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Ðàññìàòðèâàåòñÿ çàäà÷à, îïèñûâàþùàÿ ïðîöåññ ñòàöèîíàðíîé äèôôóçèè
â ëîêàëüíî-ïåðèîäè÷åñêîé ïîðèñòîé ñðåäå ñ íåëèíåéíûì ïîãëîùåíèåì íà
ãðàíèöå. Îïèðàÿñü íà ðàáîòó, â êîòîðîé ýòà çàäà÷à ðàññìàòðèâàëàñü â áîëåå
øèðîêîì êëàññå ïåðôîðèðîâàííûõ îáëàñòåé (ñèëüíî ñâÿçíûõ îáëàñòÿõ),
ìû ïîëó÷àåì ÿâíûå ôîðìóëû äëÿ ýôôåêòèâíûõ õàðàêòåðèñòèê ñðåäû: òåí-
çîðà ïðîâîäèìîñòè è ôóíêöèè ïîãëîùåíèÿ.
Êëþ÷åâûå ñëîâà: óñðåäíåíèå, ñòàöèîíàðíàÿ äèôôóçèÿ, íåëèíåéíàÿ òðåòüÿ
êðàåâàÿ çàäà÷à, ëîêàëüíî-ïåðèîäè÷åñêàÿ ïîðèñòàÿ ñðåäà, òåíçîð ïðîâîäè-
ìîñòè, ôóíêöèÿ ïîãëîùåíèÿ.

Ãîí÷àðåíêî Ì.Â., Õiëüêîâà Ë.Î. Óñåðåäíåíi òåíçîð ïðîâiäíîñòi òà

ôóíêöiÿ ïîãëèíàííÿ ëîêàëüíî-ïåðiîäè÷íîãî ïîðèñòîãî ñåðåäî-

âèùà. Ðîçãëÿäà¹òüñÿ çàäà÷à, ÿêà îïèñó¹ ïðîöåñ ñòàöiîíàðíî¨ äèôóçi¨ â
ëîêàëüíî-ïåðiîäè÷íîìó ïîðèñòîìó ñåðåäîâèùi ç íåëiíiéíèì ïîãëèíàííÿì
íà ìåæi. Îïèðàþ÷èñü íà ðîáîòó, â ÿêié öÿ çàäà÷à ðîçãëÿäàëàñÿ â áiëüø
øèðîêîìó êëàñi ïåðôîðîâàíèõ îáëàñòåé (ñèëüíî çâ'ÿçíèõ îáëàñòÿõ), ìè
îòðèìó¹ìî ÿâíi ôîðìóëè äëÿ åôåêòèâíèõ õàðàêòåðèñòèê ñåðåäîâèùà: òåí-
çîðà ïðîâiäíîñòi òà ôóíêöi¨ ïîãëèíàííÿ.
Êëþ÷îâi ñëîâà: óñåðåäíåííÿ, ñòàöiîíàðíà äèôóçiÿ, íåëiíiéíà òðåòÿ êðàéî-
âà çàäà÷à, ëîêàëüíî-ïåðiîäè÷íå ïîðèñòå ñåðåäîâèùå, òåíçîð ïðîâiäíîñòi,
ôóíêöiÿ ïîãëèíàííÿ.
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and absorption function of a locally periodic porous medium. We
consider a problem describing the process of stationary di�usion in a locally-
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medium: a conductivity tensor and a function of absorption.
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1. Ââåäåíèå

Â õèìè÷åñêèõ òåõíîëîãèÿõ, ýêîëîãèè è ìíîãèõ åñòåñòâåííûõ íàóêàõ âî-
çíèêàåò ïîòðåáíîñòü â èññëåäîâàíèè ïðîöåññîâ äèôôóçèè â ïîðèñòûõ ñðåäàõ
ñ ïîãëîùåíèåì íà ãðàíèöå ïîð. Ýòè ïðîöåññû îïèñûâàþòñÿ êðàåâîé çàäà÷åé
äëÿ ýëëèïòè÷åñêîãî óðàâíåíèÿ, ðàññìàòðèâàåìîãî â ñëîæíîé ïåðôîðèðîâàí-
íîé îáëàñòè, ñ òðåòüèì êðàåâûì óñëîâèåì íà ãðàíèöå ïåðôîðàöèè (â òîì ÷è-
ñëå íåëèíåéíûì). Â âèäó ìàëîñòè ëîêàëüíîãî ìàñøòàáà ïîðèñòîñòè ñðåäû ε è
ñëîæíîñòè ðàññìàòðèâàåìîé ïåðôîðèðîâàííîé îáëàñòè, íåïîñðåäñòâåííîå ðå-
øåíèå òàêèõ êðàåâûõ çàäà÷ ïðàêòè÷åñêè íåâîçìîæíî íè àíàëèòè÷åñêèìè, íè
÷èñëåííûìè ìåòîäàìè. Ïîýòîìó åñòåñòâåííûé ïîäõîä â ýòîé ñèòóàöèè çàêëþ-
÷àåòñÿ â èññëåäîâàíèè àñèìïòîòè÷åñêîãî ïîâåäåíèÿ ðåøåíèÿ, êîãäà ε→ 0, è
ïåðåõîäå ê óñðåäí¼ííîé ìàêðîñêîïè÷åñêîé ìîäåëè ïðîöåññà, ðàññìàòðèâàå-
ìîé óæå âî âñåé îáëàñòè áåç ó÷¼òà ïåðôîðàöèè.

Òàêèå çàäà÷è â ïîñëåäíåå âðåìÿ èíòåíñèâíî èçó÷àëèñü, íî â îñíîâíîì äëÿ
ïåðèîäè÷åñêè ïåðôîðèðîâàííûõ îáëàñòåé (ñì. [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11]).
Çàäà÷è óñðåäíåíèÿ â ïåðôîðèðîâàííûõ íåïåðèîäè÷åñêèõ îáëàñòÿõ ðàññìà-
òðèâàþòñÿ çíà÷èòåëüíî ðåæå, ïåðâûå ðåçóëüòàòû äëÿ òàêèõ çàäà÷ áûëè ïîëó-
÷åíû â ðàáîòàõ Â.À. Ìàð÷åíêî, Å.ß. Õðóñëîâà ([12]), â êîòîðûõ áûëî ââåäåíî
ïîíÿòèå ñèëüíîé ñâÿçíîñòè, èãðàþùåå âàæíóþ ðîëü â âîïðîñàõ óñðåäíåíèÿ.
Óñðåäíåíèþ óðàâíåíèÿ äèôôóçèè â ñèëüíî-ñâÿçíûõ ïåðôîðèðîâàííûõ îáëà-
ñòÿõ ñ íåëèíåéíûì ïîãëîùåíèåì íà ãðàíèöå ïåðôîðàöèè ïîñâÿùåíû ðàáîòû
[13, 14]. Â ýòèõ ðàáîòàõ áûëî äîêàçàíî, ÷òî â ñèëüíî-ñâÿçíûõ îáëàñòÿõ óñðå-
äí¼ííîå óðàâíåíèå èìååò âèä

−
n∑

i,j=1

∂

∂xi

(
aij(x)

∂u

∂xj

)
+ c(x, u) = f(x), x ∈ Ω, (1)

ãäå Ω � îáëàñòü ïðîöåññà. Êîýôôèöèåíòû óðàâíåíèÿ (1) ÿâëÿþòñÿ ýôôåêòèâ-
íûìè õàðàêòåðèñòèêàìè ñðåäû: {aij(x)}i,j � óñðåäí¼ííûé òåíçîð ïðîâîäèìî-
ñòè ïîðèñòîé ñðåäû, c(x, u) � óñðåäí¼ííàÿ ôóíêöèÿ ïîãëîùåíèå íà å¼ ãðàíèöå;
îíè âûðàæàþòñÿ ÷åðåç ¾ìåçîñêîïè÷åñêèå¿ (ëîêàëüíûå ýíåðãåòè÷åñêèå) õàðà-
êòåðèñòèêè ñðåäû, îïðåäåëÿåìûå â ìàëûõ êóáàõ, ðàçìåðû êîòîðûõ, òåì íå
ìåíåå, ìíîãî áîëüøå ìàñøòàáà ìèêðîñòðóêòóðû ε.

