
ÂIÑÍÈÊ ËÜÂIÂ. ÓÍ-ÒÓ VISNYK LVIV UNIV.Ñåðiÿ ìåõ.-ìàò. 2009. Ser. Meh. Math. 2009.Âèï. 70. Ñ. 183�190 Is. 70. P. 183�190ÓÄÊ 517.5ÂËÀÑÒÈÂÎÑÒI �IÏÅ��ÅÎÌÅÒ�È×ÍÎ� ÔÓÍÊÖI�Ç ÍÅÂIÄ'�ÌÍÈÌÈ ÊÎÅÔIÖI�ÍÒÀÌÈÌèðîñëàâ ØÅ�ÅÌÅÒÀËüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà,79000, Ëüâiâ, âóë. Óíiâåðñèòåòñüêà, 1e-mail: m_m_sheremeta�list.ruÄîñëiäæåíî áëèçüêiñòü äî îïóêëîñòi, çðîñòàííÿ i îáìåæåíiñòü l-iíäåêñóãiïåðãåîìåòðè÷íî¨ �óíêöi¨ ç äîäàòíèìè ïàðàìåòðàìè.Êëþ÷îâi ñëîâà: ãiïåðãåîìåòðè÷íà �óíêöiÿ, áëèçüêiñòü äî îïóêëîñòi,îáìåæåíiñòü l-iíäåêñó.1. Âñòóï. Àíàëiòè÷íà îäíîëèñòà â êðóçi D = {z : |z| < 1} �óíêöiÿ f íàçè-âà¹òüñÿ îïóêëîþ, ÿêùî f(D) � îïóêëà îáëàñòü. Óìîâà Re {1 + zf ′′(z)/f ′(z)} > 0
(z ∈ D) ¹ íåîáõiäíîþ i äîñòàòíüîþ [1, .203℄ äëÿ îïóêëîñòi f . Ôóíêöiÿ f íàçèâà¹òüñÿ[1, . 583℄ áëèçüêîþ äî îïóêëî¨ â D, ÿêùî iñíó¹ îïóêëà â D �óíêöiÿ Φ òàêà, ùîRe (f ′(z)/Φ′(z)) > 0 (z ∈ D). Áëèçüêà äî îïóêëî¨ �óíêöiÿ f õàðàêòåðèçó¹òüñÿ òèì,ùî çîâíiøíiñòü G îáëàñòi f(D) ìîæíà çàïîâíèòè ïðîìåíÿìè L, ùî âèõîäÿòü ç ∂G iïîâíiñòþ ëåæàòü â G. Êîæíà áëèçüêà äî îïóêëî¨ �óíêöiÿ ¹ îäíîëèñòîþ â D, òîìó
f ′(0) 6= 0.Äëÿ äîäàòíî¨ íåïåðåðâíî¨ íà [0, 1) �óíêöi¨ l òàêî¨, ùî l(r) > β/(1 − r) äëÿâñiõ r ∈ [0, 1) i äåÿêîãî β > 0, àíàëiòè÷íà â D �óíêöiÿ f íàçèâà¹òüñÿ �óíêöi¹þîáìåæåíîãî l-iíäåêñó [1, . 7℄, ÿêùî iñíó¹ N ∈ Z+ òàêå, ùî äëÿ âñiõ n ∈ Z+ i z ∈ D

|f (n)(z)|
n!ln(|z|) 6 max

{ |f (k)(z)|
k!lk(|z|) : 0 6 k 6 N

}

. (1)Íàéìåíøå ç òàêèõ N íàçèâà¹òüñÿ l-iíäåêñîì i ïîçíà÷à¹òüñÿ ÷åðåç N(f, l). ßêùî
G ⊂ D òà iñíó¹ N ∈ Z+ òàêå, ùî íåðiâíiñòü (1) ïðàâèëüíà äëÿ âñiõ n ∈ Z+ i z ∈ G,òî f íàçèâàòèìåìî �óíêöi¹þ îáìåæåíîãî l-iíäåêñó íà (àáî â) G, à l-iíäåêñ ïîçíà÷à-òèìåìî ÷åðåç N(f, l; G).©Øåðåìåòà Ì., 2009



184 Ìèðîñëàâ ØÅ�ÅÌÅÒÀ�iïåðãåîìåòðè÷íîþ íàçèâà¹òüñÿ [3, . 62-64℄ �óíêöiÿ
F (α, β, γ; z) = 1 +

