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Â òåîðèè ñóáãàðìîíè÷åñêèõ è δ-ñóáãàðìîíè÷åñêèõ ôóíêöèé ñóùåñòâåí-
íóþ ðîëü èãðàþò òåîðåìû î ïðåäñòàâëåíèè. Â ñòàòüå ïðåäëàãàåòñÿ óñè-
ëåíèå âàðèàíòà Àçàðèíà òåîðåìû î ïðåäñòàâëåíèè δ-ñóáãàðìîíè÷åñêèõ
ôóíêöèé êîíå÷íîãî ïîðÿäêà.
Êëþ÷åâûå ñëîâà: δ-ñóáãàðìîíè÷åñêàÿ ôóíêöèÿ, ïîëèíîìû Ãåãåíáàóýðà,
íåâàíëèííîâñêàÿ õàðàêòåðèñòè÷åñêàÿ ôóíêöèÿ.
Ãðèøèí À. Ï., Íãó¹í Âàí Êóiíü, Ïî¹äèíöåâà I. Â., Òåîðåìè ïðî
ïðåäñòàâëåííÿ δ-ñóáãàðìîíi÷íèõ ôóíêöié. Ó òåîði¨ ñóáãàðìîíi÷-
íèõ i δ-ñóáãàðìîíi÷íèõ ôóíêöié ñóòò¹âó ðîëü âiäiãðàþòü òåîðåìè ïðî
ïðåäñòàâëåííÿ. Ó ñòàòòi ïðîïîíó¹òüñÿ ïîñèëåííÿ âàðiàíòó Àçàðiíà
òåîðåìè ïðî ïðåäñòàâëåííÿ δ-ñóáãàðìîíi÷íèõ ôóíêöié ñêií÷åííîãî
ïîðÿäêó.
Êëþ÷îâi ñëîâà: δ-ñóáãàðìîíi÷íà ôóíêöiÿ, ïîëiíîìè Ãåãåíáàóåðà, íåâàí-
ëiííiâñüêà õàðàêòåðèñòè÷íà ôóíêöiÿ.
A.F. Grishin, Nguyen Van Quynh, I. V. Poedintseva, Representation
theorems of δ-subharmonic functions. Representation theorems are
important in the theory of subharmonic and δ-subharmonic functions.
In the article we sharpen Azarin's variant of representation theorem of
δ-subharmonic functions of �nite order.
Keywords: δ-subharmonic function, Gegenbauer's polynomials, Nevanlinna's
characteristic function.
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1. Âñòóïëåíèå.
Êðîìå âñòóïëåíèÿ â ñòàòüå âûäåëåíû ðàçäåëû 2�5. Â ðàçäåëàõ 2�4 ïîìå-

ùåíû èçâåñòíûå èëè ïî ñóùåñòâó èçâåñòíûå ðåçóëüòàòû, ïðè÷¼ì ïðèâîäÿòñÿ
òàêèå ôîðìóëèðîâêè, êîòîðûå èñïîëüçóþòñÿ â äàëüíåéøåì.
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Â ðàçäåëå 2 îáñóæäàþòñÿ îïðåäåëåíèÿ ñóáãàðìîíè÷åñêîé è δ-ñóáãàðì-
îíè÷åñêîé ôóíêöèé è ïðèâîäÿòñÿ íåêîòîðûå èõ ñâîéñòâà.

Â ðàçäåëå 3 ïðèâîäèòñÿ îïðåäåëåíèå ìíîãî÷ëåíîâ Ãåãåíáàóýðà è èçó÷àåòñÿ
ðàçëîæåíèå â ðÿä Òåéëîðà ñ öåíòðîì â íóëå ôóíêöèè 1

‖x−y‖m−2 , x, y ∈ Rm,
ðàññìàòðèâàåìîé êàê ôóíêöèÿ ïåðåìåííîé x.

Â ðàçäåëå 4 äëÿ δ-ñóáãàðìîíè÷åñêèõ ôóíêöèé w èç ñïåöèàëüíîãî êëàññà
îïðåäåëÿåòñÿ íåâàëèííîâñêàÿ õàðàêòåðèñòè÷åñêàÿ ôóíêöèÿ T (r,w) è îáñóæ-
äàþòñÿ íåêîòîðûå å¼ ñâîéñòâà.

Â ðàçäåëå 5, îñíîâíîì ðàçäåëå ñòàòüè, ïðèâîäÿòñÿ ÷åòûðå òåîðåìû î ïðåä-
ñòàâëåíèè äëÿ δ-ñóáãàðìîíè÷åñêèõ ôóíêöèé âî âñ¼ì ïðîñòðàíñòâå Rm, m ≥ 2.
Òåîðèè ñóáãàðìîíè÷åñêèõ è δ-ñóáãàðìîíè÷åñêèõ ôóíêöèé â ïëîñêîñòè è â
ïðîñòðàíñòâàõ Rm, m ≥ 3 ðàçëè÷àþòñÿ. Ïîýòîìó òåîðåìû î ïðåäñòàâëåíèè
äëÿ ñëó÷àåâ m = 2 è m ≥ 3 äîêàçûâàþòñÿ îòäåëüíî.

Â êíèãå Àçàðèíà ([1], òåîðåìà 2.9.3.1) äîêàçûâàåòñÿ òåîðåìà î ïðåä-
ñòàâëåíèè δ-ñóáãàðìîíè÷åñêèõ ôóíêöèé êîíå÷íîãî ïîðÿäêà â ïðîñòðàíñòâå
Rm, m ≥ 2. Â êíèãå Õåéìàíà è Êåííåäè ([2], òåîðåìà 4.2) äîêàçûâàåòñÿ
àíàëîãè÷íàÿ òåîðåìà äëÿ ñóáãàðìîíè÷åñêèõ ôóíêöèé. Ïðåäëàãàåìûå äîêà-
çàòåëüñòâà ïîçâîëÿþò íåñêîëüêî óñèëèòü ðåçóëüòàòû èç [1] è [2]. Îá ýòîì
ïîäðîáíåå áóäåò ñêàçàíî â ðàçäåëå 5.

2. Ñóáãàðìîíè÷åñêèå è δ-ñóáãàðìîíè÷åñêèå ôóíêöèè.

Ïóñòü G � îáëàñòü â Rm, m ≥ 2. Îáîçíà÷èì ÷åðåç Φ(G) ëèíåéíîå ïðî-
ñòðàíñòâî íåïðåðûâíûõ ôèíèòíûõ â G ôóíêöèé ϕ, òî åñòü òàêèõ ôóíêöèé,
÷òî supp ϕ � ýòî êîìïàêò, ëåæàùèé â G. Â ïðîñòðàíñòâå Φ(G) ñõîäèìîñòü
îïðåäåëÿåòñÿ ñëåäóþùèì îáðàçîì. Ïîñëåäîâàòåëüíîñòü ôóíêöèé ϕn(x) ñõî-
äèòñÿ ê ôóíêöèè ϕ(x) â ïðîñòðàíñòâå Φ(G), åñëè ñóùåñòâóåò òàêîé êîìïàêò
K ⊂ G, ÷òî äëÿ ëþáîãî n âûïîëíÿåòñÿ ñîîòíîøåíèå supp ϕn ⊂ K è ïîñëåäî-
âàòåëüíîñòü ϕn(x) ðàâíîìåðíî ñõîäèòñÿ ê ϕ(x).

Îáû÷íî ([3], ãëàâà 3, §1, ïóíêò 3 èëè [4], ãëàâà 4) ïðîñòðàíñòâî M(G)
ðàäîíîâûõ ìåð â îáëàñòè G îïðåäåëÿåòñÿ êàê ïðîñòðàíñòâî ëèíåéíûõ íåïðå-
ðûâíûõ ôóíêöèîíàëîâ íà ïðîñòðàíñòâå Φ(G).

