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Äëÿ ôóíêöèîíàëüíîé ìîäåëè îãðàíè÷åííîãî íåäèññèïàòèâíîãî îïå-
ðàòîðà, êîòîðàÿ ðåàëèçóåòñÿ îïåðàòîðîì óìíîæåíèÿ íà íåçàâèñèìóþ
ïåðåìåííóþ â ñïåöèàëüíîì ãèëüáåðòîâîì ïðîñòðàíñòâå êâàäðàòè÷íî
èíòåãðèðóåìûõ ñ íåêîòîðûì âåñîì ôóíêöèé, íàéäåí êîíêðåòíûé âèä
ñîîòâåòñòâóþùåãî âåñà.
Êëþ÷åâûå ñëîâà: ôóíêöèîíàëüíàÿ ìîäåëü, íåäèññèïàòèâíûé îïåðàòîð.

Ðîçóìåíêî Î. Â., Ïðî ôóíêöiîíàëüíó ìîäåëü îáìåæåíîãî îïå-
ðàòîðó. Äëÿ ôóíêöiîíàëüíî¨ ìîäåëi îáìåæåíîãî íåäèñèïàòèâíîãî
îïåðàòîðà, ÿêà ðåàëiçó¹òüñÿ îïåðàòîðîì ìíîæåííÿ íà íåçàëåæíó çìií-
íó â ñïåöiàëüíîìó ãiëüáåðòîâîìó ïðîñòîði êâàäðàòè÷íî iíòåãðîâíèõ ç
äåÿêîþ âàãîþ ôóíêöié, çíàéäåíî êîíêðåòíèé âèãëÿä âiäïîâiäíî¨ âàãè.
Êëþ÷îâi ñëîâà: ôóíêöiîíàëüíà ìîäåëü, íåäèñèïàòèâíèé îïåðàòîð.

O. V. Rozumenko, On functional model of a bounded operator. For
the functional model of a bounded non-dissipative operator that is realized
by the operator of multiplication by an independent variable in the special
Hilbert space of quadratically integrable functions, the concrete form of
the corresponding weight is obtained.
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Ôóíêöèîíàëüíûå ìîäåëè óæå áîëåå ïîëóâåêà èãðàþò âàæíóþ ðîëü â òåî-
ðèè îïåðàòîðîâ è ÿâëÿþòñÿ åñòåñòâåííûìè àíàëîãàìè ñïåêòðàëüíûõ ðàçëî-
æåíèé â íåñàìîñîïðÿæ¼ííîì (íåóíèòàðíîì) ñëó÷àå. Ýòè ìîäåëüíûå ðåàëèçà-
öèè èçîìåòðèé õîðîøî èçó÷åíû äëÿ äèññèïàòèâíûõ (ñæèìàþùèõ) îïåðàòî-
ðîâ [1, 4]. Äëÿ îïåðàòîðîâ, íå ïðèíàäëåæàùèõ ýòîìó êëàññó (íåäèññèïàòèâ-
íûõ èëè íåñæèìàþùèõ) àíàëîãè÷íûå ïîñòðîåíèÿ áûëè îñóùåñòâëåíû â [1, 2].
Äàííàÿ ðàáîòà ÿâëÿåòñÿ ïðîäîëæåíèåì èññëåäîâàíèé, íà÷àòûõ â ñòàòüå [2],
íàéäåí êîíêðåòíûé âèä âåñà ñîîòâåòñòâóþùåãî ìîäåëüíîãî ïðîñòðàíñòâà è
ìîäåëüíûõ ðåàëèçàöèé.
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I. Ñîâîêóïíîñòü ãèëüáåðòîâûõ ïðîñòðàíñòâ H, E, è îïåðàòîðîâ
A ∈ [H, H], ϕ ∈ [H, E], J ∈ [E,E], ãäå J � èíâîëþöèÿ, J = J∗ = J−1,
íàçûâàåòñÿ [1] ëîêàëüíûì óçëîì

∆ = (A,H,ϕ, E, J), (1)

åñëè âûïîëíÿåòñÿ óñëîâèå

A−A∗ = iϕ∗Jϕ. (2)

Îïåðàòîð-ôóíêöèÿ Zt ∈ [H, H] àðãóìåíòà t ∈ R+, R+ = {t ∈ R : t ≥ 0}
íàçûâàåòñÿ ïîëóãðóïïîé [4], åñëè

Z0 = I, Zt+s = Zt · Zs.

