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ïîêàçíèêiâ òà ìîæëèâà ñóìà åëåìåíòiâ çâåäåíî¨ ìàòðèöi ïîêàçíèêiâ ç
ñàãàéäàêîì áåç ïåòåëü.
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ýëåìåíòîâ ïðèâåäåííîé ìàòðèöû ïîêàçàòåëåé ñ êîë÷àíîì áåç ïåòåëü.
Êëþ÷åâûå ñëîâà: ìàòðèöà ïîêàçàòåëåé, äîïóñòèìûé êîë÷àí ìàòðèöû
ïîêàçàòåëåé.

O. V. Zelenskiy, V. M. Darmosiuk. The sum of elements of the

reduced exponent matrix. This paper investigates the possible sum of
elements of the reduced exponent matrix and possible sum of elements of
the reduced exponent matrix with a quiver without loops.
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1. Âñòóï

Îäèí iç àñïåêòiâ òåîði¨ êiëåöü ¹ âèâ÷åííÿ âëàñòèâîñòåé êiëåöü çà äîïîìî-
ãîþ òåîði¨ ãðàôiâ. Êîæíèé ÷åðåïè÷íèé ïîðÿäîê ïîâíiñòþ âèçíà÷à¹òüñÿ ñâî¹þ
ìàòðèöåþ ïîêàçíèêiâ i äèñêðåòíî íîðìîâàíèì êiëüöåì. Áàãàòî âëàñòèâîñòåé
òàêèõ êiëåöü ïîâíiñòþ âèçíà÷àþòüñÿ ¨õ ìàòðèöÿìè ïîêàçíèêiâ, çîêðåìà, ñà-
ãàéäàêè òàêèõ êiëåöü. Ïîðiâíÿíî íåäàâíî ìàòðèöi ïîêàçíèêiâ ñòàëè îêðåìèì
îá'¹êòîì âèâ÷åííÿ.
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Ñóìà åëåìåíòiâ ìàòðèöi ïîêàçíèêiâ ÷åðåïè÷íîãî ïîðÿäêó ¹ éîãî iíâàðiàíòîì i
âïåðøå çóñòði÷à¹òüñÿ â ðîáîòi [3]. Ñóìà åëåìåíòiâ ìàòðèöü ïîêàçíèêiâ çóñòði-
÷à¹òüñÿ â äîñëiäæåííi ÷àñòêîâî-âïîðÿäêîâàíèõ ìíîæèí íà æîðñòêiñòü [2].
Ó çâ'ÿçêó ç äîñëiäæåííÿì ñàãàéäàêiâ ÷åðåïè÷íèõ ïîðÿäêiâ ñêií÷åííî¨ ãëî-
áàëüíî¨ ðîçìiðíîñòi âèíèêëî ïèòàííÿ ïðî ìiíiìàëüíó ñóìó åëåìåíòiâ òàêîãî
ïîðÿäêó [4]. Äëÿ îäèíè÷íèõ ñàãàéäàêiâ îöiíêè ñóìè åëåìåíòiâ ìàòðèöi ïîêàç-
íèêiâ çíàéäåíi â [5]. Â ðîáîòi ïðîäîâæóþòüñÿ äîñëiäæåííÿ ìàòðèöü ïîêàçíè-
êiâ, à ñàìå, äîñëiäæóþòüñÿ ñóìè åëåìåíòiâ çâåäåíèõ ìàòðèöü ïîêàçíèêiâ.

2. Ïîïåðåäíi âiäîìîñòi

Ðîçãëÿíåìî ìàòðèöþ E=(αij) ∈ Mn(Z)(Mn(Z) � öå êiëüöå ìàòðèöü ðîç-
ìiðíîñòi n ç öiëèìè åëåìåíòàìè).

Îçíà÷åííÿ 1. [1, ãë.14, ñ. 353]. Ìàòðèöÿ E=(αij), äëÿ ÿêî¨ âèêîíóþòüñÿ

íàñòóïíi óìîâè:

1) αij + αjk > αik äëÿ âñiõ i, j, k = 1, . . ., n,
2) αii = 0 äëÿ âñiõ i = 1, . . ., n,
íàçèâà¹òüñÿ ìàòðèöåþ ïîêàçíèêiâ.