Ïóñòü µ1 è µ2 � ïîëîæèòåëüíûå ëîêàëüíî êîíå÷íûå áîðåëåâñêèå ìåðû â
îáëàñòè G. Òîãäà ëèíåéíûé ôóíêöèîíàë

(µ, ϕ) =
∫

G

ϕ(x)dµ1(x)−
∫

G

ϕ(x)dµ2(x)

íåïðåðûâåí â ïðîñòðàíñòâå Φ(G). Ìû áóäåì ãîâîðèòü, ÷òî ôóíêöèîíàë µ
ïðåäñòàâëÿåòñÿ â âèäå ðàçíîñòè ïîëîæèòåëüíûõ áîðåëåâñêèõ ìåð µ1 è µ2 è
ïèñàòü µ = µ1 − µ2. Èçâåñòíî, ÷òî ïðîèçâîëüíûé ëèíåéíûé íåïðåðûâíûé
ôóíêöèîíàë â ïðîñòðàíñòâå Φ(G) ïðåäñòàâëÿåòñÿ â òàêîì âèäå. Ïðåäñòàâëå-
íèå µ = µ1− µ2 íå åäèíñòâåííî. Íàïðèìåð, µ = (µ1 + µ3)− (µ2 + µ3). Îäíàêî
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([4], òåîðåìà 4.3.2), ñóùåñòâóåò åäèíñòâåííîå ïðåäñòàâëåíèå µ = µ1 − µ2, ãäå
µ1 è µ2 � ïîëîæèòåëüíûå ëîêàëüíî êîíå÷íûå âçàèìíî ñèíãóëÿðíûå áîðåëåâ-
ñêèå ìåðû. Åñëè µ = µ1 − µ2 � òàêîå ïðåäñòàâëåíèå, òî ìåðà µ1 íàçûâàåòñÿ
ïîëîæèòåëüíîé ÷àñòüþ ðàäîíîâîé ìåðû µ è îáîçíà÷àåòñÿ µ+, ìåðà µ2 íà-
çûâàåòñÿ îòðèöàòåëüíîé ÷àñòüþ ðàäîíîâîé ìåðû µ è îáîçíà÷àåòñÿ µ−. Ìåðà
|µ| = µ+ + µ− íàçûâàåòñÿ ìîäóëåì ìåðû µ.

Ïðè èñïîëüçîâàíèè ðàäîíîâûõ ìåð µ ÷àñòî óäîáíî ñ÷èòàòü µ ôóíêöèåé
ìíîæåñòâ : µ(E) = µ+(E)−µ−(E). Êîíå÷íî, ýòà ôóíêöèÿ ìíîæåñòâ íå îáÿçà-
íà áûòü áîðåëåâñêîé ìåðîé. Îíà íå îïðåäåëåíà íà áîðåëåâñêèõ ìíîæåñòâàõ E,
êîòîðûå óäîâëåòâîðÿþò óñëîâèþ µ+(E) = µ−(E) = ∞. Îäíàêî ôóíêöèÿ ìíî-
æåñòâ µ îáëàäàåò ñâîéñòâîì ñ÷¼òíîé àääèòèâíîñòè íà êëàññå áîðåëåâñêèõ
ìíîæåñòâ, êîìïàêòíî âëîæåííûõ â G. Ýòî ïîçâîëÿåò êîððåêòíî îïðåäåëèòü∫
G

ϕ(x)dµ(x) äëÿ ôóíêöèé ϕ èç êëàññà Φ(G) è òîãäà èìååì

(µ, ϕ) =
∫

G

ϕ(x)dµ(x).

Ìû áóäåì èñïîëüçîâàòü òàêèå îáîçíà÷åíèÿ

B(x0, R) = {x ∈ Rm : ‖x− x0‖ ≤ R}, m ≥ 2;
C(x0, R) = {x ∈ Rm : ‖x− x0‖ < R}, m ≥ 2;
S(x0, R) = {x ∈ Rm : ‖x− x0‖ = R}, m ≥ 2.

Â ñëó÷àå m = 2 òî÷êè x èç R2 ìû èíîãäà áóäåì îòîæäåñòâëÿòü ñ êîì-
ïëåêñíûìè ÷èñëàìè z, à ñàìî R2 áóäåò îòîæäåñòâëÿòüñÿ ñ êîìïëåêñíîé ïëîñ-
êîñòüþ C. Ïîýòîìó òàêæå áóäóò èñïîëüçîâàòüñÿ îáîçíà÷åíèÿ

B(z0, R) = {z ∈ C : |z − z0| ≤ R};
C(z0, R) = {z ∈ C : |z − z0| < R};
S(z0, R) = {z ∈ C : |z − z0| = R}.

Ïóñòü υ(x) � ñóáãàðìîíè÷åñêàÿ ôóíêöèÿ â îáëàñòè G ⊂ Rm, m ≥ 2. Èç-
âåñòíî, ÷òî ôóíêöèÿ υ(x) ëîêàëüíî èíòåãðèðóåìà â îáëàñòè G è ÷òî åñëè
ñôåðà S(x0, R) ëåæèò â îáëàñòè G, òî ôóíêöèÿ υ(x) èíòåãðèðóåìà ïî ýòîé
ñôåðå.

Òàê êàê ôóíêöèÿ υ(x) ëîêàëüíî èíòåãðèðóåìà ïî îáëàñòè G, òî å¼ ìîæíî
ðàññìàòðèâàòü êàê ýëåìåíò ïðîñòðàíñòâà D′(G). Ïîýòîìó ìû ìîæåì ðàññìîò-
ðåòü îáîáù¼ííóþ ôóíêöèþ

1
2π

M υ, m = 2,
1

(m− 2)σm−1
M υ, m ≥ 3,

ãäå M � îïåðàòîð Ëàïëàñà, σm−1 � ïëîùàäü ñôåðû S(0, 1).
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Èçâåñòíî, ÷òî ýòà îáîáù¼ííàÿ ôóíêöèÿ ïðåäñòàâëÿåòñÿ ïîëîæèòåëüíîé
ëîêàëüíî êîíå÷íîé áîðåëåâñêîé ìåðîé µ â îáëàñòè G. Ìåðà µ íàçûâàåòñÿ
ðèññîâñêîé ìåðîé ñóáãàðìîíè÷åñêîé ôóíêöèè υ.

Â êà÷åñòâå èñòî÷íèêà ïî òåîðèè ñóáãàðìîíè÷åñêèõ ôóíêöèé ìîæíî èñ-
ïîëüçîâàòü êíèãó [2]. Â êà÷åñòâå èñòî÷íèêà ïî òåîðèè îáîáù¼ííûõ ôóíêöèé
ìîæíî èñïîëüçîâàòü êíèãó [5]. Íàì áóäóò íóæíû ñëåäóþùèå òåîðåìû î ïðåä-
ñòàâëåíèè äëÿ ñóáãàðìîíè÷åñêèõ ôóíêöèé ([2], ðàçäåë 3.7).

Òåîðåìà 1. Ïóñòü υ(z) � ñóáãàðìîíè÷åñêàÿ ôóíêöèÿ â îáëàñòè G ⊂ C, êî-
òîðàÿ ñîäåðæèò êðóã B(0, R). Ïóñòü µ � ðèññîâñêàÿ ìåðà ôóíêöèè υ. Òîãäà
ïðè |z| < R âûïîëíÿåòñÿ ðàâåíñòâî

υ(z) =
1
2π

2π∫

0

R2 − r2

R2 − 2Rrcos(ϕ− θ) + r2
υ(Reiϕ)dϕ

+
∫

B(0,R)

ln
∣∣∣∣
R(z − ζ)
R2 − zζ

∣∣∣∣ dµ(ζ).

(1)

Òåîðåìà 2. Ïóñòü υ(x) � ñóáãàðìîíè÷åñêàÿ ôóíêöèÿ â îáëàñòè G ⊂
Rm, m ≥ 3, êîòîðàÿ ñîäåðæèò øàð B(0, R). Ïóñòü µ � ðèññîâñêàÿ ìåðà
ôóíêöèè υ. Òîãäà ïðè ‖x‖ < R âûïîëíÿåòñÿ ðàâåíñòâî

υ(x) =
1

σm−1

∫

S(0,R)

R2 − ‖x‖2

R‖x− y‖m
υ(y)dσm−1(y)

−
∫

B(0,R)


 1
‖x− y‖m−2

− 1(‖y‖
R

∥∥∥x− y R2

‖y‖2
∥∥∥
)m−2


 dµ(y),

(2)

ãäå dσm−1(y) � (m− 1)-ìåðíàÿ ìåðà Õàóñäîðôà íà ñôåðå S(0, R).
Âàæíû òàêæå ÷àñòíûå ñëó÷àè ôîðìóë (1), (2), êîãäà â êà÷åñòâå òî÷êè

x (z) áåð¼òñÿ òî÷êà 0.

