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In this paper, the controllability of a special type of linear switched systems is
studied. Switch is carried out between two 2 x 2 matrices with purely imaginary
eigenvalues. Such a system describes oscillations of a spring pendulum with a
switchable stiffness coefficient. The main result of the work is an algorithm that
allows finding a set of switching signals for switching from point to point, and
a theorem for switching systems with a block-diagonal matrix.
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Kopo6oe B.I., Jlepes’sinko A.l. KepoBaHicTh JiHiHUMEA JuHAMIiYHUMUA
cuCTeMaMH IIEPEMUKAHHS CIEiaJIbHOTO THUILy. Y aHiii poOOTi BHUBUAE-
ThCA KEPOBAHICTH JIHIAHAX CHCTEM MepeMUKAHHs CIeNniaabHoro tumy. Ilepevmu-
KaHHS BiIOYBAETHCA MiK ABOMA 2 X 2 MATPHUIEAMA 3 YNCTO YIBHUMH BJIACHUMUI
3HaYeHHAMU. Taka cucreMa ONUCY€ KOJIMBAHHS IPY2KUHHOIO MAATHUKA 3 KOe-
GbimieHTOM KOPCTKOCTI, SKUil mepeMuKaeThcss. OCHOBHUM pe3yJ/IbTaToM poOOTH
€ aJITOPUTM, IO JO03BOJISIE€ BU3HAYNTH HAOIP CUTHAMIB EpEMUKAHHS [IJIs TIepe-
XO/ly 3 TOYKH B TOUKY, 1 TeOpeMa MpO KEPOBAHICTH /JI CUCTEM TepeMUKAHHS 3
6JI0YHO-IarOHAJIBHOIO MATPHIIEIO.

Kmowosi caosa: ninifiai cucreMu mepeMUKaHHs; KEPOBAHICTD; CIOCIO mepemu-
KaHHA; TOTPATJIAHHS B 33/IaHY TOYKY; TPYKUHHWN MaATHUK.

Kopo6oe B.N., Jlepersinko A.U. YupaBiasieMocTh JUHEAHBIMHU JUHAMHA-
YEeCKHMMHU CHACTEMaMM [EPEKJIIOYEHUsS CIEMUAIbHOro Tuiia. B manHoi
pabore u3ydaeTCs YIPABISAEMOCTb JHHEHHBIX CACTEM NEPEeKJIIOYeHUs CIIeIir-
anpHOro TUNA. [lepexsodenre TPOUCXOAUT MEXKIY ABYMS 2 X 2 MATPHUIAMHA C
YUCTO MHUMBIMHU COOCTBEHHBIMU 3HAYEHHAMU. |aKas CHUCTEMA OIUCHIBAET KO-
JIe0QHUS TIPYKUHHOTO MASITHUKA, C MEPEKTI0YAOIIIMC KO(DDUITMEHTOM JKeC-
TkOCTU. OCHOBHBIM DPE3YJIHLTATOM PAOOTHI ABJISETCH AJTOPUTM, TO3BOJISIONTAI
HaiTH HAOOP CUTHAJIOB MEPEKJIOYEHNUsT I MEPEX0/Ia U3 TOYKU B TOYKY, U Te-
opema 00 yIpaBJIsieMOCTH [IJIsi CUCTEM EPEKII0YeHNs C OJI0YHO-INATOHAIBHON
MaTpULEH.

Karouesoie cao6a: TUHEHHBIE CHCTEMBI TTEPEKITIOMEHNS; YITPABISIEMOCTh; CITOCO0
MEPEKJIIOUEHNS; IO IaHNe B 3QJaHHYI0 TOYKY; MPY>KUHHBIA MASTHUK.
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Introduction and Statement of the Problem

Switched systems is a special case of hybrid dynamical systems with discrete
and continuous dynamics. They are widely applied when a real system cannot
be described by one single model. Numerous examples are given by engineering
systems of electronics, power systems, traffic control and others. Since the 1990s,
the issue of switched systems stability has become very popular (see [1], [3]). The
particular case of linear switched systems was considered in [2]. More modern
literature about switched systems is presented by works of Patrizio Colaneri [2],
Yuan Lin, Yuan Sun-Ge Wang, and Jiang-Wang [4]|, Zhong-Ping, Yuan Wang [5];
the question of stability remains popular nowadays.

In the present paper we consider one particular class of switched system from
the point of view of controllability property.

Let us recall the basic terminology. By a switched system we mean the followi-
ng system

&(t) = fou (2(t), 2(0) =z

where x € R™ is called a continuous state, o stands for a discrete state with values
from an index set M :={1,...,n}, and fi, for k € M, are given vector fields.