∞
∑

k=1

Akzk = 1 +
∞
∑

k=1





k−1
∏

j=0

(j + α)(j + β)

(j + 1)(j + γ)



 zk, (2)äå γ 6= 0, −1 − 2, . . . . �àäióñ çáiæíîñòi ðÿäó (2) äîðiâíþ¹ 1, �óíêöiÿ F (α, β, γ; z)àíàëiòè÷íà â D i ¹ ðîçâ'ÿçêîì [3, . 62℄ ãiïåðãåîìåòðè÷íîãî ðiâíÿííÿ (�àóññà)
z(z − 1)w′′ + ((α + β + 1)z − γ)w′ + αβw = 0. (3)Çàóâàæèìî, ùî F (1, β, β; z) = 1/(1 − z) ¹ ñóìîþ ãåîìåòðè÷íî¨ ïðîãðåñi¨.Âèðîäæåíîþ ãiïåðãåîìåòðè÷íîþ íàçèâà¹òüñÿ [3, . 78℄ �óíêöiÿ

F (α, γ; z) = 1 +

∞
∑

k=1





k−1
∏

j=0

j + α

j + γ





zk

k!
, γ 6= 0, −1 − 2, . . .Ôóíêöiÿ F (α, γ; z) ¹ öiëîþ i çàäîâîëüíÿ¹ [3, .78℄ äè�åðåíöiàëüíå ðiâíÿííÿ zw′′+

+(γ − z)w′ − αw = 0. Ç òåîðåìè 1 ç [4℄ âèïëèâà¹ òàêå: ÿêùî 0 < α 6 γ, òî âè-ðîäæåíà ãiïåðãåîìåòðè÷íà �óíêöiÿ òà âñi ¨¨ ïîõiäíi ¹ áëèçüêèìè äî îïóêëèõ â Di ln MF (α,γ;·)(r) ∼ r ïðè r → +∞, äå Mf (r) = max{|f(z)| : |z| = r}. Çà öi¹¨ æóìîâè â [5℄ ïîêàçàíî, ùî l-iíäåêñ êîæíî¨ ïîõiäíî¨ ïîðÿäêó n > 0 �óíêöi¨ F (α, γ; z)íå ïåðåâèùó¹ 1 ç l(r) ≡ max{√e/(2 −√
e), 4(γ + n + 1)}.Ìåòà íàøî¨ ïðàöi � îòðèìàòè ïîäiáíi ðåçóëüòàòè äëÿ ãiïåðãåîìåòðè÷íî¨ �óíêöi¨.2. Áëèçüêiñòü äî îïóêëîñòi. Ñïî÷àòêó çàóâàæèìî òàêå: ÿêùî âñi ïîõiäíiàíàëiòè÷íî¨ â D �óíêöi¨ f ¹ îäíîëèñòèìè â D, òî f � öiëà �óíêöiÿ [6℄. Òîìó âñiïîõiäíi ãiïåðãåîìåòðè÷íî¨ �óíêöi¨ íå ìîæóòü áóòè áëèçüêèìè äî îïóêëèõ â D. Ïðîòåïðàâèëüíå òàêå òâåðäæåííÿ.Òâåðäæåííÿ 1. Äëÿ áóäü-ÿêîãî íàòóðàëüíîãî N iñíóþòü òàêi äîäàòíi ïàðàìåò-ðè α, β, γ, ùî âñi ïîõiäíi ïîðÿäêó n 6 N ãiïåðãåîìåòðè÷íî¨ �óíêöi¨ F (α, β, γ; z) ¹áëèçüêèìè äî îïóêëèõ â D.Äîâåäåííÿ. ßêùî ÷åðåç Ak ïîçíà÷èìî òåéëîðîâi êîå�iöi¹íòè �óíêöi¨ F (α, β, γ; z) =

= F (z), òî Ak+1 =
(k + α)(k + β)

(k + 1)(k + γ)
Ak (k > 0) i F (n)(z) =

∞
∑

k=0

(k + n)!

k!
Ak+nzk (n > 0),à îòæå, F (n) ¹ áëèçüêîþ äî îïóêëî¨ â D òîäi i òiëüêè òîäi, êîëè òàêîþ ¹ �óíêöiÿ

Fn(z) =
F (n)(z) − n!An

(n + 1)!An+1
= z +

∞
∑

k=2

(k + n)!

k!(n + 1)!