Ìàòðèöÿ ïîêàçíèêiâ, äëÿ ÿêî¨ âèêîíó¹òüñÿ óìîâà

3) αij + αji > 1 äëÿ âñiõ i, j ∈ {1, . . ., n} (i 6= j)
íàçèâà¹òüñÿ çâåäåíîþ ìàòðèöåþ ïîêàçíèêiâ.

Íåõàé E = (αij) � çâåäåíà ìàòðèöÿ ïîêàçíèêiâ.
Ââåäåìî ìàòðèöi E(1) = (βij) = E+En ∈Mn(Z), äå En � îäèíè÷íà ìàòðèöÿ,
òà E(2) = (γij) ∈Mn(Z): γij = min

k
{βik + βkj}.

Îçíà÷åííÿ 2. [1, ãë.14, ñ. 357]. Ñàãàéäàêîì çâåäåíî¨ ìàòðèöi ïîêàçíè-

êiâ Q = Q(E) íàçèâà¹òüñÿ ñàãàéäàê, ìàòðèöÿ ñóìiæíîñòi ÿêîãî çàäà¹òüñÿ

ôîðìóëîþ [Q] = E(2) − E(1).
Äëÿ åëåìåíòiâ ìàòðèöi ñóìiæíîñòi ñàãàéäàêà Q ìà¹ìî íàñòóïíi ôîðìóëè:

qij = γij − βij = min
k

(βik + βkj)− βij = min

(
1, min

k 6=i, j
(αik + αkj − βij)

)
=

=min

(
1, min

k 6=i, j
(αik + αkj − αij)

)
.

qii = min
k

(βik + βki)− βii = min

(
2, min

k 6=i
(αik + αki)

)
− 1 =

= min

(
1, min

k 6=i
(αik + αki − 1)

)
.

Çâiäñè îòðèìó¹ìî, ùî qij=1 ïðè i6=j òîäi i òiëüêè òîäi, êîëè αik+αkj>αij

äëÿ âñiõ k 6= i, j. qii = 1 òîäi i òiëüêè òîäi, êîëè αik + αki > 1 äëÿ âñiõ k 6= i.

Îçíà÷åííÿ 3. [1, ãë.14, ñ. 357]. Ñàãàéäàê Q íàçèâà¹òüñÿ äîïóñòèìèì,

ÿêùî icíó¹ çâåäåíà ìàòðèöÿ ïîêàçíèêiâ E, òàêà ùî Q(E) = Q.

3. Ìàòðèöi ïîêàçíèêiâ iç çàäàíîþ ñóìîþ åëåìåíòiâ

Äëÿ çâåäåíî¨ ìàòðèöi ïîêàçíèêiâ E = (αij) ∈ Mn(Z) âèêîíó¹òüñÿ íåðiâ-
íiñòü αij + αji > 1 äëÿ âñiõ i 6= j. Îñêiëüêè òàêèõ ïàð åëåìåíòiâ ìàòðèöi
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ïîêàçíèêiâ, ÿêi ñèìåòðè÷íi âiäíîñíî ãîëîâíî¨ äiàãîíàëi ¹ C2
n, òî ñóìà åëåìåí-

òiâ E íå ìåíøå, íiæ C2
n = n(n−1)

2 .

Òåîðåìà 1. Äëÿ äîâiëüíîãî íàòóðàëüíîãî n > 2 òà äîâiëüíîãî íàòó-

ðàëüíîãî k > n(n−1)
2 iñíó¹ çâåäåíà ìàòðèöÿ ïîêàçíèêiâ E ∈ Mn(Z) iç ñóìîþ

åëåìåíòiâ k.

Äîâåäåííÿ. Äëÿ n = 2 � òâåðäæåííÿ î÷åâèäíå, îñêiëüêè

(
0 α12

0 0

)
�

ìàòðèöÿ ïîêàçíèêiâ äëÿ ∀α12 ≥ 1. Íåõàé n ≥ 3. Ðîçäiëèìî k íà n(n−1)
2

ç îñòà÷åþ. Òîáòî çíàéäåìî òàêi ÷èñëà q òà r, ùî k = q n(n−1)2 +r, 0 ≤ r < n(n−1)
2

(çà òåîðåìîþ ïðî äiëåííÿ ç îñòà÷åþ).