Â ðàáîòàõ [13, 14] òåîðåìû ñõîäèìîñòè äîêàçûâàëèñü ïðè óñëîâèÿõ ñóùå-
ñòâîâàíèÿ ïðåäåëüíûõ ïëîòíîñòåé ¾ìåçîñêîïè÷åñêèõ¿ õàðàêòåðèñòèê, âûïîë-
íåíèå êîòîðûõ ïîêàçàòü â îáùåì ñëó÷àå î÷åíü òðóäíî, íî â ðÿäå êîíêðåòíûõ
ñèòóàöèé ýòî ìîæíî ñäåëàòü. Â íàñòîÿùåé ðàáîòå ìû ïîêàçûâàåì âûïîëíåíèå
ýòèõ óñëîâèé è, èññëåäóÿ èõ, ïîëó÷àåì ÿâíûå ôîðìóëû äëÿ ýôôåêòèâíûõ õà-
ðàêòåðèñòèê ëîêàëüíî-ïåðèîäè÷åñêîé ïîðèñòîé ñðåäû. Òî÷íàÿ ôîðìóëèðîâêà
ýòîãî ðåçóëüòàòà áûëà ïðèâåäåíà â ðàáîòå [15] áåç äîêàçàòåëüñòâà, â äàííîé
ðàáîòå ìû äà¼ì ïîëíîå åãî äîêàçàòåëüñòâî.



44 Ãîí÷àðåíêî Ì.Â., Õèëüêîâà Ë.À.

2. Ïîñòàíîâêà çàäà÷è

Â ïðîñòðàíñòâå R3 ðàññìîòðèì ëîêàëüíî-ïåðèîäè÷åñêóþ ïåðôîðèðîâàí-
íóþ îáëàñòü Ωε. Äëÿ óòî÷íåíèÿ ñòðóêòóðû îáëàñòè Ωε ââåä¼ì ñëåäóþùèå
îáîçíà÷åíèÿ:

Π =

{
ξ ∈ R3 : |ξi| 6

θi
2
, i = 1, 3

}
, Π±δ =

{
ξ ∈ R3 : |ξ| 6 θi

2
(1± δ), i = 1, 3

}
−

ïàðàëëåëåïèïåäû â R3 ñ öåíòðàìè â 0, çäåñü δ � ïðîèçâîëüíîå ìàëîå ÷èñëî
(δ � 1),

Πε
xα =

{
x ∈ R3 : |xi − xαi | 6

θiε

2
, i = 1, 3

}
−

ïàðàëëåëåïèïåäû â R3 ñ öåíòðàìè â òî÷êàõ xα = ε
3∑
i=1

xαi e
i, ãäå xαi = mα

i θi

(mα
i ∈ Z), è ð¼áðàìè, îðèåíòèðîâàííûìè ïî êîîðäèíàòíûì îñÿì. Ïàðàëëå-

ëåïèïåäû Πε
xα îáðàçóþò ïåðèîäè÷åñêóþ ðåø¼òêó ñ ïåðèîäîì θiε (i = 1, 3).

Ïóñòü F � îáëàñòü â Π ñ ãëàäêîé ãðàíèöåé ∂F è öåíòðîì ìàññ â íà÷àëå êî-
îðäèíàò. Ïðåäïîëîæèì, ÷òî ïðîñòðàíñòâî R3 ðàçðåçàíî íà ïàðàëëåëåïèïåäû
Πε
xα . Â êàæäîì ïàðàëëåëåïèïåäå Πε

xα , ïðèíàäëåæàùåì îáëàñòè Ω, íàõîäèòñÿ
ìíîæåñòâî F εxα

F εxα = εFxα + xα,

êîòîðîå ÿâëÿåòñÿ òðàíñëÿöèåé è ãîìîòåòè÷åñêèì ñæàòèåì Fxα , ïîëó÷åííîãî
èç ìíîæåñòâà F ñëåäóþùèì îáðàçîì:

Fx = fx(F ), ∂Fx = fx(∂F ), (2)

ãäå fx(ξ) � äèôôåîìîðôèçì èç R3 â R3, çàâèñÿùèì îò òî÷êè x ∈ Ω
(êàê îò ïàðàìåòðà) òàê, ÷òî f0(ξ) = I (I � òîæäåñòâåííîå îòîáðàæåíèå),
∀x ∈ Ω : Fx ⊂ Π−2δ è

‖fx1 − fx2‖C1(Ω) 6 C |x1 − x2| . (3)

Îáëàñòü Ωε = Ω\F ε, ãäå F ε = ∪αF εxα áóäåì íàçûâàòü ëîêàëüíî-ïåðèîäè÷åñêîé.
Äðóãîå îïðåäåëåíèå ëîêàëüíî-ïåðèîäè÷åñêîé ñòðóêòóðû ïåðôîðèðîâàí-

íîé îáëàñòè áûëî äàíî â ðàáîòå [16].
Â ëîêàëüíî-ïåðèîäè÷åñêîé îáëàñòè Ωε ðàññìîòðèì êðàåâóþ çàäà÷ó

−∆uε = f ε(x), x ∈ Ωε,

∂uε

∂ν
+ σε(x, uε) = 0, x ∈ ∂F ε,

uε = 0 íà ∂Ω,

(4)

ãäå ôóíêöèè f ε(x) ∈ L2(Ωε) è σε(x, u) çàäàíû. Îòíîñèòåëüíî ôóíêöèè
σε(x, u) ïðåäïîëîæèì, ÷òî îíà óäîâëåòâîðÿåò ñëåäóþùèì óñëîâèÿì:
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a1: σ
ε(x, u) = εσ(x, u), ãäå σ(x, u) íåïðåðûâíà ïî x ∈ Ωε è ïî ïåðåìåííîé u

óäîâëåòâîðÿåò ñëåäóþùåìó óñëîâèþ Ëèïøèöà ∀u1, u2 ∈ R:

|σ(x, u1)− σ(x, u2)| 6 C(1 + |u1|Θ−1 + |u2|Θ−1)|u1 − u2|
(

Θ <
n

n− 2

)
;

a2: ∀u1, u2 ∈ R : (σε(x, u1)− σε(x, u2)) · (u1 − u2) > 0;

a3: σ(x, 0) = 0.

Îïðåäåëåíèå 1 Îáîáùåííûì ðåøåíèåì çàäà÷è (4) áóäåì íàçûâàòü ôóí-

êöèþ uε(x) èç ïðîñòðàíñòâà H1(Ωε, ∂Ω) = {u(x) ∈ H1(Ωε) : u|∂Ω = 0},
óäîâëåòâîðÿþùóþ òîæäåñòâó∫

Ωε

(∇uε,∇ϕ) dx+

∫
∂F ε

σε(x, uε)ϕdΓ =

∫
Ωε

f εϕdx, ∀ϕ(x) ∈ H1(Ωε, ∂Ω). (5)

Èçâåñòíî, ÷òî ïðè êàæäîì ôèêñèðîâàííîì ε ñóùåñòâóåò åäèíñòâåííîå
îáîáù¼ííîå ðåøåíèå uε(x) çàäà÷è (4). Àñèìïòîòè÷åñêîå ïîâåäåíèå ïðè ε→ 0
ðåøåíèÿ çàäà÷è (4), ðàññìàòðèâàåìîé â áîëåå øèðîêîì êëàññå ïåðôîðèðîâàí-
íûõ îáëàñòåé � â ñèëüíî ñâÿçíûõ îáëàñòÿõ, áûëî èçó÷åíî â ðàáîòàõ [13, 14].
Â ýòèõ ðàáîòàõ áûëè îïðåäåëåíû óñëîâèÿ ñõîäèìîñòè (áîëåå ñèëüíûå â ðà-
áîòå [13] è áîëåå ñëàáûå â [14]) è ïîëó÷åíà óñðåäí¼ííàÿ ìîäåëü. Îñíîâíîé
öåëüþ äàííîé ðàáîòû ÿâëÿåòñÿ ïðîâåðêà âûïîëíåíèÿ óñëîâèé ñõîäèìîñòè
ðàáîòû [13] äëÿ ëîêàëüíî-ïåðèîäè÷åñêèõ ïåðôîðèðîâàííûõ îáëàñòåé è ïî-
ëó÷åíèå ÿâíûõ ôîðìóë äëÿ ýôôåêòèâíûõ õàðàêòåðèñòèê ïîðèñòîé ñðåäû,
êîòîðûå ÿâëÿþòñÿ êîýôôèöèåíòàìè óñðåäí¼ííîãî óðàâíåíèÿ. Ïðè ýòîì ñõî-
äèìîñòü ïîíèìàåòñÿ â ñëåäóþùåì ñìûñëå:

Îïðåäåëåíèå 2 Áóäåì ãîâîðèòü, ÷òî ïîñëåäîâàòåëüíîñòü ôóíêöèé

{uε(x) ∈ Lp(Ωε) }ε ñõîäèòñÿ â Lp(Ωε,Ω), åñëè ñóùåñòâóåò ôóíêöèÿ

u(x) ∈ Lp(Ω) òàêàÿ ÷òî

lim
ε→0
‖uε − u‖Lp(Ωε) = 0.