Åñëè Zt íåïðåðûâíà â ðàâíîìåðíîé òîïîëîãèè H, òî Zt = exp(itA), ãäå
A ∈ [H, H] � èíôèíèòåçèìàëüíûé îïåðàòîð ïîëóãðóïïû Zt [4] çàäàåòñÿ ôîð-
ìóëîé

iA = s− lim
t→0

Zt − I

t
.

Ïîëóãðóïïà Ut, äåéñòâóþùàÿ â ïðîñòðàíñòâå H, íàçûâàåòñÿ äèëàòàöèåé ïî-
ëóãðóïïû Zt â H [3], åñëè

H ⊇ H; Zt = PHUt|H (t ≥ 0), (3)

ãäå PH � îðòîïðîåêòîð íà H. Äèëàòàöèÿ Ut íàçûâàåòñÿ óíèòàðíîé [3], åñëè
Ut óíèòàðíà ïðè êàæäîì t ∈ R+. Äèëàòàöèÿ Ut â H ïîëóãðóïïû Zt â H
íàçûâàåòñÿ ìèíèìàëüíîé [3], åñëè

H = span{Uth : h ∈ H, t ∈ R}.

Îáîçíà÷èì ÷åðåç M ëèíåéíóþ îáîëî÷êó âåêòîð-ôóíêöèé âèäà

f(ξ) = (u+(ξ), h, u−(ξ)), (4)

ãäå u±(ξ) � âåêòîð-ôóíêöèè èç E òàêèå, ÷òî suppu±(ξ) ∈ R∓, à h ∈ H.
Çàäàäèì íà M íîðìó

‖f‖2 =

0∫

−∞
‖u+(ξ)‖2

Edξ + ‖h‖2 +

∞∫

0

‖u−(ξ)‖2
Edξ < ∞. (5)

Çàìûêàíèå ìíîãîîáðàçèÿ M â ýòîé ìåòðèêå è îáðàçóåò ãèëüáåðòîâî ïðî-
ñòðàíñòâî, êîòîðîå ìû îáîçíà÷èì ÷åðåç H. Çàäàäèì [1] â ïðîñòðàíñòâå H
ïîëóãðóïïó Ut,−

(Utf)(ξ) = ft(ξ) = (u+(t, ξ), ht, u−(t, ξ)), (t ≥ 0). (6)
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Âåêòîð-ôóíêöèÿ u−(t, ξ) èìååò âèä:

u−(t, ξ) = PR+u−(ξ + t). (7)

Ðàññìîòðèì çàäà÷ó Êîøè




i
d

dξ
yt(ξ) + Ayt(ξ) = ϕ∗JP(−t,0)u−(ξ + t);

yt(−t) = h;
ξ ∈ (−t, 0); (8)

è ïîëîæèì ht = yt(0). Íàêîíåö,

u+(t, ξ) = u+(ξ + t) + P(−t,0){u−(ξ + t)− iϕyt(ξ)}, (9)

ãäå yt(ξ) � ðåøåíèå çàäà÷è Êîøè (8). Ââåäåì ìåòðèêó

〈f(ξ)〉2J =
∫

R−

〈Ju+(ξ), u+(ξ)〉E dξ + ‖h‖2 +
∫

R+

〈Ju−(ξ), u−(ξ)〉E dξ. (10)

Ïîëóãðóïïà Ut íàçûâàåòñÿ J-óíèòàðíîé [1], åñëè Ut óíèòàðíà â J-ìåò-
ðèêå (10), òî åñòü

U∗
t JUt = J, UtJU∗

t = J. (11)

Òåîðåìà 1. [2] Ïîëóãðóïïà Zt = exp(itA) â H, ãäå A � îãðàíè÷åííûé
îïåðàòîð â H, îáëàäàåò J-óíèòàðíîé äèëàòàöèåé Ut (6) â H.

II. Ïîäïðîñòðàíñòâà D+ è D− â H íàçûâàþòñÿ [6] óõîäÿùèì è ïðèõîäÿ-
ùèì ïîäïðîñòðàíñòâàìè ãðóïïû Ut â H â ñìûñëå Ï. Ëàêñà è Ð. Ôèëëèïñà,
åñëè D− ⊥ D+ è

UtD+ ⊂ D+ (∀t ∈ R+);
U−tD− ⊂ D− (∀t ∈ R+).