Îñêiëüêè k > n(n−1)
2 , òî q > 1. Çíàéäåìî òàêå ÷èñëî p, ùî p(p−1)

2 6

r < p(p+1)
2

(
p =

[
1+
√
1+8r
2

])
. Îñêiëüêè r < n(n−1)

2 , òî p < n. Íåõàé t =

r − (p−1)(p−2)
2 .

p(p− 1)

2
− (p− 1)(p− 2)

2
≤ t < p(p+ 1)

2
− (p− 1)(p− 2)

2
,

p− 1 ≤ t < 2p− 1.
Ðîçãëÿíåìî ìàòðèöþ E = (αij) ∈Mn(Z), äå

αij =


0, äëÿ i = j,
q, äëÿ i < j,
αij = 1, äëÿ j < i 6 p,
αp+1,j = 1, äëÿ j 6 t,
αij = 0, â iíøèõ âèïàäêàõ.

Äîâåäåìî, ùî E ¹ çâåäåíîþ ìàòðèöåþ ïîêàçíèêiâ.

1. αii = 0 çà ïîáóäîâîþ ìàòðèöi E

2. Äîâåäåìî íåðiâíiñòü αik + αkj > αij .

Îñêiëüêè q > 1, òî âñi åëåìåíòè E íå áiëüøi çà q. Òîìó ÿêùî αik = q àáî
αkj = q, òî íåðiâíiñòü αik + αkj > αij âèêîíó¹òüñÿ. Íåõàé αij = q à αik < q,
αkj < q. Òîäi i < j, k < i òà k ≥ j, ùî íåìîæëèâî. Îòæå, õî÷à á îäíå ç ÷èñåë
αij àáî αik äîðiâíþ¹ q i òîäi íåðiâíiñòü âèêîíó¹òüñÿ.

Ðîçãëÿíåìî âèïàäîê, êîëè åëåìåíòè αik, αkj , αij íå äîðiâíþþòü q, òîáòî
i > k > j. ßêùî i = k àáî k = j, òî íåðiâíiñòü î÷åâèäíà. Òîìó ðîçãëÿíåìî
âèïàäîê i > k > j. ßêùî i ≤ p, òî αik = 1. ßêùî æ i = p + 1, òî αkj = 1.
Â îáîõ âèïàäêàõ íåðiâíiñòü αik + αkj > αij âèêîíó¹òüñÿ. Òåîðåìó äîâåäåíî.

Ïðèêëàä 1. Ïðè n = 4 òà k = 34 ìà¹ìî
n(n−1)

2 = 6, 34 = 5 · 6 + 4, òîìó q = 5, r = 4, p =
[
1+
√
1+8×4
2

]
= 3,

t = 4− 3×2
2 = 1, E =


0 5 5 5
1 0 5 5
1 1 0 5
1 0 0 0
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Çàóâàæèìî, ùî äëÿ ïîáóäîâàíî¨ ìàòðèöi E = (αij) ∈Mn(Z): αij ∈ {0, 1, q}.
Òîáòî â çàãàëüíîìó âèïàäêó ìíîæèíà çíà÷åíü åëåìåíòiâ ìàòðèöi ñêëàäà¹òüñÿ
ç òðüîõ åëåìåíòiâ. Âèíèêà¹ ïèòàííÿ: ÷è çàâæäè ìîæíî ïîáóäóâàòè çâåäåíó
ìàòðèöþ ïîêàçíèêiâ E = (αij) ∈ Mn(Z) ç ñóìîþ åëåìåíòiâ k > n(n−1)

2 òàêèì
÷èíîì, ùîá ìíîæèíà çíà÷åíü åëåìåíòiâ ìàòðèöi ñêëàäàëîñÿ ç äâîõ ÷èñåë?
Âiäïîâiäü íà öå ïèòàííÿ íåãàòèâíà. Äëÿ n = 3, k = 7 òàêî¨ ìàòðèöi íå iñíó¹.
Îñêiëüêè αii = 0, òî ìíîæèíà çíà÷åíü åëåìåíòiâ ìàòðèöi {0, a}. ßêùî a = 1,
òî ìàêñèìàëüíà ñóìà åëåìåíòiâ ìàòðèöi