Îñíîâíîé ðåçóëüòàò ðàáîòû çàêëþ÷àåòñÿ â ñëåäóþùåé òåîðåìå:

Òåîðåìà 1 Ïóñòü îáëàñòè Ωε ÿâëÿþòñÿ ëîêàëüíî-ïåðèîäè÷åñêèìè è ôóí-

êöèÿ f ε(x), ïðîäîëæåííàÿ íóë¼ì íà ìíîæåñòâî F ε, ñõîäèòñÿ ñëàáî â L2(Ω)
ê ôóíêöèè f(x). Òîãäà ðåøåíèå uε(x) çàäà÷è (4) ñõîäèòñÿ ïðè ε → 0 â

Lp(Ωε,Ω)
(
p < 2n

n−2

)
ê ðåøåíèþ u(x) óñðåäíåííîé çàäà÷è:

−
n∑

i,j=1

∂

∂xi

(
aij(x)

∂u

∂xj

)
+

1

2
cu(x, u) = f(x), x ∈ Ω,

u(x) = 0, x ∈ ∂Ω,

(6)
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êîýôôèöèåíòû êîòîðîé âû÷èñëÿþòñÿ ïî ôîðìóëàì:

ôóíêöèÿ ïîãëîùåíèÿ

cu(x, u) =
2|∂Fx|
|Π|

σ(x, u); (7)

òåíçîð ïðîâîäèìîñòè {aij(x)}ni,j=1

aij(x) = δij

(
1− |Fx|

|Π|

)
− 1

|Π|

∫
Π\Fx

n∑
k=1

∂Vi(ξ, x)

∂ξk

∂Vj(ξ, x)

∂ξk
dξ, (8)

ãäå |∂Fx|, |Fx|, |Π| ïîâåðõíîñòíàÿ è îáú¼ìíûå ìåðû ñîîòâåòñòâóþùèõ ìíî-

æåñòâ, ôóíêöèÿ Vi(ξ) = Vi(ξ, x) (i = 1, n) ÿâëÿåòñÿ ðåøåíèåì ñëåäóþùåé

”
ÿ÷åå÷íîé“ çàäà÷è:

n∑
k=1

∂2Vi(ξ)

∂ξ2
k

= 0, ξ ∈ Π \ Fx,

∂Vi(ξ)

∂νξ
= cos(ν(ξ), ei), ξ ∈ ∂Fx,

Vi|Γ+
k

= Vi|Γ−
k
,

∂Vi
∂ξk
|Γ+
k

=
∂Vi
∂ξk
|Γ−
k
, k = 1, n,∫

Π\Fx

Vi(ξ) dξ = 0,

(9)

ãäå Γ±k � ïðîòèâîïîëîæíûå ãðàíè â Π, ν = ν(ξ) � åäèíè÷íûé âåêòîð âíåøíåé

íîðìàëè ê Fx â òî÷êå ξ ∈ Fx.

Äîêàçàòåëüñòâî äàííîé òåîðåìû ñòðîèòñÿ íà èçó÷åíèè ïðåäåëüíûõ ïåðå-
õîäîâ â óñëîâèÿõ 1), 2) òåîðåìû 1 ðàáîòû [13], îïðåäåëÿþùèõ ñóùåñòâîâà-
íèå ïðåäåëüíûõ ïëîòíîñòåé ìåçîñêîïè÷åñêèõ õàðàêòåðèñòèê ïîðèñòîé ñðå-
äû. Äëÿ óäîáñòâà ÷èòàòåëÿ îïðåäåëåíèÿ ìåçîñêîïè÷åñêèõ õàðàêòåðèñòèê è
ôîðìóëèðîâêó òåîðåìû 1 ðàáîòû [13] (òåîðåìà 2) ìû ïðèâîäèì â ñëåäóþùåì
ðàçäåëå.

3. Ìåçîñêîïè÷åñêèå õàðàêòåðèñòèêè ñðåäû è

îñíîâíîå óñðåäí¼ííîå óðàâíåíèå äèôôóçèè

Ìåçîñêîïè÷åñêèå õàðàêòåðèñòèêè ïåðôîðèðîâàííûõ îáëàñòåé Ωε � ýòî ëî-
êàëüíûå ñðåäíèå õàðàêòåðèñòèêè ìèêðîñòðóêòóðû, ðàññìàòðèâàåìûå â ¾ìå-
çîêóáå¿ Kz

h = K(z, h) ñ öåíòðîì â òî÷êå z è ð¼áðàìè äëèíîé h, îðèåíòèðîâàí-
íûìè ïî êîîðäèíàòíûì îñÿì. Ïðèñòàâêà ¾ìåçî¿ îçíà÷àåò, ÷òî ðàçìåð êóáà
ñóùåñòâåííî áîëüøå ðàçìåðà ìèêðîñòðóêòóðû ε, íî ñóùåñòâåííî ìåíüøå ðà-
çìåðà âñåé îáëàñòè Ωε (0 < ε� h� 1).
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Êîëè÷åñòâåííóþ õàðàêòåðèñòèêó ïðîâîäèìîñòè çàäàäèì ñ ïîìîùüþ ôóí-
êöèîíàëà îòíîñèòåëüíî ïðîèçâîëüíîãî âåêòîðà ` ∈ Rn:

T εh,z(`) = inf
vε

∫
Kz
h∩Ωε

{
|∇vε|2 + h−2−τ |vε − (x− z, `)|2

}
dx, (10)

ãäå èíôèíóì áåð¼òñÿ â êëàññå ôóíêöèé vε(x) ∈ H1(Kz
h ∩ Ωε), τ ∈ (0, 2) � ïà-

ðàìåòð øòðàôà. Ýòîò ôóíêöèîíàë ÿâëÿåòñÿ îäíîðîäíî êâàäðàòè÷íûì îòíî-
ñèòåëüíî ` [12] è ïðåäñòàâèì â âèäå

T εh,z(`) =
n∑

i,j=1

aij(z, ε, h)`i`j , (11)

ãäå

aij(z, ε, h) =

=

∫
Kz
h∩Ωε

{(
∇vεi ,∇vεj

)
+ h−2−τ [vεi − (xi − zi)][vεj − (xj − zj)]

}
dx (12)

è vεi � ìèíèìèçàíò ôóíêöèîíàëà T
ε
h,z(`) ïðè ` = ei � îðò îñè xi.

Êîëè÷åñòâåííóþ õàðàêòåðèñòèêó ïîãëîùåíèÿ íà ãðàíèöå ∂F ε çàäàäèì ñ
ïîìîùüþ ôóíêöèîíàëà îòíîñèòåëüíî ïðîèçâîëüíîãî s ∈ R:

c(z, s; ε, h) =

= inf
wε

 ∫
Kz
h∩Ωε

{
|∇wε|2 + h−2−τ |wε − s|2

}
dx+

∫
Kz
h∩∂F ε

gε(x,wε)dΓ

 , (13)

ãäå èíôèíóì áåð¼òñÿ â êëàññå ôóíêöèé wε ∈ H1(Kz
h∩Ωε), à ôóíêöèÿ gε(x, u)

îïðåäåëåíà ôîðìóëîé

gε(x, u) := 2

u∫
0

σε(x, s) ds. (14)

Îïðåäåëåíèå 3 Áóäåì ãîâîðèòü, ÷òî ñèñòåìà îáëàñòåé Ωε ⊂ Ω óäîâëå-

òâîðÿåò óñëîâèþ ñèëüíîé ñâÿçíîñòè (èëè ïðîñòî ÿâëÿþòñÿ ñèëüíî ñâÿ-

çíûìè), åñëè äëÿ ëþáîé ôóíêöèè vε(x) ∈ H1(Ωε) ñóùåñòâóåò ôóíêöèÿ

ṽε(x) ∈ H1(Ω) òàêàÿ, ÷òî vε(x) = ṽε(x) ïðè x ∈ Ωε è ñïðàâåäëèâî íåðà-

âåíñòâî

‖ṽε‖H1(Ω) ≤ C ‖v
ε‖H1(Ωε) . (15)

Îñíîâíîé ðåçóëüòàò ðàáîòû [13] çàêëþ÷àëñÿ â ñëåäóþùåé òåîðåìå:
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Òåîðåìà 2 Ïóñòü îáëàñòè Ωε ÿâëÿþòñÿ ñèëüíî ñâÿçíûìè è ∃ τ ∈ (0, 2) ïðè
êîòîðîì ðàâíîìåðíî ïî x ∈ Ω âûïîëíÿþòñÿ óñëîâèÿ:

1) lim
h→0

lim
ε→0

aij(x,ε,h)
hn = lim

h→0
lim
ε→0

aij(x,ε,h)
hn = aij(x),

ãäå aij(x) � êóñî÷íî-íåïðåðûâíûå ôóíêöèè îò x è {aij(x)}ni,j=1 � ïîëîæè-

òåëüíî îïðåäåë¼ííûé, ñèììåòðè÷íûé òåíçîð â Rn;
2) lim

h→0
lim
ε→0

c(x,s;ε,h)
hn = lim

h→0
lim
ε→0

c(x,s;ε,h)
hn = c(x, s), ∀s ∈ R,

ãäå ôóíêöèÿ c(x, s) îãðàíè÷åíà ïî x, äèôôåðåíöèðóåìà ïî s è å¼ ïðîèçâîäíàÿ

cs(x, s) = ∂
∂sc(x, s) ïî ïåðåìåííîé s óäîâëåòâîðÿåò óñëîâèÿì ìîíîòîííîãî

âîçðàñòàíèÿ è îãðàíè÷åííîñòè íà ðîñò

∀ s ∈ R : cs(x, s) 6 C(1 + |s|θ),
(
θ < n+2

n−2

)
;

3) ôóíêöèÿ f ε(x), ïðîäîëæåííàÿ íóë¼ì íà ìíîæåñòâî F ε, ïðè ε→ 0 ñõîäè-

òñÿ ñëàáî â L2(Ω) ê ôóíêöèè f(x).