The behavior of the dynamical system is regulated by the switching signal.
Namely, at some moments 7 ...7, the signal changes its value from o(7;) to
o(Ti+1), hence the trajectory of the system, starting from ¢ = 7, is given by
the vector field f4(;,, ) instead of f5(;,). In works on switched systems, switching
times can be random or given by some law. It is clear that stability depends both
on vector fields and on the switching law.

In our work, we consider a slightly different formulation of the problem,
namely, the switching signal is under our control.

We introduce the following definition.

Definition 1 We say that the switched system

.’I)(t) = fa(t) (l’(t)), .’L'(O) = o

1s controllable if for any two points there exists a switching signal that allows to
get from the first point to the second one.

This definition corresponds to the concept of controllability for control systems
of the form

&= f(z,u), =(0)=wxo,

where the control u(t) plays the role of a switching signal.
In this paper we consider linear switched systems (see [2]) of the form

.T(t) = Aa’(t)w(t)v Q?(O) =g # 0,

where A; ... A, are given matrices. Our main goal is studying the case m = 2,
n = 2 with both systems having pure imaginary eigenvalues, which are introduced
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in Section 1. We show that such systems are controllable and propose an algori-
thm for constructing a controlling switching signal; the algorithm is presented in
Section 2. Section 3 contains one generalization.

1. Controllability of 2 x 2 linear switched dynamical systems

Consider the problem of oscillation of a spring pendulum
r = —kx,

with a switchable stiffness coefficient £ > 0. Assume that we have a spring with
a stiffness coefficient k1, and we can change the stiffness coefficient of the system
by joining and removing an additional spring with a stiffness coefficient ks.

Two cases can be considered. If the springs are connected in parallel, the
parameter k of the system switches between k = k1 and k = ki + ko. If the

connection is series, the parameter k of the system switches between k£ = k; and
— _kiko

k o k1+k2 ' . . . . . . .

Let us rewrite the differential equation of the pendulum occilations as a swi-

tched system:

0 1 0 1
=[ae] e[
For definiteness, let us assume that we start and end with the first system.
Suppose that two nonzero points (initial (x1,y1) and ending (x2,y2)) are given.

So we have two cases: § > « and 8 < «. Notice that under the parallel
connection condition we can get only 8 > a.

where

1.1. Case a > .

Rewrite coordinates of = as (z,y). Solutions of the system

() = Ai(x(t)),

are of the form

z(t) = ysin(y/at) + 2 cos(vat), ()
y(t) = Vaysin(Vat) — Vayz cos(Vat),

while solutions of the system
z(t) = Aa(z(t)).
are of the form

z(t) = &1 sin(v/Bt) + 2 cos(v/Bt), @)
y(t) = /Bo1 sin(v/Bt) — /B2 cos(v/Bt).
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So the trajectories are given by ellipses of the following types:

Fig. 1. Phase portraits for the first (left)
and the second (right) systems with a =2, 3 =1

Let the trajectory (1) go through the initial point (z1,y1) and the trajectory
(2) go through the end point (z2,y2). Denote

c1 = min(} + 13501 + 63)

and
¢y = max(y} 4135 67 + 63).

Let us fix the vertical ellipses 22+ % =ct 2’ + % = ¢2 and find the conditions

under which they have a common horizontal ellipse 2 + % = d?, i.e., intersecting
both.

Consider the smaller vertical ellipse 22 + % = 2. The horizontal ellipse ci-

rcumscribing it looks like 22 + % = %cf . Now we consider the bigger vertical

ellipse 22 + % = c3. The horizontal ellipse inscribed in it is 2% + %2 = c3. So
we get that intermediate horizontal ellipses (see Fig. 2) exist under the condition
o < \/%cl. They have the form z2 + % = d?, where d € (co; \/%cl).

If this is not the case, that is, two ellipses of the first family do not have
a common ellipse of the second family, then we build the intermediate vertical
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0 ‘ 4

-4
Fig. 2. A(c1,0), B(y/a/Bec1,0), C(a/Bey, 0)

ellipse 22 + yg = %C%, and repeat the described procedure. Now the condition of
existence of a common horizontal ellipse takes the form co < %cl.

After N = [2log, /3 c2/c1] such steps we get the set of vertical and horizontal
ellipses. Thus, it is possible to organize getting from the initial point to the end
point. Therefore we have shown that the switched system is controllable.

1.2. Case a < 3.

Now it is natural to refer to (3) as vertical ellipses and (4) as horizontal ellipses.