An+k

An+1
zk =

= z +

∞
∑

k=2





n+k−1
∏

j=n+1

(j + α)(j + β)

j + γ





zk

k!
= z +

∞
∑

k=2

A
(n)
k zk (n > 0).Çàñòîñó¹ìî òåïåð êðèòåðié Àëåêñàíäåðà [7, . 10℄, ÿêèé ñòâåðäæó¹ òàêå: ÿêùî

a(z) = z +

∞
∑

k=2

akzk i
1 > 2a2 > . . . > kak > (k + 1)ak+1 > · · · > 0,
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(n)
k > (k+1)A

(n)
k+1 òîäi i òiëüêè òîäi, êîëè (n + k + α)(n + k + β)

k(n + k + γ)
≤ 1,òîáòî (γ − α − β − n)k > (n + α)(n + β), òî îñòàííÿ íåðiâíiñòü ïðàâèëüíà äëÿ âñiõ

k > 1 çà óìîâè γ > α + β + n + (n + α)(n + β). ßêùî âèáåðåìî γ = α + β + N+
+(N + α)(N + β), òî çà êðèòåði¹ì Àëåêñàíäåðà âñi �óíêöi¨ Fn (n ≤ N) ¹ áëèçüêèìèäî îïóêëèõ â D. Òâåðäæåííÿ 1 äîâåäåíî. �3. Çðîñòàííÿ. Ó íàñòóïíîìó òâåðäæåííi ïàðàìåòðè α, β, γ ââàæàþòü äîäàò-íèìè, àëå ç éîãî äîâåäåííÿ âèäíî, ùî âîíî ïðàâèëüíå i äëÿ äiéñíèõ ïàðàìåòðiâ, à óâèïàäêó êîìïëåêñíèõ ïàðàìåòðiâ ìîæíà îòðèìàòè âiäïîâiäíi îöiíêè.Òâåðäæåííÿ 2. Äëÿ ãiïåðãåîìåòðè÷íî¨ �óíêöi¨ F (z) = F (α, β, γ; z) ç äîäàòíèìèïàðàìåòðàìè α, β, γ ïðàâèëüíi àñèìïòîòè÷íi ðiâíîñòi

MF (r) ≍



















1, α + β − γ < 0,

ln
1

1 − r
, α + β − γ = 0,

1

(1 − r)α+β−γ
, α + β − γ > 0,

, r ↑ 1.Äîâåäåííÿ. Íåõàé k0 = min{k ∈ N : k + a > 0}, äå a = α + β − γ − 1. Òîäi äëÿ
k > k0 + 1

lnAk =

k0−1
∑

j=0

ln
(j + α)(j + β)

(j + 1)(j + γ)
+

k−1
∑

j=k0

ln

(

j + a

j
− ((γ + 1)a − αβ + γ)j + γa

j(j + 1)(j + γ)

)

=

=

k0−1
∑

j=0

ln
(j + α)(j + β)

(j + 1)(j + γ)
+

k−1
∑

j=k0

ln
j + a

j
+

k−1
∑

j=k0

ln

(

1 − ((γ + 1)a − αβ + γ)j + γa

(j + a)(j + 1)(j + γ)

)

=

=

k−1
∑

j=k0

ln
j + a

j
+ O(1) =

∫ k

k0

ln
(

1 +
a

x

)

dx + O(1) =

=

∫ k

k0

a

x + a
dx + O(1) = a ln (k + a) + O(1) = (α + β − γ − 1) ln k + O(1), k → +∞.Òîìó iñíóþòü ñòàëi 0 < h ≤ H < +∞ òàêi, ùî

hkα+β−γ−1 ≤ Ak ≤ Hkα+β−γ−1, k > 1. (4)ßêùî α + β − γ < 0, òî MF (r) = F (α, β, γ; r) = O(1), r ↑ 1, ÿêùî α + β − γ = 0,òî MF (r) ≍ ln
1

1 − r
, r ↑ 1.Íàðåøòi, íåõàé α+β−γ = p > 0. �îçãëÿíåìî ñòåïåíåâèé ðÿä F ∗(r) =

∞
∑

n=1

kp−1rk.Íåâàæêî ïîêàçàòè, ùî
F ∗(r) =

∫ ∞

1

xp−1e−x| ln r|dx + O(exp{max{(p − 1) ln x − x| ln r| : x > 1}}, r ↑ 1.