υ(0) =
1
2π

2π∫

0

υ(Reiϕ)dϕ−
R∫

0

µ(t)
t

dt, m = 2, (3)

υ(0) =
1

σm−1Rm−1

∫

S(0,R)

υ(y)dσm−1(y)− (m− 2)

R∫

0

µ(t)
tm−1

dt, m ≥ 3. (4)

Â ôîðìóëàõ (3) è (4) µ(t) = µ(B(0, t)).
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Óäîáíî èìåòü àíàëîãè ôîðìóë (1), (2), êîãäà öåíòð øàðà (êðóãà) ïðîèç-
âîëåí.

Òåîðåìà 3. Ïóñòü υ(z) � ñóáãàðìîíè÷åñêàÿ ôóíêöèÿ â îáëàñòè G ⊂ C, ñî-
äåðæàùåé êðóã B(z0, R). Ïóñòü µ � ðèññîâñêàÿ ìåðà ôóíêöèè υ(z). Òîãäà
â êðóãå C(z0, R) ñïðàâåäëèâî ïðåäñòàâëåíèå

υ(z) =
1
2π

2π∫

0

R2 − r2

R2 − 2Rr cos(θ − ϕ) + r2
υ(z0 + Reiϕ)dϕ

+
∫

B(z0,R)

ln
∣∣∣∣

R(z − ζ)
R2 − (z − z0)(ζ − z0)

∣∣∣∣ dµ(ζ), z = z0 + reiθ.

(5)

Òåîðåìà 4. Ïóñòü υ(x) � ñóáãàðìîíè÷åñêàÿ ôóíêöèÿ â îáëàñòè G ⊂
Rm, m ≥ 3, ñîäåðæàùåé øàð B(x0, R). Ïóñòü µ � ðèññîâñêàÿ ìåðà ôóíê-
öèè υ(x). Òîãäà â øàðå C(x0, R) ñïðàâåäëèâî ïðåäñòàâëåíèå

υ(x) =
1

σm−1

∫

S(0,R)

R2 − ‖x− x0‖2

R‖x− x0 − y‖m
υ(x0 + y)dσm−1(y)

−
∫

B(x0,R)


 1
‖x− y‖m−2

− 1(‖y−x0‖
R

∥∥∥x− x0 − (y − x0) R2

‖y−x0‖2
∥∥∥
)m−2


 dµ(y).

(6)

Íàïèøåì åù¼ àíàëîãè ðàâåíñòâ (3) è (4):

υ(z0) =
1
2π

2π∫

0

υ(z0 + Reiϕ)dϕ−
R∫

0

µ(B(z0, t))
t

dt, m = 2; (7)

υ(x0) =
1

σm−1Rm−1

∫

S(0,R)

υ(x0 + y)dσm−1(y)

− (m− 2)

R∫

0

µ(B(x0, t))
tm−1

, m ≥ 3.

(8)

Ë¼ãêèì ñëåäñòâèåì ðàâåíñòâ (7) è (8) ÿâëÿåòñÿ ñëåäóþùåå óòâåðæäåíèå.

Òåîðåìà 5. Ïóñòü υ(x) � ñóáãàðìîíè÷åñêàÿ ôóíêöèÿ â îáëàñòè G ⊂
Rm, m ≥ 2 è ïóñòü µ � å¼ ðèññîâñêàÿ ìåðà. Òîãäà ìíîæåñòâî E−∞(υ) òåõ
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x ∈ G, ãäå ôóíêöèÿ υ îáðàùàåòñÿ â −∞, ñîâïàäàåò ñ ìíîæåñòâîì òåõ x,
äëÿ êîòîðûõ ïðè ëþáîì δ > 0 ðàñõîäèòñÿ èíòåãðàë

δ∫

0

µ(B(x, t))
tm−1

dt. (9)

Ïóñòü υ(x) � ñóáãàðìîíè÷åñêàÿ ôóíêöèÿ â îáëàñòè G ⊂ Rm, m ≥ 2. Èç-
âåñòíî (ýòî ñëåäóåò, íàïðèìåð, èç òåîðåìû 5.32 èç [2]), ÷òî ìíîæåñòâî E−∞(υ)
ÿâëÿåòñÿ ìíîæåñòâîì òèïà Gδ è èìååò ¼ìêîñòü íîëü.

Ôóíêöèÿ w â îáëàñòè G ⊂ Rm íàçûâàåòñÿ δ-ñóáãàðìîíè÷åñêîé, åñëè âû-
ïîëíÿþòñÿ ñëåäóþùèå òðè óñëîâèÿ.

1. Ñóùåñòâóåò ìíîæåñòâî F ¼ìêîñòè íîëü òàêîå, ÷òî íà ìíîæåñòâå G \ F
ñïðàâåäëèâî ïðåäñòàâëåíèå

w(x) = υ1(x)− υ2(x),

ãäå υ1(x) è υ2(x) � ñóáãàðìîíè÷åñêèå ôóíêöèè â îáëàñòè G.
Ñ ïîìîùüþ ýòîãî ïðåäñòàâëåíèÿ îïðåäåëÿåòñÿ ðèññîâñêàÿ ìåðà µ ôóíê-

öèè w ïî ôîðìóëå µ = µ1 − µ2, ãäå µ1 è µ2 � ðèññîâñêèå ìåðû ôóíêöèé
υ1 è υ2.

Îïðåäåëÿþùåå ìíîæåñòâî H ôóíêöèè w � ýòî ìíîæåñòâî òàêèõ òî÷åê
x ∈ G, äëÿ êîòîðûõ íàéä¼òñÿ δ > 0 òàêîå, ÷òî âûïîëíÿåòñÿ íåðàâåíñòâî

δ∫

0

|µ|(B(x, t))
tm−1

dt < ∞.

2. Äëÿ ëþáîé òî÷êè x ∈ H âûïîëíÿåòñÿ ðàâåíñòâî

w(x) = lim
δ→0

1
σm−1δm−1

∫

S(0,δ)

w(x + y)dσm−1(y), (10)

ãäå σm−1 � ïëîùàäü åäèíè÷íîé ñôåðû â ïðîñòðàíñòâå Rm, dσm−1 � ýòî ìåðà
Ëåáåãà íà ñôåðå.

3. w(x) = 0 äëÿ x ∈ G \H.
Òåîðåìà 6. Ïóñòü w(x)� δ-ñóáãàðìîíè÷åñêàÿ ôóíêöèÿ â îáëàñòè G ⊂
Rm, m ≥ 2. Òîãäà â îáëàñòè G ñóùåñòâóþò ñóáãàðìîíè÷åñêèå ôóíêöèè υ1(x)
è υ2(x) ñ âçàèìíî ñèíãóëÿðíûìè ðèññîâñêèìè ìåðàìè òàêèå, ÷òî ôóíêöèè
w(x) è υ1(x)− υ2(x) ñîâïàäàþò êâàçèâñþäó â G.

Äîêàçàòåëüñòâî. Ïóñòü µ � ðèññîâñêàÿ ìåðà ôóíêöèè w. Èìååì µ =
= µ+ − µ−. Â îáëàñòè G ñóùåñòâóåò ñóáãàðìîíè÷åñêàÿ ôóíêöèÿ υ3 ñ ðèññîâ-
ñêîé ìåðîé µ+ è ñóùåñòâóåò ñóáãàðìîíè÷åñêàÿ ôóíêöèÿ υ4 ñ ðèññîâñêîé ìå-
ðîé µ−. Îáîçíà÷èì w1(x) = υ3(x)− υ4(x). Äëÿ ëîêàëüíî èíòåãðèðóåìîé â G
ôóíêöèè w2(x) = w(x) − w1(x) âûïîëíÿåòñÿ ðàâåíñòâî M w2 = 0. Ïîýòîìó
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ôóíêöèÿ w2 ÿâëÿåòñÿ ãàðìîíè÷åñêîé. Èìååì w(x) = w1(x) + w2(x). Â êà÷å-
ñòâå υ1(x) ìîæíî âçÿòü ôóíêöèþ υ3(x)+w2(x), à â êà÷åñòâå υ2(x) � ôóíêöèþ
υ4(x). Òåîðåìà äîêàçàíà.

Â çàêëþ÷åíèå ðàçäåëà çàìåòèì, ÷òî òåîðåìû 4 � 7 ñïðàâåäëèâû äëÿ
δ-ñóáãàðìîíè÷åñêèõ ôóíêöèé. Ðàâåíñòâà (3), (4), (7), (8) òàêæå ñïðàâåäëè-
âû äëÿ δ-ñóáãàðìîíè÷åñêèõ ôóíêöèé.

3. Ìíîãî÷ëåíû Ãåãåíáàóýðà.

