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Îïèñàíî âñi îïåðàòîðè C â äâîâèìiðíîìó ãiëüáåðòîâîìó ïðîñòîði C2

çà äîïîìîãîþ ìàòðèöü Ïàóëi. Çíàéäåíî óìîâè íà J~α-ñàìîñïðÿæåíèé
îïåðàòîð, ÿêi ãàðàíòóþòü éîìó âëàñòèâiñòü C-ñèìåòði¨.
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Ñóäèëîâñêàÿ Â. È., Îïèñàíèå îïåðàòîðîâ C-ñèììåòðèè â ñëó÷àå

ïðîñòðàíñòâà C2. Îïèñàíû âñå îïåðàòîðû C â äâóìåðíîì ãèëüáåð-
òîâîì ïðîñòðàíñòâå C2 ñ ïîìîùüþ ìàòðèö Ïàóëè. Íàéäåíû óñëîâèÿ
íà J~α - ñàìîñïðÿæåíîãî îïåðàòîðà, ãàðàíòèðóþùèõ åìó ñâîéñòâî
C-ñèììåòðèè.
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V.�I. Sudilovskaya, Description operator C-symmetry in the case of

the space C2. We describe all operators C in two-dimensional Hilbert
space C2 using Pauli matrices. The conditions for J~α-adjoint operator,
which guarantee it the property of C-symmetry.
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Âñòóï

Ðîçâèòîê ïñåâäî-åðìiòîâî¨ êâàíòîâî¨ ìåõàíiêè ïðîòÿãîì îñòàííiõ äåñÿòè-
ëiòü [3, 4, 10] ïðèâiâ äî íåîáõiäíîñòi âèâ÷åííÿ íîâèõ êëàñiâ íåñàìîñïðÿæåíèõ
îïåðàòîðiâ. Îäíèì ç òàêèõ êëàñiâ ¹ íåñàìîñïðÿæåíi îïåðàòîðè ç âëàñòèâiñòþ
C-ñèìåòði¨.
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Âëàñòèâiñòü C-ñèìåòði¨ äëÿ íåñàìîñïðÿæåíîãî îïåðàòîðà A, ÿêèé äi¹
â ãiëüáåðòîâîìó ïðîñòîði H, îçíà÷à¹ iñíóâàííÿ îáìåæåíîãî ëiíiéíîãî îïåðà-
òîðà1 C â H ç íàñòóïíèìè âëàñòèâîñòÿìè:

(i) C2 = I;
(ii) îïåðàòîð JC ¹ äîäàòíèì â H;
(iii) ACf = CAf ìà¹ ñåíñ äëÿ âñiõ f ç îáëàñòi âèçíà÷åííÿ D(A) îïåðàòî-

ðà A.
Â óìîâi (ii) öüîãî îçíà÷åííÿ, îáìåæåíèé îïåðàòîð J çàäîâîëüíÿ¹ âëàñòè-

âîñòi J2 = I, J∗ = J , äå J∗ îçíà÷à¹ ñïðÿæåíèé îïåðàòîð äëÿ îïåðàòîðà J
âiäíîñíî ñêàëÿðíîãî äîáóòêó (·, ·) ïðîñòîðó H. Îïåðàòîð J ç òàêèìè âëàñòè-
âîñòÿìè íàçèâà¹òüñÿ ôóíäàìåíòàëüíîþ ñèìåòði¹þ.

Äîâiëüíà ôóíäàìåíòàëüíà ñèìåòðiÿ J òà ïî÷àòêîâèé ãiëüáåðòiâ ïðîñòið H
ç ñêàëÿðíèì äîáóòêîì (·, ·) äîçâîëÿ¹ âèçíà÷èòè ïiâòîðàëiíiéíó ôîðìó (iíäå-
ôiíiòíó ìåòðèêó) [f, g] = (Jf, g), f, g ∈ H.

Ãiëüáåðòiâ ïðîñòið H ç iíäåôiíiòíîþ ìåòðèêîþ [·, ·] íàçèâà¹òüñÿ ïðîñòîðîì
Êðåéíà2 i ïîçíà÷à¹òüñÿ ÿê (H, [·, ·]).

