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Äîêàçàíà 0-óïðàâëÿåìîñòü ëþáîãî ýâîëþöèîííîãî äèôôåðåíöèàëüíîãî
óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ ñ ïîñòîÿííûìè êîýôôèöèåíòàìè â
ïðîñòðàíñòâå áåñêîíå÷íî äèôôåðåíöèðóåìûõ áûñòðî óáûâàþùèõ ôóíê-
öèé. Ïðèâåäåíû óñëîâèÿ, ïðè êîòîðûõ óïðàâëåíèå íå çàâèñèò îò âðåìåíè.
Ðàññìîòðåíû òàêæå ðåëåéíûå óïðàâëåíèÿ äëÿ êëàññè÷åñêèõ óðàâíåíèé
ìàòåìàòè÷åñêîé ôèçèêè.
Êëþ÷åâûå ñëîâà: 0-óïðàâëÿåìîñòü, êðàåâàÿ çàäà÷à, ïðåîáðàçîâàíèå Ôóðüå,
ðåëåéíîå óïðàâëåíèå.
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Òåîðèè óïðàâëÿåìîñòè â ïîñëåäíåå âðåìÿ ïîñâÿùåíî ìíîãî ðàáîò, íî áîëü-
øàÿ ÷àñòü èç íèõ ïîñâÿùåíà îáûêíîâåííûì óðàâíåíèÿì; à èç óðàâíåíèé ñ
÷àñòíûìè ïðîèçâîäíûìè ðàññìàòðèâàþòñÿ, â îñíîâíîì, óðàâíåíèÿ ìàòåìà-
òè÷åñêîé ôèçèêè, íàïðèìåð, � âîëíîâîå [1, 2].

Â äàííîé ñòàòüå ðàññìàòðèâàåòñÿ îáùåå ëèíåéíîå óðàâíåíèå â ÷àñòíûõ

ïðîèçâîäíûõ ýâîëþöèîííîãî òèïà, à òàêæå ëèíåéíûå ñèñòåìû è äîêàçûâà-
åòñÿ 0-óïðàâëÿåìîñòü â ïðîñòðàíñòâå áåñêîíå÷íî äèôôåðåíöèðóåìûõ áûñòðî
óáûâàþùèõ ôóíêöèé.

Ðàññìîòðèì ñëåäóþùåå äèôôåðåíöèàëüíîå óðàâíåíèå

∂w(x, t)

∂t
= P

(
∂

i∂x

)
w(x, t) + u(x, t) , (1)

ãäå x ∈ Rn, t ∈ [0;T ], à ôóíêöèè w(·, t) è u(·, t) � èç ïðîñòðàíñòâà Ë. Øâàðöà
S ïðè ëþáûõ t ∈ [0;T ].

Îïðåäåëåíèå 1. Óðàâíåíèå (1) íàçûâàåòñÿ 0-óïðàâëÿåìûì íà îòðåç-
êå [0;T ] â ïðîñòðàíñòâå S, åñëè äëÿ ëþáîé ôóíêöèè ϕ(x) ∈ S ñóùåñòâóåò
êóñî÷íî-íåïðåðûâíîå ïî t óïðàâëåíèå u(·, t) ∈ S, òàêîå, ÷òî ðåøåíèå óðàâ-
íåíèÿ w(·, t) ∈ S äëÿ âñåõ t ∈ [0;T ] óäîâëåòâîðÿåò íà÷àëüíîìó óñëîâèþ
w(x, 0) = ϕ(x) è w(x, T ) = 0.

Òåîðåìà 1. Ëþáîå óðàâíåíèå âèäà (1) ÿâëÿåòñÿ 0-óïðàâëÿåìûì â ïðî-

ñòðàíñòâå S íà ëþáîì îòðåçêå.

Ä î ê à ç à ò å ë ü ñ ò â î. Òàê êàê çàäà÷à Êîøè äëÿ óðàâíåíèÿ (1) ìîæåò
îêàçàòüñÿ íåêîððåêòíîé â ïðîñòðàíñòâå S, òî çàìåíèì åå êðàåâîé äâóõòî÷å÷-
íîé çàäà÷åé, êîòîðàÿ áóäåò ýêâèâàëåíòíà èñõîäíîé çàäà÷å (ñ ó÷åòîì óñëîâèÿ
w(x, T ) = 0), íî êîððåêòíîé â ïðîñòðàíñòâå S.

