
ÂIÑÍÈÊ ËÜÂIÂ. ÓÍ-ÒÓ VISNYK LVIV UNIV.Ñåðiÿ ìåõ.-ìàò. 2009. Ser. Meh. Math. 2009.Âèï. 70. Ñ. 14�37 Is. 70. P. 14�37ÓÄÊ 517.956�ËÀÄÊÀ �ÎÇÂ'ßÇÍIÑÒÜ ÊÂÀÇIËIÍIÉÍÎ� �IÏÅ�ÁÎËI×ÍÎ�ÇÀÄÀ×I Ç ÂIËÜÍÈÌÈ ÌÅÆÀÌÈ�óñëàí ÀÍÄ�ÓÑßÊ, Íàòàëÿ ÁÓ�ÄÅÉÍÀ,Âîëîäèìèð ÊÈ�ÈËÈ×Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà,79000, Ëüâiâ, âóë. Óíiâåðñèòåòñüêà, 1e-mail: kyrylyh�franko.lviv.ua�îçãëÿíóòî ìiøàíó çàäà÷ó ç íåâiäîìèìè ìåæàìè äëÿ îäíîâèìiðíî¨ ãi-ïåðáîëi÷íî¨ ñèñòåìè êâàçiëiíiéíèõ ðiâíÿíü ïåðøîãî ïîðÿäêó ç íåëiíiéíèìèóìîâàìè íà ïîâåäiíêó ìåæ îáëàñòi òà íåëîêàëüíèìè êðàéîâèìè óìîâàìè.Çà äîïîìîãîþ ìåòîäó õàðàêòåðèñòèê òà òåîðåìè Áàíàõà ïðî íåðóõîìó òî÷-êó çíàéäåíî äîñòàòíi óìîâè êëàñè÷íî¨ ðîçâ'ÿçíîñòi çàäà÷i äëÿ ìàëèõ çíà-÷åíü ÷àñîâî¨ çìiííî¨.Êëþ÷îâi ñëîâà: ãiïåðáîëi÷íà çàäà÷à ç âiëüíèìè ìåæàìè, êâàçiëiíiéíiðiâíÿííÿ, êëàñè÷íèé ðîçâ'ÿçîê, ìåòîä õàðàêòåðèñòèê, òåîðåìà Áàíàõà.1. Âñòóï. Çàäà÷i ç íåâiäîìèìè ìåæàìè (çàäà÷i Ñòå�àíà) äëÿ ïàðàáîëi÷íèõòà åëiïòè÷íèõ ðiâíÿíü îïèñóþòü áàãàòî ðiçíîìàíiòíèõ ïðîáëåì �içèêè, ìåõàíiêèòà ïðèðîäîçíàâñòâà [1℄. Íàïåâíî, ïåðøèìè ïóáëiêàöiÿìè ç öi¹¨ ïðîáëåìàòèêè äëÿãiïåðáîëi÷íèõ ðiâíÿíü i ñèñòåì áóëè ïðàöi [2℄-[4℄, â ÿêèõ îïèñàíî ìàòåìàòè÷íi ìîäå-ëi ãàçîâî¨ äèíàìiêè, àåðîïðóæíîñòi, òåïëîïðîâiäíîñòi (øâèäêiñòü ïîøèðåííÿ òåïëàñêií÷åííà).Ïðè äîñëiäæåííi ãiïåðáîëi÷íèõ çàäà÷ ç íåâiäîìèìè (âiëüíèìè) ìåæàìè â öiéïðàöi âèêîðèñòàíî ìåòîäèêó çàïðîïîíîâàíó â [5℄-[6℄. Âàðòî çàóâàæèòè, ùî òàêi çàäà-÷i íàé÷àñòiøå ðîçãëÿäàëè äëÿ ëiíiéíèõ i íàïiâëiíiéíèõ ãiïåðáîëi÷íèõ ðiâíÿíü. Ïðîòå,íàïðèêëàä, çàäà÷à ïðî âèçíà÷åííÿ íåâiäîìî¨ ëiíi¨ ðîçðèâó ãiäðîäèíàìi÷íèõ ïàðà-ìåòðiâ ïîòîêó ðiäèíè àáî ãàçó ¹ îäíi¹þ ç îñíîâíèõ ïðîáëåì ãiäðî-ãàçîâî¨ äèíàìiêèòà àåðîïðóæíîñòi. Ñàìå ¨¨ ìàòåìàòè÷íå �îðìóëþâàííÿ çâîäèòüñÿ äî âèâ÷åííÿ ìi-øàíî¨ çàäà÷i äëÿ êâàçiëiíiéíî¨ ñèñòåìè ãiïåðáîëi÷íîãî òèïó â îáëàñòi ç îäíi¹þ àáîäåêiëüêîìà âiëüíèìè ìåæàìè. Òàêèì çàäà÷àì ïðèñâÿ÷åíi ïðàöi [7℄-[10℄, â ÿêèõ áóëîçíàéäåíî iñíóâàííÿ òà ¹äèíiñòü ëîêàëüíîãî i ãëîáàëüíîãî óçàãàëüíåíèõ ðîçâ'ÿçêiâäëÿ ðiçíèõ òèïiâ îáëàñòåé òà êðàéîâèõ óìîâ. Êëàñè÷íó ðîçâ'ÿçíiñòü ãiïåðáîëi÷íèõ© Àíäðóñÿê �., Áóðäåéíà Í., Êèðèëè÷ Â., 2009



�ËÀÄÊÀ �ÎÇÂ'ßÇÍIÑÒÜ ÊÂÀÇIËIÍIÉÍÎ� �IÏÅ�ÁÎËI×ÍÎ� ÇÀÄÀ×I... 15çàäà÷ Ñòå�àíà ðîçãëÿäàëè äîñèòü ðiäêî, çîêðåìà, â ìîíîãðà�i¨ [11℄ äîñëiäæåíî ïî-äiáíó çàäà÷ó äëÿ ñïåöiàëüíîãî âèäó ãiïåðáîëi÷íî¨ ñèñòåìè ïåðøîãî ïîðÿäêó â êóòîâiéîáëàñòi.Ó öié ïðàöi çíàéäåíî äîñòàòíi óìîâè iñíóâàííÿ òà ¹äèíîñòi ëîêàëüíîãî êëà-ñè÷íîãî ðîçâ'ÿçêó ìiøàíî¨ çàäà÷i äëÿ îäíîâèìiðíî¨ ãiïåðáîëi÷íî¨ ñèñòåìè êâàçiëi-íiéíèõ ðiâíÿíü ïåðøîãî ïîðÿäêó ç íåâiäîìèìè ìåæàìè òà íåëîêàëüíèìè êðàéîâèìèóìîâàìè.2. Ôîðìóëþâàííÿ çàäà÷i. Â îáëàñòi Ga
T = {(x, t) ∈ R2 : a1(t) < x < a2(t),

0 < t < T }, äå �óíêöi¨ ak, k = 1, 2 � íàïåðåä íåâiäîìi, ðîçãëÿíåìî ñèñòåìó êâàçiëi-íiéíèõ ðiâíÿíü ç ÷àñòèííèìè ïîõiäíèìè
∂ui

∂t
+ λi(x, t, u)

∂ui

∂x
= fi(x, t, u), i = 1, n, (1)

u(x, t) = (u1(x, t), ..., un(x, t)),à ïîâåäiíêó ìåæ îáëàñòi çàäàìî ñèñòåìîþ äè�åðåíöiàëüíèõ ðiâíÿíü
dak

dt
= hk(t, a, u(a, t)), k = 1, 2, a(t) = (a1(t), a2(t)), (2)

u(a, t) = (u(a1, t), u(a2, t)).Íåõàé íåâiäîìi �óíêöi¨ çàäîâîëüíÿþòü ïî÷àòêîâi óìîâè
a(0) = a0, a0 = (a0

1, a
0
2), a0

1 < a0
2, (3)

u(x, 0) = g(x), a0
1 6 x 6 a0

2, g(x) = (g1(x), ..., gn(x)) (4)i, âèçíà÷èâøè ìíîæèíè
I1 = {i : λi(a

0
1, 0, g(a0

1)) > h1(0, a0, g(a0))},

I2 = {i : λi(a
0
2, 0, g(a0

2)) < h2(0, a0, g(a0))},êðàéîâi óìîâè çàïèøåìî ó âèãëÿäi
ui(ak(t), t) = µi

k(t, a(t), {us(ak′(t), t)} s/∈Ik′

k′=1,2

), i ∈ Ik, k = 1, 2, 0 6 t 6 T. (5)Ââàæà¹ìî, ùî �óíêöi¨ λi, fi : R × [0, T ] × Rn → R, hk : [0, T ] × R2+2n → R,
µi

k : [0, T ]× R2+2n−cardI1−cardI2 → R, gi : [a0
1, a

0
2] → R, i = 1, n, k = 1, 2 � çàäàíi.3. Ëîêàëüíà ðîçâ'ÿçíiñòü çàäà÷i. Ââåäåìî ïîçíà÷åííÿ

Bn
R = {u ∈ R

n : |ui| 6 R, i = 1, n, }, G = max
16i6n,

x∈[a0
1,a0

2]

|gi(x)|,

hk(0, a0, g(a0)) = Hk, rk = cardIk, k = 1, 2, {ωk′s} = {ωk′s : s /∈ Ik′ , k′ = 1, 2},

ΩT = {(x, t) ∈ R
2 : a0

1 + (H1 − 1)t 6 x 6 a0
2 + (H2 + 1)t, 0 6 t 6 T, },

VT =
{
(t, y) ∈ R

3 : a0
1 + (H1 − 1)t 6 y1 6 a0

1 + (H1 + 1)t,

a0
2 + (H2 − 1)t 6 y2 6 a0

2 + (H2 + 1)t, 0 6 t 6 T
}
,à òàêîæ êëàñ �óíêöié (

C1
L(Ga

T )
)n

=
{
u ∈ (C1(Ga

T ))n : ux ∈ (Lip(Ga
T ))n

}.