Ôóíêöèÿ f(z) = (1 − 2zt + z2)−β ãîëîìîðôíà â íåêîòîðîé îêðåñòíîñòè
òî÷êè z = 0 è ïîýòîìó ðàçëàãàåòñÿ â ñòåïåííîé ðÿä ñ öåíòðîì â íóëå è ïîëî-
æèòåëüíûì ðàäèóñîì ñõîäèìîñòè:

f(z) =
∞∑

n=0

Cβ
n (t)zn. (11)

Èçâåñòíî, ÷òî ôóíêöèÿ Cβ
n (t) ÿâëÿåòñÿ ìíîãî÷ëåíîì ñòåïåíè n. Ìíîãî÷ëå-

íû Cβ
n (t) íàçûâàþòñÿ ìíîãî÷ëåíàìè Ãåãåíáàóýðà. Èçëîæåíèå ñâîéñòâ ìíîãî-

÷ëåíîâ Ãåãåíáàóýðà ìîæíî íàéòè â ñëåäóþùèõ èñòî÷íèêàõ: ([6], ðàçäåë 3.15.1,
[7], ðàçäåë 10.9, [8], ðàçäåë 4.7).

Îáîçíà÷èì hm(x, y) = 1
‖x−y‖m−2 , x, y ∈ Rm, m ≥ 3. Êàê ôóíêöèÿ ïåðåìåí-

íîé x îíà ÿâëÿåòñÿ ãàðìîíè÷åñêîé â îáëàñòè Rm \ {y}.
Òåîðåìà 7. Ôóíêöèÿ hm(x, y) êàê ôóíêöèÿ ïåðåìåííîé x ïðè y 6= 0 ðàçëà-
ãàåòñÿ â ñòåïåííîé ðÿä ñ öåíòðîì â òî÷êå x0 = 0. Åñëè ýòî ðàçëîæåíèå
çàïèñàòü â âèäå

hm(x, y) =
∞∑

n=0

an(x, y), (12)

ãäå an(x, y) � îäíîðîäíûé ïîëèíîì ñòåïåíè n ïåðåìåííîé x = (x1, ..., xm), òî
âûïîëíÿþòñÿ ñëåäóþùèå óñëîâèÿ:
1) an(x, y) � ãàðìîíè÷åñêèé ïîëèíîì,
2) âûïîëíÿåòñÿ ðàâåíñòâî

an(x, y) = C
m−2

2
n (cos γ)

‖x‖n

‖y‖m+n−2
, cos γ =

(x, y)
‖x‖‖y‖ ,

3) ðÿä (12) àáñîëþòíî ñõîäèòñÿ ïðè ‖x‖ < ‖y‖,
4) âûïîëíÿåòñÿ îöåíêà

|Kp(x, y)| ≤ 1
‖y‖m−2

∞∑

n=p+1

Γ(m + n− 2)
Γ(m− 2)n!

(‖x‖
‖y‖

)n

,

ãäå Kp(x, y) = − 1
‖x−y‖m−2 +

p∑
k=0

ap(x, y).
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Äîêàçàòåëüñòâî. Òàê êàê ôóíêöèÿ hm(x, y) ãàðìîíè÷íà ïî ïåðåìåííîé x
â íåêîòîðîé îêðåñòíîñòè íóëÿ ïðîñòðàíñòâà Rm, òî ðàçëîæåíèå 12 èìååò ìå-
ñòî â íåêîòîðîé îêðåñòíîñòè íóëÿ ïðîñòðàíñòâà Cm. Ïîýòîìó äëÿ âñåõ äîñòà-
òî÷íî ìàëûõ z ∈ C âûïîëíÿþòñÿ ðàâåíñòâà

hm(zx, y) =
∞∑

n=0

an(x, y)zn, (13)

dk

dzk
hm(zx, y) =

∞∑

n=k

n(n− 1)...(n− k + 1)an(x, y)zn−k. (14)

Ïóñòü M= ∂2

∂x2
1

+ ... + ∂2

∂x2
m
. Òàê êàê ôóíêöèÿ hm(zx, y) ãîëîìîðôíà ïî ïå-

ðåìåííûì z, x1, ..., xm è ãàðìîíè÷íà ïî x, òî âûïîëíÿþòñÿ ðàâåíñòâà

M dk

dzk
hm(zx, y) =

dk

dzk
M hm(zx, y) = 0.

Åñëè â ýòîì ðàâåíñòâå ïîëîæèòü z = 0, òî ïîëó÷èì ðàâåíñòâî
M ak(x, y) = 0. Ïåðâîå óòâåðæäåíèå òåîðåìû äîêàçàíî.

Ñ÷èòàÿ ÷èñëî z è âåêòîð x âåùåñòâåííûìè, ïîëó÷èì

hm(zx, y) =
1

(z2‖x‖2 − 2z(x, y) + ‖y‖2)
m−2

2

=
1

‖y‖m−2

(
1− 2z

‖x‖
‖y‖

(x, y)
‖x‖‖y‖ +

(
z
‖x‖
‖y‖

)2
)−m−2

2

.

Îáîçíà÷èì t = (x,y)
‖x‖‖y‖ . Òåïåðü èç ðàâåíñòâà (11) ñëåäóåò, ÷òî

hm(zx, y) =
∞∑

n=0

C
m−2

2
n (t)

‖x‖n

‖y‖m+n−2
zn. (15)

Òåïåðü, ñðàâíèâàÿ (13) è (15), ìû âèäèì, ÷òî ñóììû ñòåïåííûõ ðÿäîâ
∞∑

n=0

an(x, y)zn,
∞∑

n=0

C
m−2

2
n (t)

‖x‖n

‖y‖m+n−2
zn

ñîâïàäàþò ïðè ìàëûõ âåùåñòâåííûõ z. Èç ýòîãî ñëåäóåò óñëîâèå 2) òåîðåìû.
Èç ôîðìóëû (13), ïóíêò 3.15 èç [6] ñëåäóåò, ÷òî ìíîãî÷ëåí C

m−2
2

n (t) íà
ñåãìåíòå [−1, 1] ìàêñèìàëüíîå ïî ìîäóëþ çíà÷åíèå ïðèíèìàåò â òî÷êå 1. Ôîð-
ìóëà (3) ïóíêò 10.9 èç [7] äà¼ò

C
m−2

2
n (1) =

Γ(m + n− 2)
Γ(m− 2)n!
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Ïîýòîìó ñïðàâåäëèâî íåðàâåíñòâî

|an(x, y)| ≤ Γ(m + n− 2)
Γ(m− 2)n!

‖x‖n

‖y‖m+n−2
.

Èç íåãî ñëåäóþò óòâåðæäåíèÿ 3) è 4) òåîðåìû. Òåîðåìà äîêàçàíà.

4. Õàðàêòåðèñòè÷åñêèå ôóíêöèè Íåâàíëèííû.

Ïðè èçó÷åíèè ñóáãàðìîíè÷åñêèõ è δ-ñóáãàðìîíè÷åñêèõ ôóíêöèé â ïðî-
ñòðàíñòâå Rm èñïîëüçóþòñÿ íåâàíëèííîâñêèå õàðàêòåðèñòè÷åñêèå ôóíê-
öèè. Òàêèå ôóíêöèè ìû îïðåäåëèì äëÿ ñïåöèàëüíîãî êëàññà δS(0)

δ-ñóáãàðìîíè÷åñêèõ ôóíêöèé. Ýòîò êëàññ ñîñòîèò èç δ-ñóáãàðìîíè÷åñêèõ
ôóíêöèé w(x) â ïðîñòðàíñòâå Rm òàêèõ, ÷òî íîëü âõîäèò â îïðåäåëÿþùåå
ìíîæåñòâî ôóíêöèè w è âûïîëíÿåòñÿ ðàâåíñòâî w(0) = 0.

Ïóñòü âíà÷àëå m = 2. Íåâàíëèííîâñêèå ôóíêöèè ïðèáëèæåíèÿ îïðåäå-
ëÿþòñÿ òàê

m(r,∞,w) =
1
2π

2π∫

0

w+(reiϕ)dϕ,

m(r, 0,w) =
1
2π

2π∫

0

w−(reiϕ)dϕ.

Íåâàíëèííîâñêèå ñ÷èòàþùèå ôóíêöèè îïðåäåëÿþòñÿ òàê

N(r,∞,w) =

r∫

0

µ−(t)
t

dt,

N(r, 0,w) =

r∫

0

µ+(t)
t

dt.