Â ðàáîòå [3] áûëî äîêàçàíî, ÷òî äëÿ ëþáîãî óðàâíåíèÿ âèäà (1) ñóùåñòâóåò
êîððåêòíàÿ êðàåâàÿ çàäà÷à â ïðîñòðàíñòâå S ñ êðàåâûì óñëîâèåì

w(x, 0) + C(D)w(x, T ) = ϕ(x) , (2)

ãäå C(D) � ïñåâäîäèôôåðåíöèàëüíûé îïåðàòîð ñ ñèìâîëîì C(s)=e−iT ImP (s).

Ïîä äåéñòâèåì ïðåîáðàçîâàíèÿ Ôóðüå (ïî ïðîñòðàíñòâåííûì ïåðåìåí-
íûì) êðàåâàÿ çàäà÷à (1)� (2) ïåðåéäåò â çàäà÷ó

∂w̃(s, t)

∂t
= P (s)w̃(s, t) + ũ(s, t) , (3)

w̃(s, 0) + C(s)w̃(s, T ) = ϕ̃(s) , (4)

ðåøåíèå êîòîðîé èìååò ñëåäóþùèé âèä

w̃(s, t) =

T∫
0

G(s, t, τ)ũ(s, τ)dτ +Q(s, t)ϕ̃(s) , (5)
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ãäå
Q(s, t) = exp(tP (s))(1 + C(s) exp(TP (s)))−1,

à ôóíêöèÿ Ãðèíà

G(s, t, τ) =

{
Q(s, t)e−τP (s) ïðè t > τ

−Q(s, t)C(s)e(T−τ)P (s) ïðè t < τ .

Ïðè t = T ïîëó÷èì

w̃(s, T ) =

T∫
0

Q(s, T )e−τP (s)ũ(s, τ)dτ +Q(s, T )ϕ̃(s) = 0.

Ñîêðàòèâ ýòî ðàâåíñòâî íà íåíóëåâóþ ôóíêöèþ Q(s, T ), ïîëó÷èì óðàâíåíèå

T∫
0

exp(−τP (s))ũ(s, τ)dτ = −ϕ̃(s). (6)

Áóäåì èñêàòü ïðåîáðàçîâàíèå Ôóðüå îò óïðàâëåíèÿ u(x, t) â âèäå ũ(s, t) =
= eit ImP (s) · ψ(s).

Ïîäñòàâëÿÿ ýòó ôóíêöèþ â óðàâíåíèå (6), ïîëó÷èì

T∫
0

exp(−τReP (s))ψ(s)dτ = −ϕ̃(s).

Òàê êàê
T∫
0

exp(−τReP (s))dτ =
1− e−TReP (s)

ReP (s)
6= 0, òî îïðåäåëåíà îáðàòíàÿ

áåñêîíå÷íî äèôôåðåíöèðóåìàÿ ôóíêöèÿ
ReP (s)

e−TReP (s) − 1
, ðàñòóùàÿ íå áûñò-

ðåå íåêîòîðîé ñòåïåíè |s|, ïðèíàäëåæàùàÿ ïðîñòðàíñòâó ìóëüòèïëèêàòîðîâ
C+∞
−∞ .
Ïîýòîìó ôóíêöèÿ ψ(s) ïðèíàäëåæèò ïðîñòðàíñòâó S è óïðàâëåíèå

u(x, t) = F−1s
(
ReP (s) · ϕ̃(s)

e−TReP (s) − 1
· eitImP (s)

)
òàêæå ïðèíàäëåæèò ïðîñòðàíñòâó S,

÷òî è òðåáîâàëîñü äîêàçàòü.
Òåîðåìà äîêàçàíà.

Ñëåäñòâèå. Åñëè ïîëèíîì P (s) � âåùåñòâåííûé, òî óïðàâëåíèå u(x) =

= F−1s
(
P (s) · ϕ̃(s)

e−TP (s) − 1

)
íå çàâèñèò îò t; ïðè ýòîì ïîëó÷èì ðåçóëüòàò ðàáîòû [4].