16 �óñëàí ÀÍÄ�ÓÑßÊ, Íàòàëÿ ÁÓ�ÄÅÉÍÀ, Âîëîäèìèð ÊÈ�ÈËÈ×Îçíà÷åííÿ 1. Êëàñè÷íèì ðîçâ'ÿçêîì çàäà÷i (1)-(5) íà ÷àñîâîìó ïðîìiæêó [0, T0]íàçèâàòèìåìî íàáið �óíêöié (u(x, t), a(t)) ∈
(
C1

L(Ga
T0

)
)n

×(C1([0, T0]))
2, T0 6 T , ùîçàäîâîëüíÿþòü ñèñòåìè ðiâíÿíü (1)-(2),ïî÷àòêîâi óìîâè (3)-(4) i ãðàíè÷íi óìîâè(5). ßêùî T0 < T , òî òàêèé ðîçâ'ÿçîê íàçâåìî ëîêàëüíèì.�îëîâíèì ðåçóëüòàòîì ïðàöi ¹ òàêà òåîðåìà.Òåîðåìà 1. Íåõàé1) λi(x, t, u), fi(x, t, u) ∈ C1,0,1(ΩT × Bn

G+1) ∩ Lip(ΩT × Bn
G+1),{

(λi)
′
x, (λi)

′
uj

, (fi)
′
x, (fi)

′
uj

}
⊂ Lipx,u(ΩT × Bn

G+1), i, j = 1, n;2) gi(x) ∈ C1([a0
1, a

0
2]), g′i(x) ∈ Lip([a0

1, a
0
2]), i = 1, n;3) hk(t, y, w) ∈ Lip(VT × B2n

G+1), k = 1, 2;4) µi
k(t, y, {wk′

s }) ∈ C1
(
VT × B2n−r1−r2

G+1

), {
µi

k, (µi
k)′t, (µ

i
k)′y, (µi

k)′
wk′

s

}
⊂

⊂ Lip
(
VT × B2n−r1−r2

G+1

), i ∈ Ik, k = 1, 2, s /∈ Ik′ , k′ = 1, 2;5) âèêîíóþòüñÿ óìîâè ïîãîäæåííÿ íóëüîâîãî òà ïåðøîãî ïîðÿäêiâ
gi(a

0
k) = µi

k(0, a0, {gs(a
0
k′)}), i ∈ Ik, k = 1, 2,

(µi
k)′t(0, a0, {gs(a

0
k′)}) +

2∑

m=1

(µi
k)′am

(0, a0, {gs(a
0
k′)})Hm+

+
∑

k′=1,2
s/∈Ik′

(µi
k)′

wk′

s
(0, a0, {gs(a

0
k′ )})[(Hk′ − λs(a

0
k′ , 0, g(a0

k′)))g′s(a
0
k′) + fs(a

0
k′ , 0, g(a0

k′))] =

= fi(a
0
k, 0, g(a0

k)) + (Hk − λi(a
0
k, 0, g(a0

k)))g′i(a
0
k), i ∈ Ik, k = 1, 2;6) âèêîíó¹òüñÿ óìîâà

λi(a
0
k, 0, g(a0

k)) 6= Hk, k = 1, 2, i = 1, n.Òîäi äëÿ äåÿêîãî T0 6 T iñíó¹ ¹äèíèé êëàñè÷íèé ðîçâ'ÿçîê çàäà÷i (1)-(5) íà÷àñîâîìó ïðîìiæêó [0, T0].Äîâåäåííÿ. Ââåäåìî ïîçíà÷åííÿ:
Λ = max

16i,j6n
(x,t,u)∈ΩT×Bn

G+1

{
|λi(x, t, u)|, |(λi)

′
x(x, t, u)|, |(λi)

′
uj

(x, t, u)|
}

;

F = max
16i,j6n

(x,t,u)∈ΩT×Bn
G+1

{
|fi(x, t, u)|, |(fi)

′
x(x, t, u)|, |(fi)

′
uj

(x, t, u)|
}

;

H = max
k=1,2

(t,y,w)∈VT×B2n
G+1

|hk(t, y, w)|, G1 = max
16i6n

x∈[a0
1,a0

2]

|g′i(x)|, γ = min
16i6n
k=1,2

|λi(a
0
k, 0, g(a0

k))−Hk|;

M = max
k=1,2,i∈Ik,k′=1,2,s/∈Ik′ ,

(t,y,{wk′

s })∈VT ×B
2n−r1−r2
G+1

{
|µi

k(t, y, {wk′

s })|, |(µi
k)′t(t, y, {wk′

s })|,

|(µi
k)′y(t, y, {wk′

s })|, |(µi
k)′

wk′

s

(t, y, {wk′

s })|
}

, H = max{H1,H2}.



�ËÀÄÊÀ �ÎÇÂ'ßÇÍIÑÒÜ ÊÂÀÇIËIÍIÉÍÎ� �IÏÅ�ÁÎËI×ÍÎ� ÇÀÄÀ×I... 17Íåõàé λ0 � ñòàëà Ëiïøèöÿ äëÿ �óíêöié λi(x, t, u), (λi)
′
x(x, t, u), (λi)

′
uj

(x, t, u),
i, j = 1, n íà ìíîæèíi ΩT × Bn

G+1; f0 � äëÿ fi(x, t, u), (fi)
′
x(x, t, u), (fi)

′
uj

(x, t, u),
i, j = 1, n íà ΩT × Bn

G+1; h0 � äëÿ hk(t, y, ω), k = 1, 2 íà VT × B2n
G+1; µ0 � äëÿ

µi
k(t, y, {wk′

s }), (µi
k)′t(t, y, {wk′

s }), (µi
k)′y(t, y, {wk′

s }), (µi
k)′

wk′

s

(t, y, {wk′

s }), s /∈ Ik′ , k′ = 1, 2,
i ∈ Ik, k = 1, 2 íà VT × B2n−r1−r2

G+1 ; g0 � äëÿ gi(x), g′i(x), i = 1, n íà [a0
1, a

0
2].Ââåäåìî ìåòðè÷íèé ïðîñòið Q = Q(T0, U, U1, L, L1), ùî ñêëàäà¹òüñÿ ç �óíêöié

(u, a), äå u = (u1, ..., un), a = (a1, a2), ui ∈ C1(Ga
T0

), ak ∈ C([0, T0]), ÿêi çàäîâîëüíÿþòüóìîâè (3)-(4) i òàêi îáìåæåííÿ:H1. (ak(t) −Hkt) ∈ Lip([0, T0], 1), k = 1, 2;H2. |ui(x, t) − ḡi(x)| 6 U, i = 1, n, (x, t) ∈ Ga
T0
, äå U 6

1

2
, à ḡi(x) íàáóâà¹çíà÷åííÿ gi(a

0
1), ÿêùî x < a0

1, gi(x), ÿêùî a0
1 6 x 6 a0

2 i gi(a
0
2), ÿêùî x > a0

2;H3. ui ∈ Lip(Ga
T0

, L), i = 1, n;H4. |(ui)
′
x(x, t)| 6 U1, i = 1, n, (x, t) ∈ Ga

T0
;H5. (ui)

′
x ∈ Lip(Ga

T0
, L1), i = 1, n.Íåõàé {(u1, a1), (u2, a2)} ⊂ Q, òîäi ìåòðèêó íà åëåìåíòàõ ïðîñòîðó Q âèçíà÷èìîÿê

ρ
(
(u1, a1), (u2, a2)

)
= max

{
max
k=1,2
t∈[0,T ]

|a1
k(t) − a2

k(t)|, max
16i6n

(x,t)∈Ga1

T ∩Ga2

T

|u1
i (x, t) − u2

i (x, t)|,

max
16i6n

(x,t)∈Ga1

T ∩Ga2

T

|(u1
i )x(x, t) − (u2

i )x(x, t)|
}

.Ïîçíà÷èìî ÷åðåç ϕi(τ ; x, t, u), i = 1, n, ðîçâ'ÿçîê çàäà÷i Êîøi
dξ

dτ
= λi(ξ, τ, u(ξ, τ)), ξ(t) = x, (6)ùî ¹ õàðàêòåðèñòèêîþ ñèñòåìè ðiâíÿíü (1), ïðè÷îìó çàëåæíiñòü ϕi(τ ; x, t, u) âiä u ¹�óíêöiîíàëîì. Ââåäåìî ïîçíà÷åííÿ ϕi(τ)

def
= ϕi(τ ; x, t, u), ÿêùî òðåáà ïiäêðåñëèòèçàëåæíiñòü âiä ÿêîãîñü àðãóìåíòó, òî áóäåìî çàïèñóâàòè ϕx

i (τ), ϕt
i(τ), ϕu

i (τ). ×àñîâóêîîðäèíàòó òî÷êè ïåðåòèíó �óíêöi¨ ϕi ç ìåæåþ îáëàñòi Ga
T0

ïðè ðóñi â íàïðÿìiñïàäàííÿ àðãóìåíòó τ ïîçíà÷èìî ÷åðåç χi(x, t; u, a), òîáòî
χi(x, t, u; a) = min{τ : (ϕi(τ), τ) ∈ Ga

T0
}.Äëÿ χi(x, t; u, a) áóäåìî âèêîðèñòîâóâàòè àíàëîãi÷íi ïîçíà÷åííÿ χi, χx

i , χt
i, χu

i , χa
i .Ïðîiíòåãðóâàâøè ðiâíîñòi (1) âçäîâæ âiäïîâiäíèõ õàðàêòåðèñòèê ξ = ϕi(τ), i ñïiâ-âiäíîøåííÿ (2), îòðèìà¹ìî ñèñòåìè iíòåãðî-�óíêöiîíàëüíèõ ðiâíÿíü

ui(x, t) = ui

(
ϕi(χi), χi

)
+

t∫

χi

fi

(
ϕi(τ), τ, u(ϕi(τ), τ)

)
dτ, i = 1, n, (7)

ak(t) = a0
k +

t∫

0

hk(τ, a(τ), u(a(τ), τ))dτ, k = 1, 2. (8)



18 �óñëàí ÀÍÄ�ÓÑßÊ, Íàòàëÿ ÁÓ�ÄÅÉÍÀ, Âîëîäèìèð ÊÈ�ÈËÈ×Çàóâàæèìî, íàáið �óíêöié (u, a) ∈ (C1(Ga
T0

))n × (C([0, T0]))
2, ùî çàäîâîëüíÿ¹ñèñòåìè (7) i (8), áóäå ðîçâ'ÿçêîì (1) i (2).Íåõàé (u, a) ∈ Q, òîäi çãiäíî ç óìîâàìèH1−H2: (t, a(t), u(a(t), t)) ∈ VT0