186 Ìèðîñëàâ ØÅ�ÅÌÅÒÀÀëå
∫ ∞

1

xp−1e−x| ln r|dx =

(

1

| ln r|

)p ∫ ∞

| ln r|

tp−1e−tdt ∼ Γ(p)

(1 − r)p
, r ↑ 1,i

max{(p − 1) ln x − x| ln r| : x > 1} =







−| ln r|, 0 < p ≤ 1,

(p − 1) ln
p − 1

e| ln r| , p > 1,òîáòî exp{max{(p− 1) ln x− x| ln r| : x > 1} = o

(

1

(1 − r)p

) i F ∗(r) ∼ Γ(p)

(1 − r)p
, r ↑ 1.Îòæå, MF (r) ≍ 1

(1 − r)p
, r ↑ 1, i òâåðäæåííÿ 2 äîâåäåíî. �4. Îáìåæåíiñòü l-iíäåêñó. Ó äîñëiäæåííi l-iíäåêñó ãiïåðãåîìåòðè÷íî¨ �óíêöi¨â DR, R < 1, áóäåìî âèêîðèñòîâóâàòè òàêó ëåìó ç [5℄.Ëåìà 1. Íåõàé f(z) = 1 +

∞
∑

k=1

fkzk àíàëiòè÷íà â êðóçi DR = {z : |z| < R} �óíêöiÿi ∞
∑

k=1

|fk|Rk ≤ q(R) < 1. Òîäi N(f, l; DR/2) ≤ 1 ç l(r) ≡ 2R
1 + q(R)

1 − q(R)
.Òâåðäæåííÿ 3. ßêùî max{αβ, α + β − 1} ≤ γ, òî N(F, 2; D1/6) ≤ 1, ÿêùî

max{γ, α + β − 1} ≤ αβ, òî N(F, 2; Dγ/(6αβ)) ≤ 1.Äîâåäåííÿ. Ó ïåðøîìó âèïàäêóAk ≤ 1 (k > 0) i ∞
∑

k=1

Ak(1/3)k ≤ 1/2. Òîìó çà ëåìîþ 1ç R = 1/3 i q(R) = 1/2 ìà¹ìî N(F, 2; D1/6) ≤ 1. Ó äðóãîìó âèïàäêó (k + α)(k + β)

(k + 1)(k + γ)
≤

≤ αβ

γ
(k > 0), à îòæå, Ak ≤

(

αβ

γ

)k

(k > 1) i ∞
∑

k=1

Ak

(

γ

3αβ

)k

≤ 1/2. Òîìó çà ëåìîþ 1ç R = γ/(3αβ) i q(R) = 1/2 ìà¹ìî N(F, 2; Dγ/(6αβ)) ≤ 1. Òâåðäæåííÿ 3 äîâåäåíî. �Äëÿ îöiíêè l-iíäåêñó ãiïåðãåîìåòðè÷íî¨ �óíêöi¨ â D \ DR ç R = 1/6 ÷è
R = γ/(3αβ) âèêîðèñòà¹ìî òîé �àêò, ùî öÿ �óíêöiÿ çàäîâîëüíÿ¹ äè�åðåíöiàëüíåðiâíÿííÿ (3).Òâåðäæåííÿ 4. ßêùî max{αβ, α + β − 1} ≤ γ, òî äëÿ ïîõiäíî¨ F (n) (n > 0) ãiïåð-ãåîìåòðè÷íî¨ �óíêöi¨ F (z) = F (α, β, γ; z) ïðàâèëüíà îöiíêà N(F (n), l; D \ D1/6) ≤ 1,äå l(r) = 9(γ + n + 1)/(1 − r).Äîâåäåííÿ. Îñêiëüêè �óíêöiÿ F ¹ ðîçâ'ÿçêîì ðiâíÿííÿ (3), òî äëÿ 1/6 ≤ |z| < 1ìà¹ìî

|F ′′(z)|
2!

(

1 − |z|
9(γ + 1)

)2

≤ α + β + 1 + γ/|z|
2|1 − z|

(

1 − |z|
9(γ + 1)

) |F ′(z)|
1!

(

1 − |z|
9(γ + 1)

)

+

+
αβ/|z|
2|1 − z|

(

1 − |z|
9(γ + 1)

)2

|F (z)| ≤
(

7γ + 2

18(γ + 1)
+

6γ

162(γ + 1)2

)

×
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×max

{ |F ′(z)|
1!