Òàê, óðàâíåíèå òåïëîïðîâîäíîñòè ÿâëÿåòñÿ 0-óïðàâëÿåìûì ñ óïðàâëåíè-
åì, íå çàâèñÿùèì îò t.

Ðàññìîòðèì áîëåå îáùèé ïðèìåð

∂w(x, t)

∂t
= a

∂2w(x, t)

∂x2
+ b

∂w(x, t)

∂x
+ u(x, t), a, b ∈ R.
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Çäåñü P (s) = −as2 + ibs, à óïðàâëåíèå

u(x, t) = F−1s
(
as2 · ϕ̃(s)

1− eTas2
eitbs

)
= G1(x) ∗ ϕ(x− tb),

ãäå îáîáùåííàÿ ôóíêöèÿ G1(x) = F−1s
(

as2

1− eTas2
)
ÿâëÿåòñÿ ñâåðòûâàòåëåì

â ïðîñòðàíñòâå S, òàê êàê ôóíêöèÿ
as2

1− eTas2
ïðèíàäëåæèò ïðîñòðàíñòâó

C∞−∞ � áåñêîíå÷íî äèôôåðåíöèðóåìûõ ôóíêöèé ñòåïåííîãî ðîñòà [5].
Äëÿ ñëó÷àÿ, êîãäà P (s) ∈ iR, óïðàâëåíèå ìîæíî èñêàòü â âèäå

u(x, t) = u(x) · sign(t− t0),

ãäå t0 ∈ (0;T ), à u(x) ∈ S.
Òîãäà óðàâíåíèå (6) ïðèìåò ñëåäóþùèé âèä

T∫
0

exp(−τP (s)) sign(τ − t0)dτ · ũ(s) = −ϕ̃(s).

Ïðîèíòåãðèðîâàâ äàííîå âûðàæåíèå, ïîëó÷èì

1

P (s)
[2 exp(−t0P (s))− 1− exp(−TP (s))] ũ(s) = −ϕ̃(s),

à ñëåäîâàòåëüíî, ũ(s) =
P (s)ϕ̃(s)

1 + exp(−TP (s))− 2 exp(−t0P (s))
, åñëè çíàìåíàòåëü

íå ðàâåí íóëþ.
Ðàññìîòðèì óðàâíåíèå

eiTw − 2eit0w + 1 = 0, w ∈ R, (7)

ðàâíîñèëüíîå 2eit0w = 1 + eiTw.
Åñëè îòíîøåíèå t0/T íå ÿâëÿåòñÿ ðàöèîíàëüíûì ÷èñëîì, òî

∣∣2eit0w∣∣ = 2,
à
∣∣1 + eiTw

∣∣ ≤ 2 è ðàâåíñòâî âûïîëíÿåòñÿ ëèøü ïðè óñëîâèè Tw = 2kπ.
Íî òîãäà äëÿ âûïîëíåíèÿ óðàâíåíèÿ (7) íåîáõîäèìî, ÷òîáû t0w = 2mπ

è, çíà÷èò, t0/T = m/k ∈ Q, ÷òî ïðîòèâîðå÷èò íàøåìó ïðåäïîëîæåíèþ.

Îñòàëîñü ïîêàçàòü, ÷òî ôóíêöèÿ ũ(s) =
P (s)ϕ̃(s)

1 + exp(−TP (s))− 2 exp(−t0P (s))
ïðèíàäëåæèò ïðîñòðàíñòâó S. Äëÿ ýòîãî ðàññìîòðèì ôóíêöèþ

q(w) = (1 + exp(iTw)− 2 exp(it0w))−1

ïðè w ∈ R.
Òàê êàê ïðè íåðàöèîíàëüíîì îòíîøåíèè t0/T çíàìåíàòåëü ýòîé ôóíêöèè

ÿâëÿåòñÿ ïî÷òè ïåðèîäè÷åñêîé ôóíêöèåé, îòëè÷íîé îò íóëÿ, òî

inf |1 + exp(iTw)− 2 exp(it0w)| = d > 0
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è ïîýòîìó q(w) ÿâëÿåòñÿ îãðàíè÷åííîé ïî÷òè ïåðèîäè÷åñêîé ôóíêöèåé
(ñì. [6]). Çíà÷èò, íàøà ôóíêöèÿ ũ(s) ïðèíàäëåæèò ïðîñòðàíñòâó S.