Òîãäà îáîáù¼ííîå ðåøåíèå uε(x) çàäà÷è (4) ñõîäèòñÿ â Lp(Ωε,Ω)
(
p < 2n

n−2

)
ê ôóíêöèè u(x), ÿâëÿþùåéñÿ îáîáù¼ííûì ðåøåíèåì óñðåäí¼ííîé çàäà÷è (6).

4. Äîêàçàòåëüñòâî òåîðåìû 1

Ïðåæäå âñåãî, äîêàæåì ðÿä âñïîìîãàòåëüíûõ ëåìì, êîòîðûå áóäóò
èñïîëüçîâàíû ïðè äîêàçàòåëüñòâå òåîðåìû.

Ëåììà 1 Ïðè äîñòàòî÷íî ìàëûõ ε ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå

vεα(ξ) çàäà÷è
∆ξv

ε
α(ξ) = 0, ξ ∈ R3 \ Fxα ,

∂vεα(ξ)

∂νξ
+ εσ(xα + εξ, s+ εvεα(ξ)) = 0, ξ ∈ ∂Fxα , s ∈ R,

vεα(ξ)→ 0 ïðè |ξ| → ∞,

(16)

ãäå νξ � åäèíè÷íàÿ íîðìàëü ê ãðàíèöå ∂Fxα, âíåøíÿÿ ïî îòíîøåíèþ ê îáëà-

ñòè R3 \ Fxα. Äëÿ ýòîãî ðåøåíèÿ ñïðàâåäëèâû ñëåäóþùèå îöåíêè:

max
ξ∈Π\Fxα

|vεα(ξ)| < Cε, (17)

max
ξ∈Π+δ\Π−δ

|∇vεα(ξ)| < C

δ
ε. (18)

Äîêàçàòåëüñòâî. Ðåøåíèå çàäà÷è (16) áóäåì èñêàòü â âèäå ïîòåíöèàëà
ïðîñòîãî ñëîÿ

vεα(ξ) =

∫
∂Fxα

ρε(η)

|η − ξ|
dΓη, ξ ∈ R3 \ Fxα .

Äëÿ òîãî, ÷òîáû ôóíêöèÿ vεα(ξ) óäîâëåòâîðÿëà ãðàíè÷íîìó óñëîâèþ, ïëî-
òíîñòü ρε(ξ) äîëæíà áûòü ðåøåíèåì èíòåãðàëüíîãî óðàâíåíèÿ ([17, ãë. 15])

ρε(ξ) +Rρε(ξ) = − 1

2π
ψε(ξ), ξ ∈ ∂Fxα , (19)
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ãäå îïåðàòîð R, îïðåäåë¼ííûé ðàâåíñòâîì

Rρε :=
1

2π

∫
∂Fxα

(η − ξ, νη)
|η − ξ|3

ρε(η) dΓη,

äåéñòâóåò èç ïðîñòðàíñòâà C(∂Fxα) â C(∂Fxα), à ôóíêöèÿ ψε(ξ) ÿâëÿåòñÿ
ðåøåíèåì óðàâíåíèÿ

ψε(ξ) = −εσ(xα + εξ, s+ εNψε(ξ)). (20)

Çäåñü ÷åðåç N îáîçíà÷åí îïåðàòîð ¾Neumann to Dirichlet¿, êîòîðûé íîðìàëü-
íîé ïðîèçâîäíîé ðåøåíèÿ çàäà÷è (16) íà ãðàíèöå ∂Fxα ñòàâèò â ñîîòâåòñòâèå
çíà÷åíèå ñàìîãî ðåøåíèÿ íà ýòîé ãðàíèöå.

Îáîçíà÷èì îïåðàòîð

Aψε := −εσ(xα + εξ, s+ εNψε)

è çàïèøåì óðàâíåíèå (20) â âèäå

ψε = Aψε. (21)

Ïîêàæåì, ÷òî ïðè ìàëûõ ε óðàâíåíèå (21) èìååò åäèíñòâåííîå ðåøåíèå â
ïðîñòðàíñòâå C(∂Fxα). Ïðåæäå âñåãî, åñëè ýòî óðàâíåíèå èìååò ðåøåíèå, òî
â ñèëó ñâîéñòâ ôóíêöèè σ(x, u) è îãðàíè÷åííîñòè îïåðàòîðà N îíî äîëæíî
óäîâëåòâîðÿòü íåðàâåíñòâó:

‖ψε‖C(∂Fxα ) 6 C1ε
(

1 + sΘ + εΘ‖ψε‖ΘC(∂Fxα

)
,

èç êîòîðîãî âûòåêàåò ñëåäóþùàÿ àïðèîðíàÿ îöåíêà

‖ψε‖C(∂Fxα ) 6 C2ε (22)

è òîãäà

‖Aψε1 −Aψε2‖C(∂Fxα ) = ε max
ξ∈∂Fxα

|σ(xα + εξ, s+ εNψε1)−σ(xα + εξ, s+ εNψε2)|6

6 ε2 max
ξ∈∂Fxα

(
1 + |s+ εNψε1|Θ−1 + |s+ εNψε2|Θ−1

)
|Nψε1 −Nψε2| 6

6 C3ε
2‖ψε1 − ψε2‖C(∂Fxα ),

îòêóäà ñëåäóåò, ÷òî ïðè ìàëûõ ε îïåðàòîð A ÿâëÿåòñÿ ñæèìàþùèì, è, ñëåäî-
âàòåëüíî, ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå óðàâíåíèÿ (21) â ïðîñòðàíñòâå
C(∂Fxα), êîòîðîå óäîâëåòâîðÿåò îöåíêå (22).

Êðîìå òîãî, ôóíêöèÿ ψε(ξ) ÿâëÿåòñÿ íîðìàëüíîé ïðîèçâîäíîé ðåøåíèÿ
vεα(ξ) íà ãðàíèöå ∂Fxα , òîãäà äëÿ ôóíêöèè v

ε
α(ξ) â ñèëó ïðèíöèïà ìàêñèìóìà

ñïðàâåäëèâà îöåíêà

max
ξ∈R3\Fxα

|vεα(ξ)| 6 max
ξ∈∂Fxα

|vεα(ξ)| = ‖Nψε(ξ)‖C(∂Fxα ) 6 C4ε.
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Îöåíêà (17) äîêàçàíà.
Äîêàæåì îöåíêó (18). Â ñèëó ñâîéñòâ ïîòåíöèàëà ïðîñòîãî ñëîÿ ñóùå-

ñòâóåò îãðàíè÷åííûé îáðàòíûé îïåðàòîð (I + R)−1, òîãäà èç óðàâíåíèÿ (19)
ïëîòíîñòü ρε(ξ) ðàâíà

ρε(ξ) = − 1

2π
(I +R)−1ψε,

è äëÿ íå¼ â ñèëó (22) ñïðàâåäëèâà îöåíêà

‖ρε‖C(∂Fxα ) =
1

2π
‖(I +R)−1ψε‖C(∂Fxα ) 6 C5ε.

Òîãäà ïðè ξ ∈ Π+δ \Π−δ èìååì

∣∣∣∣∂vεα(ξ)

∂ξi

∣∣∣∣ =

∣∣∣∣∣∣∣
∫

∂Fxα

(ηi − ξi)ρε(η)

|η − ξ|3
dΓη

∣∣∣∣∣∣∣ 6
∫

∂Fxα

|ρε(η)|
|η − ξ|2

dΓη 6

6
C5ε

δ

∫
∂Fxα

1

|η − ξ|
dΓη 6

C6ε

δ
.