×B2n
G+1,

(ak(t), t, u(ak(t), t)) ∈ ΩT0
×Bn

G+1, k = 1, 2, Ga
T0

⊂ ΩT0
. Ïðàâèëüíi òàêi ñïiââiäíîøåííÿ

|hk(t, a(t), u(a(t), t)) − λi(ak(t), t, u(ak(t), t))| > |Hk − λi(a
0
k, 0, g(a0

k))|−

−|hk(t, a(t), u(a(t), t)) −Hk| − |λi(ak(t), t, u(ak(t), t)) − λi(a
0
k, 0, g(a0

k))| >

> γ − h0(T0 + 2(H + 1)(1 + ng0)T0 + 2nU) − λ0(T0 + (H + 1)(1 + ng0)T0 + nU).ßêùî
h0(T0 + 2(H + 1)(1 + ng0)T0 + 2nU) + λ0(T0 + (H + 1)(1 + ng0)T0 + nU) 6 γ/2, (9)òî îäåðæèìî îöiíêó
|hk(t, a(t), u(a(t), t))−λi(ak(t), t, u(ak(t), t))| > γ/2, i = 1, n, k = 1, 2, t ∈ [0, T0]. (10)Âèêîðèñòà¹ìî (10) òà óìîâè (3)-(5) i çàïèøåìî ñèñòåìó (7) ó âèãëÿäi

ui(x, t) = ϑi(x, t; u, a) +

t∫

χi

fi

(
ϕi(τ), τ, u(ϕi(τ), τ)

)
dτ, i = 1, n, (11)äå

ϑi(x, t; u, a) =





gi(ϕi(0)), ÿêùî χi = 0,
µi

k(χi, a(χi), {us(ak′ (χi), χi)}), ÿêùî χi > 0,
ϕi(χi) = ak(χi), i ∈ Ik, k = 1, 2.Çàóâàæèìî, íàáið �óíêöié (u, a) ∈ Q, ùî çàäîâîëüíÿ¹ ñèñòåìó (11), (8), áóäåêëàñè÷íèì ðîçâ'ÿçêîì çàäà÷i (1)-(5).Íà ïðîñòîði Q âèçíà÷èìî îïåðàòîð S : S(u, a) = (Su(u, a), Sa(u, a)), äå

Su(u, a) = (Su
1 (u, a), ..., Su

n(u, a)), Sa(u, a) = (Sa
1 (u, a), Sa

2 (u, a)), îòîæ,
(Sa

k (u, a))(t) = a0
k +

t∫

0

hk(τ, a(τ), u(a(τ), τ))dτ, k = 1, 2.Òîäi, ââiâøè ïîçíà÷åííÿ
ũ(x, t) =






(ui)
′
x(a1(t), t)(x − a1(t)) + u(a1(t), t), ÿêùî x < a1(t),

u(x, t), ÿêùî a1(t) 6 x 6 a2(t),
(ui)

′
x(a2(t), t)(x − a2(t)) + u(a2(t), t), ÿêùî x > a2(t),
χ̃i

def
= χi(x, t; ũ, Sa), ϕ̃i(τ)

def
= ϕi(τ ; x, t, ũ),çàïèøåìî

(Su
i (u, a))(x, t) = ϑ̃i(x, t, ũ, u, a) +

t∫

χ̃i

fi

(
ϕ̃i(τ), τ, ũ(ϕ̃i(τ), τ)

)
dτ, i = 1, n,äå̃

ϑi(x, t, ũ, u, a) =





gi(ϕ̃i(0)), ÿêùî χ̃i = 0,
µi

k(χ̃i, (S
a(u, a))(χ̃i), {(S

u
s (u, a))(Sa

k′(u, a)(χ̃i), χ̃i)}), ÿêùî χ̃i > 0,
ϕ̃i(χ̃i) = (Sa

k (u, a))(χ̃i), i ∈ Ik, k = 1, 2.
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hk(t, a(t), u(a(t), t)) 6= λi(S

a
k (t), t, ũ(Sa

k (t), t)), i = 1, n, k = 1, 2, t ∈ [0, T0], (12)
χ̃i(S

a
k (t), t) = 0, k = 1, 2, i /∈ Ik. (13)Ïîêàæåìî, ùî iñíó¹ íàáið ïàðàìåòðiâ (T0, U, U1, L, L1), ïðè ÿêèõ îïåðàòîð Sâiäîáðàæà¹ ïîâíèé ìåòðè÷íèé ïðîñòið (Q, ρ) â ñåáå, ¹ ñòèñêóþ÷èì i âèêîíóþòüñÿóìîâè (12)-(13).Ïî÷íåìî ç ïåðåâiðêè óìîâ ïðîñòîðó. Íåõàé (u, a)∈Q, ïîêàæåìî, ùî (Su, Sa)∈Q.Íàñàìïåðåä âèçíà÷èìî îáìåæåííÿ íà ïàðàìåòðè ïðîñòîðó, ïðè ÿêèõ Sa çàäîâîëüíÿ¹óìîâó H1.Îñêiëüêè,

d

dt

(
Sa

k (t) −Hkt
)

= |hk(t, a(t), u(a(t), t)) −Hk| 6 h0(T0 + 2(H + 1)(1 + ng0)T0 + 2nU),òî (
Sa

k (t) −Hkt
)
∈ Lip

(
[0, T0], 1

)
, k = 1, 2, çà óìîâ

h0(1 + 2(H + 1)(1 + ng0))T0 6
1

2
, (14)

h02nU 6
1

2
. (15)Çíàéäåìî óìîâè íà ïàðàìåòðè ïðîñòîðó, ïðè ÿêèõ ũ ∈ BG+1. �îçãëÿíåìî ìîæ-ëèâi âèïàäêè:

1) (x, t) ∈ Ga
T0
, òîäi ũi(x, t) = ui(x, t) i î÷åâèäíî ũ ∈ BG+1;

2) (x, t) ∈ GSa

T0
\ Ga

T0
, i äëÿ âèçíà÷åíîñòi Sa

1 (t) 6 x 6 a1(t). Òîäi
|ũi(x, t)| = |(ui)

′
x(a1(t), t)(x − a1(t)) + ui(a1(t), t)| 6 2U1(H + 1)T0 + G +

1

2
6 G + 1,ÿêùî

2U1(H + 1)T0 6
1

2
. (16)Òåïåð ìîæåìî ïåðåéòè äî äîâåäåííÿ (12)-(13). �îçãëÿíåìî

|hk(t, a(t), u(a(t), t)) − λi(S
a
k (t), t, ũ(Sa

k (t), t))| > |Hk − λi(a
0
k, 0, g(a0

k))|−

−|hk(t, a(t), u(a(t), t)) −Hk| − |λi(S
a
k (t), t, ũ(Sa

k (t), t)) − λi(a
0
k, 0, g(a0

k))| >

> γ−h0(T0+2(H+1)(1+ng0)T0+2nU)−λ0(T0+(H+1)(1+ng0)T0+nU+nU12(H+1)T0).ßêùî
h0(T0 + 2(H + 1)(1 + ng0)T0 + 2nU)−

−λ0(T0 + (H + 1)(1 + ng0)T0 + nU + nU12(H + 1)T0) 6 γ/2, (17)òî âèâîäèìî îöiíêó
|hk(t, a(t), u(a(t), t))−λi(S

a
k (t), t, ũ(Sa

k (t), t))| > γ/2, i = 1, n, k = 1, 2, t ∈ [0, T0]. (18)Çàóâàæèìî, ùîá âèêîíóâàëàñü ðiâíiñòü (13), äîñòàòíüî âèìàãàòè âèêîíàííÿ òà-êî¨ íåðiâíîñòi:
(2(H + 1) + Λ)T0 6 a0

2 − a0
1. (19)Äîñëiäèìî, çà ÿêèõ óìîâ (Su, Sa) çàäîâîëüíÿ¹ îáìåæåííÿ H2 ïðîñòîðó Q.
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|Su

i (x, t) − ḡi(x)| 6 |gi(ϕ̃i(0)) − ḡi(x)| +

t∫

0

|fi(ϕ̃i(τ), τ, ũ(ϕ̃i(τ), τ))|dτ 6 (g0Λ + F )T0,òî äîñòàòíüî âèìàãàòè âèêîíàííÿ íåðiâíîñòi
(g0Λ + F )T0 6 U. (20)�îçãëÿíåìî âèïàäîê χ̃i > 0 i ïîïåðåäíüî äîâåäåìî äîïîìiæíó îöiíêó

|Su
i (Sa

k (t), t) − gi(a
0
k)| = |gi(ϕ̃

Sa
k (t),t

i (0)) − gi(a
0
k)|+

+

t∫

χ̃i

|fi(ϕ̃i(τ), τ, ũ(ϕ̃i(τ), τ))|dτ 6 g0(H + Λ)T0 + FT0.Âðàõîâóþ÷è óìîâè ïîãîäæåííÿ íóëüîâîãî ïîðÿäêó, ìà¹ìî
|Su

i (x, t) − ḡi(x)| 6 |µi
k(χ̃i, S

a(χ̃i), {S
u
s (Sa

k′ (χ̃i), χ̃i)})−

−µi
k(0, a0, {Su

s (a0
k′ , 0)})| + |gi(a

0
k) − ḡi(x)| +

t∫

χ̃i

|fi(ϕ̃i(τ), τ, ũ(ϕ̃i(τ), τ))|dτ 6

6 µ0(T0 + 2HT0 + 2n(g0(H + Λ) + F )T0) + g0(H + Λ)T0 + FT0.Òîìó, ÿêùî
(
µ0(1 + 2H + 2n(g0(H + Λ) + F )) + g0(H + Λ) + F

)
T0 6 U, (21)òî

|Su
i (x, t) − ḡi(x)| 6 U, (x, t) ∈ GSa

T0
.Äëÿ íàñòóïíèõ îöiíîê íàì çíàäîáèòüñÿ ñòàëà Ëiïøèöÿ äëÿ �óíêöi¨ ũ çà äâîìàçìiííèìè. Äîâåäåìî ¨¨ ñïî÷àòêó çà çìiííîþ x äëÿ ìîæëèâèõ âèïàäêiâ ðîçìiùåííÿòî÷êè (x, t) :

1) {(x1, t), (x2, t)} ∈ GSa

T0
\ Ga

T0
:

|∆j ũi(xj , t)| 6 |∆j((ui)
′
x(a1(t), t)(xj − a1(t)) + ui(a1(t), t))| 6 U1|∆xj |;