Ïðèïóñòèìî, ùî íåñàìîñïðÿæåíèé â ãiëüáåðòîâîìó ïðîñòîði H îïåðàòîð
A ¹ ñàìîñïðÿæåíèì âiäíîñíî iíäåôiíiòíî¨ ìåòðèêè [·, ·]. ßêùî, ó öüîìó âèïàä-
êó, îïåðàòîð A ìà¹ âëàñòèâiñòü C-ñèìåòði¨, òî öåé îïåðàòîð ñòàíå ñàìîñïðÿ-
æåíèì âiäíîñíî íîâîãî ñêàëÿðíîãî äîáóòêó (·, ·)C ãiëüáåðòîâîãî ïðîñòîðó H,
âèçíà÷åíîãî çà äîïîìîãîþ îïåðàòîðà C:

(f, g)C = [Cf, g] = (JCf, g), f, g ∈ H.

Îòæå iñíóâàííÿ C-ñèìåòði¨ äëÿ ñàìîñïðÿæåíîãî â ïðîñòîði Êðåéíà
(H, [·, ·]) îïåðàòîðà A äîçâîëÿ¹ ìîäèôiêóâàòè ïî÷àòêîâèé ñêàëÿðíèé äîáó-
òîê (·, ·) äî íîâîãî ñêàëÿðíîãî äîáóòêó (·, ·)C , âiäíîñíî ÿêîãî îïåðàòîð A
ñòàâàâ áè ñàìîñïðÿæåíèì.

Íàâåäåíèé ðåçóëüòàò iëþñòðó¹ êîðèñíiñòü ïîáóäîâè îïåðàòîðà C äëÿ ðiç-
íèõ êëàñiâ íåñàìîñïðÿæåíèõ îïåðàòîðiâ. Öÿ çàäà÷à ¹ îäíi¹þ ç îñíîâíèõ çàäà÷
â äîñëiäæåííÿõ ïñåâäî-åðìiòîâî¨ êâàíòîâî¨ ìåõàíiêè [5, 6, 7, 9, 11]. Ìåòîþ ðî-
áîòè ¹ îïèñ âñiõ îïåðàòîðiâ C, äiþ÷èõ â äâîâèìiðíîìó ãiëüáåðòîâîìó ïðîñòîði
C2 çi ñêàëÿðíèì äîáóòêîì:((

x1
y1

)
,

(
x2
y2

))
= x1x̄2 + y1ȳ2, xj , yj ∈ C. j = 1, 2. (1)

Ðîçâ'ÿçàííÿ öi¹¨ çàäà÷i áàçó¹òüñÿ íà ñóòò¹âèì âèêîðèñòàííi ìàòðèöü Ïàóëi.
×àñòêîâèé âèïàäîê öi¹¨ çàäà÷i ïðè äîäàòêîâîìó ïðèïóùåííi PT -ñèìåòði¨

áóâ ðîçãëÿíóòèé â [1].

1òóò ìè ìà¹ìî ïåâíó òàâòîëîãiþ: âëàñòèâiñòü C-ñèìåòði¨ òà îïåðàòîð C, ÿêà, îäíàê,
òðàäèöiéíî âèêîðèñòîâó¹òüñÿ.

2äåòàëüíèé âèêëàä òåîði¨ ïðîñòîðiâ Êðåéíà ìîæíî çíàéòè â [2]
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Ìàòðèöi Ïàóëi òà ôóíäàìåíòàëüíi ñèììåòði¨ â C2

Ðîçãëÿíåìî ìàòðèöi Ïàóëi:

σ1 =

(
0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0
0 −1

)
.

Ìàòðèöi Ïàóëi ìàþòü âëàñòèâîñòi

σjσk = −σkσj , j 6= k, σ3σ1 = iσ2, σ1σ2 = iσ3, σ2σ3 = iσ1. (2)

Êðiì òîãî, σ2j = σ0, äå σ0 =

(
1 0
0 1

)
¹ îäèíè÷íîþ ìàòðèöåþ.