Îòêóäà è ñëåäóåò îöåíêà (18). Ëåììà 1 äîêàçàíà.
Äàëåå ïîñòðîèì ¾ðàçáèåíèå åäèíèöû¿ � íàáîð ãëàäêèõ ôóíêöèé, èñïîëü-

çóåìûõ ïðè ïîñòðîåíèè àïïðîêñèìèðóþùèõ ôóíêöèé. Ïîñòðîåíèå ¾ðàçáèå-
íèÿ åäèíèöû¿ íåîäíîêðàòíî ðàññìàòðèâàëîñü ðàíåå (ñì. íàïðèìåð [18, ãë.
2]), íî îáû÷íî íå äåëàþòñÿ îöåíêè ïðîèçâîäíûõ, êîòîðûå áóäóò íóæíû íàì
â äàëüíåéøåì. Ïîýòîìó ïðèâîäèì äîêàçàòåëüñòâî ïîëíîñòüþ.

Ïîêðîåì ïðîñòðàíñòâî Rn ïåðåñåêàþùèìèñÿ êóáàìè {Kα
h = K(xα, h)}α,

ñ öåíòðàìè â òî÷êàõ xα è ñòîðîíàìè h � 1, îðèåíòèðîâàííûìè ïî êîîð-
äèíàòíûì îñÿì, îáðàçóþùèìè ïåðèîäè÷åñêóþ ðåø¼òêó ïåðèîäîì h − r, ãäå
r � òîëùèíà ïåðåêðûòèÿ.

Ëåììà 2 Ïî ïîêðûòèþ {Kα
h = K(xα, h)}α ìîæíî ïîñòðîèòü ¾ðàçáèåíèå

åäèíèöû¿ {ϕα(x)}α � íàáîð ãëàäêèõ ôóíêöèé, óäîâëåòâîðÿþùèõ óñëîâèÿì:

1) ϕα(x) ∈ C∞(Rn);
2) 0 6 ϕα(x) 6 1 ïðè x ∈ Rn;
3) ϕα(x) = 1 ïðè x ∈ Kα

h−2r;

4) ϕα(x) = 0 ïðè x /∈ Kα
h ;

5) |Dλϕα(x)| < C
rλ
, λ = 1, 2, ãäå êîíñòàíòà C íå çàâèñèò îò çíà÷åíèé h, r;

6)
∑
α
ϕα(x) = 1 ïðè x ∈ Rn.

Äîêàçàòåëüñòâî. Ðàññìîòðèì íà âåùåñòâåííîé îñè x ∈ R ôóíêöèþ

f(x) :=

 exp

(
1

x2 − 1

)
ïðè − 1 < x < 1,

0 ïðè îñòàëüíûõ x,
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ôóíêöèÿ f(x) ∈ C∞(R).

Ïóñòü 0 < r � h
2 �

1
2 � âåùåñòâåííûå ÷èñëà. Äàëåå ðàññìîòðèì ôóíêöèþ,

ïîëó÷åííóþ ñæàòèåì â r
2 ðàç ôóíêöèè f(x):

fr(x) := f

(
2x

r

)
,

êîòîðàÿ òàêæå fr(x) ∈ C∞(R). Ïî ôóíêöèè fr(x) ïîñòðîèì ôóíêöèþ F (x),
îïðåäåë¼ííóþ ðàâåíñòâîì

F (x) :=



∫ x+h−r
2

−∞ fr(t) dt∫ +∞
−∞ fr(t) dt

ïðè x 6 0,∫ +∞
x−h−r

2

fr(t) dt∫ +∞
−∞ fr(t) dt

ïðè x > 0.

Ëåãêî âèäåòü, ÷òî F (x) ∈ C∞(R) è F (x) = 1 ïðè −h
2 +r 6 x 6 h

2 −r, F (x) = 0

ïðè x 6 −h
2 èëè x > h

2 , F (x) âîçðàñòàåò îò 0 äî 1 ïðè −h
2 < x < −h

2 + r è

óáûâàåò îò 1 äî 0 ïðè h
2 − r < x < h

2 .

Îöåíèì ïåðâóþ è âòîðóþ ïðîèçâîäíûå ôóíêöèè F (x).

|F ′(x)| 6 max fr(x)
+∞∫
−∞

fr(t) dt

=
exp(−1)

r
2

+1∫
−1

f(t) dt

=
C1

r
,

|F ′′(x)| = max |f ′r(x)|
+∞∫
−∞

fr(t) dt

=
2
r max |f ′(x)|

r
2

+1∫
−1

f(t) dt

=
C2

r2
,

ãäå êîíñòàíòû C1, C2 íå çàâèñÿò îò h, r.

Ïîêðîåì âåùåñòâåííóþ îñü R òî÷êàìè xαi = i(h − r) (i = −∞, ...,+∞) è
îïðåäåëèì ôóíêöèè, ïîëó÷åííûå ñ ïîìîùüþ ñäâèãà ôóíêöèè F (x)

Fαi(x) = F (x− xαi).

Î÷åâèäíî, ÷òî â ñèëó ñâîéñòâ ôóíêöèè F (x) ôóíêöèè Fαi(x) îáëàäàþò ñâîé-
ñòâàìè: Fαi(x) ∈ C∞(R) è Fαi(x) = 1 ïðè xαi − h

2 + r 6 x 6 xαi + h
2 − r,

Fαi(x) = 0 ïðè x 6 xαi − h
2 èëè x > xαi + h

2 , Fαi(x) âîçðàñòàåò îò 0 äî 1 ïðè

xαi − h
2 < x < xαi − h

2 + r è óáûâàåò îò 1 äî 0 ïðè xαi + h
2 − r < x < xαi + h

2 ,
è èõ ïðîèçâîäíûå óäîâëåòâîðÿþò îöåíêàì

|F ′αi(x)| 6 C1

r
, |F ′′αi(x)| 6 C2

r2
,

ãäå êîíñòàíòû C1, C2 íå çàâèñÿò îò h, r.
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Äîêàæåì ñïðàâåäëèâîñòü ðàâåíñòâà

+∞∑
i=−∞

Fαi(x) = 1. (23)

Ïóñòü òî÷êà x ∈ [xαj − h/2 + r, xαj + h/2− r], òîãäà ýòî ðàâåíñòâî î÷åâèäíî
+∞∑
i=−∞

Fαi(x) = Fαj (x) = 1.

Ïóñòü òî÷êà x ∈ [xαj +h/2−r, xαj +h/2] = [xαj+1−h/2, xαj+1−h/2+r] ïðèíà-
äëåæèò äâóì ñìåæíûì îòðåçêàì ðàçáèåíèÿ, òî åñòü ëåæèò â èõ ïåðåñå÷åíèè,
òîãäà

+∞∑
i=−∞

Fαi(x)= Fαj (x)+Fαj+1(x) =

+∞∫
x−(xαj+h−r

2 )
fr(t)dt

+∞∫
−∞

fr(t) dt

+

x−(xαj+1−h−r
2 )∫

−∞
fr(t)dt

+∞∫
−∞

fr(t) dt

=

=

+∞∫
x−(xαj+h−r

2 )
fr(t)dt+

x−(xαj+h−r
2 )∫

−∞
fr(t)dt

+∞∫
−∞

fr(t) dt

= 1.

Ðàâåíñòâî (23) äîêàçàíî.
Ðàññìîòðèì òåïåðü ôóíêöèþ ϕα(x) (α = {α1, α2, ..., αn} � ìóëüòèèíäåêñ),

îïðåäåë¼ííóþ ïðè x = {x1, x2, ..., xn} ∈ Rn ôîðìóëîé

ϕα(x) :=
n∏
i=1

Fαi(xi).

Ëåãêî âèäåòü, ÷òî ϕα(x) ∈ C∞(Rn) è ϕα(x) = 1 ïðè x ∈ Kα
h−2r, ϕα(x) = 0 ïðè

x /∈ Kα
h , 0 6 ϕα(x) 6 1 ïðè x ∈ Kα

h \Kα
h−2r. È êðîìå òîãî,

|Dϕα(x)| 6 C̃1

r
, |D2ϕα(x)| 6 C̃2

r2
, ∀x ∈ Rn.

ãäå êîíñòàíòû C̃1, C̃2 íå çàâèñÿò îò h, r. Òàêèì îáðàçîì, ôóíêöèÿ ϕα(x) óäîâ-
ëåòâîðÿåò ñâîéñòâàì 1)-5). Äîêàæåì ñïðàâåäëèâîñòü ñâîéñòâà 6). Â ñèëó (23)
èìååì∑
α

ϕα(x) =
+∞∑

i1=−∞
...

+∞∑
in=−∞

n∏
j=1

F
αjij (xj) =

+∞∑
i1=−∞

F
α1
i1 (x1)

(
+∞∑

i2=−∞
F
α2
i2 (x2) ×

×

(
...