2) (x1, t) ∈ GSa

T0
\ Ga

T0
, (x2, t) ∈ Ga

T0
:

|∆j ũi(xj , t)| 6 |((ui)
′
x(a1(t), t)(x1 − a1(t)) + ui(a1(t), t)) − ui(x2, t)| 6

6 U1|x1 − a1(t)| + L|a1(t) − x2| 6 max{U1, L}|∆xj|;

3) {(x1, t), (x2, t)} ∈ Ga
T0
:
|∆j ũi(xj , t)| 6 L|∆xj |.Îòæå, äëÿ äîâiëüíîãî âèïàäêó |∆j ũi(xj , t)| 6 max{U1, L}|∆xj|. Òåïåð çíàéäåìî ñòàëóËiïøèöÿ çà çìiííîþ t. �îçãëÿíóâøè òi æ âèïàäêè, ùî é ïîïåðåäíüî, ìà¹ìî:

1) |∆j ũi(x, tj)| 6 |∆j((ui)
′
x(a1(tj), tj)||(x − a1(t1))| + U1|∆ja1(tj)|+

+|∆jui(a1(tj), tj)| 6

(
L1(H + 2)2(H + 1)T0 + U1(H + 1) + L(H + 2)

)
|∆tj |,

|∆j ũi(x, tj)| 6 (1 + U1(1 + H) + L(H + 2))|∆tj |,
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2L1(H + 2)(H + 1)T0 6 1; (22)

2) |∆j ũi(x, tj)| 6 |(ui)
′
x(a1(t1), t1)|(x − a1(t1)) + ui(a1(t1), t1) − ui(x, t2)| 6

6 U1|a1(t2) − a1(t1)| + L|a1(t2) − a1(t1)| + L|∆tj | 6 ((U1 + L)(1 + H) + L)|∆tj |;
3) |∆j ũi(x, tj)| 6 L|∆tj|.Äëÿ äîâiëüíîãî âèïàäêó ïðàâèëüíà îöiíêà

|∆j ũi(x, tj)| 6 (1 + (U1 + L)(1 + H) + L)|∆tj |.Ïiäñóìîâóþ÷è ïîïåðåäíi ðåçóëüòàòè, ìîæåìî âèçíà÷èòè çàãàëüíó ñòàëó Ëiïøè-öÿ çà äâîìà çìiííèìè äëÿ �óíêöi¨ ũ, à ñàìå
L̃ = 1 + (U1 + L)(1 + H) + L.Äîâåäåìî òâåðäæåííÿ, ÿêi çíàäîáëÿòüñÿ íàì íàäàëi.Ëåìà 1. Íåõàé (xj , tj) ∈ Ga
T0

, j = 1, 2, (u, a) ∈ Q, òîäi �óíêöiÿ ϕi(τ) çàäîâîëüíÿ¹íåðiâíiñòü
|∆jϕi(τ ; xj , t, u)| 6 eλ0(1+nL)T0 |∆xj |; |∆jϕi(τ ; x, tj , u)| 6 Λeλ0(1+nL)T0 |∆tj |.Äîâåäåííÿ. Çàïèøåìî ϕi(τ ; xj , t, u) ÿê ðîçâ'ÿçîê ðiâíÿííÿ (6) ó âèãëÿäi
ϕi(τ ; xj , t, u) = xj +

τ∫

t

λi(ϕi(θ; xj , t, u), θ, u(ϕi(θ; xj , t, u), θ))dθ, j = 1, 2.�îçãëÿíåìî ðiçíèöþ öèõ âèðàçiâ i çàñòîñó¹ìî äî íå¨ ëåìó �ðîíóîëëà-Áåëìàíà. Îòîæ,îòðèìó¹ìî òâåðäæåííÿ ëåìè. Äðóãó îöiíêó äîâîäèìî àíàëîãi÷íî. �Çàóâàæåííÿ 1. Ïðèïóñòèâøè, ùî
λ0(1 + nL̃)T0 6 1 (23)òà âèêîðèñòàâøè ïîïåðåäíþ ëåìó, îòðèìó¹ìî îöiíêè äëÿ �óíêöi¨ ϕ̃i(τ) â îáëàñòi

GSa

T0
:

|∆jϕ̃
xj

i (τ)| 6 e|∆xj |, |∆jϕ̃
tj

i (τ)| 6 Λe|∆tj|.Ëåìà 2. Íåõàé {(x1, t1), (x2, t2)} ⊂ GSa

T0
, k = 1, 2, (u, a) ∈ Q i äëÿ �iêñîâàíîãî

k ∈ {1, 2}: ϕ̃
xj ,tj

i (χ̃i
xj ,tj ) = Sa

k (χ̃
xj ,tj

i ), j = 1, 2, ïðè÷îìó ïàðàìåòðè T0 òà U ¹ äîñ-òàòíüî ìàëèìè, à ñàìå çàäîâîëüíÿþòü óìîâè (17) òà
λ0(1 + nL̃)(Λ + H)T0 6

γ

4
. (24)Òîäi âèêîíóþòüñÿ íåðiâíîñòi

|∆jχ̃
xj

i | 6
4

γ
eλ0(1+nL̃)T0 |∆xj |, |∆jχ̃

tj

i | 6
4

γ
Λeλ0(1+nL̃)T0 |∆tj |.Äîâåäåííÿ. Íåõàé äëÿ âèçíà÷åíîñòi k = 1, x1 < x2. Òîäi χ̃x1

i > χ̃x2

i . �îçãëÿíåìîðiçíèöþ ϕ̃x2

i (τ) − Sa
1 (τ). Çà òåîðåìîþ Ëàãðàíæà ñïðàâäæó¹òüñÿ îöiíêà

|ϕ̃x2

i (χ̃x1

i ) − Sa
1 (χ̃x1

i )| = |λi(ϕ̃
x2

i (τ0), τ0, ũ(ϕ̃x2

i (τ0), τ0))−

−h1(τ0, a(τ0), u(a(τ0), τ0))||∆jχ̃
xj

i | >

[
− |λi(ϕ̃

x2

i (τ0), τ0, ũ(ϕ̃x2

i (τ0), τ0))−
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−λi(S

a
1 (τ0), τ0, ũ(Sa

1 (τ0), τ0))| + |λi(S
a
1 (τ0), τ0, ũ(Sa

1 (τ0), τ0))−

−h1(τ0, a(τ0), u(a(τ0), τ0))|
]
|∆jχ̃

xj

i | >

[γ

2
− λ0(1 + nL̃)|ϕ̃x2

i (τ0) − (S1a)(τ0)|
]
|∆jχ̃

xj

i | >

>

[γ

2
− λ0(1 + nL̃)(Λ + H)T0

]
|∆jχ̃

xj

i | >
γ

4
|∆jχ̃

xj

i |.Òîìó
|∆j χ̃

xj

i | 6
4

γ
|ϕ̃x2

i (χ̃x1

i ) − Sa
1 (χ̃x1

i )| 6
4

γ
|∆j ϕ̃

xj

i (χ̃x1

i )|.Çãiäíî ç ëåìîþ 1 îòðèìà¹ìî îöiíêó
|∆jχ̃

xj

i | 6
4

γ
eλ0(1+nL̃)T0 |∆xj |.Àíàëîãi÷íî îòðèìó¹ìî äðóãó îöiíêó ç òâåðäæåííÿ ëåìè. �Äîñëiäèìî óìîâó H3.Íåõàé χ̃i

xj = 0, j = 1, 2. Òîäi
|∆jS

u
i (xj , t)| 6 |∆jgi(ϕ̃

xj

i (0))| +

t∫

0

∣∣∣∆jfi

(
ϕ̃

xj

i (τ), τ, ũ(ϕ̃
xj

i (τ), τ)
)∣∣∣dτ 6

6 (g0 + T0f0(1 + nL̃))e|∆xj | 6 (g0e + 1)|∆xj |.Òåïåð ââàæàòèìåìî χ̃i
xj > 0, j = 1, 2 i x1 < x2, ϕ̃

xj

i (χ̃i
xj) = Sa

1 (χ̃i
xj ), j = 1, 2,òîäi χ̃i

x1 > χ̃i
x2 . Çíàéäåìî äîïîìiæíó îöiíêó ïðè k = 1, 2, i /∈ Ik

|∆jS
u
i (Sa

k (tj), tj)| 6 |∆jgi(ϕ̃
Sa

k (tj),tj

i (0))|+

+

t1∫

0

∣∣∣∆jfi

(
ϕ̃

Sa
k (tj),tj

i (τ), τ, ũ(ϕ̃
Sa

k (tj),tj

i (τ), τ)
)∣∣∣dτ+

+

t2∫

t1

∣∣∣fi

(
ϕ̃

Sa
k(t2),t2

i (τ), τ, ũ(ϕ̃
Sa

k (t2),t2
i (τ), τ)

)∣∣∣dτ 6

(
(g0+f0T0(1+nL̃))(H+Λ)e+F

)
|∆tj |.Ïðèïóñòèìî, ùî T0 äîñòàòíüî ìàëå, ùîá âèêîíóâàëàñü íåðiâíiñòü

T0f0(1 + nL̃)max{1, H + Λ}e 6 1. (25)Òîäi
|∆jS

u
i (Sa

k (tj), tj)| 6 k1|∆tj |, (26)äå k1 = g0(H + Λ)e + F + 1. �îçãëÿíåìî
|∆jS

u
i (xj , t)| 6 |∆jµ

i
k(χ̃i

xj , Sa(χ̃i
xj), {Su

s (Sa
k′ (χ̃i

xj), χ̃i
xj )})|+

+

χ̃i
x1∫

χ̃i
x2

∣∣∣fi

(
ϕ̃x2

i (τ), τ, ũ(ϕ̃x2

i (τ), τ)
)∣∣∣dτ +

t∫

χ̃i
x1

∣∣∣∆jfi

(
ϕ̃

xj

i (τ), τ, ũ(ϕ̃
xj

i (τ), τ)
)∣∣∣dτ 6

6 (µ0(1 + 2H + 2nk1)
4

γ
e + T0f0(1 + nL̃)e + F

4

γ
e)|∆xj |.Îòæå, â áóäü-ÿêîìó âèïàäêó ïðàâèëüíà íåðiâíiñòü

|∆jS
u
i (xj , t)| 6 k2|∆xj |,
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4
γ e + F 4