Ôóíêöèÿ T (r,w) = m(r,∞,w) + N(r,∞,w) íàçûâàåòñÿ íåâàíëèííîâñêîé õà-
ðàêòåðèñòèêîé δ-ñóáãàðìîíè÷åñêîé ôóíêöèè w.

Ôîðìóëó (3) äëÿ ôóíêöèè ìîæíî ïåðåïèñàòü â âèäå

T (r,w) = m(r, 0,w) + N(r, 0,w) èëè T (r,w) = T (r,−w).

Âàæíî, ÷òî ìû ðàññìàòðèâàåì íå ïðîèçâîëüíûå δ-ñóáãàðìîíè÷åñêèå
ôóíêöèè â ïëîñêîñòè, à ôóíêöèè èç êëàññà δS(0).

Ðàññìîòðèì ñëó÷àé m ≥ 3. Íåâàíëèííîâñêèå ôóíêöèè ïðèáëèæåíèÿ îïðå-
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äåëÿþòñÿ òàê

m(r,∞,w) =
1

σm−1rm−1

∫

S(0,r)

w+(y)dσm−1(y),

m(r, 0,w) =
1

σm−1rm−1

∫

S(0,r)

w−(y)dσm−1(y).

Íâàíëèííîâñêèå ñ÷èòàþùèå ôóíêöèè îïðåäåëÿþòñÿ òàê

N(r,∞,w) = (m− 2)

r∫

0

µ−(t)
tm−1

dt,

N(r, 0,w) = (m− 2)

r∫

0

µ+(t)
tm−1

dt.

Ôóíêöèÿ T (r,w) = m(r,∞,w) + N(r,∞,w) íàçûâàåòñÿ íåâàíëèííîâñêîé õà-
ðàêòåðèñòèêîé δ-ñóáãàðìîíè÷åñêîé ôóíêöèè w.

Ôîðìóëó (4) äëÿ ôóíêöèè w ìîæíî ïåðåïèñàòü â âèäå

T (r,w) = m(r, 0,w) + N(r, 0,w) èëè T (r,w) = T (r,−w).

Ïóñòü w1 è w2 � δ-ñóáãàðìîíè÷åñêèå ôóíêöèè èç êëàññà δS(0) è µ1, µ2

� èõ ðèññîâñêèå ìåðû. Òîãäà ðèññîâñêîé ìåðîé ôóíêöèè w1 + w2 áóäåò
µ1 + µ2. Èìååì µ1 = (µ1)+ − (µ1)−, µ2 = (µ2)+ − (µ2)−, µ1 + µ2 =
= ((µ1)+ +(µ2)+)−((µ1)−+(µ2)−). Îòñþäà ñëåäóþò íåðàâåíñòâà (µ1 +µ2)− ≤
≤ (µ1)− + (µ2)−, N(r,∞,w1 + w2) ≤ N(r,∞,w1) + N(r,∞,w2). Êðîìå òîãî
âûïîëíÿåòñÿ íåðàâåíñòâî m(r,∞,w1 + w2) ≤ m(r,∞,w1) + m(r,∞,w2). Ìû
ïîëó÷àåì íåðàâåíñòâî

T (r,w1 + w2) ≤ T (r,w1) + T (r,w2).

Òåîðåìà 8. Ïóñòü w(x) � δ-ñóáãàðìîíè÷åñêàÿ ôóíêöèÿ â ïðîñòðàíñòâå
Rm, m ≥ 2 èç êëàññà δS(0). Ïóñòü êâàçèâñþäó w(x) = υ1(x)−υ2(x), ãäå υ1(x)
è υ2(x) � ñóáãàðìîíè÷åñêèå ôóíêöèè â ïðîñòðàíñòâå Rm ñ âçàèìíî ñèíãó-
ëÿðíûìè ðèññîâñêèìè ìåðàìè, ïðè÷¼ì υ1(0) = υ2(0) = 0. Òîãäà âûïîëíÿåòñÿ
ðàâåíñòâî

T (r,w) =
1

σm−1rm−1

∫

S(0,r)

max(υ1(x), υ2(x))dσm−1(x).

Äîêàçàòåëüñòâî. Êâàçèâñþäó âûïîëíÿåòñÿ ðàâåíñòâî

w+(x) = max(υ1(x), υ2(x))− υ2(x).



66 Ãðèøèí À. Ô., Íãóåí Âàí Êóèíü, Ïîåäèíöåâà È. Â.

Èç íåãî ñëåäóåò ðàâåíñòâî

m(r,∞,w) =
1

σm−1rm−1

∫

S(0,r)

max(υ1(x), υ2(x))dσm−1(x)

− 1
σm−1rm−1

∫

S(0,r)

υ2(x)dσm−1(x).

Èç ðàâåíñòâà (4) äëÿ ôóíêöèè υ2(x) ñëåäóåò, ÷òî ïîñëåäíèé èíòåãðàë ðà-
âåí N(r,∞,w). Òåì ñàìûì òåîðåìà äîêàçàíà.

Çàìå÷àíèå. Â ñëó÷àå m = 2 ôîðìóëó äëÿ T (r,w) ìîæíî çàïèñàòü â âèäå

T (r,w) =
1
2π

2π∫

0

max(υ1(reiϕ), υ2(reiϕ))dϕ.

Çàìåòèì, ÷òî èç òåîðåìû 8 è ðàâåíñòâ (3), (4) ñëåäóåò, ÷òî T (r,w) ÿâëÿåòñÿ
âîçðàñòàþùåé ôóíêöèåé.

Âåëè÷èíà
ρ = lim

r→∞
lnT (r,w)

ln r

íàçûâàåòñÿ ïîðÿäêîì ôóíêöèè T (r,w), à òàêæå ïîðÿäêîì δ-ñóáãàðìîíè÷åñêîé
ôóíêöèè èç êëàññà δS(0).

Åñëè w � ïðîèçâîëüíàÿ δ-ñóáãàðìîíè÷åñêàÿ ôóíêöèÿ â Rm ñ ðèññîâñêîé
ìåðîé µ, òî îáðàçóåì ôóíêöèè

w1(z) =
∫

B(0,1)

ln |z − ζ|dµ(ζ) + c, w2(z) = w(z)− w1(z), m = 2,

w1(x) = −
∫

B(0,1)

dµ(y)
‖x− y‖m−2

+ c, w2(x) = w(x)− w1(x), m ≥ 3,

ãäå ÷èñëî c âûáèðàåòñÿ èç óñëîâèÿ w2(0) = 0. Ôóíêöèÿ w2 ïðèíàäëåæèò
êëàññó δS(0). Ïîðÿäêîì ôóíêöèè w íàçûâàåòñÿ ïîðÿäîê ôóíêöèè w2.

Óñëîâèåì ρ < ∞ âûäåëÿåòñÿ âàæíûé êëàññ δ-ñóáãàðìîíè÷åñêèõ ôóíêöèé
êîíå÷íîãî ïîðÿäêà.

5. Òåîðåìû î ïðåäñòàâëåíèè δ-ñóáãàðìîíè÷åñêèõ ôóíêöèé.

Íàì áóäåò íóæíà ñëåäóþùàÿ ïðîñòàÿ ëåììà.

Ëåììà 1. Ïóñòü
b(r, x) =

∑

|α|≤n

cα(r)xα,
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ãäå α = (α1, ..., αm) � ìóëüòèèíäåêñ ïîðÿäêà m. Ïóñòü ñóùåñòâóåò ïîòî-
÷å÷íûé ïðåäåë lim

r→∞ b(r, x). Òîãäà äëÿ ëþáîãî ìóëüòèèíäåêñà α ñóùåñòâóåò
ïðåäåë

cα = lim
r→∞ cα(r)

è âûïîëíÿåòñÿ ðàâåíñòâî

lim
r→∞ b(r, x) =

∑

|α|≤n

cαxα.

Äîêàçàòåëüñòâî. Ìû áóäåì ïðèìåíÿòü îïåðàòîðû âçÿòèÿ ðàçíîñòè ñ øà-
ãîì 1: M f(t) = f(t+1)−f(t). ×åðåç M (α) =M (α1, ..., αm) ìû áóäåì îáîçíà÷àòü
òàêîé îïåðàòîð, ÷òî ïî ïåðåìåííîé xk îí ïðèìåíÿåòñÿ αk ðàç, k ∈ 1,m. Èìååì

M (α)xα = α!.