Çàçíà÷èìî, ùî äiþ äîâiëüíîãî îïåðàòîðà â C2 ìîæíà ïðåäñòàâèòè
ó âèãëÿäi ìàòðèöi X äðóãîãî ïîðÿäêó. Öþ ìàòðèöþ ìîæíà ðîçêëàñòè âiä-
íîñíî áàçèñó ç ìàòðèöü Ïàóëi òà îäèíè÷íî¨ ìàòðèöi:

X =

3∑
j=0

xjσj , (3)

äå xj ∈ C. Â öüîìó âèïàäêó, ÿê ëåãêî ïåðåâiðèòè,

Tr X = 2x0, det X = x20 −
3∑
j=1

x2j , X−1 =
1

det X

x0σ0 − 3∑
j=1

xjσj

 . (4)

Íåõàé Y =
∑3

j=0 yjσj . Âèêîðèñòîâóþ÷è (2) äiñòà¹ìî,

X · Y =

3∑
j=0

xjyjσ0 +

3∑
j=1

(x0yj + xjy0)σj + i~x× ~y, (5)

äå ~x = (x1, x2, x3), ~y = (y1, y2, y3) i "âåêòîðíèé äîáóòîê"~x × ~y âèçíà÷à¹òüñÿ
÷åðåç ôîðìàëüíèé âèçíà÷íèê

~x× ~y =

∣∣∣∣∣∣
σ1 σ2 σ3
x1 x2 x3
y1 y2 y3

∣∣∣∣∣∣ ,
äå ∣∣∣∣∣∣

σ1 σ2 σ3
x1 x2 x3
y1 y2 y3

∣∣∣∣∣∣ =

∣∣∣∣ x2 x3
y2 y3

∣∣∣∣σ1 − ∣∣∣∣ x1 x3
y1 y3

∣∣∣∣σ2 +

∣∣∣∣ x1 x2
y1 y2

∣∣∣∣σ3.
Â ïîäàëüøîìó, áóäåìî iäåíòèôiêóâàòè ìàòðèöi äðóãîãî ïîðÿäêó ç âiäïî-

âiäíèìè îïåðàòîðàìè ãiëüáåðòîâîãî ïðîñòîðó C2. Çàóâàæèìî, ùî îïåðàòîðè
σj â C2 çàäîâîëüíÿþòü âëàñòèâîñòi σ∗j = σj i σ

2
j = σ0 (òîáòî ¹ ôóíäàìåíòàëü-

íèìè ñèìåòðiÿìè).
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Çíàéäåìî óìîâè çà ÿêèìè îïåðàòîð X, âèçíà÷åíèé â (3), áóäå ôóíäàìåí-
òàëüíîþ ñèìåòði¹þ. Çðîçóìiëî, ùî óìîâà X∗ = X (ñàìîñïðÿæåíiñòü) ðiâíî-
ñèëüíà òîìó ùî âñi êîåôiöi¹íòè xj â (3) ¹ äiéñíèìè ÷èñëàìè.

Íåõàé X ¹ ñàìîñïðÿæåíèì îïåðàòîðîì. Âèêîðèñòîâóþ÷è (5) îäåðæó¹ìî

X2 =

3∑
j=0

x2jσ0 + 2

3∑
j=1

x0xjσj .

Òîìó X2 = σ0 òîäi i òiëüêè òîäi, êîëè X = ±σ0 àáî X = J~α, äå

J~α =
3∑
j=1

αjσj , ~α = (α1, α2, α3) ∈ S2

äå S2 = {~α ∈ R3 :
∑3

j=1 α
2
j = 1}. Òàêèì ÷èíîì íåòðèâiàëüíi ôóíäàìåíòàëüíi

ñèìåòði¨ â ãiëüáåðòîâîìó ïðîñòîði C2 ìàþòü âèãëÿä X = J~α.

Îïèñ îïåðàòîðiâ C â ïðîñòîði Êðåéíà (C2, [·, ·]~α)

Çàôiêñó¹ìî ôóíäàìåíòàëüíó ñèìåòðiþ J~α â ãiëüáåðòîâîìó ïðîñòîði
(C2, (·, ·)) i ðîçãëÿíåìî ïðîñòið Êðåéíà (C2, [·, ·]~α) ç iíäåôiíiòíîþ ìåòðèêîþ

[·, ·]~α = (J~α·, ·).