E =

 0 1 1
1 0 1
1 1 0

 äîðiâíþ¹ 6 < 7. Îòæå, a > 1. Íåõàé åëåìåíò, ðiâíèé a,

çóñòði÷à¹òüñÿ â ìàòðèöi E m ðàçiâ, òîäi ma = 7, a > 1. Îòæå, a = 7, m = 1.
Òîáòî ìàòðèöÿ E ñêëàäà¹òüñÿ ç âîñüìè íóëüîâèõ åëåìåíòiâ òà åëåìåíòà 7. Àëå
α12 + α21 > 1, α13 + α31 > 1, α23 + α32 > 1. Îòæå, ñåðåä åëåìåíòiâ ìàòðèöi
ìà¹ áóòè ìiíiìóì òðè äîäàòíi. Îòðèìàëè ñóïåðå÷íiñòü. Âèíèêà¹ ïèòàííÿ: ÷è
âèêîíó¹òüñÿ òåîðåìà 1, ÿêùî äîáàâèòè óìîâó, ùî ñàãàéäàê áåç ïåòåëü?

Òåîðåìà 2. Äëÿ äîâiëüíîãî íàòóðàëüíîãî n > 4 òà äîâiëüíîãî íàòóðàëü-

íîãî k > n(n−1)
2 iñíó¹ çâåäåíà ìàòðèöÿ ïîêàçíèêiâ E ∈ Mn(Z) ç ñàãàéäàêîì

áåç ïåòåëü, ñóìîþ åëåìåíòiâ k, òà ìíîæèíîþ çíà÷åíü åëåìåíòiâ ìàòðèöi

ïîòóæíîñòi 3.

Äîâåäåííÿ. Ðîçãëÿíåìó ìàòðèöþ ïîêàçíèêiâ E âèãëÿäó:

0 1 q q ... q
0 0 q q ... q
α31 α32 0 1 ... 1
α41 α42 0 0 ... 1
... ... ... ... ... ...
αn1 αn2 0 0 ... 0

 .

Íåõàé p = 1 + (n−2)(n−3)
2 (öå ÷èñëî îäèíèöü â êâàäðàòíèõ áëîêàõ ìàòðèöi).

Ðîçäiëèìî ç îñòà÷åþ k − p íà 2n− 4:

k − p = (2n − 4)q + r, r < 2n − 4. Çàóâàæèìî, ùî k − p >n(n−1)
2 −(

1 + (n−2)(n−3)
2

)
= 2n− 4. Òîìó q > 1.

Ïîçíà÷èìî t =
[
r
2

]
+ 2. ßêùî t > 2, Òî α31 = α32 = αt1 = αt2 = 1. Iíøi

αij = 0 äëÿ i ∈ [t+ 2, n], j ∈ [1, 2]. ßêùî r íåïàðíå, òî αt+1,2 = 1.

Òåîðåìó äîâåäåíî.

Äîâåäåìî, ùî E � çâåäåíà ìàòðèöÿ ïîêàçíèêiâ.

1. αii = 0 (çà ïîáóäîâîþ ìàòðèöi E).

2. Îñêiëüêè q > 1, òî â ìàòðèöi ïîêàçíèêiâ E âèùå ãîëîâíî¨ äiàãîíàëi
çíàõîäÿòüñÿ âñi åëåìåíòè, ÿêi íå ìåíøå îäèíèöi. Òîìó αij + αji > 1.
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3. Äîâåäåìî íåðiâíiñòü
αik + αkj > αij (1)

ßêùî αij = 0, òî íåðiâíiñòü (1) î÷åâèäíà, òîìó äîñèòü ðîçãëÿíóòè äâà
âèïàäêè: αij = 1 òà αij = q.