Âî ìíîæåñòâå ìóëüòèèíäåêñîâ α ââåä¼ì ëåêñèêîãðàôè÷åñêîå óïîðÿäî÷å-
íèå: (α1, ..., αm) ≥ (β1, ..., βm) åñëè (α1, ..., αm) = (β1, ..., βm) èëè, åñëè k íàè-
ìåíüøåå ÷èñëî òàêîå, ÷òî αk 6= βk, òî αk > βk. Åñëè β < α, òî M (α)xβ = 0.

Ïóñòü α(1) � íàèáîëüøèé ìóëüòèèíäåêñ òàêîé, ÷òî cα(1)(r) 6= 0. Òîãäà ñïðà-
âåäëèâî ðàâåíñòâî

α(1)!cα(1)(r) =M (α(1))b(x, r).

Èç óñëîâèÿ òåîðåìû ñëåäóåò, ÷òî ñóùåñòâóåò ïðåäåë íà áåñêîíå÷íîñòè ó ôóíê-
öèè M (α(1))b(x, r), à çíà÷èò è ó ôóíêöèè cα(1)(r).

Äàëüøå íàøå ðàññóæäåíèå íóæíî ïîâòîðèòü äëÿ ôóíêöèè b(x, r) −
cα(1)(r)xα(1) . ×åðåç êîíå÷íîå ÷èñëî øàãîâ ìû ïîëó÷èì óòâåðæäåíèå ëåììû.

Òåîðåìà 9. Ïóñòü w(z) � δ-ñóáãàðìîíè÷åñêàÿ ôóíêöèÿ ïîðÿäêà ρ â ïëîñêî-
ñòè C èç êëàññà δS(0), p = [ρ]. Ïóñòü µ � ðèññîâñêàÿ ìåðà ôóíêöèè w, äëÿ
êîòîðîé ñõîäÿòñÿ èíòåãðàëû

∫
B(0, 1)

dµ(ζ)
ζk , k = 1, p. Òîãäà ñïðàâåäëèâî ïðåä-

ñòàâëåíèå

w(z) =
∫

Re
(

ln
(

1− z

ζ

)
+

z

ζ
+ ... +

1
p

zp

ζp

)
dµ(ζ) +

p∑

n=1

Re cnzn, (16)

ïðè÷¼ì èìåþò ìåñòî ôîðìóëû

cn = lim
R→∞

Re


 1

πRn

2π∫

0

w(Reiϕ)e−inϕdϕ +
1
n

∫

B(0,R)

(
ζ

n

R2n
− 1

ζn

)
dµ(ζ)


 . (17)
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Çàìå÷àíèå. Ñèìâîë [ρ] îáîçíà÷àåò öåëóþ ÷àñòü ρ. Åñëè ó èíòåãðàëà íå
óêàçàíà îáëàñòü èíòåãðèðîâàíèÿ, òî òàêîâîé ÿâëÿåòñÿ âñ¼ ïðîñòðàíñòâî. Ñó-
ùåñòâîâàíèå ïðåäåëà (17) íå ÿâëÿåòñÿ òðèâèàëüíûì ôàêòîì. Åãî ñóùåñòâî-
âàíèå � îäíî èç óòâåðæäåíèé òåîðåìû. Ìû äà¼ì íå òîëüêî íîâîå äîêàçàòåëü-
ñòâî èçâåñòíîé òåîðåìû î ïðåäñòàâëåíèè, íî è íåñêîëüêî óñèëèâàåì å¼, äàâàÿ
ôîðìóëû äëÿ êîýôôèöèåíòîâ cn.

Ôóíêöèÿ w(z), áóäó÷è ãàðìîíè÷åñêîé ôóíêöèåé â êðóãå C(0, 1), ïðåäñòàâ-
ëÿåòñÿ â ýòîì êðóãå ðÿäîì

w(z) = Re
∞∑

n=1

cnzn.

Ðàâåíñòâî (17) äà¼ò ôîðìóëû äëÿ êîýôôèöèåíòîâ cn äëÿ n ∈ 1, p. Äëÿ n > p
ñïðàâåäëèâà ôîðìóëà, êîòîðàÿ ñëåäóåò èç ôîðìóëû (16)

cn =
1
n

∫
dµ(ζ)

ζn
.

Äîêàçàòåëüñòâî. Ïåðåïèøåì ôîðìóëó (1) äëÿ ôóíêöèè w(z) â âèäå

w(z) =
1
2π

2π∫

0

ReReiϕ + z

Reiϕ − z
υ(Reiϕ)dϕ +

∫

B(0,R)

Re ln
(

1− z

ζ

)
dµ(ζ)

+
∫

B(0,R)

ln
|ζ|
R

dµ(ζ)−
∫

B(0,R)

Re ln
(

1− zζ

R2

)
dµ(ζ).

(18)

Èìååì

ReReiϕ + z

Reiϕ − z
= Re

1 + z
Reiϕ

1− z
Reiϕ

= 1 + 2Re z

Reiϕ

1
1− z

Reiϕ

= 1 + 2Re
p∑

n=1

zn

Rneinϕ
+ 2Re

∞∑

n=p+1

zn

Rneinϕ
,

−Re ln
(

1− zζ

R2

)
= Re

p∑

n=1

1
n

znζ
n

R2n
+ Re

∞∑

n=p+1

1
n

znζ
n

R2n

Äàëåå ôîðìóëó (18) ïåðåïèøåì â âèäå

w(z) =
∫

Re
(

ln
(

1− z

ζ

)
+

z

ζ
+ ... +

1
p

zp

ζp

)
dµ(ζ) + b(R, z) + a(R, z), (19)
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ãäå

b(R, z) =
1
2π

2π∫

0

w(Reiϕ)dϕ +
∫

B(0,R)

ln
|ζ|
R

dµ(ζ)

+Re
p∑

n=1

zn


 1

πRn

2π∫

0

w(Reiϕ)e−inϕdϕ +
1
n

∫

B(0,R)

(
ζ

n

R2n
− 1

ζn

)
dµ(ζ)


 ,

a(R, z) = −
∫

CB(0,R)

Re
(

ln
(

1− z

ζ

)
+

z

ζ
+ ... +

1
p

zp

ζp

)
dµ(ζ)

+
1
π

2π∫

0

Re
∞∑

n=p+1

zn

Rneinϕ
w(Reiϕ)dϕ + Re

∫

B(0,R)

∞∑

n=p+1

znζ
n

nR2n
dµ(ζ).

Â íàïèñàííîé ôîðìóëå ñèìâîë CB(0, R) îáîçíà÷àåò äîïîëíåíèå ê êðóãó
B(0, R).

Òàê êàê ôóíêöèÿ w(z) èìååò ïîðÿäîê ρ, òî äëÿ ëþáîãî ε ñóùåñòâóåò ïî-
ñòîÿííàÿ Mε òàêàÿ, ÷òî âûïîëíÿþòñÿ íåðàâåíñòâà

|µ|(B(0, R)) < MεR
ρ+ε, R > 0,∫

|w(Reiϕ)|dϕ < MεR
ρ+ε, R > 1.

Èç ýòèõ íåðàâåíñòâ ëåãêî ñëåäóåò, ÷òî äëÿ ëþáîãî z âûïîëíÿåòñÿ ðàâåí-
ñòâî

lim
R→∞

a(R, z) = 0.

Òåïåðü èç ðàâåíñòâà (19) ñëåäóåò, ÷òî äëÿ ëþáîãî z ñóùåñòâóåò ïðåäåë

lim
R→∞

b(R, z).

Åñëè z = x + iy, òî ôóíêöèÿ b(R, z) êàê ôóíêöèÿ ïåðåìåííûõ x è y ÿâëÿ-
åòñÿ ìíîãî÷ëåíîì ñòåïåíè p. Òåïåðü èç ëåììû 1 ñëåäóåò, ÷òî ôóíêöèè

cn(R) = Re


 1

πRn

2π∫

0

w(Reiϕ)e−inϕdϕ +
1
n

∫

B(0,R)

(
ζ

n

R2n
− 1

ζn

)
dµ(ζ)


 , n ∈ 1, p

èìåþò ïðåäåë ïðè R →∞.
Çàìåòèì, ÷òî èç ôîðìóëû (3) äëÿ ôóíêöèè w(z) ñëåäóåò, ÷òî

1
2π

2π∫

0

w(Reiϕ)dϕ +
∫

B(0,R)

ln
|ζ|
R

dµ(ζ) = 0.
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Ïåðåõîäÿ â ðàâåíñòâå (19) ê ïðåäåëó ïðè R → ∞, ïîëó÷èì óòâåðæäåíèÿ
òåîðåìû. Òåîðåìà äîêàçàíà.