(
+∞∑

in=−∞
Fα

n
in (xn)

)))
= 1.
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Ñâîéñòâî 6) äîêàçàíî, èñêîìàÿ ñèñòåìà ôóíêöèé ïîñòðîåíà. Ëåììà 2 äîêàçà-
íà.

Äëÿ âûâîäà ôîðìóë (7) è (8) ïðîâåä¼ì ïðåäâàðèòåëüíîå ïîñòðîåíèå. Ïðåä-
ïîëîæèì, ÷òî ïðîñòðàíñòâî R3 ðàçðåçàíî íà íå ïåðåñåêàþùèåñÿ ïàðàëëåëå-
ïèïåäû Πε

xα . Ïîñòðîèì êîíöåíòðè÷åñêèå ñ íèìè ïàðàëëåëåïèïåäû

Π±δεxα =

{
x ∈ R3 : |xi − xαi | 6

θiε

2
(1± δ), i = 1, 3

}
(0 < δ � 1)

ñ êîòîðûìè ñâÿæåì ðàçáèåíèå åäèíèöû {ϕεα(x)}α � íàáîð ãëàäêèõ ôóíêöèé,
óäîâëåòâîðÿþùèõ óñëîâèÿì: ϕεα(x) = 1 ïðè x ∈ Π−δεxα , ϕεα(x) = 0 ïðè x /∈ Π+δε

xα ,∑
α
ϕεα(x) = 1, |Dλϕεα(x)| 6 C

ε|λ|δ|λ|
(|λ| = 0, 1, 2) ïðè x ∈ Ω.

4.1. Âûâîä ôîðìóëû (7). Îïðåäåëèì ôóíêöèþ

vε(x) = s+ ε
∑
α

vεα

(
x− xα

ε

)
ϕεα(x), x ∈ Ωε, s ∈ R. (24)

ãäå {ϕεα(x)}α � ðàçáèåíèå åäèíèöû, îïèñàííîå âûøå, à ôóíêöèÿ vεα(ξ) � ðå-
øåíèå çàäà÷è (16) äëÿ äàííîãî s. Ôóíêöèþ, ìèíèìèçèðóþùóþ ôóíêöèîíàë
(13) â îáëàñòè Kz

h ∩ Ωε, áóäåì èñêàòü â âèäå

wε(x) = vε(x) + v̂ε(x). (25)

Òîãäà ôóíêöèÿ v̂ε(x) äîëæíà ìèíèìèçèðîâàòü ôóíêöèîíàë

J [v̂ε] = I0(ε, h) + I1(ε, h) + I2(ε, h)

â êëàññå ôóíêöèé H1(Kz
h ∩ Ωε), ãäå

I0(ε, h) =

∫
Kz
h∩Ωε

[
|∇v̂ε(x)|2 + h−2−τ |v̂ε(x)|2

]
dx,

I1(ε, h) = −2

∫
Kz
h∩Ωε

[
∆vε(x)v̂ε(x)− h−2−τ (vε(x)− s)v̂ε(x)

]
dx,

I2(ε, h) =

∫
Kz
h∩∂F ε

[
gε(x, vε + v̂ε)− gε(x, vε) + 2

∂vε(x)

∂ν
v̂ε(x)

]
dΓ.

Òàê êàê J [v̂ε] 6 J [0] = 0, òî

I0(ε, h) 6 |I1(ε, h)|+ |I2(ε, h)|. (26)

Îöåíèì êàæäîå ñëàãàåìîå ïðàâîé ÷àñòè ýòîãî íåðàâåíñòâà.
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Èç (17), (18), (24) è íåðàâåíñòâà Êîøè-Áóíÿêîâñêîãî ïîëó÷àåì

|I1(ε, h)| 6 2

∣∣∣∣∣∣∣
∫

Kz
h∩Ωε

∆vεv̂ε dx

∣∣∣∣∣∣∣+ 2h−2−τ

∣∣∣∣∣∣∣
∫

Kz
h∩Ωε

(vε − s)v̂ε dx

∣∣∣∣∣∣∣ 6
6 2

√√√√ ∫
Kz
h∩Ωε

|∆vε|2 dx
√√√√ ∫
Kz
h∩Ωε

|v̂ε|2 dx+ 2h−2−τ
√√√√ ∫
Kz
h∩Ωε

|vε − s|2 dx×

×
√√√√ ∫
Kz
h∩Ωε

|v̂ε|2 dx 6 2h1+τ/2I
1/2
0 (ε, h)

√√√√√∑
α

∫
Πε
xα\Π

−δε
xα

|∆vε|2 dx+

+ 2h−1−τ/2I
1/2
0 (ε, h)

√√√√∑
α

∫
Πε
xα\F

ε
xα

|vε − s|2 dx 6 C1I
1/2
0 (ε, h)×

×

h1+τ/2

√
1

δ4

∑
α

mes(Πε
xα \Π−δεxα ) + h−1−τ/2

√
ε4
∑
α

mes(Πε
xα \ F εxα)

 6

6 C2I
1/2
0 (ε, h)

(
h3/2+1/2+τ/2

δ3/2
+ h3/2−1−τ/2ε2

)
.

Òàêèì îáðàçîì, ïðè δ = h1/3+τ/6 è 0 < ε 6 h1/2+3τ/8 èìååì

|I1(ε, h)| 6 Ch3/2+τ/4I
1/2
0 (ε, h). (27)

Ïîëó÷èì îöåíêó äëÿ I2(ε, h). Òàê êàê ([13, Ë.1])

∀x ∈ Kz
h ∩ Ωε : |wε(x)| 6 |s|,

òîãäà â ñèëó îïðåäåëåíèé ôóíêöèé wε(x) (25), gε(x, s) (14), ñâîéñòâ ôóíêöèè
σ(x, u) è èíòåãðàëüíîé òåîðåìû î ñðåäíåì, èìååì

|I2(ε, h)| =

∣∣∣∣∣∣∣
∫

Kz
h∩∂F ε

[
gε(x, vε + v̂ε)− gε(x, vε) + 2

∂vε(x)

∂ν
v̂ε(x)

]
dΓ

∣∣∣∣∣∣∣ =

= 2ε

∣∣∣∣∣∣∣
∫

Kz
h∩∂F ε

 vε+v̂ε∫
vε

σ(x, r) dr − σ(x, vε)v̂ε

 dΓ

∣∣∣∣∣∣∣ 6
6 2ε

∫
Kz
h∩∂F ε

|σ(x, vε + ṽε)− σ(x, vε)| |v̂ε| dΓ 6

6 C1

(
1 + 2|s|Θ−1

)
ε

∫
Kz
h∩∂F ε

|v̂ε|2 dΓ = C2ε

∫
Kz
h∩∂F ε

|v̂ε|2 dΓ.
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Çäåñü 0 6 ṽε(x) 6 v̂ε(x) ïðè v̂ε(x) > 0 è v̂ε(x) 6 ṽε(x) 6 0 ïðè v̂ε(x) < 0.
Äëÿ ëþáîé ôóíêöèè ϕ ∈ H1(Ωε) ñïðàâåäëèâî èíòåãðàëüíîå íåðàâåíñòâî

ε

∫
Kz
h∩∂F ε

ϕ2 dΓx 6 C

 ∫
Kz
h∩Ωε

ϕ2 dx+ ε2

∫
Kz
h∩Ωε

|∇xϕ|2 dx

 .

Èç êîòîðîãî ïðè 0 < ε 6 h1+τ/2 äëÿ I2(ε, h) ñëåäóåò

|I2(ε, h)| 6 Ch2+τI0(ε, h). (28)

Èç (26), (27), (28) ïðè 0 < ε 6 h1+τ/2, δ = h1/3+τ/6 ïîëó÷àåì îöåíêó

I0(ε, h) = O(h3+τ/2) = o(h3).

Òàêèì îáðàçîì, ôóíêöèÿ v̂ε äà¼ò ìàëûé âêëàä â ïðåäåëüíóþ ôóíêöèþ ïî-
ãëîùåíèÿ. Òîãäà ñîãëàñíî (25) ôóíêöèÿ vε(x) ïðè ìàëûõ h àïïðîêñèìèðóåò
ìèíèìèçàíò wε(x) ôóíêöèîíàëà (13) â îáëàñòè Kz

h ∩ Ωε.
Ïîäñòàâëÿåì wε(x) â (13), ó÷èòûâàÿ ñâîéñòâà ôóíêöèè σ(x, u), ïðè 0 <

ε 6 h1+τ/2 è δ = h1/3+τ/6 ïîëó÷àåì

c(z, s; ε, h) =

∫
Kz
h∩Ωε

[
|∇vε|2 + h−2−τ |vε − s|2

]
dx+

∫
Kz
h∩∂F ε

gε(x, vε)dΓ + o(h3) =

=

∫
Kz
h∩∂F ε

2ε

s∫
0

σ(x, r) drdΓ + o(h3) =
2|∂Fz|h3

|Π|

s∫
0

σ(z, r) dr + o(h3).