Ìåòîþ öüîãî ïiäðîçäiëó ¹ îïèñ ìíîæèíè îïåðàòîðiâ C, òîáòî îïåðàòîðiâ,
çàäîâîëüíÿþ÷èõ óìîâè: (i) C2 = I; (ii) J~αC > 0.

Çàóâàæèìî, ùî çàçíà÷åíi óìîâè (i), (ii) ¹ åêâiâàëåíòíèìè äëÿ ïðåäñòàâ-
ëåííÿ îïåðàòîðà ó âèãëÿäi C = J~αe

Q, äå Q ¹ ñàìîñïðÿæåíèì îïåðàòîðîì
â ãiëüáåðòîâîìó ïðîñòîði C2, ÿêèé àíòèêîìóòó¹ ç J~α. Âiäîìî [8], ùî òàêi îïå-
ðàòîðè C ¹ ó âçà¹ìíî-îäíîçíà÷íié âiäïîâiäíîñòi ç ìíîæèíîþ âñiõ ìîæëèâèõ
J~α-îðòîãîíàëüíèõ ðîçêëàäiâ ïðîñòîðó Êðåéíà (C2, [·, ·]~α) íà ìàêñèìàëüíi ðiâ-
íîìiðíî äîäàòíi / âiä'¹ìíi ïiäïðîñòîðè.

Òåîðåìà 1 Ìíîæèíà âñiõ îïåðàòîðiâ C â ïðîñòîði Êðåéíà (C2, [·, ·]~α) çà-

äà¹òüñÿ ôîðìóëîþ

C = −i sinh ρ sin ξJ~β + i sinh ρ cos ξJ~ζ + cosh ρJ~α, (6)

äå ξ ∈ R, ρ ≥ 0, âåêòîð ~β ∈ S2 ¹ îðòîãîíàëüíèì äî ~α ∈ S2 i ~ζ = ~α × ~β ¹

âåêòîðíèì äîáóòêîì ~α òà ~β.

Äîâåäåííÿ. Çíàéäåìî çàãàëüíèé âèãëÿä Q â ïðåäñòàâëåííi C = J~αe
Q. Äëÿ

öüîãî ðîçãëÿíåìî îïåðàòîð J~β =
∑3

j=1 βjσj , äå âåêòîð
~β = (β1, β2, β3) ∈ S2.

Òàêèì ÷èíîì J~β ¹ ôóíäàìåíòàëüíîþ ñèìåòði¹þ â ãiëüáåðòîâîìó ïðîñòîði C2.

Ïðèïóñòèìî äîäàòêîâî
∑3

j=1 αjβj = 0. Òîäi, ç óðàõóâàííÿì (5), îäåðæó¹ìî

J~αJ~β = i~α× ~β = −i~β × ~α = −J~βJ~α.
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Îòæå J~α i J~β ¹ àíòèêîìóòóþ÷èìè ôóíäàìåíòàëüíèìè ñèìåòðiÿìè â C2.

Àíàëîãi÷íî âiçüìåìî âåêòîð ~ζ ÿê (ñòàíäàðòíèé) âåêòîðíèé äîáóòîê âåê-
òîðiâ ~α i ~β. Òàêèì ÷èíîì âåêòîð ~ζ = ~α × ~β íàëåæèòü äî S2 i âií ¹ îðòîãî-
íàëüíèì äî âåêòîðiâ ~α, ~β. Ïîâòîðþþ÷è ïîïåðåäíi ìiðêóâàííÿ îäåðæó¹ìî, ùî
ôóíäàìåíòàëüíà ñèìåòðiÿ J~ζ àíòèêîìóòó¹ ç îïåðàòîðàìè J~α i J~β . Áiëüø òîãî,

J~αJ~β = iJ~ζ , J~αJ~ζ = −iJ~β. (7)

Çàóâàæèìî, ùî ïåðøà ðiâíiñòü â (7) âèïëèâà¹ ç (5) i îçíà÷åííÿ îïåðàòîðà J~ζ .