γ e} + 1. Îñêiëüêè |∆jS
u
i (x, tj)| 6

6 (F + Λk2)|∆tj |, òî Su
i ∈ Lip(GSa

T0
, L), ÿêùî

F + max{1, Λ}k2 6 L. (27)Ââåäåìî ïîçíà÷åííÿ [ϕi]x(τ)
def
=

∂

∂x
ϕi(τ ; x, t, u) = (ϕi)

′
x(τ)+

∑
j

(ϕi)
′
uj

(uj)
′
x òààíàëîãi÷íi äëÿ [ϕi]t(τ). Ïåðåéäåìî äî ïåðåâiðêè óìîâè H4. Çàóâàæèìî, ùî

(Su
i )′x(x, t) =

∂ϑ̃i

∂x
(x, t, ũ, u, a) + (Yiũ)(x, t, a) + (Ziũ)(x, t),äå

∂ϑ̃i

∂x
(x, t, ũ, u, a) =





g′i(ϕ̃i(0))[ϕ̃i]x(0), ÿêùî χ̃i = 0 ;[
(µi

k)′t(χ̃i, S
a(χ̃i), {S

u
s (Sa

k′(χ̃i), χ̃i)})+

+
2∑

m=1
(µi

k)′am
(χ̃i, S

a(χ̃i), {S
u
s (Sa

k′ (χ̃i), χ̃i)})×

×hm(χ̃i, a(χ̃i), u(a(χ̃i), χ̃i))+
+

∑
s/∈Ik′

k′=1,2

(µi
k)′

wk′

s

(χ̃i, S
a(χ̃i), {S

u
s (Sa

k′ (χ̃i), χ̃i)})×

×[(Su
s )′x(Sa

k′(χ̃i), χ̃i)hk′(χ̃i, a(χ̃i), u(ak′(χ̃i), χ̃i))+

+(Su
s )′t(S

a
k′ (χ̃i), χ̃i)]

]
(χ̃i)

′
x, ÿêùî χ̃i > 0,

ϕ̃i(χ̃i) = Sa
k (χ̃i), i ∈ Ik, k = 1, 2,

(Yiũ)(x, t, a) =





0, ÿêùî χ̃i = 0 ;
−fi(S

a
k (χ̃i), χ̃i, ũ(Sa

k (χ̃i), χ̃i))(χ̃i)
′
x, ÿêùî χ̃i > 0,

ϕ̃i(χ̃i) = Sa
k(χ̃i), i ∈ Ik, k = 1, 2,

(Ziũ)(x, t) =

t∫

χ̃i

(
(fi)

′
x(ϕ̃i(τ), τ, ũ(ϕ̃i(τ), τ))+

+

n∑

j=1

(fi)
′
ũj

(ϕ̃i(τ), τ, ũ(ϕ̃i(τ), τ))(ũj )
′
x(ϕ̃i(τ), τ)

)
[ϕ̃i]x(τ)dτ.Êðiì òîãî, ÿêùî χ̃i = 0, òî

(Su
i )′t(x, t) = g′i(ϕ̃i(0))[ϕ̃i]t(0) + fi(x, t, ũ(x, t)) +

t∫

0

(
(fi)

′
x(ϕ̃i(τ), τ, ũ(ϕ̃i(τ), τ))+

+
n∑

j=1

(fi)
′
uj

(ϕ̃i(τ), τ, ũ(ϕ̃i(τ), τ))(ũj)
′
x(ϕ̃i(τ), τ)

)
[ϕ̃i]t(τ)dτ.Çàçíà÷èìî, ùî ïðàâèëüíi ðiâíîñòi

[ϕ̃i]x(τ) = exp
(
−

t∫

τ

(
(λi)

′
x(ϕ̃i(θ), θ, ũ(ϕ̃i(θ), θ))+
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+

n∑

j=1

(λi)
′
uj

(ϕ̃i(θ), θ, ũ(ϕ̃i(θ), θ))(ũj)
′
x(ϕ̃i(θ), θ)

)
dθ

)
,

(χ̃i)
′
x = [ϕ̃i]x(χ̃i)

(
hk(χ̃i, a(χ̃i), u(a(χ̃i), χ̃i)) − λi(S

a
k (χ̃i), χ̃i, ũ(Sa

k (χ̃i), χ̃i))
)−1

,

[ϕ̃i]t(τ) = −λi(x, t, ũ(x, t)) exp
(
−

t∫

τ

(
(λi)

′
x(ϕ̃i(θ), θ, ũ(ϕ̃i(θ), θ))+

+

n∑

j=1

(λi)
′
uj

(ϕ̃i(θ), θ, ũ(ϕ̃i(θ), θ))(ũj)
′
x(ϕ̃i(θ), θ)

)
dθ

)
.Íåõàé χ̃i = 0 i âèêîíóþòüñÿ íåðiâíîñòi

Λ(1 + nU1)T0 6 1, (28)
T0F (1 + nU1)max{1, Λ}e 6 1. (29)Òîäi ñïðàâäæóþòüñÿ îöiíêè

|(Su
i )′x(x, t)| 6 G1e + T0F (1 + nU1)e 6 G1e + 1,

|(Su
i )′t(x, t)| 6 G1Λe + F + T0F (1 + nU1)Λe 6 G1Λe + F + 1.Ïðè χ̃i > 0

|(Su
i )′x(x, t)| 6

(
M + 2MH + 2nM((G1e + 1)H + (G1Λe + F + 1))

)
e
2

γ
+ Fe

2

γ
+ 1.Îòæå, ìè ìîæåìî çàáåçïå÷èòè âèêîíàííÿ íåðiâíîñòi

|(Su
i )′x(x, t)| 6 U1, (x, t) ∈ GSa

T0
,ÿêùî

max
{
[M + 2MH + F + 2nM((G1e + 1)H + (G1Λe + F + 1))]e

2

γ
, G1e

}
+ 1 6 U1. (30)�îçãëÿíåìî óìîâó H5, òîáòî ïåðåêîíà¹ìîñÿ, ùî (Su

i )′x ∈ Lip(GSa

T0
, L1), i = 1, n.Ëåìà 3. Íåõàé (xj , tj) ∈ Ga

T0
, j = 1, 2, (u, a) ∈ Q. Òîäi ñïðàâäæóþòüñÿ îöiíêè

|∆j [ϕi]
xj
x (τ)

∣∣∣ 6 k3|∆xj |, |∆j [ϕi]
tj
x (τ)

∣∣∣ 6 (Λk3 + eΛ(1 + nU1))|∆tj |,äå k3 = eΛ(1+nU1)T0T0(λ0(1 + nL)(1 + nU1) + nΛL1)e
λ0(1+nL)T0 .Äîâåäåííÿ. Çàñòîñóâàâøè íåðiâíiñòü |ea − eb| 6 ec|a − b|, äå c ∈ (a, b) òà ïðîâiâøèâiäïîâiäíi îöiíêè, îòðèìà¹ìî òâåðäæåííÿ ëåìè 3. �Çàóâàæåííÿ 2. Àíàëîãi÷íà îöiíêà ñïðàâäæó¹òüñÿ äëÿ �óíêöié [ϕ̃i]x â îáëàñòi GSa

T0
.Çãiäíî ç ïîïåðåäíiìè ïðèïóùåííÿìè òà âðàõóâàâøè

T0

(
λ0(1 + nL̃)(1 + nU1) + nΛL1

)
e2

6 1, (31)îòðèìó¹ìî îöiíêó k3 6 1.
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T0

, τj ∈ [χi, t], j = 1, 2, (u, a) ∈ Q. Òîäi
|∆j [ϕi]x(τj)| 6 eΛ(1+nU1)T0Λ(1 + nU1)|∆τj |.Äîâåäåííÿ öi¹¨ ëåìè ç íåçíà÷íèìè çìiíàìè ïîâòîðþ¹ äîâåäåííÿ ëåìè 3.Çàóâàæåííÿ 3. Àíàëîãi÷íà îöiíêà ñïðàâäæó¹òüñÿ äëÿ �óíêöié [ϕ̃i]x â îáëàñòi GSa

T0
.Iç ïðèïóùåíü äîâåäåííÿ îòðèìà¹ìî, ùî

|∆j [ϕ̃i]x(τj)| 6 Λ(1 + nU1)e|∆τj |.Ëåìà 5. Íåõàé {(x1, t1), (x2, t2)} ⊂ GSa

T0
, k = 1, 2, (u, a) ∈ Q i äëÿ �iêñîâàíîãî

k ∈ {1, 2}: ϕ̃
xj ,tj

i (χ̃i
xj,tj ) = Sa

k(χ̃
xj ,tj

i ), j = 1, 2, à òàêîæ âèêîíóþòüñÿ óìîâè (17),(24). Òîäi
|∆j(χ̃

xj

i )′x| 6

(2

γ
(k3 + eΛ(1+nU1)T0Λ(1 + nU1)

4

γ
eλ0(1+nL̃)T0)+

+eΛ(1+nU1)T0
4

γ2
(h0(1 + 2nL̃)(2(H + 1) + 1) + λ0(1 + nL̃)(H + 2))

4

γ
eλ0(1+nL̃)T0

)
|∆xj |,

|∆j(χ̃
tj

i )′x| 6

(
Λ

( 2

γ
(k3 + eΛ(1+nU1)T0Λ(1 + nU1)

4

γ
eλ0(1+nL̃)T0)+

+eΛ(1+nU1)T0
4

γ2
(h0(1 + 2nL̃)(2(H + 1) + 1) + λ0(1 + nL̃)(H + 2))

4

γ
eλ0(1+nL̃)T0

)
+

+
2

γ
Λe(1 + nU1)

)
|∆tj |.Äîâåäåííÿ ëåìè 5 áåçïîñåðåäíüî âèïëèâà¹ ç îçíà÷åíü âiäïîâiäíèõ �óíêöié iïîïåðåäíiõ îöiíîê.Ïîçíà÷èìî k4 =

2

γ
(1 + e2Λ(1 + nU1)