Âèïàäîê a) αij = q. Ç ïîáóäîâè ìàòðèöi E âèïëèâà¹, ùî j > 3, i = 1 àáî
i = 2. Íåðiâíiñòü (1) íàáóäå âèãëÿäó: αik + αkj > q. Îñêiëüêè αik = q äëÿ
k > 3 òà αkj = q äëÿ k ∈ [1, 2], òî íåðiâíiñòü (1) âèêîíó¹òüñÿ.

Âèïàäîê á) αij = 1. Ïðèïóñòèìî ïðîòèëåæíå, ùî íåðiâíiñòü (1) íå âè-
êîíó¹òüñÿ. Òîäi αik = αkj = 0. ßêùî i = k, òî αkj = αij , ÿêùî k = j, òî
αik = αij , ÿêùî i = j, òî αij = 0, òîìó iíäåêñè i, k, j ïîïàðíî íå ñïiâïàäàþòü.
Ðîçãëÿíåìî ÿêèõ çíà÷åíü ìîæå íàáóâàòè iíäåêñ k. k > 2, îñêiëüêè ïðè k = 1,
k 6= j αkj > 0.

ßêùî k = 2, òî j = 1 (äëÿ iíøèõ j 6= k αkj > 0). Çà ïîáóäîâîþ ìàòðèöi E ,
ÿêùî αi2 = 0, òî i αi1 = 0. Òîìó k 6= 2.

ßêùî k ∈ [3, n] òîäi i > k (áî αik > 0, äëÿ i < k), ÿêùî j ∈ [1, 2] òî
ç òîãî, ùî αkj = 0 âèïëèâà¹, ùî αij = 0. Îòæå, i, j, k ∈ [3, n]. Îòðèìàëè

ñóïåðå÷íiñòü, îñêiëüêè


0 1 ... 1
0 0 ... 1
... ... ... ...
0 0 ... 0

 � ìàòðèöÿ ïîêàçíèêiâ, òîìó âè-

ïàäîê αik = αkj = 0, αij = 1 íåìîæëèâèé. Îòæå, íåðiâíiñòü (1) âèêîíó¹òüñÿ.
Äëÿ ìàòðèöi E âèêîíóþòüñÿ óìîâè 1)- 3), òîìó E � çâåäåíà ìàòðèöÿ ïî-

êàçíèêiâ. Äëÿ äîâiëüíîãî i ∈ [1, n] iñíó¹ òàêå j, ùî αij + αji = 1. Òîìó Q(E)
� ñàãàéäàê áåç ïåòåëü.

Îòæå, E � çâåäåíà ìàòðèöÿ ïîêàçíèêiâ ðîçìiðíîñòi n ç ñóìîþ åëåìåíòiâ
k, òà ñàãàéäàêîì áåç ïåòåëü. Òåîðåìó äîâåäåíî.

Ïðèêëàä 2. Íåõàé n = 7, k = 46: p = 11, k − p = 35, 2n − 4 = 10,
35 = 3 · 10 + 5, q = 3, r = 5

E =



0 1 3 3 3 3 3
0 0 3 3 3 3 3
1 1 0 1 1 1 1
1 1 0 0 1 1 1
0 1 0 0 0 1 1
0 0 0 0 0 0 1
0 0 0 0 0 0 0


.

Âèñíîâîê: Äëÿ äîâiëüíîãî íàòóðàëüíîãî n > 2 òà äîâiëüíîãî íàòóðàëüíîãî
k > C2

n iñíó¹ çâåäåíà ìàòðèöÿ ïîêàçíèêiâ ðîçìiðíîñòi n òà ñóìîþ åëåìåíòiâ k.
Äëÿ äîâiëüíîãî íàòóðàëüíîãî n > 4 òà äîâiëüíîãî íàòóðàëüíîãî k > C2

n iñ-
íó¹ çâåäåíà ìàòðèöÿ ïîêàçíèêiâ ðîçìiðíîñòi n ç ñàãàéäàêîì áåç ïåòåëü òà
ñóìîþ åëåìåíòiâ k. Ïðè÷îìó çàâæäè ìîæíà ïîáóäóâàòè ìàòðèöþ ïîêàçíèêiâ
ç çàäàíîþ ñóìîþ k > C2

n, ÿêà ñêëàäà¹òüñÿ òiëüêè ç òðüîõ ðiçíèõ åëåìåíòiâ.
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