Â òåîðåìå 9 ïðåäïîëàãàåòñÿ, ÷òî ôóíêöèÿ w(z) ïðèíàäëåæèò êëàññó δS(0).
Ñôîðìóëèðóåì òåîðåìó äëÿ îáùåãî ñëó÷àÿ.

Òåîðåìà 10. Ïóñòü w(z) � δ-ñóáãàðìîíè÷åñêàÿ ôóíêöèÿ ïîðÿäêà ρ â ïëîñ-
êîñòè C, µ � å¼ ðèññîâñêàÿ ìåðà, p = [ρ]. Òîãäà ñïðàâåäëèâî ïðåäñòàâëåíèå

w(z) =
∫

B(0,1)

ln |z − ζ|dµ(ζ)

+
∫

CB(0,1)

Re
(

ln
(

1− z

ζ

)
+

z

ζ
+ ... +

1
p

zp

ζp

)
dµ(ζ) +

p∑

n=0

Recnzn.

Äîêàçàòåëüñòâî. Îáîçíà÷èì

w1(z) = w(z)−
∫

B(0,1)

ln |z − ζ|dµ(ζ)− c,

ïðè÷¼ì ïîñòîÿííóþ c âûáèðàåì èç óñëîâèÿ w1(0) = 0. Ôóíêöèÿ w1 ∈ δS(0).
Òåïåðü óòâåðæäåíèå òåîðåìû ñëåäóåò èç òåîðåìû 9.

Çàìå÷àíèå. Â îáùåì ñëó÷àå ñóùåñòâóþò àíàëîãè ñîîòíîøåíèé (17) ïðè
n ∈ 1, p

cn = lim
R→∞

Re


 1

πRn

2π∫

0

w(Reiϕ)e−inϕdϕ +
1
n

∫

B(0,R)\B(0,1)

(
ζ

n

R2n
− 1

ζn

)
dµ(ζ)


 .

Òåîðåìà 11. Ïóñòü w(x) � δ-ñóáãàðìîíè÷åñêàÿ ôóíêöèÿ â ïðîñòðàíñòâå
Rm, m ≥ 3 èç êëàññà δS(0) è ïóñòü µ � å¼ ðèññîâñêàÿ ìåðà, äëÿ êîòîðîé
ñõîäÿòñÿ èíòåãðàëû

∫
B(0, 1)

ak(x, y)dµ(y), k = 1, p. Ïóñòü ôóíêöèÿ w èìååò

ïîðÿäîê ρ è p = [ρ]. Òîãäà ñïðàâåäëèâî ïðåäñòàâëåíèå

w(x) =
∫

Kp(x, y)dµ(y) +
p∑

n=1

An(x),

ãäå An(x) � îäíîðîäíûé ãàðìîíè÷åñêèé ïîëèíîì ñòåïåíè n, ïðè÷¼ì âûïîë-
íÿþòñÿ ðàâåíñòâà

A1(x) = lim
R→∞

( m

Rm+1

∫

S(0,R)

(x, y)w(y)dσm−1(y)

− (m− 2)
∫

B(0,R)

(x, y)
(

1
‖y‖m

− 1
Rm

)
dµ(y)

)
,

(20)
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An(x) = lim
R→∞

( ‖x‖n

Rm+n−1

∫

S(0,R)

(
C

m
2

n (cos γ)− C
m
2

n−2(cos γ)
)
w(y)dσm−1(y)

− ‖x‖n

∫

B(0,R)

(
1

‖y‖m−2+n
− ‖y‖n

Rm−2+2n

)
C

m−2
2

n (cos γ)dµ(y)
)
, n ≥ 2.

(21)

Íàïèñàííûå ïðåäåëû ÿâëÿþòñÿ ðàâíîìåðíûìè íà ëþáîì êîìïàêòå.

Äîêàçàòåëüñòâî. Äëÿ ôóíêöèè w(x) ñïðàâåäëèâî ðàâåíñòâî (2). Èìååì
ïðè ‖y‖ = R, ‖x‖ < R

R2 − ‖x‖2

R‖x− y‖m
=

R2 − ‖x‖2

R

1

(‖x‖2 − 2(x, y) + ‖y‖2)
m
2

=
R2 − ‖x‖2

Rm+1

(
1− 2

(x, y)
‖x‖‖y‖

‖x‖
R

+
(‖x‖

R

)2
)−m

2

=
R2 − ‖x‖2

Rm+1

∞∑

n=0

C
m
2

n (cos γ)
‖x‖n

Rn

=
1

Rm−1

p∑

n=0

C
m
2

n (cos γ)
‖x‖n

Rn
− ‖x‖n

Rm+1

p−2∑

n=0

C
m
2

n (cos γ)
‖x‖n

Rn
(22)

+


− ‖x‖2

Rm+1

∞∑

n=p−1

C
m
2

n (cos γ)
‖x‖n

Rn
+

1
Rm−1

∞∑

n=p+1

C
m
2

n (cos γ)
‖x‖n

Rn


 .

Ïðè ‖x‖ < R, ‖y‖ ≤ R âûïîëíÿåòñÿ ðàâåíñòâî

1(‖y‖
R

∥∥∥x− y R2

‖y‖2
∥∥∥
)m−2 =

Rm−2

‖y‖m−2
(
‖x‖2 − 2(x, y) R2

‖y‖2 + R4

‖y‖2
)m−2

2

=
1

Rm−2

(
1− 2

(x, y)
‖x‖‖y‖

‖x‖‖y‖
R2

+
(‖x‖‖y‖

R2

)2
)−m−2

2

(23)

=
1

Rm−2

∞∑

n=0

C
m−2

2
n (cos γ)

‖x‖n‖y‖n

R2n

=
1

Rm−2

p∑

n=0

C
m−2

2
n (cos γ)

‖x‖n‖y‖n

R2n
+

1
Rm−2

∞∑

n=p+1

C
m−2

2
n (cos γ)

‖x‖n‖y‖n

R2n
.

Èç ðàâåíñòâ (2), (21), (22) ñëåäóåò, ÷òî

w(x) =
∫

Kp(x, y)dµ(y) + b(R, x) + a(R, x), (24)
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ãäå

b(R, x) =
1

σm−1Rm−1

∫

S(0,R)

w(y)dσm−1(y)

−
∫

B(0,R)

(
1

‖y‖m−2
− 1

Rm−2

)
dµ(y) +

‖x‖
σm−1Rm

∫

S(0,R)

C
m
2

1 (cos γ)w(y)dσm−1(y)

+
‖x‖
Rm

∫

B(0,R)

C
m−2

2
1 (cos γ)‖y‖dµ(y)− ‖x‖

∫

B(0,R)

C
m−2

2
1 (cos γ)

1
‖y‖m−1

dµ(y)

+
p∑

n=2

( ‖x‖n

σm−1Rm+n−1

∫

S(0,R)

(
C

m
2

n (cos γ)− C
m
2

n−2(cos γ)
)
w(y)dσm−1(y)

−‖x‖n

∫

B(0,R)

(
1

‖y‖m+n−2
− ‖y‖n

Rm+2n−2

)
C

m−2
2

n (cos γ)dµ(y)
)
.

Ôóíêöèÿ a(R, x) çàäà¼òñÿ ðàâåíñòâîì

a(R, x) = −
∫

CB(0,R)

Kp(x, y)dµ(y)

− ‖x‖2

σm−1Rm+1

∫

S(0,R)

∞∑

n=p−1

C
m
2

n (cos γ)
‖x‖n

Rn
w(y)dσm−1(y)

+
1

σm−1

R2 − ‖x‖2

Rm+1

∫

S(0,R)

∞∑

n=p+1

C
m
2

n (cos γ)
‖x‖n

Rn
w(y)dσm−1(y)

+
1

Rm−2

∫

B(0,R)

∞∑

n=p+1

C
m−2

2
n (cos γ)

‖x‖n‖y‖n

R2n
dµ(y).