4

γ
) + e2 16

γ3
(h0(1 + 2nL̃)(2(H + 1) + 1)+

+λ0(1 + nL̃)(H + 2)). Òîäi, âðàõóâàâøè çðîáëåíi ïðèïóùåííÿ, ìà¹ìî
|∆j(χ̃

xj

i )′x| 6 k4|∆xj |, |∆j(χ̃
tj

i )′x| 6 (Λk4 +
2

γ
Λe(1 + nU1))|∆tj |.Íåõàé χ̃

xj

i = 0, j = 1, 2. �îçãëÿíåìî
|∆j(S

u
i )′x(xj , t)| 6 |∆jg

′
i(ϕ̃

xj

i (0))||[ϕ̃x1

i ]x(0)| + |∆j [ϕ̃
xj

i ]x(0)||g′i(ϕ̃
x2

i (0))|+

+

t∫

0

[
(|∆j(fi)

′
x(ϕ̃

xj

i (τ), τ, ũ(ϕ̃
xj

i (τ), τ))|+

+

n∑

m=1

[|∆j(fi)
′
ũm

(ϕ̃
xj

i (τ, τ, ũ(ϕ̃
xj

i (τ), τ))|(ũm)′x(ϕ̃x1

i (τ), τ)+

+(fi)
′
ũm

(ϕ̃x2

i (τ), τ, ũ(ϕ̃x2

i (τ), τ))|∆j(ũm)′x(ϕ̃
xj

i (τ), τ)|])[ϕ̃x1

i ]x(τ)+

+
(
(fi)

′
x(ϕ̃x2

i (τ), τ, ũ(ϕ̃x2

i (τ), τ))+

+

n∑

m=1

(fi)
′
ũm

(ϕ̃x2

i (τ), τ, ũ(ϕ̃x2

i (τ), τ))(ũm)′x(ϕ̃x2

i (τ), τ)
)
|∆j [ϕ̃

xj

i ]x(τ)|
]
dτ 6
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6

(
G1 + g0e

2 + T0(f0(1 + L̃)(1 + nU1) + nFL1)e
2 + T0F (1 + nU1)

)
|∆xj |.ßêùî

T0

[
(f0(1 + nL̃)(1 + nU1) + nFL1)e

2 + F (1 + nU1)
]

6 1, (32)òî
|∆j(S

u
i )′x(xj , t)| 6 (G1 + g0e

2 + 1)|∆xj |.Äëÿ âèïàäêó χ̃
xj

i > 0, j = 1, 2 òàêîæ ïðîâåäåìî îöiíêè, ñ�îðìóëüîâàíi ó âèãëÿäiòàêèõ äâîõ ëåì.Ëåìà 6. Íåõàé tj ∈ [0, T0], j = 1, 2, (u, a) ∈ Q. Òîäi
|∆j [ϕ

ak(tj),tj

i ]x(τ)| 6

(
T0e

Λ(1+nU1)T0eλ0(1+nL)T0(H + 1 + Λ)(λ0(1 + nL)(1 + nU1)+

+nΛL1) + eΛ(1+nU1)T0Λ(1 + nU1)
)
|∆tj |.Çàóâàæåííÿ 4. Àíàëîãi÷íà îöiíêà ñïðàâäæó¹òüñÿ äëÿ [ϕ̃

Sa
k ,tj

i ]x, i = 1, n, j = 1, 2.ßêùî
T0e

2(H + 1 + Λ)(λ0(1 + nU1)(1 + nL̃) + nΛL1) 6 1, (33)òî
|∆j [ϕ̃

Sa
k (tj),tj

i ]x(τ)| 6 k5|∆tj |,äå k5 = 1 + eΛ(1 + nU1).Ëåìà 7. Íåõàé tj ∈ [0, T0], j = 1, 2, (u, a) ∈ Q, à òàêîæ âèêîíóþòüñÿ óìîâèëåìè 2. Òîäi ïðàâèëüíà îöiíêà
|∆j [ϕ

ak(tj),tj

i ]t(τ)| 6

(
λ0(1 + nL)(H + 2)eΛ(1+nU1)T0 + Λ(T0e

Λ(1+nU1)T0×

×eλ0(1+nL)T0(H+ 1 + Λ)(λ0(1 + nL)(1 + nU1) + nΛL1) + eΛ(1+nU1)T0Λ(1 + nU1))
)
|∆tj |.Äîâåäåííÿ öèõ ëåì îäðàçó âèïëèâàþòü ç îçíà÷åíü �óíêöié ϕi(τ), i = 1, n.Çàóâàæåííÿ 5. Àíàëîãi÷íà îöiíêà âèêîíóþòüñÿ äëÿ [ϕ̃

Sa
k (tj),tj

i ]t, i = 1, n, j = 1, 2.Ïîçíà÷èìî k6 = λ0(1 + nL̃)(H + 2)e + Λk5. Òîäi
|∆j [ϕ̃

Sa
k (tj),tj

i ]t(τ)| 6 k6|∆tj |.Ç öèõ îöiíîê ìà¹ìî
|∆j(S

u
i )′x(Sa

k (tj), tj)| 6

[
g0(H + Λ)e2 + G1k5 + F (1 + nU1)e + T0(f0(1 + nL̃)×

×(1 + nU1) + nFL1)e
2(H + Λ) + T0F (1 + nU1)k5

]
|∆tj |.ßêùî æ

T0

(
(f0(1 + nL̃)(1 + nU1) + nFL1)e

2(H + Λ) + F (1 + nU1)k5

)
6 1, (34)òî

|∆j(S
u
i )′x(Sa

k (tj), tj)| 6 [g0(H + Λ)e2 + G1k5 + F (1 + nU1)e + 1]|∆tj | = k7|∆tj |.
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|∆j(S

u
i )′t(S

a
k (tj), tj)| 6

[
g0(H + Λ)e2Λ + G1k6 + f0(1 + nL̃)(H + 1) + ΛeF (1 + nU1)+

+T0(f0(1 + nL̃)(H + Λ)e(1 + nU1) + nFL1(H + Λ)e)eΛ + T0F (1 + nU1)k6

]
|∆tj |.Çàçíà÷èìî, ÿêùî âèêîíó¹òüñÿ íåðiâíiñòü

T0

(
(f0(1 + nL̃)(1 + nU1) + nFL1)(H + Λ)e2Λ + F (1 + nU1)k6

)
6 1, (35)òî

|∆j(S
u
i )′t(S

a
k (tj), tj)| 6 [g0(H + Λ)e2Λ + G1k6 + f0(1 + nL̃)(H + 1)+

+ΛeF (1 + nU1) + 1]|∆tj | = k8|∆tj |.Ëåãêî áà÷èòè, ùî ïðàâèëüíà íåðiâíiñòü
|(Su

i )′x(Sa
k (t), t)hk(t, a(t), u(a(t), t)) + (Su

i )′t(S
a
k (t), t)| 6

6 (G1e + 1)H + G1Λe + F + 1 = k9.Ïîâåðíåìîñÿ äî ïåðåâiðêè óìîâè H5 ïðè χ̃i > 0, òîáòî
|∆j(S

u
i )′x(xj , t)| 6

[
|∆j(µ

i
k)′t(χ̃

xj

i , Sa(χ̃
xj

i ), {Su
s (Sa

k′(χ̃
xj

i ), χ̃
xj

i )})|+

+

2∑

m=1

[
|∆j(µ

i
k)′am

(χ̃
xj

i , Sa(χ̃
xj

i ), {Su
s (Sa

k′ (χ̃
xj

i ), χ̃
xj

i )})|×

×hm(χ̃x1

i , a(χ̃x1

i ), u(a(χ̃x1

i ), χ̃x1

i )) + |(µi
k)′am

(χ̃x2

i , Sa(χ̃x2

i ), {Su
s (Sa

k′ (χ̃x2

i ), χ̃x2

i )})|×

×|∆jhm(χ̃
xj

i , a(χ̃
xj

i ), u(a(χ̃
xj

i ), χ̃
xj

i ))|
]
+

+
∑

s/∈Ik′

k′=1,2

(
|∆j(µ

i
k)′

wk′

s
(χ̃

xj

i , Sa(χ̃
xj

i ), {Su
s (Sa

k′(χ̃
xj

i ), χ̃
xj

i )})|×

×[(Su
s )′x(Sa

k′ (χ̃x1

i ), χ̃x1

i )hk′(χ̃x1

i , a(χ̃x1

i ), u(a(χ̃x1

i ), χ̃x1

i ))+

+(Su
s )′t(S

a
k′(χ̃x1

i ), χ̃x1

i )] + (µi
k)′

wk′

s
(χ̃x2

i , Sa(χ̃x2

i ), {Su
s (Sa

k′(χ̃x2

i ), χ̃x2

i )})×

×[|∆j(S
u
s )′x(Sa

k′(χ̃
xj

i ), χ̃
xj

i )|hk′ (χ̃x1

i , a(χ̃x1

i ), u(a(χ̃x1

i ), χ̃x1

i ))+

+|∆jhk′(χ̃
xj

i , a(χ̃
xj

i ), u(a(χ̃
xj

i ), χ̃
xj

i ))(Su
s )′x(Sa

k′)(χ̃x2

i ), χ̃x2

i )+

+|∆j(S
u
s )′t(S

a
k′)(χ̃

xj

i ), χ̃
xj

i )|]
)]

(χ̃x1

i )′x+

+
(
(µi

k)′t(χ̃
x2

i , Sa(χ̃x2

i ), {Su
s (Sa

k′ (χ̃x2

i ), χ̃x2

i )})+

+

2∑

m=1

(µi
k)′am

(χ̃x2

i , Sa(χ̃x2

i ), {Su
s (Sa

k′(χ̃x2

i ), χ̃x2

i )})×

×hm(χ̃x2

i , a(χ̃x2

i ), u(a(χ̃x2

i ), χ̃x2

i ))+

+
∑

s/∈Ik′

k′=1,2

(µi
k)′

wk′

s
(χ̃x2

i , Sa(χ̃x2

i ), {Su
s (Sa

k′(χ̃x2

i ), χ̃x2

i )})×

×[(Su
s )′x(Sa

k′ (χ̃x2

i ), χ̃x2

i )hk′(χ̃x2

i , a(χ̃x2

i ), u(a(χ̃x2

i ), χ̃x2

i ))+

+(Su
s )′t(S

a
k′(χ̃x2

i ), χ̃x2

i )]
)
|∆j(χ̃

xj

i )′x|+
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+|∆jfi(S

a
k (χ̃

xj

i ), χ̃
xj

i , ũ(Sa
k (χ̃

xj

i ), χ̃
xj

i ))|(χ̃x1

i )′x+

+|fi(S
a
k (χ̃x2

i ), χ̃x2

i , ũ(Sa
k (χ̃x2

i ), χ̃x2

i ))||∆j(χ̃
xj

i )′x|+

+

χ̃
x2
i∫

χ̃
x1
i

(
(fi)