Unlike the previous case, the initial and end ellipses are horizontal (see Fig. 3).
Then the number of intermediate ellipses is also estimated as IV = [2log, /5 c2/c1]
and the system is controllable.

Fig. 3. G(c1,0), K(ca,0), 1(0, \/acy), H(\/gcl), J(0,%¢2)
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2. Algorithm of finding the controlling switching signals

The obtained results allow us to propose an algorithm of getting from an initial
point to an end point for the system under consideration.

1. Get initial and final points (x1,y1), (%2, y2).

2

Y12
2 5

a2 =\/x{9+—.
\/ 1,2 «

2
Build initial and final ellipses a:iQ + y% = 6%72'

3. Define intervals [cq, \/%01], [ca, \/%02].

4. If there exists d € [e1, Ge1] 1 [e2, Geo] then build ellipse 22 + % = d2.

2. Calculate

d2

|2

2
Otherwise define ¢ := \/%cl, build ellipses x%Q + y% =c2 22+ %2 =

return to item 3.

5. Build N auxiliary ellipses till the intersection with x? + % = c2. Find
intersection points, get the way from point to point by choosing the closest
point in needed direction.

Consider the following example, which generalizes the system from [6, p. 6].
Suppose the matrices to be of the form

e[ 23] welag ]

a = 4, the initial point is (=50, —11), and we need to find the way to the point
(6,1). Using the MATLAB program we get a collection of ellipses and a switching
path.

In our case the set of switching points is:

{(45.4832,44.3520), (0.0000, 48.3322), (24.1661, 0.0000), (0.0000, 12.0830) }

and one possible trajectory is drawn in Fig. 4.
3. Generalization

Let us suggest a generalization to linear switched systems of higher dimension.

Theorem 1 Let us consider a switched system of the form

() = Ai(z(t), x(0) = zo #0,
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Fig. 4. Possible trajectory

where A; are block-diagonal matrices of dimension 2n x 2n

Al 0

A; = _ Coij=1,2, Q= (i...i

0 A?
where Ag are given 2 X 2 matrices. The switched system
o(t) = Ai(z(t)), =(0) =z #0

1s controllable if and only if the systems

i(t) = Al(x(t), x(0)=z0#0, i=1,2, j=1..

are controllable.

Conclusion on the results and directions for further research

.n

In this work, the controllability of switched linear systems of the special type

was studied.

Namely, linear switched system with purely imaginary eigenvalues of both

matrices are considered.

The main result of the work is an algorithm, that allows to find a set of

switching signals for getting from point to point.

We also formulated the theorem that states the controllability of the switched

system of one special type with a block-diagonal matrix.

In the future, we plan to study the behavior and controllability of switched
systems with different types of eigenvalues (real and complex) and switched

systems of higher dimension.
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V.1. Korobov, A.I. Derevianko. Controllability of the linear switched dynamical
systems of the special type. Switched systems is a special case of hybrid dynamical
systems with discrete and continuous dynamics. They are widely applied when a real
system cannot be described by one single model. In theoretical works on switched systems,
switching signals and times can be random or given by some law. Stability depends both
on vector fields and on the switching law. In the present paper, a different formulation of
the problem is considered, that is the case, when switching signal is under our control.
Namely, a switched system is called controllable if for any two points there exists a
switching signal that allows to get from the first point to the second one. In the paper the
controllability of linear switched systems of a special type is studied. More specifically, we
consider a switch, that is carried out between two 2 x 2 matrices with purely imaginary
eigenvalues of both matrices. In the first section we discuss the physical meaning of
switched systems of this type. Namely, the problem of oscillation of a spring pendulum
with a switchable stiffness coefficient is considered with the series and parallel connection
of an additional spring to the system with one given spring. We prove that such a system
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is controllable, and propose the method of finding the controlling switching signal. In the
second section we present the main result of the work. We formulate an algorithm that
allows finding a set of switching signals for getting from any given initial point to any
given end point. We present an example of such controlling switching signals, simulated
in MATLAB. In the last section we propose a generalization of the obtained result and
formulate the theorem that states the controllability of the special type switched system
with a block-diagonal matrix of high dimension. The method presented in the paper
can be generalized to study of controllability of linear switched systems of more general
form.

Keywords: linear switched systems, controllability, switching way, getting to the given
point, spring pendulum.