(12)

Îòìåòèì, ÷òî ïîäïðîñòðàíñòâà

D+ = {f(ξ) = (u+(ξ), 0, 0) ∈ H}; D− = {f(ξ) = (0, 0, u−(ξ)) ∈ H}

ÿâëÿþòñÿ óõîäÿùèì è ïðèõîäÿùèì ïîäïðîñòðàíñòâàìè äëÿ Ut, êðîìå òîãî
èìååò ìåñòî

H = D+ ⊕H ⊕D−. (13)

Çàäàäèì â ãèëüáåðòîâîì ïðîñòðàíñòâå

L2
R(E) =



g(ξ) ∈ E : ξ ∈ R :

∞∫

−∞
‖g(ξ)‖2

Edξ < ∞


 (14)

ñâîáîäíóþ [5] óíèòàðíóþ ãðóïïó ñäâèãîâ

(Vtg)(ξ) = g(ξ + t). (15)
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Îïðåäåëèì [5] âîëíîâûå îïåðàòîðû W∓,

W∓ = s− lim
t→±∞UtPD∓V−t. (16)

Êàê èçâåñòíî [3], äëÿ ðàâíîìåðíî íåïðåðûâíîé ïîëóãðóïïû Ut èìååò ìå-
ñòî îöåíêà ‖Ut‖ ≤ eβt, ãäå β ≥ 0.

Îïðåäåëèì ãèëüáåðòîâî ïðîñòðàíñòâî

L2
R

(
E, α−

)
=



g(ξ) ∈ E : ξ ∈ R;

0∫

−∞
e−2α−ξ ‖g(ξ)‖2

E dξ +

∞∫

0

‖g(ξ)‖2
Edξ < ∞



 ,

(17−)
ãäå α− > β. Åñëè α− > β > 0, òî äëÿ ôóíêöèé g(ξ) èç L2

R (E,α−) ïðåäåë
W−g(ξ) (16) ñóùåñòâóåò [2].

Ïðåäåë W+g(ξ) ñóùåñòâóåò [2], åñëè g(ξ) ∈ L2
R(E, α+), ãäå

L2
R

(
E,α+

)
=



g(ξ) ∈ E : ξ ∈ R;

∞∫

0

e−2α+ξ ‖g(ξ)‖2
E dξ +

0∫

−∞
‖g(ξ)‖2

Edξ < ∞


 ,

(17+)
α+ > β′ > 0, ïðè÷åì ‖U−t‖ ≤ eβ′t.

Îïåðàòîð ðàññåÿíèÿ S îïðåäåëèì [5, 6] ñëåäóþùèì îáðàçîì:

S = W ∗
+W− (L2

R
(
E, α−

) → L2
R

(
E, α+

)
. (18)

Ðàññìîòðèì îòîáðàæåíèå Bp èç L2
R (E, α−)+L2

R (E, α+) â ïðîñòðàíñòâî H,
çàäàâàåìîå ôîðìóëîé

Bpf = Bp

(
f−
f+

)
= W−f− + W+f+, (19)

ãäå f+ ∈ L2
R (E,α+) , f− ∈ L2

R (E, α−) . Ïðîîáðàçû ïîäïðîñòðàíñòâ D− è
D+ (12) ïðè îòîáðàæåíèè Bp (19) èìåþò âèä

D̂−(E) =
(

L2
R+

(E)
0

)
, D̂+(E) =

(
0

L2
R−(E)

)
, (20)

â ñèëó (16). Î÷åâèäíî, ÷òî

‖Bpf‖2
H =

∞∫

−∞

〈[
W ∗−W− W ∗−W+

W ∗
+W− W ∗

+W+

](
f−(ξ)
f+(ξ)

)
,

(
f−(ξ)
f+(ξ)

)〉

E⊕E

dξ, (20)

ïîýòîìó åñòåñòâåííî îïðåäåëèòü ãèëüáåðòîâî ïðîñòðàíñòâî

L2
α(W ) =

{
f(ξ) =

(
f−(ξ)
f+(ξ)

)
: f−(ξ) ∈ L2

R (E, α−) ,

f+(ξ) ∈ L2
R(E, α+);

∞∫

−∞
〈Wf(ξ), f(ξ)〉E⊕Edξ < ∞



 ,

(21)
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ãäå W, â ñèëó (20), èìååò âèä

W =
[

W ∗−W− W ∗−W+

W ∗
+W− W ∗

+W+

]
. (22)

Â ôîðìóëå (22) îïåðàòîð W ìîæíî çàïèñàòü â âèäå

W =
[

I S∗

S I

]
+ 2

[
W ∗−Q−W− −Q−

E W ∗−Q−W+ − S∗Q−
E

W ∗
+Q−W− −Q−

ES W ∗
+Q−W+ −Q−

E ,

]
, (23)

ãäå 2Q± = I ± J � îðòîïðîåêòîðû â E. Â ñëó÷àå ñæàòèÿ Zt (Q− = Q−
E = 0)

îïåðàòîð W èìååò òðàäèöèîííûé [1] âèä

W =
[

I S∗

S I

]
.