′
x(ϕ̃x1

i (τ), τ, ũ(ϕ̃x1

i (τ), τ)) +

n∑

m=1

(fi)
′
ũm

(ϕ̃x1

i (τ), τ, ũ(ϕ̃x1

i (τ), τ))×

×(ũm)′x(ϕ̃x1

i (τ), τ)
)
[ϕ̃x1

i ]x(τ)dτ +

t∫

χ̃i
x2

[(
|∆j(fi)

′
x(ϕ̃

xj

i (τ), τ, ũ(ϕ̃
xj

i (τ), τ))|+

+

n∑

m=1

(
|∆j(fi)

′
ũm

(ϕ̃
xj

i (τ), τ, ũ(ϕ̃
xj

i (τ), τ))|(ũm)′x(ϕ̃x1

i (τ), τ)+

+(fi)
′
ũm

(ϕ̃x2

i (τ), τ, ũ(ϕ̃x2

i (τ), τ))|∆j(ũm)′x(ϕ̃
xj

i (τ), τ)|
))

[ϕ̃x1

i ]x(τ)+

+
(
(fi)

′
x(ϕ̃x2

i (τ), τ, ũ(ϕ̃x2

i (τ), τ)) +
n∑

m=1

(fi)
′
ũm

(ϕ̃x2

i (τ), τ, ũ(ϕ̃x2

i (τ), τ))×

×(ũm)′x(ϕ̃x2

i (τ), τ)
)
|∆j [ϕ̃

xj

i ]x(τ)|
]
dτ 6

6

[(
µ0(1 + 2H + 2nk1)(1 + 2H + 2nk9)+

+2Mh0(1 + 2(H + 1) + 2nL̃(H + 2)) + 2Mn(k7H + (G1e + 1)h0(1 + 2(H + 1)+

+2nL̃(H + 2)) + k8)
) 8

γ2
e2 + M(1 + 2H + 2nk9)k4+

+f0(1 + H)(1 + nL̃)
8

γ2
e2 + Fk4 + F (1 + nU1)

4

γ
e2 + 1

]
|∆xj | = k10|∆xj |.Ïðîâiâøè àíàëîãi÷íi ìiðêóâàííÿ òà âèêîðèñòàâøè âæå çíàéäåíi îöiíêè, ìà¹ìî

|∆j(S
u
i )′x(x, tj)| 6 Λk10 + eΛ(1 + nU1)

( 2

γ
(M(1 + 2H + 2nk9) + F )+

+1 + eF (1 + nU1)
)
|∆tj | = k11|∆tj |.Îòæå, (Su

i )′x ∈ Lip(GSa

T0
, L1), i = 1, n, ÿêùî

max{k10, k11, G1 + g0e
2 + 1} 6 L1. (36)Òåïåð äîñëiäèìî ñòèñêóþ÷i âëàñòèâîñòi îïåðàòîðà S â ïðîñòîði Q.Íåõàé (uj , aj) ∈ Q, j = 1, 2. �îçãëÿíåìî

|∆jS
aj

k (t)| 6

t∫

0

|∆jhk(τ, aj(τ), uj(aj(τ), τ))|dτ 6 2T0h0ρ(1 + n(1 + L)).Ïåðåéäåìî äî îöiíêè ðiçíèöü |∆j ũ
j
i (x, t)| i |∆j(ũ

j
i )

′
x(x, t)|, ÿêùî (x, t) ∈ GSa1

T0
∩

∩GSa2

T0
. �îçãëÿíåìî íàéçàãàëüíiøèé âèïàäîê ïîâåäiíêè íåâiäîìèõ ìåæ îáëàñòåé, òîá-òî (x, t) ∈ GSa1

T0
∩ GSa2

T0
: Sa2

1 (t) 6 x 6 Sa1

2 (t), 0 6 t 6 T0. Äëÿ âèçíà÷åíîñòi áóäåìî



�ËÀÄÊÀ �ÎÇÂ'ßÇÍIÑÒÜ ÊÂÀÇIËIÍIÉÍÎ� �IÏÅ�ÁÎËI×ÍÎ� ÇÀÄÀ×I... 29ââàæàòè, ùî Sa2

1 (t) 6 a2
1(t) 6 a1

1(t). Òîäi óòâîðåíó îáëàñòü ìîæíà ðîçáèòè íà òðèïiäîáëàñòi i ïðîâåñòè îöiíêó íà êîæíié ç íèõ:I) Sa2

1 (t) 6 x 6 a2
1(t),

|∆j ũ
j
i (x, t)| 6

6 |(u1
i )x(a1

1(t), t)(x − a1
1(t)) + u1

i (a
1
1(t), t) − (u2

i )x(a2
1(t), t)(x − a2

1(t)) − u2
i (a

2
1(t), t)| 6

6 U1|a
1
1(t) − a2

1(t)| + L|a1
1(t) − a2

1(t)| + ρ 6 (2(H + 1)(L1 + 1) + U1 + L + 1)ρ = cρ;

|∆j(ũ
j
i )

′
x(x, t)| 6 |(u1

i )x(a1
1(t), t) − (u2

i )x(a2
1(t), t)| 6 ρ + L1ρ 6 (L1 + 1)ρ;II) a2

1(t) 6 x 6 a1
1(t),

|∆j ũ
j
i (x, t)| 6 |(u1

i )x(a1
1(t), t)(x − a1

1(t)) + u1
i (a

1
1(t), t) − u2

i (x, t)| 6

6 U1|a
1
1(t) − a2

1(t)| + L|a1
1(t) − a2

1(t)| + ρ 6 (L + U1 + 1)ρ;

|∆j(ũ
j
i )

′
x(x, t)| 6 |(u1

i )x(a1
1(t), t) − (u2

i )x(x, t)| 6 ρ + L1ρ 6 (L1 + 1)ρ;III) a1
1(t) 6 x,

|∆j ũ
j
i (x, t)| 6 |u1

i (x, t) − u2
i (x, t)| 6 ρ;

|∆j(ũ
j
i )

′
x(x, t)| 6 |(u1

i )x(x, t) − (u2
i )x(x, t)| 6 ρ.Òåïåð îäåðæèìî äëÿ âèïàäêó Sa2

1 (t) 6 a1
2(t) 6 a1

1(t) çàãàëüíó îöiíêó
|∆j ũ

j
i (x, t)| 6 cρ, |∆j(ũ

j
i )

′
x(x, t)| 6 (L1 + 1)ρ.Âñi iíøi âèïàäêè áóäóòü ëèøå ÷àñòêîâèìè ïiäâèïàäêàìè ðîçãëÿíóòîãî.Ïðàâèëüíi òàêi ëåìè.Ëåìà 8. Íåõàé (x, t) ∈ GSa1

T0
∩ GSa2

T0
, (uj , aj) ∈ Q, j = 1, 2. Òîäi �óíêöiÿ ϕi(τ)çàäîâîëüíÿ¹ íåðiâíiñòü

|∆jϕ
ũj

i (τ)| 6 λ0neλ0T0(1+nL̃)T0cρ.Äîâåäåííÿ àíàëîãi÷íå äî äîâåäåííÿ ëåìè 1.Ç ïîïåðåäíiõ ïðèïóùåíü îäåðæó¹ìî
|∆jϕ

ũj

i (τ)| 6 λ0enT0cρ.Ëåìà 9. Íåõàé (x, t) ∈ GSa1

T0
∩GSa2

T0
, (uj , aj) ∈ Q, j = 1, 2 i äëÿ �iêñîâàíîãî k ∈ {1, 2}

ϕũj

i (χũj ,Saj

i ) = Saj

k (χũj ,Saj

i ), j = 1, 2, à ïàðàìåòðè U òà T0 çàäîâîëüíÿþòü óìîâè(9), (24). Òîäi ñïðàâäæó¹òüñÿ íåðiâíiñòü
|∆jχ

ũj ,Saj

i | 6
4

γ
eλ0(1+nL̃)T0λ0nT0cρ +

8

γ
T0h0ρ(1 + n(L + 1)).Äîâåäåííÿ. Íåõàé k = 1 i χũ1,Sa1

i > χũ2,Sa2

i . �îçãëÿíåìî ðiçíèöþ ϕũ2

i (τ) −Sa2

1 (τ). Çàòåîðåìîþ Ëàãðàíæà ñïpàâäæó¹òüñÿ îöiíêà
|ϕũ2

i (χũ1,Sa1

i ) − Sa2

1 (χũ1,Sa1

i )| = |λi(ϕ
ũ2

i (τ0), τ0, ũ
2(ϕũ2

i (τ0), τ0))−

−h1(τ0, a
2(τ0), u

2(a2(τ0), τ0))||∆jχ
ũj ,Saj

i | >
γ

4
|∆jχ

ũj ,Saj

i |.
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|∆jχ

ũj ,Saj

i | 6
4

γ
|∆jϕ

ũj

i (χũ1,Sa1

i )| +
4

γ
|∆jS

aj

1 (χũ1,Sa1

i )| 6

6
4

γ
eλ0(1+nL̃)T0λ0nT0cρ +

8

γ
T0h0ρ(1 + n(L + 1)).