Ïîëó÷èëè ñëåäóþùèé ðåçóëüòàò:
Óòâåðæäåíèå. Åñëè ïîëèíîì P (s) ÿâëÿåòñÿ ÷èñòî ìíèìûì äëÿ âñåõ s,
ïðèíàäëåæàùèõ ïðîñòðàíñòâó R, òî óðàâíåíèå (1) ÿâëÿåòñÿ 0-óïðàâëÿåìûì
â ïðîñòðàíñòâå S íà ëþáîì îòðåçêå ñ óïðàâëåíèåì âèäà

u(x, t) = u(x) · sign(t− t0)

ïðè íåðàöèîíàëüíîì îòíîøåíèè t0/T .

Òàê, óðàâíåíèå Øðåäèíãåðà
∂w(x, t)

∂t
= ih

∂w2(x, t)

∂x2
+ u(x) · sign(t − t0)

ÿâëÿåòñÿ 0-óïðàâëÿåìûì ñ óïðàâëåíèåì u(x) = G1(x) ∗ ϕ(x), ãäå

G1(x) = F−1
(

−ihs2

1 + exp(iThs2)− 2 exp(it0hs2)

)
ÿâëÿåòñÿ ñâåðòûâàòåëåì â ïðîñòðàíñòâå S (ñì. [5]).

Ðàññìîòðèì ñèñòåìó äèôôåðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîä-
íûõ

∂w(x, t)

∂t
= P

(
∂

i∂x

)
w(x, t) + v(t) · u(x). (8)

Çäåñü w(x, t) è u(x) ÿâëÿþòñÿ âåêòîð-ôóíêöèÿìè, êîîðäèíàòû êîòîðûõ
ïðèíàäëåæàò ïðîñòðàíñòâó H =

⋂
s
Hs

0 , ò. å. âñå ïðîèçâîäíûå êîòîðûõ ïðè-

íàäëåæàò ïðîñòðàíñòâó L2 (ñì. [5]) èëè ïðîñòðàíñòâó S. Ñêàëÿðíàÿ ôóíêöèÿ
v(t) ÿâëÿåòñÿ êóñî÷íî-íåïðåðûâíîé è |v(t)| ≤ 1.

Îïðåäåëåíèå 2. Ñèñòåìà (8) íàçûâàåòñÿ 0-óïðàâëÿåìîé â ïðîñòðàí-
ñòâå H (èëè S), åñëè äëÿ ëþáîé ôóíêöèè ϕ(x) ∈ H (èëè S) ñóùåñòâóþò
u(x) ∈ H (èëè S) è êóñî÷íî-íåïðåðûâíàÿ ôóíêöèÿ v(t) òàêèå, ÷òî ðåøå-
íèå äàííîé ñèñòåìû w(·, t) ∈ H (èëè S) óäîâëåòâîðÿåò íà÷àëüíîìó óñëîâèþ
w(x, 0) = ϕ(x) è óñëîâèþ w(x, T ) = 0.

Òåîðåìà 2. Ñèñòåìà (8) áóäåò 0-óïðàâëÿåìîé â ïðîñòðàíñòâå H òî-

ãäà è òîëüêî òîãäà, êîãäà ñóùåñòâóåò êóñî÷íî-íåïðåðûâíàÿ ôóíêöèÿ v(t),
îãðàíè÷åííàÿ íà îòðåçêå [0, T ], è ñóùåñòâóåò îáðàòíàÿ ìàòðèöà T∫

o

v(t) exp(−tP (s))dt

−1 ∈ Hl = (1 + |s|)lL2

ñ íåêîòîðûì l.