Äèëàòàöèÿ Ut â ïðîñòðàíñòâå L2
α(W ) (21) äåéñòâóåò òðàíñëÿöèîííûì îáðà-

çîì [2]:
Ûtf(ξ) = f(ξ + t). (24)

Î÷åâèäíî, ÷òî â ñèëó ñòðóêòóðû ïðîñòðàíñòâà äèëàòàöèè H è âèäà D̂−(E),
D̂+(E) (19) â ïðîñòðàíñòâå L2

α(W ) (21) èñõîäíîå ïðîñòðàíñòâî H èçîìîðôíî

Ĥp = L2
α(W )ª

(
L2
R+

(E)
L2
R−(E)

)
, (25)

à äåéñòâèå ïîëóãðóïïû Zt ïðåîáðàçóåòñÿ â ïîëóãðóïïó ñäâèãîâ

Ẑtf(ξ) = P bHp
f(ξ + t), (26)

ãäå f(ξ) ∈ Ĥp (25).
Òåîðåìà 2. [2] Ìèíèìàëüíàÿ J-óíèòàðíàÿ äèëàòàöèÿ Ut (6) â H ïî-

ëóãðóïïû Zt = exp{itA} â H, ãäå A � âïîëíå-íåñàìîñîïðÿæ¼ííûé îïåðà-
òîð, óíèòàðíî ýêâèâàëåíòíà ãðóïïå òðàíñëÿöèé Ût (24) â ïðîñòðàíñòâå
L2

α(W ) (21), à ïîëóãðóïïà Zt ýêâèâàëåíòíà, ñîîòâåòñòâåííî, ïîëóãðóïïå
ñäâèãîâ Ẑt (26) â ïðîñòðàíñòâå Ĥp (25).

III. Ðàññìîòðèì ïðåîáðàçîâàíèå Ôóðüå

f̃(λ) =

∞∫

−∞
e−iλξf(ξ)dξ (27)

Ñïðàâåäëèâà ñëåäóþùàÿ òåîðåìà [2].
Òåîðåìà 3. Ïðåîáðàçîâàíèå Ôóðüå (27) äåéñòâèå îïåðàòîðà W (23) ïå-

ðåâîäèò â îïåðàòîð óìíîæåíèÿ íà îïåðàòîð-ôóíêöèþ W̃ (λ) :

W̃g(ξ) = W̃ (λ)g̃(λ), (28)
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ãäå g(ξ) ∈ L2
α(W ), g̃(λ) ∈ H2

(0,α−)(E) + H2
(−α+,0)(E). Îïåðàòîð-ôóíêöèÿ W̃ (λ)

ïðè ýòîì èìååò âèä

W̃ (λ) =
[

I S∗∆(λ)
S∆(λ) I

]
+ 2

[
W̃11 W̃12

W̃21 W̃22

]
, (29)

ãäå
W̃11 =

{
S∗∆(λ)Q−

EP+S∆(λ)−Q−
E

}
P+;

W̃12 =
{
S∗∆(λ)P−Q−

E −Q−
EP−S∗∆(λ)

}
JE ;

W̃21 = JE

{
Q−

EP−S∆(λ)− S∆(λ)P−Q−
E

}
;

W̃22 = JE

{
S∆(λ)Q−

EP−S∗∆(λ)−Q−
E

}
JEP−;

S∆(λ) � õàðàêòåðèñòè÷åñêàÿ ôóíêöèÿ óçëà ∆, P+ è P− � îðòîïðîåêòîðû
íà ïîäïðîñòðàíñòâà Õàðäè, îòâå÷àþùèå âåðõíåé è íèæíåé ïîëóïëîñêîñòè
îòíîñèòåëüíî ñîîòâåòñòâóþùåé ïîëîñû, è, íàêîíåö, Q−

E =
1
2
(I − JE) �

îðòîïðîåêòîð.
Î÷åâèäíî, ÷òî ïðåîáðàçîâàíèå Ôóðüå (27) îòîáðàæàåò ãèëüáåðòîâî ïðî-

ñòðàíñòâî L2
α(W ) (21) â ïðîñòðàíñòâî

H2
α(W ) =

{
f(λ) =

(
f−(λ)
f+(λ)