Äëÿ äîâåäåííÿ äðóãî¨ äîñòàòíüî çãàäàòè, ùî ~ζ = ~α× ~β i âèêîðèñòàòè òîòîæ-
íiñòü Ëàãðàíæà

~α× [~α× ~β] = ~α(~α · ~β)− ~β(~α · ~α) = −~β.

Màòðèöi îïåðàòîðiâ J~α, J~β , J~ζ òà σ0 ¹ áàçèñîì äëÿ ïðîñòîðó ìàòðèöü äðó-

ãîãî ïîðÿäêó. Öå îçíà÷à¹, ùî äîâiëüíèé îïåðàòîð Q äiþ÷èé â ïðîñòîði C2

ìîæå áóòè çàïèñàíèé â âèãëÿäi

Q = x0σ0 + x1J~β + x2J~ζ + x3J~α, xj ∈ C.

Óìîâà ñàìîñïðÿæåíîñòi îïåðàòîðà Q îçíà÷à¹, ùî âñi xj ìàþòü áóòè äiéñíèìè
÷èñëàìè. Äàëi, óìîâà àíòèêîìóòàöi¨ ç J~α îçíà÷à¹, ùî x0 = x3 = 0. Îòæå
îïåðàòîð C ìà¹ âèãëÿä

C = J~αe
x1J~β+x2J~ζ .

Áåðó÷è äî óâàãè, ùî

x1J~β + x2J~ζ =
√
x21 + x22

(
x1√
x21 + x22

J~β +
x2√
x21 + x22

J~ζ

)
,

îäåðæó¹ìî
x1J~β + x2J~ζ = ρ(cos ξJ~β + sin ξJ~ζ) = ρZ ,

äå Z = cos ξJ~β + sin ξJ~ζ , ρ =
√
x21 + x22 i cos ξ = x1√

x21+x
2
2

, sin ξ = x2√
x21+x

2
2

.

Îïåðàòîð Z ¹ ñàìîñïðÿæåíèì â C2. Áiëüø òîãî,

Z2 = (cos ξJ~β + sin ξJ~ζ)
2 = (cos2 ξ + sin2 ξ)σ0 = σ0.

Îòæå Z ¹ ôóíäàìåíòàëüíîþ ñèìåòði¹þ i

e
x1J~β+x2J~ζ = eρZ = cosh ρσ0 + sinh ρZ. (8)

Òàêèì ÷èíîì, áåðó÷è (8) òà (7) äî óâàãè, ìè îäåðæó¹ìî (6). Òåîðåìà äîâåäåíà.

Ïðèêëàä 1 Íåõàé ~α = (0, 0, 1), ~β = (1, 0, 0). Òîäi ~ζ = ~α × ~β = (0, 1, 0). Òîäi
J~α = σ3, J~β = σ1, J~ζ = σ2 i (6) íàáóâà¹ âèãëÿä

C =

(
cosh ρ sinh ρe−iξ

− sinh ρeiξ − cosh ρ

)
.
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Îïåðàòîðè ç C-ñèìåòðiÿìè

Íåõàé A � äîâiëüíèé îïåðàòîð â C2. Áóäåìî ãîâîðèòè, ùî A ìà¹ âëà-

ñòèâiñòü C-ñèìåòði¨, ÿêùî iñíó¹ òàêèé îïåðàòîð C = J~αe
Q, ùî

AC = CA.

Öå îçíà÷åííÿ ¹ åêâiâàëåíòíèì äî îçíà÷åííÿ C-ñèìåòði¨ îïåðàòîðà A, ÿêå
íàâåäåíî ó âñòóïi. Ìåòîþ öüîãî ïiäðîçäiëó ¹ çíàõîäæåííÿ òàêèõ óìîâ íà
J~α-ñàìîñïðÿæåíèé îïåðàòîð A, ÿêi ãàðàíòóþòü iñíóâàííÿ C-ñèìåòði¨ äëÿ A.

Ç [2] äiñòà¹ìî, ùî îïåðàòîð A, ñàìîñïðÿæåíèé â ïðîñòîði Êðåéíà
(C2, [·, ·]~α), âèçíà÷àþòü ÿê îïåðàòîð, çàäîâîëüíÿþ÷èé ñïiââiäíîøåííþ

J~αA
∗ = AJ~α, (9)

äå A∗ - ñïðÿæåíèé âiäíîñíî ïî÷àòêîâîãî ñêàëÿðíîãî äîáóòêó (1).