(

1 − |z|
9(γ + 1)

)

, |F (z)|
}

< max

{ |F ′(z)|
1!

(

1 − |z|
9(γ + 1)

)

, |F (z)|
}

. (5)Ïiäñòàâèìî F â (3) i ïðîäè�åðåíöiþ¹ìî m > 1 ðàçiâ. Îòðèìà¹ìî òîòîæíiñòü
z(z − 1)F (m+2)(z) + ((α + β + 1 + 2m)z − (γ + m))F (m+1)(z)+

+(m(m + α + β) + αβ)F (m)(z) ≡ 0, (6)çâiäêè, ÿê âèùå,
|F (m+2)(z)|

(m + 2)!

(

1 − |z|
9(γ + 1)

)m+2

≤
(

7γ + 8m + 2

9(m + 2)(γ + 1)
+

6(m + 1)γ + 6m2

81(m + 2)(m + 1)(γ + 1)2

)

×

×max

{

|F (m+1)(z)|
(m + 1)!

(

1 − |z|
9(γ + 1)

)m+1

,
|F (m)(z)|

m!

(

1 − |z|
9(γ + 1)

)m
}

≤

≤ max

{

|F (m+1)(z)|
(m + 1)!

(

1 − |z|
9(γ + 1)

)m+1

,
|F (m)(z)|

m!

(

1 − |z|
9(γ + 1)

)m
}

. (7)Ç (5) i (7) ëåãêî âèïëèâà¹, ùî äëÿ âñiõ n > 2, 1/6 ≤ |z| < 1

|F (n)(z)|
n!

(

1 − |z|
9(γ + 1)

)n

≤ max

{ |F ′(z)|
1!

(

1 − |z|
9(γ + 1)

)

, |F (z)|
}

,òîáòî N(F, l; D \ D1/6) ≤ 1 ç l(r) = 9(γ + 1)/(1 − r).Äëÿ n > 1 i j > 0 òîòîæíiñòü (6) ïåðåïèøåòüñÿ ó âèãëÿäi
z(z − 1)F (n+j+2)(z) + ((α + β + 1 + 2n + 2j)z − (γ + n + j))F (n+j+1)(z)+

+((n + j)(n + j + α + β) + αβ)F (n+j)(z) ≡ 0. (8)Çâiäñè, ÿê çâè÷àéíî, îòðèìó¹ìî
|F (n+j+2)(z)|

(j + 2)!

(

1 − |z|
9(γ + n + 1)

)j+2

≤

≤
(

7γ + 8n + 8j + 2

9(j + 2)(γ + n + 1)
+

6(n + j + 1)γ + 6(n + j)2

81(j + 2)(j + 1)(γ + n + 1)2

)

×

×max

{

|F (n+j+1)(z)|
(j + 1)!

(

1 − |z|
9(γ + n + 1)

)j+1

,
|F (n+j)(z)|

j!

(

1 − |z|
9(γ + n + 1)

)j
}

<

< max

{

|F (n+j+1)(z)|
(j + 1)!

(

1 − |z|
9(γ + n + 1)

)j+1

,
|F (n+j)(z)|

j!

(

1 − |z|
9(γ + n + 1)

)j
}

. (9)Çâiäè âèïëèâà¹, ùî äëÿ êîæíîãî n > 1 i âñiõ m > 2

|F (n+m)(z)|
m!

(

1 − |z|
9(γ + n + 1)

)m

≤ max

{ |F (n+1)(z)|
1!

(

1 − |z|
9(γ + n + 1)

)

, |F (n)(z)|
}òîáòî N(F (n), l; D\D1/6) ≤ 1 ç l(r) = 9(γ +n+1)/(1−r). Òâåðäæåííÿ 4 äîâåäåíî. �Òâåðäæåííÿ 5. ßêùî max{γ, α+β−1} ≤ αβ, òî äëÿ ïîõiäíî¨ F (n) (n > 0) ãiïåðãåî-ìåòðè÷íî¨ �óíêöi¨ F (z) = F (α, β, γ; z) ïðàâèëüíà îöiíêà N(F (n), l; D\Dγ/(6αβ)) ≤ 1,äå l(r) =

9αβ(αβ + n + 1)

γ(1 − r)
.