)
: f−(λ) ∈ H2

(0,α−)(E),

f+(λ) ∈ H2
(−α+,0)(E);

2π∫

0

〈W̃ (λ)f(λ), f(λ)〉dλ < ∞


 ,

(30)

ãäå W̃ (λ) èìååò âèä (29). Äèëàòàöèÿ Ut â ïðîñòðàíñòâå H2
α(W ) (30) áóäåò

èìåòü âèä
Ũtf(λ) = eiλtf(λ). (31)

Ïðîñòðàíñòâî Ĥp (25) â ýòîì ñëó÷àå áóäåò èìåòü âèä

H̃p = H2
α(W )ª

[
H2−(E)
H2

+(E)

]
. (32)

Íàêîíåö, ïîëóãðóïïà Zt è îïåðàòîð A â ìîäåëüíîì ïðîñòðàíñòâå H̃p (32)
áóäóò çàäàâàòüñÿ ôîðìóëàìè

Z̃tf(λ) = P eHp
eiλtf(λ); Ãf(λ) = P eHp

λf(λ). (33)

Òàêèì îáðàçîì, ìû ïðèõîäèì ê ñëåäóþùåé òåîðåìå.
Òåîðåìà 4. [2] Ìèíèìàëüíàÿ J-óíèòàðíàÿ äèëàòàöèÿ Ut ïîëóãðóïïû

Zt = exp(itA), ãäå A âïîëíå íåñàìîñîïðÿæåí, óíèòàðíî ýêâèâàëåíòíà ôóíê-
öèîíàëüíîé ìîäåëè Ũt (31) â ïðîñòðàíñòâå H2

α(W ) (30), à Zt ýêâèâàëåíòíà
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Z̃t (33) â ïðîñòðàíñòâå H̃p (32) è, íàêîíåö, A ýêâèâàëåíòåí Ã (33), ñîîòâåò-
ñòâåííî, â H̃p (32), ãäå S∆(λ) = I − iϕ(A−λI)−1ϕ∗J � õàðàêòåðèñòè÷åñêàÿ
ôóíêöèÿ óçëà ∆.

IV. Ðàññìîòðèì ñëó÷àé dimE = 2, JE = JF =
(

1 0
0 −1

)
. Ïóñòü

S∆(λ) =
(

s11 s12

s21 s22

)
.

Îáîçíà÷èì
T1 =

(
s12 0
0 s22

)
; T2 =

(
s21 0
0 s22

)
.

Òîãäà íåòðóäíî âèäåòü, ÷òî

W̃11 = T ∗2 P+

(
1 1
1 1

)
T2P+ −

(
0 0
0 P−

)
;

W̃12 = P−

(
0 0
−1 1

)
T ∗1 − T ∗1

(
0 1
0 1

)
P−;

W̃21 = T2

(
0 −1
0 1

)
P− − P−

(
0 0
1 1

)
; (34)

W̃22 = T1P−

(
1 −1
−1 1

)
T2P+ −

(
0 0
0 P+

)
.

Ñëåäîâàòåëüíî, â ðàññìàòðèâàåìîì ñëó÷àå íàéäåí ÿâíûé âèä ýëåìåí-
òîâ W̃ik. Èñïîëüçîâàíèå òåîðåìû 4 ïðèâîäèò ê óòâåðæäåíèþ.

Òåîðåìà 5. Ïðè dimE = 2 è JE = JF =
(

1 0
0 −1

)
îïåðàòîð-ôóíêöèÿ

W̃ (λ) èìååò âèä (29), Wik çàäàþòñÿ ôîðìóëàìè (34);

S∆(λ) =
(

s11 s12

s21 s22

)

� õàðàêòåðèñòè÷åñêàÿ ôóíêöèÿ óçëà ∆,

T1 =
(

s12 0
0 s22

)
; T2 =

(
s21 0
0 s22

)
;

P+ è P− � îðòîïðîåêòîðû íà ïîäïðîñòðàíñòâà Õàðäè, îòâå÷àþùèå âåðõ-
íåé è íèæíåé ïîëóïëîñêîñòè îòíîñèòåëüíî ñîîòâåòñòâóþùåé ïîëîñû, è,
íàêîíåö, Q−

E =
1
2
(I − JE) � îðòîïðîåêòîð. Ìîäåëüíûå ðåàëèçàöèè A è Zt

â ýòîì ñëó÷àå èìåþò âèä (33).
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