Ä î ê à ç à ò å ë ü ñ ò â î.
Äîñòàòî÷íîñòü. Â ðàáîòå [3] äîêàçàíî, ÷òî ñóùåñòâóåò êîððåêòíàÿ êðàåâàÿ
çàäà÷à â ïðîñòðàíñòâå H ñ êðàåâûì óñëîâèåì

w(x, 0) + C(D)w(x, T ) = ϕ(x),
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ãäå C(D) � ïñåâäîäèôôåðåíöèàëüíûé îïåðàòîð ñ ñèìâîëîì èç ïðîñòðàí-
ñòâà Hl.

Ðåøåíèå äâîéñòâåííîé ïî Ôóðüå êðàåâîé çàäà÷è èìååò âèä

w̃(s, t) =

T∫
0

G(s, t, τ)ũ(s)v(τ)dτ +Q(s, t)ϕ̃(s),

ãäå ìàòðèöû G(s, t, τ) è Q(s, t) îïðåäåëÿþòñÿ ïî òåì æå ôîðìóëàì, êàê è
â ñëó÷àå óðàâíåíèÿ (1).

Ïðè t = T ïîëó÷àåì óðàâíåíèå

w̃(s, T ) =

T∫
0

Q(s, T ) exp(−τP (s))ũ(s)v(τ)dτ +Q(s, T )ϕ̃(s) = 0.

Ñîêðàùàÿ íà íåâûðîæäåííóþ ìàòðèöó Q(s, T ), ïîëó÷èì

T∫
0

exp(−τP (s))v(τ)dτ · ũ(s) = −ϕ̃(s). (9)

Â ñèëó óñëîâèÿ òåîðåìû ñóùåñòâóåò ôóíêöèÿ

ũ(s) = −

 T∫
0

exp(−τP (s))v(τ)dτ

−1 · ϕ̃(s),

ïðèíàäëåæàùàÿ ïðîñòðàíñòâó
⋂
s
H0
s . Çíà÷èò, óïðàâëåíèå ũ(x) ïðèíàäëåæèò

ïðîñòðàíñòâó H, ÷òî è òðåáîâàëîñü äîêàçàòü.
Íåîáõîäèìîñòü. Ðåøåíèå çàäà÷è Êîøè äâîéñòâåííîé ïî Ôóðüå ñèñòåìû
èìååò âèä

w̃(s, t) = exp(tP (s))ϕ̃(s) +

t∫
0

exp((t− τ)P (s))v(τ)ũ(s)dτ.

Òîãäà w̃(s, T ) = exp(TP (s))ϕ̃(s) +
T∫
0

exp((T − τ)P (s))v(τ)ũ(s)dτ = 0.

Ñîêðàùàÿ íà exp(TP (s)), ïîëó÷àåì
T∫
0

exp(−τP (s))v(τ)dτ · ũ(s) = −ϕ̃(s).

Òàê êàê èñõîäíàÿ ñèñòåìà 0-óïðàâëÿåìà, òî ñóùåñòâóåò îáðàòíàÿ ìàòðèöà(
T∫
0

exp(−τP (s))v(τ)dτ

)−1
, ÿâëÿþùàÿñÿ ìóëüòèïëèêàòîðîì â ïðîñòðàíñòâå

FH =
⋂
s
H0
s , ò. å. ïðèíàäëåæàùàÿ ïðîñòðàíñòâó Hl ñ íåêîòîðûì l, ÷òî è òðå-

áîâàëîñü äîêàçàòü. Òåîðåìà äîêàçàíà.
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Ñëåäñòâèå. Åñëè îïðåäåëèòåëü ∆ = det
T∫
0

exp(−tP (s))dt 6= 0 ∀s ∈ Rn, òî ñè-

ñòåìà (8) áóäåò 0-óïðàâëÿåìîé â ïðîñòðàíñòâàõ H èëè S ñ v(t) ≡ 1 è u(x) ∈ H
èëè S.

Ýòî ñëåäóåò èç ðàáîòû [7], â êîòîðîé äîêàçàíî, ÷òî èç óñëîâèÿ Ñëåäñòâèÿ
âûòåêàåò ïðèíàäëåæíîñòü ìàòðèöû T∫

0

exp(−τP (s))v(τ)dτ

−1

ïðîñòðàíñòâó C∞−∞, à, çíà÷èò, óïðàâëåíèå u(x) ïðèíàäëåæèò ïðîñòðàíñòâàì
H èëè S.