Áåðó÷è äî óâàãè (9), îïåðàòîð, ñàìîñïðÿæåíèé â ïðîñòîði Êðåéíà
(C2, [·, ·]~α), áóäåìî íàçèâàòè J~α-ñàìîñïðÿæåíèì.

Îõàðàêòåðèçó¹ìî âèïàäîê, êîëè îïåðàòîð A áóäå J~α-ñàìîñïðÿæåíèì. Ðîç-
êëàäàþ÷è A âiäíîñíî áàçèñó σ0, J~β , J~ζ òà J~α, îäåðæó¹ìî

A = x0σ0 + x1J~β + x2J~ζ + x3J~α. (10)

Âðàõîâóþ÷è, ùî J~α-ñàìîñïðÿæåíiñòü îïåðàòîðà A çàäà¹òüñÿ ðiâíiñòþ (9),
äiñòà¹ìî

J~αA
∗ = x0J~α + ix1J~ζ − ix2J~β + x3σ0, AJ~α = x0J~α − ix1J~ζ + ix2J~β + x3σ0.

Ïðèðiâíþþ÷è êîåôiöi¹íòè, îäåðæó¹ìî, ùî A ¹ J~α-ñàìîñïðÿæåíèì òîäi i òiëü-
êè òîäi, êîëè êîåôiöi¹íòè ðîçêëàäó (10) çàäîâîëüíÿþòü ðiâíîñòi:

x0 = x0, x3 = x3, x1 = −x1, x2 = −x2.

Çãàäóþ÷è (4), ïðèõîäèìî äî âèñíîâêó, ùî âèçíà÷íèê det A ¹ äiéñíèìè
÷èñëoì. Àíàëîãi÷íî ç îçíà÷åííÿ îïåðàòîðiâ J~α, J~β J~ζ îäåðæó¹ìî, ùî ñëiäè
âiäïîâiäíèõ ìàòðèö áóäóòü íóëüîâèìè, òîáòî trJ~α = trJ~β = trJ~ζ = 0. Òîìó

ç (10) îäåðæó¹ìî, ùî ñëiä ìàòðèöi

tr A = 2x0

áóäå äiéñíèì ÷èñëoì.

Òåîðåìà 2 J~α-ñàìîñïðÿæåíèé îïåðàòîð A ìà¹ äiéñíèé ñïåêòð òîäi i òiëü-

êè òîäi, êîëè

(tr A)2 ≥ 4det A.
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Äîâåäåííÿ. Íåõàé λ ∈ C ¹ âëàñíèì çíà÷åííÿì îïåðàòîðà A. Öå îçíà÷à¹, ùî
λ áóäå êîðåíåì âèçíà÷íèêà det(A−λσ0) = 0. Âèêîðèñòîâóþ÷è (4), îäåðæó¹ìî

det(A− λσ0) = (x0 − λ)2 −
3∑
j=1

x2j = det A− (tr A)λ+ λ2 = 0.

Îòðèìàíèé ìíîãî÷ëåí ìà¹ äiéñíi êîðåíi λ òîäi i òiëüêè òîäi, êîëè (tr A)2 −
4det A ≥ 0.

Íàñëiäîê 1 Íåõàé A ¹ J~α-ñàìîñïðÿæåíèì îïåðàòîðîì. ßêùî (tr A)2 <
4det A, òî äëÿ îïåðàòîðà A íå iñíó¹ îïåðàòîð C-ñèìåòði¨.

Äîâåäåííÿ. Ç íåðiâíîñòi (tr A)2 < 4det A ñëiäó¹, ùî îïåðàòîð A áóäå ìàòè
êîìïëåêñíi âëàñíi çíà÷åííÿ. Ïðèïóñòèìî, ùî A ìà¹ C-ñèìåòðiþ C = J~αe

Q.
Òîäi A áóäå ñàìîñïðÿæåíèì âiäïîâiäíî íîðìè

(·, ·)C = [C·, ·]~α = (J~αC·, ·) = (J2
~αe
Q·, ·) = (eQ·, ·),

ùî ¹ íåìîæëèâèì (îñêiëüêè, êîìïëåêñíi âëàñíi çíà÷åííÿ).

