâåííîå çíà÷åíèå ìàòðèöû Wn−1,
In−1 � åäèíè÷íàÿ ìàòðèöà ðàçìåðíîñòè (n − 1) × (n − 1), y = (x1, . . . , xn−1).
Òîãäà, ïîñêîëüêó ìàòðèöà Wn−1 ïîëîæèòåëüíî îïðåäåëåíà, áóäåò âåðíà ñëå-
äóþùàÿ îöåíêà

(Wn−1y, y) ≥ (λminIn−1y, y), ∀y ∈ Rn−1.

Îòêóäà ñëåäóåò, ÷òî −((Wn−1 − λminIn−1)y, y)− λminx2
n−1 ≤ 0.

Òîãäà c ó÷åòîì Çàìå÷àíèÿ 2 ïîëó÷àåì, ÷òî

−((W − λminIn,2)x, x) ≤ 0, ∀ x ∈ Rn. (23)

Îáîçíà÷èì b = −F ẽn, òîãäà

bi = −(f1ian+1 + fin), i = 1, n. (24)

Âûáåðåì an+1 òàê, ÷òîáû bn = 0. Òîãäà

an+1 = −fnn

f1n
. (25)

Çàìåòèì, ÷òî èç (10) ñëåäóåò, ÷òî f1n−1 è f1n ïîëîæèòåëüíû ïðè
an−1, an < 0, òîãäà an+1 < 0. Ïðè ýòîì èç (17) è (18) ñëåäóåò, ÷òî
bn−1 = fnn

an−1

an
− fn−1n−1

an
an−1

> 0.
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Çàìå÷àíèå 3. Ïðè n = 2 èç (22), (24) è (25) èìååì, ÷òî

V̇ = −(Wx, x)− 2b1x
2k+2
1 < 0, ‖x‖ 6= 0;

è îáëàñòüþ ïðèòÿæåíèÿ òî÷êè ïîêîÿ ñèñòåìû (1) ñ óïðàâëåíèåì (2) ÿâëÿ-
åòñÿ âñå ïðîñòðàíñòâî.
Èç ðàâåíñòâà (22) ñëåäóåò, ÷òî ïðè n ≥ 3

V̇ = −((W − λminIn,2)x, x)− (λminIn,2x, x) + 2(F ẽn, x)x2k+1
n−1 . (26)

Ó÷èòûâàÿ (20), çàìåòèì, ÷òî ìàòðèöà (19) ïîëîæèòåëüíî îïðåäåëåíà ïðè
λmin > 0 è

x2k
n−1 < λmin

2bn−1

b2
1 + · · ·+ b2

n−2

. (27)

Èç ðàâåíñòâà (26) ñ ó÷åòîì íåðàâåíñòâà (23) ïîëó÷àåì, ÷òî

V̇ = −((W − λminIn,2x, x)− (Wλmin x̂, x̂) < 0, ‖x‖ 6= 0, (28)

ãäå ìàòðèöà Wλmin èìååò âèä (19), bi çàäàþòñÿ â (24), λmin > 0 � ìèíèìàëüíîå
ñîáñòâåííîå çíà÷åíèå ìàòðèöû Wn−1 è x̂ = (x1, . . . , xn−2, x

k+1
n−1), n ≥ 3.

Äîêàæåì ñïðàâåäëèâîñòü íåðàâåíñòâà (28). Ïðè âûïîëíåíèè óñëîâèÿ (27),
ïðîèçâîäíàÿ ôóíêöèè Ëÿïóíîâà (28) ïðåäñòàâëÿåò ñîáîé ñóììó äâóõ íåïî-
ëîæèòåëüíûõ ñëàãàåìûõ, êîòîðûå íå ìîãóò îáðàùàòüñÿ â íóëü îäíîâðåìåííî
ïðè ‖x‖ 6= 0. Äåéñòâèòåëüíî, ïóñòü (Wλmin x̂, x̂) = 0, òîãäà x1 = x2 = . . . =
= xn−1 = 0 è −((W − λminIn,2)x, x) = −wn−1n−1

a2
n

a2
n−1

x2
n < 0, xn 6= 0, ïîñêîëü-

êó wn−1n−1 > 0 â ñèëó ïîëîæèòåëüíîé îïðåäåë¼ííîñòè ìàòðèöû Wn−1. Òîãäà
íóëåâàÿ òî÷êà ïîêîÿ ñèñòåìû (1) àñèìïòîòè÷åñêè óñòîé÷èâà.