188 Ìèðîñëàâ ØÅ�ÅÌÅÒÀÄîâåäåííÿ. Äëÿ γ/(6αβ) ≤ |z| < 1 àíàëîãîì íåðiâíîñòi (5) ¹ òàêà íåðiâíiñòü
|F ′′(z)|

2!

(

γ(1 − |z|)
9αβ(αβ + 1)

)2

≤
(

7αβ + 2

18(αβ + 1)αβ/γ
+

6(αβ)2

162γ(αβ)2(αβ + 1)2/γ2

)

×

×max

{ |F ′(z)|
1!

(

γ(1 − |z|)
9αβ(αβ + 1)

)

, |F (z)|
}

≤

≤
(

7αβ + 2

18(αβ + 1)
+

αβ

27(αβ + 1)2

)

max

{ |F ′(z)|
1!

(

γ(1 − |z|)
9αβ(αβ + 1)

)

, |F (z)|
}

<

< max

{ |F ′(z)|
1!

(

γ(1 − |z|)
9αβ(αβ + 1)

)

, |F (z)|
}

. (5′)Âèêîðèñòîâóþ÷è òîòîæíîñòi (6) i (8), ïîäiáíî äîâîäÿòüñÿ òàêi àíàëîãè íåðiâ-íîñòåé (7) i (9) :

|F (m+2)(z)|
(m + 2)!

(

γ(1 − |z|)
9αβ(αβ + 1)

)m+2

≤

≤
(

7αβ + 8m + 2

9(m + 2)(αβ + 1)
+

2(m + 1)γ + 2m2

27(m + 2)(m + 1)(αβ + 1)2

)

×

×max

{

|F (m+1)(z)|
(m + 1)!

(

γ(1 − |z|)
9αβ(αβ + 1)

)m+1

,
|F (m)(z)|

m!

(

γ(1 − |z|)
9αβ(αβ + 1)

)m
}

≤

≤ max

{

|F (m+1)(z)|
(m + 1)!

(

γ(1 − |z|)
9αβ(αβ + 1)

)m+1

,
|F (m)(z)|

m!

(

γ(1 − |z|)
9αβ(αβ + 1)

)m
} (7′)i

|F (n+j+2)(z)|
(j + 2)!

(

γ(1 − |z|)
9αβ(αβ + 1)

)j+2

≤

≤
(

7αβ + 8n + 8j + 2

9(j + 2)(αβ + n + 1)
+

2(n + j + 1)αβ + 2(n + j)2

27(j + 2)(j + 1)(αβ + n + 1)2

)

×

×max

{

|F (n+j+1)(z)|
(j + 1)!

(

γ(1 − |z|)
9αβ(αβ + n + 1)

)j+1

,
|F (n+j)(z)|

j!

(

γ(1 − |z|)
9αβ(αβ + n + 1)

)j
}

<

<max

{

|F (n+j+1)(z)|
(j + 1)!

(

γ(1 − |z|)
9αβ(αβ+n+1)

)j+1

,
|F (n+j)(z)|

j!

(

γ(1 − |z|)
9αβ(αβ+n+1)

)j
}

. (9′)Ç íåðiâíîñòåé (5'), (7') i (9'), ÿê ó äîâåäåííi òâåðäæåííÿ 4, äëÿ âñiõ n > 0 îòðè-ìó¹ìî íåðiâíiñòü N(F (n), l; D\Dγ/(6αβ)) ≤ 1 ç l(r) =
9αβ(αβ + n + 1)

γ(1 − r)
. Òâåðäæåííÿ 5äîâåäåíî. �5. Âèñíîâêè. Ç äîâåäåíü òâåðäæåíü 3-5 âèäíî, ùî ïîäiáíi ðåçóëüòàòè ìîæíàîòðèìàòè i ó âèïàäêó êîìïëåêñíèõ ïàðàìåòðiâ α, β, γ. Ìè ðîçãëÿíóëè äîäàòíi α, β, γäëÿ òîãî, ùîá çà ïåâíèõ äîñèòü ïðîñòèõ óìîâ íà ïàðàìåòðè ãiïåðãåîìåòðè÷íà �óíê-öiÿ F (α, β, γ; z) âîëîäiëà âëàñòèâîñòÿìè, íàâåäåíèìè ó òâåðäæåííÿõ 1-5.Íàïðèêëàä, ïðàâèëüíà òàêà òåîðåìà.