Â ÷àñòíîñòè, åñëè âñå ñîáñòâåííûå çíà÷åíèÿ ìàòðèöû P (s) ÿâëÿþòñÿ âåùå-
ñòâåííûìè, òî ∆ 6= 0 è, çíà÷èò, ñèñòåìà (8) ÿâëÿåòñÿ 0-óïðàâëÿåìîé ñ óïðàâ-
ëåíèåì, íå çàâèñÿùèì îò t.

Â òîé æå ðàáîòå [7] åñòü êðèòåðèé óñëîâèÿ ∆ 6= 0. À èìåííî - ýòî âûïîë-
íåíèå óñëîâèé:

e−Tλj(s) − 1

λj(s)
6= 0 ∀ j = 1,m , (10)

ãäå λj(s) � ñîáñòâåííûå çíà÷åíèÿ ìàòðèöû P (s).
Ïðîèëëþñòðèðóåì ýôôåêòèâíîñòü ýòîãî óñëîâèÿ íà ñëåäóþùåì ïðèìåðå.

Ïðèìåð. Ðàññìîòðèì ñèñòåìó
∂w1(x1, x2, t)

∂t
= −

(
∂2

∂x21
+

∂2

∂x22

)
w1 − w2 + u1(x1, x2)

∂w2(x1, x2, t)

∂t
= −

(
∂

∂x1
+

∂

∂x2

)2

w1 −
(
∂2

∂x21
+

∂2

∂x22

)
w2 + u2(x1, x2).

Òîãäà ìàòðèöà

P (s1, s2) =

(
s21 + s22 −1

(s1 + s2)
2 s21 + s22

)
è åå ñîáñòâåííûìè çíà÷åíèÿìè áóäóò λ1,2 = s21 + s22 ± i(s1 + s2). Ïðè ýòîì

óñëîâèå
exp

(
−T (s21 + s22 ± i(s1 + s2))− 1

)
s21 + s22 ± i(s1 + s2)

=0 ðàâíîñèëüíî óñëîâèþ s21 + s22=0,

ò. å. s1 = s2 = 0. Çíàìåíàòåëü â ýòîé òî÷êå òîæå ðàâåí íóëþ, à âñÿ äðîáü
ñòðåìèòñÿ ê −T . Çíà÷èò, óñëîâèå (10) âûïîëíåíî è ñèñòåìà 0-óïðàâëÿåìà.

Ðàññìîòðèì ñèñòåìó (8) ñ ìíèìûìè ñîáñòâåííûìè çíà÷åíèÿìè ìàòðèöû P (s).
Áóäåì èñêàòü óïðàâëåíèå â âèäå u(x)sign(t− t0). Òîãäà óðàâíåíèå (9) ïðèìåò
âèä  t0∫

0

exp(−tP (s))dt−
T∫
t0

exp(−tP (s))dt

 ũ(s) = −ϕ̃(s).
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Åñëè óìíîæèòü ýòî óðàâíåíèå íà ìàòðèöó P (s) ñëåâà, òî ïîëó÷èì(
E + exp(−TP (s))− 2 exp(−t0P (s))

)
ũ(s) = P (s)ϕ̃(s).

Ñîáñòâåííûå çíà÷åíèÿ ìàòðèöû P (s) = E + exp(−TP (s)) − 2 exp(−t0P (s))
ðàâíû wj(s) = 1 + e−Tλj(s) − 2e−t0λj(s), j = 1,m.

Ïîêàæåì äëÿ ìíèìûõ λj(s) è èððàöèîíàëüíîì t0/T , ÷òî wj(s) 6= 0.
Íî ðàíåå ìû óæå ðàññìàòðèâàëè óðàâíåíèå (7) è ïîêàçàëè, ÷òî îíî íå
èìååò íåíóëåâûõ âåùåñòâåííûõ êîðíåé ïðè èððàöèîíàëüíîì t0/T . Çíà÷èò,
îïðåäåëèòåëü ìàòðèöû P (s) òîæå íå ðàâåí íóëþ. È òàê êàê îí ÿâëÿåòñÿ
ïî÷òè-ïåðèîäè÷åñêîé ôóíêöèåé, òî |∆(s)| ≥ d > 0. Ïîýòîìó ñóùåñòâóåò
R−1(s) ∈ C∞−∞.