Çàìå÷àíèå 4. Íàéäåì c > 0, ïðè êîòîðîì ýëëèïñîèä (Fx, x) = c áóäåò
âïèñàí â ïîëîñó |xn−1| < ρ

1
2k , ρ = λmin

2bn−1

b21+ ···+b2n−2
. Òîãäà ìíîæåñòâî

Φ =

{
x ∈ Rn, (Fx, x) ≤ c =

ρ
1
k

(F−1en−1, en−1)

}
, (29)

ãäå en−1� (n-1)-é ñòîëáåö åäèíè÷íîé ìàòðèöû, ïðèíàäëåæèò îáëàñòè ïðè-
òÿæåíèÿ òî÷êè ïîêîÿ ñèñòåìû (1) ñ óïðàâëåíèåì (2) ïðè n ≥ 3.

Íà îñíîâàíèè äîêàçàííûõ óòâåðæäåíèé ìîæåò áûòü ñôîðìóëèðîâàíà îñ-
íîâíàÿ òåîðåìà, ïîçâîëÿþùàÿ ðåøèòü çàäà÷ó ñòàáèëèçàöèè äëÿ ñèñòåìû (1).

Òåîðåìà 3. Ïóñòü óïðàâëåíèå u(x) èìååò âèä (2), ai < 0, i = 1, . . . , n
òàêèå, ÷òî ñîáñòâåííûå çíà÷åíèÿ ìàòðèöû An−1 èìåþò îòðèöàòåëüíûå
äåéñòâèòåëüíûå ÷àñòè, Wn−1� ïðîèçâîëüíàÿ ïîëîæèòåëüíî îïðåäåëåííàÿ
ìàòðèöà, à ìàòðèöà F ÿâëÿåòñÿ ïðîèçâîëüíûì ïîëîæèòåëüíî îïðåäåëåí-
íûì ðåøåíèåì óðàâíåíèÿ (6) ñ ïðàâîé ÷àñòüþ âèäà (8), an+1 âûáèðàåòñÿ
èç óñëîâèÿ (25). Òîãäà óïðàâëåíèå (2) ðåøàåò çàäà÷ó ñòàáèëèçàöèè äëÿ ñè-
ñòåìû (1), ïðè ýòîì îáëàñòü ïðèòÿæåíèÿ òî÷êè ïîêîÿ â ñëó÷àå n ≥ 3
ñîäåðæèò ìíîæåñòâî (29) è ñîâïàäàåò ñî âñåì ïðîñòðàíñòâîì ïðè n = 2.
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3. Ïðèìåð
Ðàññìîòðèì ñèñòåìó (1) ïðè n = 3, k = 2

ẋ1 = u, ẋ2 = x1, ẋ3 = x5
2.

Ïóñòü a1 = −1, a2 = −2, a3 = −4, W2 =
(

1 1
1 4

)
, òîãäà ñîãëàñíî Òåîðåìå 2

ïîëîæèòåëüíî îïðåäåëåííîå ðåøåíèå óðàâíåíèÿ (6) ïðè f33 = 25 èìååò âèä

F =




3
2 1 2
1 3 6
2 6 25




è â êà÷åñòâå ôóíêöèè Ëÿïóíîâà ìîæíî âçÿòü êâàäðàòè÷íóþ ôîðìó (3). Òîãäà
ñîãëàñíî (2) è (25) ñòàáèëèçèðóþùåå óïðàâëåíèå ïðèíèìàåò âèä

u(x) = −x1 − 2x2 − 4x3 − 25
2

x5
2.

Ïðè ýòîì ρ = 0.0323 . . . è îáëàñòü ïðèòÿæåíèÿ íóëåâîé òî÷êè ïîêîÿ áóäåò
ñîäåðæàòü ìíîæåñòâî

Φ =
{

3
2
x2

1 + 2x1x2 + 4x1x3 + 12x2x3 + 3x2
2 + 25x2

3 ≤ 0.24412 . . .

}
.

Â êà÷åñòâå íà÷àëüíîé òî÷êè âîçüìåì x0 = (0.1, 0.2, −0.1)∗. Â ýòîì ñëó÷àå
ãðàôèê ‖x(t)‖ èìååò âèä ðèñ. 1.

0 5000 10 000
t

0.05

Ðèñ. 1: Ãðàôèê ‖x(t)‖.
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