Íàñëiäîê 2 Íåõàé A ¹ J~α-ñàìîñïðÿæåíèì îïåðàòîðîì. Òîäi äëÿ îïåðàòî-

ðà A iñíó¹ îïåðàòîð C-ñèìåòði¨ (çàäàíèé ôîðìóëîþ (6)), ÿêùî (tr A)2 >
4det A. Îïåðàòîð C âèçíà÷à¹òüñÿ îäíîçíà÷íî.

Äîâåäåííÿ. ßêùî (tr A)2 > 4det A, òî îïåðàòîð A ìà¹ äâà ðiçíèõ äiéñíèõ
âëàñíèõ çíà÷åííÿ λ1, λ2. Íåõàé f1 i f2 � âiäïîâiäíi âëàñíi ôóíêöi¨. Çàóâàæèìî,
ùî [f1, f2]~α = 0. Öå áåçïîñåðåäíüî ñëiäó¹ ç J~α-ñàìîñïðÿæåíîñòi A.

Äîâåäåìî òåïåð, ùî [f1, f1]~α 6= 0. Íåõàé [f1, f1]~α = 0. Òîäi [f1, f ]~α = 0
∀f∈span{f1, f2} = C2, ùî ¹ íåìîæëèâèì. Òàêèì ÷èíîì [f1, f1] 6= 0. Àíàëîãi÷-
íî âñòàíîâëþ¹ìî, ùî [f2, f2] 6= 0.

Çàóâàæèìî, ùî âèïàäîê [f1, f1]~α · [f2, f2]~α > 0 òàêîæ íåìîæëèâèé. Äiéñíî,
ÿêùî [f1, f1]~α > 0 òà [f2, f2]~α > 0 àáî [f1, f1]~α < 0 òà [f2, f2]~α < 0, òî iíäåôiíiò-
íà ìåòðèêà [·, ·]~α áóäå ñêàëÿðíèì äîáóòêîì (àáî ìiíóñ ñêàëÿðíèì äîáóòêîì)
íà C2, ùî ¹ íåìîæëèâèì (iíäåôiíiòíà ìåòðèêà [·, ·]~α ¹ íåòðèâiàëüíîþ çà îçíà-
÷åííÿì). Îòæå [f1, f1]~α · [f2, f2]~α < 0.

Íåõàé, áåç âòðàòè çàãàëüíîñòi, [f1, f1]~α > 0 òà [f2, f2]~α < 0. Â öüîìó âè-
ïàäêó ïðîñòið Êðåéíà (C2, [·, ·]~α) ìîæíà çàïèñàòè ó âèãëÿäi ñóìè:

C2 = L+[⊥]L−, (11)

äå L+ = span{f1} i L− = span{f2} ¹ âiäïîâiäíî ìàêñèìàëüíî äîäàòíiì i
ìàêñèìàëüíî âiä'¹ìíèì ïiäïðîñòîðàìè ïðîñòîðó Êðåéíà (C2, [·, ·]~α) [8]. Îïå-
ðàòîð C, ùî âiäïîâiäà¹ ðîêëàäó (11), áóäå îïåðàòîðîì C-ñèìåòði¨ äëÿ îïå-
ðàòîðà A. Çãiäíî Òåîðåìè 1 öåé îïåðàòîð C çàäà¹òüñÿ ôîðìóëîþ (6), ïðè
ïåâíîìó âèáîði ïàðàìåòðiâ ξ ∈ R, ρ ≥ 0. Çàóâàæèìî, ùî òàêèé îïåðàòîð C
âèçíà÷à¹òüñÿ îäíîçíà÷íî (îñêiëüêè ïiäïðîñòîðè L± îäíîçíà÷íî âèçíà÷àþòüñÿ
âiäïîâiäíèìè âëàñíèìè ôóíêöiÿìè).
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Çàóâàæåííÿ 1 Ãðàíè÷íèé âèïàäîê (tr A)2 = 4det A ¹ íåâèçíà÷åíèì ç òî÷-