Èç ñõîäèìîñòè èíòåãðàëà
∫

Kρ(x, y)dµ(y), íåðàâåíñòâ |Cβ
n (cos γ)| ≤

≤ Γ(n+2β)
Γ(2β)n! ,

∫
S(0,R)

|w(y)|dσm−1(y) ≤ 2T (R,w)Rm−1, |µ|(B(0, t)) ≤ MT (2t,w)

è òîãî, ÷òî ρ � ïîðÿäîê ôóíêöèè w, ëåãêî ñëåäóåò, ÷òî äëÿ ëþáîãî x ∈ Rm

âûïîëíÿåòñÿ ðàâåíñòâî

lim
R→∞

a(R, x) = 0. (25)

Èç ðàâåíñòâà (4) äëÿ ôóíêöèè w ñëåäóåò, ÷òî

1
σm−1Rm−1

∫

S(0,R)

w(y)dσm−1(y)−
∫

B(0,R)

(
1

‖y‖m−2
− 1

R2m−2

)
dµ(y) = 0.



Âiñíèê Õàðêiâñüêîãî íàöiîíàëüíîãî óíiâåðñèòåòó iì. Â.Í. Êàðàçiíà, 1133 (2014) 73

Èç ðàâåíñòâà Cβ
1 (cos γ) = 2β cos γ = 2β (x,y)

‖x‖‖y‖ ñëåäóåò, ÷òî

‖x‖
σm−1Rm

∫

S(0,R)

C
m
2

1 (cos γ)w(y)dσm−1(y) +
‖x‖
Rm

∫

B(0,R)

C
m−2

2
1 (cos γ)‖y‖dµ(y)

−‖x‖
∫

B(0,R)

C
m−2

2
1 (cos γ)

1
‖y‖m−1

dµ(y) =
m

σm−1Rm+1

∫

S(0,R)

(x, y)w(y)dσm−1(y)

−(m− 2)
∫

B(0,R)

(
1

‖y‖m
− 1

Rm

)
(x, y)dµ(y).

Ïîýòîìó

b(R, x) =
m

σm−1Rm+1

∫

S(0,R)

(x, y)w(y)dσm−1(y)

−(m− 2)
∫

B(0,R)

(
1

‖y‖m
− 1

Rm

)
(x, y)dµ(y)

+
p∑

n=2

( ‖x‖n

σm−1Rm+n−1

∫

S(0,R)

(
C

m
2

n (cos γ)− C
m
2

n−2(cos γ)
)
w(y)dσm−1(y)

−‖x‖n

∫

B(0,R)

(
1

‖y‖m+n−2
− ‖y‖n

Rm+2n−2

)
C

m−2
2

n (cos γ)dµ(y)
)
.

Ôóíêöèÿ b(R, x), êàê ôóíêöèÿ ïåðåìåííîé x, ÿâëÿåòñÿ ãàðìîíè÷åñêèì ïî-
ëèíîì ñòåïåíè íå âûøå p. Èç ðàâåíñòâ (24), (25) ñëåäóåò, ÷òî äëÿ êàæäîãî
x ∈ Rm ñóùåñòâóåò ïðåäåë

lim
R→∞

b(R, x).

Èç ëåììû 1 ñëåäóåò, ÷òî ñóùåñòâóþò ïðåäåëû

lim
R→∞

( m

σm−1Rm+1

∫

S(0,R)

(x, y)w(y)dσm−1(y)

−(m− 2)
∫

B(0,R)

(
1

‖y‖m
− 1

Rm

)
(x, y)dµ(y)

)
= A1(x),

lim
R→∞

( ‖x‖n

σm−1Rm+n−1

∫

S(0,R)

(
C

m
2

n (cos γ)− C
m
2

n−2(cos γ)
)
w(y)dσm−1(y)

−‖x‖n

∫

B(0,R)

(
1

‖y‖m+n−2
− ‖y‖n

Rm+2n−2

)
C

m−2
2

n (cos γ)dµ(y)
)
= An(x), n ∈ 2, p.
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Ýòè ïðåäåëû ðàâíîìåðíûå íà ëþáîì êîìïàêòå. Ïåðåõîäÿ â ðàâåíñòâå (24)
ê ïðåäåëó ïðè R →∞, ïîëó÷àåì óòâåðæäåíèå òåîðåìû. Òåîðåìà äîêàçàíà.

Â òåîðåìå 11 òðåáóåòñÿ, ÷òîáû ôóíêöèÿ w(x) ïðèíàäëåæàëà êëàññó δS(0).
Â ñëåäóþùåé òåîðåìå ìû îñâîáîæäàåìñÿ îò ýòîãî îãðàíè÷åíèÿ.

Òåîðåìà 12. Ïóñòü w(x) � δ-ñóáãàðìîíè÷åñêàÿ ôóíêöèÿ â ïðîñòðàíñòâå
Rm, m ≥ 3 è µ � å¼ ðèññîâñêàÿ ìåðà. Ïóñòü ôóíêöèÿ w èìååò ïîðÿäîê ρ è
p = [ρ]. Òîãäà ñïðàâåäëèâî ïðåäñòàâëåíèå

w(x) = −
∫

B(0,1)

dµ(y)
‖x− y‖m−2

+
∫

CB(0,1)

Kρ(x, y)dµ(y) +
p∑

k=0

Ak(x),

ãäå Ak(x)� íåêîòîðûé îäíîðîäíûé ãàðìîíè÷åñêèé ìíîãî÷ëåí ñòåïåíè k.

Çàìå÷àíèå. Èìåþòñÿ àíàëîãè ôîðìóë (20), (21).

A1(x) = lim
R→∞

( m

Rm+1

∫

S(0,R)

(x, y)w(y)dσm−1(y)

− (m− 2)
∫

B(0,R)\B(0,1)

(x, y)
(

1
‖y‖m

− 1
Rm

)
dµ(y)

)
,

An(x) = lim
R→∞

( ‖x‖n

Rm+n−1

∫

S(0,R)

(
C

m
2

n (cos γ)− C
m
2

n−2(cos γ)
)
w(y)dσm−1(y)

− ‖x‖n

∫

B(0,R)\B(0,1)

(
1

‖y‖m−2+n
− ‖y‖n

Rm−2+2n

)
C

m−2
2

n (cos γ)dµ(y)
)
, n ≥ 2.

Äîêàçàòåëüñòâî. Îáîçíà÷èì

w1(x) = w(x) +
∫

B(0,1)

dµ(y)
‖x− y‖m−2

− c,

ãäå ïîñòîÿííàÿ c îïðåäåëÿåòñÿ èç óñëîâèÿ w1(0) = 0. Ôóíêöèÿ w1 ïðèíàäëå-
æèò êëàññó δS(0). Òåïåðü òåîðåìà è çàìå÷àíèå ê íåé ñëåäóþò èç òåîðåìû 11.

ËÈÒÅÐÀÒÓÐÀ
1. Azarin V. Growth theory of subharmonic functions. � Birkh�auser, Basel,

Boston, Berlin, 2009. � 259 p.

2. Õåéìàí Ó., Êåííåäè Ï. Ñóáãàðìîíè÷åñêèå ôóíêöèè. � Ì: Ìèð, 1980. �
304 ñ.

3. Áóðáàêè Í. Èíòåãðèðîâàíèå. � Ì: Íàóêà, ÃÐÔÌË, 1977. � 396 ñ.



Âiñíèê Õàðêiâñüêîãî íàöiîíàëüíîãî óíiâåðñèòåòó iì. Â.Í. Êàðàçiíà, 1133 (2014) 75

4. Ýäâàðäñ Ð. Ôóíêöèîíàëüíûé àíàëèç. � Ì: Ìèð, 1969. � 1071 ñ.

5. Âëàäèìèðîâ Â. Ñ. Îáîáù¼ííûå ôóíêöèè â ìàòåìàòè÷åñêîé ôèçèêå. � Ì:
Íàóêà, 1979. � 320 ñ.

6. Áåéòìåí Ã., Ýðäåéè À. Âûñøèå òðàíñöåíäåíòíûå ôóíêöèè, Ò1. � Ì: Íàóêà,
ÃÐÔÌË, 1965. � 296 ñ.

7. Áåéòìåí Ã., Ýðäåéè À. Âûñøèå òðàíñöåíäåíòíûå ôóíêöèè, Ò2. � Ì: Íàóêà,
ÃÐÔÌË, 1966. � 296 ñ.

8. Ñåã¼ Ã. Îðòîãîíàëüíûå ìíîãî÷ëåíû. � Ì: ÃÈÔÌË, 1962. � 500 ñ.

Ñòàòüÿ ïîëó÷åíà: 16.09.2014; îêîí÷àòåëüíûé âàðèàíò: 06.10.2014.; ïðè-
íÿòà: 10.11.2014.