Çíà÷èò, ũ(s) = R−1(s)P (s)ϕ̃(s) ∈ S è óïðàâëåíèå u(x) ∈ S. Òî åñòü ìû
äîêàçàëè ñëåäóþùèé ðåçóëüòàò.

Òåîðåìà 3. Åñëè ñîáñòâåííûå çíà÷åíèÿ ìàòðèöû P (s) � ìíèìûå, òî

ñèñòåìà (8) ÿâëÿåòñÿ 0-óïðàâëÿåìîé â ïðîñòðàíñòâå S ñ óïðàâëåíèåì âèäà

u(x) · sign(t− t0), ãäå t0/T � èððàöèîíàëüíî.

Â êà÷åñòâå ïðèìåðà ðàññìîòðèì âîëíîâîå óðàâíåíèå

∂2w(x, t)

∂t2
= ∆w(x, t) + u(x)sign(t− t0).

Òàê êàê ñîáñòâåííûå çíà÷åíèÿ λ1,2 = ±i|s| = ±i
√

n∑
k=1

s2k, òî äàííîå óðàâíåíèå

ÿâëÿåòñÿ 0-óïðàâëÿåìûì ïðè èððàöèîíàëüíîì t0/T .

Â çàêëþ÷åíèå ðàññìîòðèì ïðèìåð óðàâíåíèÿ âòîðîãî ïîðÿäêà, ó êîòîðîãî
ñîáñòâåííûå çíà÷åíèÿ ïðèíèìàþò êàê âåùåñòâåííûå òàê è ìíèìûå çíà÷åíèÿ.

Ðàññìîòðèì óðàâíåíèå

∂2w(x, t)

∂t2
= ∆w(x, t) + kw(x, t) + u(x)v(t), x ∈ Rn, t ∈ [0, T ].

Õàðàêòåðèñòè÷åñêîå óðàâíåíèå äëÿ ýòîãî óðàâíåíèÿ èìååò âèä λ2+|s|2−k=0.
Ïðè k < 0 ñîáñòâåííûå çíà÷åíèÿ � ÷èñòî ìíèìûå, è ïîýòîìó äàííîå óðàâíå-
íèå 0-óïðàâëÿåìî â ïðîñòðàíñòâå S c v(t) = sign(t− t0), ãäå t0/T � èððàöèî-
íàëüíî.

Ðàññìîòðèì k > 0. Òîãäà ñîáñòâåííûå çíà÷åíèÿ ïðèìóò âèä

λ1,2(s) =

{
±
√
k − |s|2 ïðè |s| ≤

√
k

±i
√
|s|2 − k ïðè |s| >

√
k.

Ïîêàæåì, ÷òî è â ýòîì ñëó÷àå óðàâíåíèå ÿâëÿåòñÿ 0-óïðàâëÿåìûì â ïðî-
ñòðàíñòâå S ñ óïðàâëåíèåì äàííîãî âèäà.
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Åñëè ñ ïîìîùüþ ñòàíäàðòíîé çàìåíû ïåðåìåííûõ ïåðåéòè îò óðàâíåíèÿ
ê ñèñòåìå, òî ìàòðèöà ýòîé ñèñòåìû áóäåò èìåòü âèä

P (s) =

(
0 1

k − |s|2 0

)
, ïðè |s|2 =

n∑
k=1

s2k .

Ñîáñòâåííûå çíà÷åíèÿ ýòîé ìàòðèöû ñîâïàäàþò ñ ñîáñòâåííûìè çíà÷åíèÿìè
íàøåãî óðàâíåíèÿ λ1,2.

Ôóíäàìåíòàëüíàÿ ìàòðèöà exp(tP (s)) äëÿ ñëó÷àÿ âåùåñòâåííûõ íåíó-

ëåâûõ ñîáñòâåííûõ çíà÷åíèé èìååò âèä

exp(tP (s)) =

 ch t
√
k − |s|2 − sh t

√
k−|s|2√

k−|s|2

−
√
k − |s|2 sh t

√
k − |s|2 ch t

√
k − |s|2

 .