Kopobos B.I., depes’suko A.l. KepoBaHicTh JIHIAHIMA JUHAMIYHIMEA CHCTEMaMA
mepeMUKaHHsS clieriajgbHoro tuity. CucreMu mepeMuKanHs — 1€ OKPeMUil BUIAI0K
riOpUAHUX IWHAMIYHAX CHCTEM 3 JMCKPETHOK i HEMEepEepPBHOI IWHAMIKOK. BoHu tmim-
POKO 3aCTOCOBYIOThCsI, KOJIM PEAJIbHA CHCTEMA He MOxKe OyTH OMUCAHA OJHIEI0 €IWHOIO
MOJIEJIITIIO. Y TEOPETUYHUX POOOTAX MO CHCTEMAM MMEPEMUKAHHS CUTHAJIN i 9aC MepEMUKa-
HHSI MOXKYTh OyTH BUMAIKOBUME ab0 KOHTPOIIOBATUCEH SKUM-HEOY b 3akoHOM. CriiikicTb
3aJIE2KUATH SK Bi/l BEKTOPHUX II0JIiB, TAaK i Bij 3aKOHY mepeMukanus. ¥ maHiit podori pos-
[JISAAAETHCH 1HIIA IIOCTAHOBKA 33/1ad4i, TOOTO BUIAOK, KOJIM CUI'HAJ IEPEMUKAHHSA 3HAXO0-
JUTHCS T HAIITAM KOHTPOJIeM. A caMe, cucTeMa TIepEMUKAHHS HA3UBAETHCSA KEPOBAHOIO,
SAKITO [JIst OyIb-AKUX TBOX TOYOK iCHY€ CHUTHAJ MEPEMUKAHHS, IO J03BOJISE MOTPAIUTH
3 MEePINol TOYKHU A0 APYroi. Y CTATTI BUBYAETHCS KEPOBAHICTDH JIHIWHUX CHCTEM Tepe-
MUKAHHS CIENiaJIbHOro Tuily. TovHile, Mu PO3IJITHEMO MEPEMUKAHHSA, K€ BUKOHYETbCS
MixK aBOMA MATPULHAMHA 2 X 2 3 YUCTO YABHAMHU BJIACHUMU 3HAYEHHAMHU 000X MaTPUIb. Y
MEPIIIOMY PO3Iijii MU 06TOBOPIOEMO (DI3WUHUI 3MICT CHCTEM TTEPEeMUKAHHS IIHOTO TUTTY. A
came, 33/71a19a KOJUBAHHS MPYKUHHOTO MASTHUKA 3 KOe(DIIIEHTOM YKOPCTKOCTI, IO TIepe-
MUKAETHCA, POIITIAIAETHCS MIPH TOCIITOBHOMY 1 MapajebHOMY TPUETHAHH] TOTATKOBOL
MPYKUHU 10 CHCTEMHU 3 OIHIEI0 JAHO0 MPYKUHOI. JIOBOIUTHCH, 110 TaKa CHCTEMAa € Ke-
POBAHOIO, 1 IPOIOHYETHCS CIIOCIO MOIIYKY CUTHAJIB HEePEeMUKAHHA. Y APYTrOMYy PO3Iijii Mu
MTPEICTABJISIEMO OCHOBHUI Pe3yabTaT poboTn. @OpMYITIOETHCS aJTOPUTM, SIKUi JT03BOJISIE
3HAWTH HADIP CHUTHAJIB MEPEMUKAHHS JJI MOTPAIISHHSA 3 OyIb-sIKOI MOYATKOBOI TOYKU
B Oymb-siKy 3ajaHy KiumeBy Toduky. HaBemeno mpukiiajz TakOro KEPyBAaHHS MEPEMUKAIIb-
HUMM curHajaMu, 3mozenbopanuii B MATLAB. B ocranuboMy po3giai ME IPOIOHYEMO
y3arajibHeHHsI OTPUMAaHOIO Pe3yJIbTaTy Ta (POPMYIIIOEMO TEOPEMY, B SKill CTBEPIKYETHCH
KEPOBAHICTh CHCTEMH MEPEMUKAHHS CIEIiaJbHOTO THILY 3 OJOYHO-IIarOHAIBHOIO MATPH-
1ero BUIOI po3MipHOocTi. MeTom, mpeacTaBiennit y cTaTTi, MOXKHA y3araJbHUTH /I BU-
BYEHHS KEPOBAHOCTI JIHIHHAX CHCTEM MEPEMUKAHHS OLIbIN 3arajJbHOTO BUTJISALY.
Karono6i crosa: miHiiiHi crucTeMu TepeMHUKAHHS; KEPOBAHICTD; CIOCIO MepeMUKAHHS; 0~
TPAIUISHHS B 33[@Hy TOYKY; IPYKUHHUI MAaATHUK.
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