Îòêóäà äåëàåì âûâîä, ÷òî óñëîâèå 2) òåîðåìû 2 âûïîëíÿåòñÿ. Ðàçäåëèâ
c(z, s; ε, h) íà h3 è ïåðåéäÿ ê ïðåäåëó ïðè h → 0, ïîëó÷àåì âûðàæåíèå (7)
äëÿ ôóíêöèè ïîãëîùåíèÿ.

4.2. Âûâîä ôîðìóëû (8). Âûâîä äàííîé ôîðìóëû ïðîèçâîäèòñÿ â
îñíîâíîì òàê æå, êàê â êíèãå [12, ãë. 2], ãäå ðàññìîòðåíà çàäà÷à Íåéìàíà
äëÿ ÷àñòíîãî ñëó÷àÿ ëîêàëüíî-ïåðèîäè÷åñêîé ñðåäû, îïðåäåëåííîé â äàííîé
ðàáîòû. Ïîýòîìó íåêîòîðûå òåõíè÷åñêèå âûêëàäêè, èäåíòè÷íûå [12] ìû îïó-
ñòèì.

Ðàññìîòðèì â îáëàñòè Kz
h ∩ Ωε ôóíêöèè

U εi (x) = (xi − zi)− ε
∑
α

Ṽi

(
x− xα

ε
, xα
)
ϕεα(x), (i = 1, 3), (29)

ãäå Ṽi(ξ, η) � ïåðèîäè÷åñêîå ïðîäîëæåíèå ðåøåíèÿ Vi(ξ, η) çàäà÷è (9) íà âñ¼
ïðîñòðàíñòâî R3, {ϕεα} � ðàçáèåíèå åäèíèöû.

Áóäåì èñêàòü ôóíêöèþ wεi (x), ìèíèìèçèðóþùóþ ôóíêöèîíàë (10) ïðè
` = ei â âèäå

wεi (x) = U εi (x) + vεi (x), (30)
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ãäå ôóíêöèÿ U εi (x) îïðåäåëåíà ðàâåíñòâîì (29), òîãäà ôóíêöèÿ vεi (x) äîëæíà
ìèíèìèçèðîâàòü ôóíêöèîíàë

J [vεi ] = I0(ε, h) + I1(ε, h) + I2(ε, h),

â êëàññå ôóíêöèé H1(Kz
h ∩ Ωε), ãäå

I0(ε, h) =

∫
Kz
h∩Ωε

[
|∇vεi |2 + h−2−τ |vεi |2

]
dx,

I1(ε, h) = 2

∫
Kz
h∩Ωε

(∇U εi ,∇vεi ) dx,

I2(ε, h) = 2h−2−τ
∫

Kz
h∩Ωε

(U εi − (xi − zi))vεi (x) dx.

Òàê êàê J [vεi ] 6 Jε[0] = 0, òî ñïðàâåäëèâî íåðàâåíñòâî

I0(ε, h) 6 |I1(ε, h)|+ |I2(ε, h)|. (31)

Îöåíèì êàæäîå ñëàãàåìîå ïðàâîé ÷àñòè. Ïîëüçóÿñü íåðàâåíñòâîì Êîøè-
Áóíÿêîâñêîãî, ôîðìóëîé (29) è îïðåäåëåíèåì I0(ε, h) ïðè 0 < ε 6 h1+τ , ïî-
ëó÷àåì îöåíêó I2(ε, h)

|I2(ε, h)| 6 2h−2−τ‖U εi − (xi − zi)‖L2(Kz
h∩Ωε)‖vεi ‖L2(Kz

h∩Ωε) 6

6 Ch
3+τ
2 I

1/2
0 (ε, h).

(32)

Îöåíèì I1(ε, h). Ïðèìåíèâ èíòåãðèðîâàíèå ïî ÷àñòÿì, çàïèøåì

I1(ε, h) = −2

∫
Kz
h∩Ωε

∆U εi v
ε
i dx+ 2

∫
∂Kz

h∩Ωε

∂U εi
∂ν

vεi dΓ. (33)

Â ðàáîòå [19] áûëî äîêàçàíî, ÷òî ïðè âûïîëíåíèè óñëîâèé (2), (3) èìååò
ìåñòî ãëàäêàÿ çàâèñèìîñòü ðåøåíèÿ

”
ÿ÷åå÷íîé“ çàäà÷è Vi(ξ, η) îò ïàðàìåòðà

η: ∥∥∥Dλ
ξ Vk(ξ, η1)−Dλ

ξ Vk(ξ, η2)
∥∥∥
C(Π\Π−δ)

6 C|η1 − η2|, |λ| = 0, 1,

îòñþäà, â ñèëó ïåðèîäè÷íîñòè Ṽi(ξ, η) ïî ξ ïðè x ∈ Π+δε
xα ∩Π+δε

xβ
ñëåäóåò:∣∣∣∣Dλ

x Ṽi

(
x− xα

ε
, xα
)
−Dλ

x Ṽi

(
x− xβ

ε
, xβ
)∣∣∣∣ 6

6
C

ε|λ|
|xα − xβ| 6 Cε1−|λ|, |λ| = 0, 1.

(34)

Ñ ïîìîùüþ ýòîãî íåðàâåíñòâà, ó÷èòûâàÿ ñâîéñòâà ðàçáèåíèÿ åäèíèöû
{ϕεα(x)}α, ïîëó÷àåì

‖∆U εi ‖L2(Kz
h∩Ωε) 6 Chδ−3/2.
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Îòñþäà, ó÷èòûâàÿ îïðåäåëåíèå I0(ε, h), ïðè δ > h1/3 èìååì∣∣∣∣∣∣∣
∫

Kz
h∩Ωε

∆U εi v
ε
i dx

∣∣∣∣∣∣∣ 6 ‖∆U εi ‖L2(Kz
h∩Ωε)‖vεi ‖L2(Kz

h∩Ωε) 6

6 Cδ−3/2h2+τ/2I
1/2
0 (ε, h) 6 Ch

3+τ
2 I

1/2
0 (ε, h).

(35)

Â ñèëó ñèëüíîé ñâÿçíîñòè îáëàñòåé Ωε ôóíêöèÿ vεi ∈ H1(Kz
h ∩ Ωε) ìîæåò

áûòü ïðîäîëæåíà äî ôóíêöèè ṽεi ∈ H1(Kz
h) ñ âûïîëíåíèåì íåðàâåíñòâà (15).

Êðîìå òîãî, ñîãëàñíî ëåììå 2.1 [12, ãë.4] ṽεi (x) óäîâëåòâîðÿåò íåðàâåíñòâó

∫
∂Kz

h

|ṽεi |2 dΓ 6 6

κ ∫
Kz
h

|∇ṽεi |2 dx+

(
4

κ
+

1

h

) ∫
Kz
h

|ṽεi |2 dx

 ,
òîãäà ïðè κ = h1+ τ

2 , ñîãëàñíî îïðåäåëåíèÿ ôóíêöèè U εi (x) (29) è ñâîéñòâ
ðåøåíèÿ Vi(ξ, η)

”
ÿ÷åå÷íîé“ çàäà÷è (9), äëÿ ïîâåðõíîñòíîãî èíòåãðàëà â (33)

ñïðàâåäëèâà îöåíêà∣∣∣∣∣∣∣
∫

∂Kz
h∩Ωε

∂U εi
∂ν

vεi dΓ

∣∣∣∣∣∣∣ 6
 ∫
∂Kz

h

∣∣∣∣∂U εi∂ν

∣∣∣∣2 dΓ


1/2  ∫

∂Kz
h

|ṽεi |
2 dΓ


1/2

6

6 C1h

h1+τ/2

∫
Kz
h

|∇ṽεi |2 dx+
4 + hτ/2

h1+τ/2

∫
Kz
h

|ṽεi |2 dx


1/2

6

6 C2h
2+τ/2

 ∫
Kz
h∩Ωε

|∇vεi |2 dx+
4 + hτ/2

h2+τ

∫
Kz
h∩Ωε

|vεi |2 dx


1/2

6 C3h
2+τ/2I

1/2
0 (ε, h).

Îòñþäà è èç (33), (35) èìååì

|I1(ε, h)| 6 Ch1+τ/2I
1/2
0 (ε, h). (36)

Èç (31), (32), (36) ïðè 0 < ε� h1+τ ïîëó÷àåì îöåíêó äëÿ I0(ε, h)

I0(ε, h) =

∫
Kz
h∩Ωε

[
|∇vεi |2 + h−2−τ |vεi |2

]
dx 6 Ch3+τ = o(h3).