ÂËÀÑÒÈÂÎÑÒI �IÏÅ��ÅÎÌÅÒ�È×ÍÎ� ÔÓÍÊÖI� ... 189Òåîðåìà. ßêùî γ > α + β + αβ, òî ãiïåðãåîìåòðè÷íà �óíêöiÿ F (α, β, γ; z) ¹îáìåæåíîþ, áëèçüêîþ äî îïóêëî¨ â D i l-iíäåêñ N(F, l) ≤ 1 ç l(r) = 9(γ + 1)/(1 − r).ßêùî γ = α + β > αβ, òî MF (r) ≍ ln
1

1 − r
(r ↑ 1) i N(F, l) ≤ 1 ç l(r) = 9(γ+

+1)/(1− r). ßêùî æ γ < α + β ≤ αβ, òî MF (r) ≍ 1

(1 − r)α+β−γ
(r ↑ 1) i N(F, l) ≤ 1ç l(r) = 9αβ(αβ + 1)/(γ(1 − r)).Ñïðàâäi, ç äîâåäåííÿ òâåðäæåííÿ 1 âèäíî, ùî çà óìîâè γ > α+β +αβ �óíêöiÿ

F (α, β, γ; z) ¹ áëèçüêîþ äî îïóêëî¨ â D. Ç öi¹¨ óìîâè âèïëèâà¹, ùî α + β < γ, iòîìó çà òâåðäæåííÿì 2 F (α, β, γ; z) ¹ îáìåæåíîþ. Íàðåøòi, îñêiëüêè γ > α + β − 1i γ > αβ, òî çà òâåðäæåííÿìè 3-4 N(F, 2; D1/6) ≤ 1 i N(F (n), 9(γ + n + 1)/(1 − r);
D \ D1/6) ≤ 1. Íåâàæêî ïîêàçàòè [1, . 23℄ òàêå: ÿêùî l∗(r) ≤ l∗(r) i N(f, l∗; G) ≤ N ,òî N(f, l∗; G) ≤ N , îñêiëüêè 9(γ + n + 1)/(1 − r) > 2, òî ïåðøó ÷àñòèíó òåîðåìèäîâåäåíî. Ïîäiáíî äîâîäÿòüñÿ äâi iíøi ÷àñòèíè òåîðåìè.1. �îëóçèí �.Ì. �åîìåòðè÷åñêàÿ òåîðèÿ �óíêöèé êîìïëåñíîãî ïåðåìåííîãî / �îëó-çèí �.Ì. � Ì.: Íàóêà, 1966.2. Sheremeta M.M. Analyti funtions of bounded index / Sheremeta M.M. � Lviv: VNTLPublishers, 1999.3. Êóçíåöîâ Ä.Ñ. Ñïåöèàëüíûå �óíêöèè / Êóçíåöîâ Ä.Ñ. � Ì.: Âûñøàÿ øêîëà, 1965.4. Shah S.M. Univalene of a funtion f and its suessive derivatives when f satis�es adi�erential equation, II / Shah S.M. // J. Math. Anal. and Appl. � 1989. � Vol. 142. � P.422-430.5. Øåðåìåòà Ç.Ì. Îáìåæåíiñòü l-iíäåêñó àíàëiòè÷íèõ �óíêöié, çîáðàæåíèõ ñòåïåíåâèìèðÿäàìè /Øåðåìåòà Ç.Ì., Øåðåìåòà Ì.Ì. // Âiñíèê Ëüâiâ. ó-òó. Cåð. ìåõ.-ìàò. � 2006.� Âèï. 66. � Ñ. 208-213.6. Shah S.M. Univalent funtions with univalent derivatives / Shah S.M., Trimble S.Y. //Bull.Amer. Math. So. � 1969. � Vol. 75. � P. 153-157.7. Goodman A.W. Univalent funtions / Goodman A.W. Mariner Publishing. Co. � 1983. �Vol. II.PROPERTIES OF THE HYPERGEOMETRIC FUNCTIONWITH POSITIVE PARAMETERSMyroslav SHEREMETAIvan Franko National University of L'viv,79000, L'viv, Universytets'ka Str., 1e-mail: m_m_sheremeta�list.ruClose-to-onvexity, growth and l-index boundedness of the hypergeometrifuntion with positive parameters are investigated.Key words: hypergeometri funtion, lose-to-onvexity, l-index bounded-ness.
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