êó çîðó iñíóâàííÿ îïåðàòîðiâ C. Êîðîòêî êàæó÷è, ¨õ ìîæå áóòè "áàãà-

òî"àáî âçàãàëi íå áóäå. Ïîÿñíèìî öåé ôàêò äîêëàäíiøå. Îòæå, ïðè âèêî-

íàííi óìîâè (tr A)2 = 4det A îïåðàòîð A ìà¹ ¹äèíå äiéñíå âëàñíå çíà÷åí-

íÿ λ. ßêùî λ âiäïîâiäàþòü äâi ëiíiéíî íåçàëåæíi âëàñíi ôóíêöi¨ f1, f2, òî
îïåðàòîð A íàáóâà¹ âèãëÿäó A = λσ0. Öåé îïåðàòîð êîìóòó¹ ç äîâiëüíèì

îïåðàòîðîì C-ñèìåòði¨. ßêùî æ âëàñíîìó çíà÷åííþ λ âiäïîâiäà¹ òiëüêè

îäíà âëàñíà ôóíêöiÿ f1, òî ãåîìåòðè÷íà êðàòíiñòü λ âiäðiçíÿ¹òüñÿ âiä àë-

ãåáðà¨÷íî¨ êðàòíîñòi. Öå îçíà÷à¹ ùî îïåðàòîð A íå áóäå ïîäiáíèì äî ñàìî-

ñïðÿæåíîãî. Îòæå äëÿ A íå iñíó¹ îïåðàòîðà C-ñèìåòði¨.

ËIÒÅÐÀÒÓÐÀ

1. Ãðîä À. I. Äî òåîði¨ PT -ñèìåòðè÷íèõ îïåðàòîðiâ. // ×åðíiâåöüêèé Íàóêî-
âèé Âiñíèê, 2011. � Ò. 1, � 4. � 128 ñ.

2. T. Ya. Azizov and I.S. Iokhvidov. Linear Operators in Spaces with Inde�nite
Metric. Wiley, Chichester, 1989.

3. C. M. Bender. Making sense of non-Hermitian Hamiltonians. // Rep. Progr.

Phys. 70, 2007. � no. 6. � P. 947�1018.

4. C. M. Bender, D. C. Brody, and H. F. Jones. Complex Extension of Quantum
Mechanics. // Phys. Rev. Lett., 89, 2002. � No. 27. � P. 401�405.

5. C. M. Bender and H. F. Jones. Semiclassical Calculation of the C Operator in
PT -Symmetric Quantum Mechanics. // Phys.Lett.A 328, 2004. � P. 102�109.

6. C. M. Bender and S. P. Klevansky. Nonunique C operator in PT quantum
mechanics. // Phys. Lett. A 373, 2009. � no. 31. � P. 2670�2674.

7. C. M. Bender and Barnabas Tan. Calculation of the hidden symmetry operator
for a PT -symmetric square well. // J. Phys. A 39, 2006. � no. 8.� P. 1945�
1953.

8. A. Grod, S. Kuzhel, and V. Sudilovskaya. On operators of transition in Krein
spaces. // Opuscula Mathematica 31, 2011. � No. 1. � P. 49�59.

9. S. Kuzhel. On pseudo-Hermitian operators with generalized C-symmetries. //
Modern Analysis and Applications. The Mark Krein Centenary Conference,
Vol. 1: Operator theory and related topics, Oper. Teory Adv. Appl., 190, 2009.
� P. 375�385.

10. A. Mostafazadeh. Pseudo-Hermitian Representation of Quantum Mechanics.
// Int. J. Geom. Meth. Mod. Phys. 7, 2010. � P. 1191�1306.

11. A. Mostafazadeh. Pseudo-Hermiticity and Generalized PT- and CPT-
Symmetries. // J.Math.Phys. 44, 2003. � P. 974�989.

Ñòàòòÿ îäåðæàíà: 30.01.2015; ïåðåðîáëåíèé âàðèàíò: 5.07.2015;
ïðèéíÿòà: 10.07.2015.