Îòñþäà ñëåäóåò, ÷òî ôóíêöèÿ vεi (x) äà¼ò ìàëûé âçíîñ â ïðåäåëüíûé òåíçîð
ïðîâîäèìîñòè. Òàêèì îáðàçîì, ñîãëàñíî (30) ôóíêöèÿ U εi ïðè ìàëûõ h àïïðî-
êñèìèðóåò ôóíêöèþ wεi (x), ìèíèìèçèðóþùóþ ôóíêöèîíàë (10) ïðè ` = ei.
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Ïîäñòàâèì wεi â âèäå (30) â ôîðìóëó (12) äëÿ aij(z, ε, h), ïîëó÷àåì

aij(z, ε, h) =
∑
α

ε2

∫
Πεxα\F

ε
xα

3∑
k=1

∂

∂xk

(
xi − zi
ε

− Ṽi
(
x− xα

ε
, xα
))
×

× ∂

∂xk

(
xj − zj
ε

− Ṽj
(
x− xα

ε
, xα
))

dx+ o(h3) =

= δijh
3

(
1− |Fz|
|Π|

)
− 1

|Π|

∫
Kz
h

∫
Π\Fz

3∑
k=1

∂Vi(ξ, η)

∂ξk

∂Vj(ξ, η)

∂ξk
dξdη + o(h3).

Èç ýòîãî ðàâåíñòâà äåëàåì âûâîä, ÷òî óñëîâèå 1) òåîðåìû 2 âûïîëíåíî. Ðà-
çäåëèâ aij(z, ε, h) íà h3 è ïåðåéäÿ ê ïðåäåëó ïðè h→ 0, ïîëó÷àåì âûðàæåíèå
äëÿ ïðåäåëüíîãî òåíçîðà ïðîâîäèìîñòè (8).

Òåîðåìà 1 äîêàçàíà.

Áëàãîäàðíîñòü. Àâòîðû âûðàæàþò ãëóáîêóþ áëàãîäàðíîñòü
Å.ß. Õðóñëîâó, ÷üè êðèòè÷åñêèå çàìå÷àíèÿ ïîçâîëèëè ñóùåñòâåííî óëó÷øèòü
ðàáîòó.
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Ãîí÷àðåíêî Ì.Â., Õiëüêîâà Ë.Î. Óñåðåäíåíi òåíçîð ïðîâiäíîñòi òà ôóíêöiÿ

ïîãëèíàííÿ ëîêàëüíî-ïåðiîäè÷íîãî ïîðèñòîãî ñåðåäîâèùà. Âèâ÷à¹òüñÿ ïðî-
öåñ ñòàöiîíàðíî¨ äèôóçi¨ â ëîêàëüíî-ïåðiîäè÷íîìó ïîðèñòîìó ñåðåäîâèùi ç íåëiíié-
íèì ïîãëèíàííÿì íà ìåæi ïið. Öåé ïðîöåñ îïèñó¹òüñÿ êðàéîâîþ çàäà÷åþ äëÿ åëi-
ïòè÷íîãî ðiâíÿííÿ, ÿêå ðîçãëÿäà¹òüñÿ â ñêëàäíié ïåðôîðîâàíié îáëàñòi, ç íåëiíié-
íîþ òðåòüîþ êðàéîâîþ óìîâîþ íà ìåæi ïåðôîðàöi¨. Ç ïðè÷èíè ìàëîñòi ëîêàëüíîãî
ìàñøòàáó ïîðèñòîñòi ñåðåäîâèùà i ñêëàäíîñòi ïåðôîðîâàíî¨ îáëàñòi, áåçïîñåðåäíié
ðîçâ'ÿçîê òàêèõ êðàéîâèõ çàäà÷ ïðàêòè÷íî íåìîæëèâèé. Òîìó ïðèðîäíèé ïiäõiä â
öié ñèòóàöi¨ ïîëÿãà¹ â äîñëiäæåííi àñèìïòîòè÷íî¨ ïîâåäiíêè ðîçâ'ÿçêó, êîëè ìàñ-
øòàá ìiêðîñòðóêòóðè ïðÿìó¹ äî 0, i ïåðåõiä äî óñåðåäíåíî¨ ìàêðîñêîïi÷íî¨ ìîäåëi
ïðîöåñó, ùî ðîçãëÿäà¹òüñÿ âæå â óñié îáëàñòi áåç óðàõóâàííÿ ïåðôîðàöi¨. Óñåðå-
äíåííþ ðiâíÿííÿ äèôóçi¨ â øèðîêîìó êëàñi íå ïåðiîäè÷íî ïåðôîðîâàíèõ îáëàñòåé:
ñèëüíî-çâ'ÿçíèõ îáëàñòÿõ, ÿêèé âêëþ÷à¹ â ñåáå i ëîêàëüíî-ïåðiîäè÷íî ïåðôîðîâàíi
îáëàñòi, áóëè ïðèñâÿ÷åíi íàøi áiëüø ðàííi ðîáîòè. Ó öèõ ðîáîòàõ áóëà îòðèìàíà
óñåðåäíåíà ìîäåëü, êîåôiöi¹íòè ÿêî¨ âèðàæàþòüñÿ ÷åðåç ¾ìåçîñêîïi÷íi¿ (ëîêàëüíi
åíåðãåòè÷íi) õàðàêòåðèñòèêè ñåðåäîâèùà, ùî âèçíà÷àþòüñÿ â ìàëèõ êóáàõ, ðîçìiðè
ÿêèõ, òèì íå ìåíø, çíà÷íî áiëüøå ìàñøòàáó ìiêðîñòðóêòóðè. Ó öèõ ðîáîòàõ òåîðå-
ìè çáiæíîñòi äîâîäèëèñÿ çà óìîâ iñíóâàííÿ ãðàíè÷íèõ ùiëüíîñòåé ¾ìåçîñêîïi÷íèõ¿
õàðàêòåðèñòèê, âèêîíàííÿ ÿêèõ ïîêàçàòè â çàãàëüíîìó âèïàäêó äóæå âàæêî, àëå â
ðÿäi êîíêðåòíèõ ñèòóàöié öå ìîæíà çðîáèòè. Ó äàíié ðîáîòi ìè ïîêàçó¹ìî âèêîíàííÿ
öèõ óìîâ i, äîñëiäæóþ÷è ¨õ, îòðèìó¹ìî ÿâíi ôîðìóëè äëÿ åôåêòèâíèõ õàðàêòåðè-
ñòèê ëîêàëüíî-ïåðiîäè÷íîãî ïîðèñòîãî ñåðåäîâèùà: òåíçîðà ïðîâiäíîñòi i ôóíêöi¨
ïîãëèíàííÿ.
Êëþ÷îâi ñëîâà: óñåðåäíåííÿ, ñòàöiîíàðíà äèôóçiÿ, íåëiíiéíà òðåòÿ êðàéîâà çàäà÷à,
ëîêàëüíî-ïåðiîäè÷íå ïîðèñòå ñåðåäîâèùå, òåíçîð ïðîâiäíîñòi, ôóíêöiÿ ïîãëèíàííÿ.

M.V. Goncharenko, L.O. Khilkova. Homogenized conductivity tensor and absorp-

tion function of a locally periodic porous medium. We study a process of stati-
onary di�usion in locally-periodic porous media with nonlinear absorption at the pore
boundary. This process is described by a boundary-value problem for an elliptic equation
considered in a complex perforated domain, with a nonlinear third boundary conditi-
on on the perforation boundary. In view of the smallness of the local scale of porosity
of the media and the complexity of the perforated domain, the direct solution of such
boundary-value problems is almost impossible. Therefore, a natural approach in this si-
tuation is to study the asymptotic behavior of the solution when the microstructure scale
tends to 0, and the transition to the homogenized macroscopic model of the process. Our
earlier papers were devoted to homogenization the di�usion equation in a wide class of
non-periodically perforated domains: strongly-connected domains, which includes locally-
periodically perforated domains. In these works, an homogenized model was obtained, the
coe�cients of which are expressed in terms of �mesoscopic� (local energy) characteristics
of the media, which are determined in small cubes, the size of which, however, are much
larger than the microstructure scale. In these papers, convergence theorems were proved
under the conditions of the existence of limiting densities of "mesoscopic"characteristics,
the ful�llment of which is generally di�cult to show, but in a number of speci�c situati-
ons this can be done. In this paper, we show the ful�llment of these conditions and, by
studing them, we obtain explicit formulas for the e�ective characteristics of the locally-
periodic porous medium: a conductivity tensor and a function of absorption.
Keywords: homogenization; stationary di�usion; non-linear third boundary value
problem; locally periodic porous medium, conductivity tensor, function of absorption.