Äëÿ ñëó÷àÿ ìíèìûõ ñîáñòâåííûõ çíà÷åíèé

exp(tP (s)) =

 cos t
√
|s|2 − k − sin t

√
|s|2−k√
|s|2−k

−
√
|s|2 − k sin t

√
|s|2 − k cos t

√
|s|2 − k

 .

Â ñëó÷àå íóëåâûõ ñîáñòâåííûõ çíà÷åíèé, ò. å. ïðè |s| =
√
k

exp(tP (s)) =

(
et tet

0 et

)
.

Ðàññìîòðèì òåïåðü ìàòðèöó

R(s) = E + exp(−TP (s))− 2 exp(−t0P (s)).

Ñîáñòâåííûå çíà÷åíèÿ ýòîé ìàòðèöû ðàâíû

w1,2(s) = 1 + exp(−Tλ1,2(s))− 2 exp(−t0λ1,2(s)).

Â ñëó÷àå ìíèìûõ ñîáñòâåííûõ çíà÷åíèé λ1,2(s) ïðè èððàöèîíàëüíîì t0/T
áûëî ïîêàçàíî, ÷òî w1,2(s) 6= 0 è ñóùåñòâóåò R−1(s) ∈ C∞−∞.

Ðàññìîòðèì âåùåñòâåííûå ñîáñòâåííûå çíà÷åíèÿ λ1,2(s), ïðè÷åì |λ1,2(s)|
≤
√
k. Ïîêàæåì, ÷òî óðàâíåíèå 1 + ey − 2eρy = 0 ïðè íåêîòîðûõ ρ ∈ (0; 1)

íå èìååò íà ñåãìåíòå [−a; a] íåíóëåâûõ âåùåñòâåííûõ êîðíåé.
Íàéäåì ìèíèìóì ôóíêöèè ϕ(y) = 1 + ey − 2eρy.

ϕ′(y) = ey − 2ρeρy = 0, çíà÷èò ñòàöèîíàðíàÿ òî÷êà y0 = ln 2ρ
1−ρ . Â íåé è áóäåò

äîñòèãàòüñÿ minϕ(y) < 0.
Ñëåäîâàòåëüíî, ïðè y < 0 ϕ(y) > ϕ(0) = 0, ïðè y ∈ (0, y0) ϕ(y) < 0,

à âòîðîé âåùåñòâåííûé êîðåíü ôóíêöèè ϕ(y) áóäåò áîëüøå y0. Ïîýòîìó åñëè
âçÿòü ρ áëèçêèì ê 1, ÷òîáû âûïîëíÿëîñü íåðàâåíñòâî ln 2ρ

1−ρ > a, òî íà ñåãìåíòå
[−a; a] íåíóëåâûõ êîðíåé ó íàøåãî óðàâíåíèÿ íå áóäåò.
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Çíà÷èò ñóùåñòâóåò îáðàòíàÿ ìàòðèöà R−1(s), ïðè÷åì îíà áóäåò áåñêîíå÷-
íî äèôôåðåíöèðóåìà è îãðàíè÷åíà ïðè |s| <

√
k.

Îñòàëîñü ðàçîáðàòü ñëó÷àé, êîãäà |s| =
√
k, ò. å. ìàòðèöà P (s) =

(
0 1
0 0

)
.

Òîãäà ìàòðèöà R(s) =

(
1 + e−T − 2e−t0 −Te−T + 2t0e

−t0

0 1 + e−T − 2e−t0

)
.

Îïðåäåëèòåëü ýòîé ìàòðèöû ∆ =
(
1 + e−T − 2e−t0

)2 6= 0 ïðè t0 6= T/2.
Èòàê, ïîëó÷èëè ñëåäóþùèé ðåçóëüòàò: ïðè èððàöèîíàëüíîì t0/T è 2t0

T >

(T − t0)
√
k íàøå óðàâíåíèå áóäåò 0-óïðàâëÿåìûì â ïðîñòðàíñòâå S ñ óïðàâ-

ëåíèåì âèäà G(x) ∗ ϕ(x) · sign(t− t0), ãäå G(x) = F−1(R−1(s)P (s)).
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