�Ïðè âèêîíàííi ïðèïóùåíü òåîðåìè 1 îöiíêà ç öi¹¨ ëåìè äåùî ñïðîñòèòüñÿ
|∆jχ

ũj ,Saj

i | 6
4

γ
enλ0T0cρ +

8

γ
T0h0ρ(1 + n(L + 1)).Ëåìà 10. Íåõàé (x, t) ∈ GSa1

T0
∩ GSa2

T0
, (uj , aj) ∈ Q, j = 1, 2. Òîäi

|∆j [ϕ
ũj

i ]x(τ)| 6 k12T0ρ,äå k12 = λ0(n(1 + nL̃)T0λ0e
λ0(1+nL̃)T0 + 1)(1 + nU1)e

Λ(1+nU1)T0c+

+nΛ(L1λ0T0 eλ0(1+nL̃)T0 + 1)eΛ(1+nU1)T0(L1 + 1).Äîâåäåííÿ î÷åâèäíå.Âðàõîâóþ÷è ïîïåðåäíi óìîâè, à òàêîæ ïðèïóùåííÿ
L1λ0T0e 6 1, (37)îäåðæó¹ìî

|∆j [ϕ
ũj

i ]x(τ)| 6 k13T0ρ,äå k13 = λ0(e + 1)(1 + nU1) + enc + 2Λn(L1 + 1).Ââåäåìî iíøó ìåòðèêó
ρ0((u

1, a1), (u2, a2)) = max
{

max
k=1,2
t∈[0,T ]

|a1
k(t) − a2

k(t)|, max
16i6n

(x,t)∈Ga1

T ∩Ga2

T

|u1
i (x, t) − u2

i (x, t)|
}i ïîçíà÷èìî ρ0 = ρ0((u

1, a1), (u2, a2)).Çàóâàæèìî, ùî ïðîâiâøè àíàëîãi÷íi ìiðêóâàííÿ, ÿê i ïîïåðåäíüî, îòðèìó¹ìî
ρ0((ũ

1, a1), (ũ2, a2)) 6 cρ0.Íàñòóïíi î÷åâèäíi îöiíêè ñ�îðìóëþ¹ìî ó âèãëÿäi äâîõ äîïîìiæíèõ ëåì.Ëåìà 11. Íåõàé (x, t) ∈ GSa1

T0
∩ GSa2

T0
, (uj , aj) ∈ Q, j = 1, 2. Òîäi

|∆j [ϕ
ũj

i ]t(τ)| 6 Λk12T0ρ + λ0neΛ(1+nU1)T0cρ0.Ëåìà 12. Íåõàé (x, t) ∈ GSa1

T0
∩ GSa2

T0
, (uj , aj) ∈ Q, j = 1, 2. Òîäi

|∆j(χ
ũj ,Saj

i )′x| 6

[ 2

γ
k12 +

4

γ2
eΛ(1+nU1)T0λ0c

(
Λ(1 + nU1)neλ0(1+nL̃)T0+

+2(1 + nL̃)h0(1 + n(L + 1))
)

+
16

γ3
eΛ(1+nU1)T0eλ0(1+nL̃)T0λ0n(1 + nL̃)c×

×(h0(H + 1) + λ0(H + 1))
]
T0ρ +

[ 4

γ2
neΛ(1+nU1)T0(h0(1 + n(L + 1)) + λ0n)

]
cρ0.
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|∆j [ϕ

ũj

i ]t(τ)| 6 Λk13T0ρ + λ0encρ0, |∆j(χ
ũj ,Saj

i )′x| 6 k14T0ρ + k15ρ0,äå k14 =
2

γ
k13 +

4

γ2
eλ0n

(
Λe(1+nU1)+(1+nL̃)h0(1+n(L+1))

)
c+

16

γ3
e2nλ0(1+nL̃)c×

×
(
h0(H+2)+λ0(H +1)

), k15 =
4

γ2
en

(
h0(1+n(L+1))+2λ0n

)
c. Ïåðåéäåìî äî îöiíêèðiçíèöi |∆jS

uj

i (x, t)|. Íåõàé (x, t) ∈ GSa1

T0
∩ GSa2

T0
, (uj , aj) ∈ Q, j = 1, 2. �îçãëÿíåìîðiçíi âèïàäêè ïîâåäiíêè õàðàêòåðèñòèê, ïðèïóñòèâøè âèêîíàííÿ íåðiâíîñòi

2(H + Λ)T0 6 a0
2 − a0

1. (38)Íåõàé χũj ,Saj

i = 0, j = 1, 2. Òîäi
|∆jS

uj

i (x, t)| 6 |∆jgi(ϕ
ũj

i (0))| +

t∫

0

|∆jfi(ϕ
ũj

i (τ), τ, ũj(ϕũj

i (τ), τ))|dτ 6

6 g0λ0nT0ecρ + T0f0(1 + nL̃)λ0nT0ecρ + T0f0ncρ 6 k16T0ρ,äå k16 = [g0λ0ne + f0n(e + 1)]c.ßêùî æ χũj ,Saj

i > 0, ϕũj

i (χũj ,Saj

i ) = Saj

1 (χũj ,Saj

i ), j = 1, 2 i äëÿ âèçíà÷åíîñòi
χũ1,Sa1

i < χũ2,Sa2

i , òî îáèäâi õàðàêòåðèñòèêè ïåðåòèíàþòü ëiâó ái÷íó ìåæó âiäïîâiä-íî¨ îáëàñòi. Ìà¹ìî îöiíêó
|∆jS

uj

i (x, t)| 6

∣∣∣∆jµ
k
i

(
χũj ,Saj

i , Saj

(χũj ,Saj

i ){Suj

s (Saj

k′ (χũj ,Saj

i ), χũj ,Saj

i )}
)∣∣∣+

+

t∫

χũ2,Sa2

i

|∆jfi(ϕ
ũj

i (τ), τ, ũj(ϕũj

i (τ), τ))|dτ +

χũ2,Sa2

i∫

χũ1,Sa1

i

|fi(ϕ
ũ1

i (τ), τ, ũ1(ϕũ1

i (τ), τ))|dτ 6

6

(
(µ0(1 + 2H + 2nk1(H + 1)) + F )

4

γ

(
λ0ne + 2h0(1 + n(L̃ + 1))

)
c+

+2µ0(1 + nk1)2h0(1 + n(L + 1))c + nµ0k16 + f0n(e + 1)c
)
T0ρ.Íåõàé χũ1,Sa1

i > 0, χũ2,Sa2

i = 0, ϕũ1

i (χũ1,Sa1

i ) = Sa1

1 (χũ1,Sa1

i ). Öåé âèïàäîê çâî-äèòüñÿ äî äâîõ ïîïåðåäíiõ. Äëÿ îá ðóíòóâàííÿ öüîãî âèçíà÷èìî òàêi �óíêöi¨
a3
1(t) = max{a1

1(t), a
2
1(t)}, a2

2(t) = min{a1
2(t), a

2
2(t)},

uα(x, t) = αu1(x, t) + (1 − α)u2(x, t), α ∈ [0, 1].Ëåãêî áà÷èòè òàêå: ÿêùî (u1, a1) ∈ Q, (u2, a2) ∈ Q, òî (uα(x, t), a3(t)) ∈ Q äëÿâñiõ α. �îçãëÿíåìî õàðàêòåðèñòèêó x = ϕ(τ ; x, t, αu1+(1−α)u2) = ϕα(τ). Çàóâàæèìî,ùî ϕα(τ) íåïåðåðâíà çà ïàðàìåòðîì α. Òîäi iñíó¹ òàêå α0, ϕα0(0) = a0
1. Ïîçíà÷èìî

u3 = uα0 . �îçãëÿíåìî ðiçíèöþ
|∆jS

uj

i (x, t)| 6 |Su1

i (x, t) − Su3

i (x, t)| + |Su3

i (x, t) − Su2

i (x, t)| 6
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6

(
(µ0(1 + 2H + 2nk1(H + 1)) + F )

4

γ
(λ0ne + 2h0(1 + n(L + 1)))c + 2µ0(1 + nk1)×

×2h0c(1 + n(L + 1)) + nµ0k16 + f0n(e + 1)c
)
T0 · max

16i6n

(x,t)∈Ga1

T ∩Ga3

T

|u1
i − u3

i | + k16T0×

× max
16i6n

(x,t)∈Ga2

T ∩Ga3

T

|u3
i − u2

i | 6

(
(µ0(1 + 2H + 2nk1(H + 1)) + F )

4

γ
(λ0ne+

+2h0(1 + n(L + 1)))c + 2µ0(1 + nk1)2h0(1 + n(L + 1))c+

+(1 + nµ0)k16 + f0n(e + 1)c
)
T0 · max

16i6n

(x,t)∈Ga1

T ∩Ga2

T

|u1
i − u2

i | 6

6

(
(µ0(1 + 2H + 2nk1(H + 1)) + F )

4

γ
(λ0ne + 2h0(1 + n(L + 1)))c+

+2µ0(1 + nk1)2h0(1 + n(L + 1))c + (1 + nµ0)k16 + f0n(e + 1)c
)
T0ρ = k17T0ρ.Îòæå, â áóäü-ÿêîìó ç öèõ âèïàäêiâ ïðàâèëüíà îöiíêà

|∆jS
uj

i (x, t)| 6 k17T0ρ.Òîìó
ρ0((S

u1

, Sa1

), (Su2

, Sa2

)) 6 max{2h0(1 + n(L + 1)), k17}T0ρ = K1T0ρ.Òåïåð îöiíèìî |∆j(S
uj

i )′x| ïðè íàâåäåíèõ âèïàäêàõ ïîâåäiíêè õàðàêòåðèñòèê.Íåõàé ìà¹ìî χũj ,Saj

i = 0, j = 1, 2. Òîäi
|∆j(S

uj

i )′x(x, t)| 6 |∆jg
′
i(ϕ

ũj

i (0))|[ϕũ1

i ]x(0) + g′i(ϕ
ũ2

i (0))|∆j [ϕ
ũj

i ]x(0)|+

+

t∫

0

(
|∆j(fi)

′
x(ϕũj

i (τ), τ, ũj(ϕũj

i (τ), τ))|+

+

n∑

m=1

|∆j(fi)
′
ũm

(ϕũj

i (τ), τ, ũj(ϕũj

i (τ), τ))|(ũ1
m)′x(ϕũ1

i (τ), τ)+

+

n∑

m=1

(fi)
′
ũm

(ϕũ2

i (τ), τ, ũ2(ϕũ2

i (τ), τ))|∆j (ũ
j
m)′x(ϕũj

i (τ), τ)|
)
[ϕũ1

i ]x(τ)dτ+

+

t∫

0

(
(fi)

′
x(ϕũ2

i (τ), τ, ũ2(ϕũ2

i (τ), τ))|+

+
n∑

m=1

(fi)
′
ũm

(ϕũ2

i (τ), τ, ũ2(ϕũ2

i (τ), τ))(ũ2
m)′x(ϕũ2

i (τ), τ)
)
|∆j [ϕ

ũj

i ]x(τ)|dτ 6

6 g0λ0ne2T0cρ + G1k13T0ρ + T0ec
(
(1 + nU1)f0(1 + nL̃)λ0enT0ρ+

+(1 + nU1)f0nρ + nFL1λ0neT0ρ + nFρ
)

+ T0F (1 + nU1)k13T0ρ 6

6 [g0ne2λ0c + (G1 + 1)k13 + f0en(1 + nU1)(e + 1)c + 2nFec]T0ρ = k18T0ρ.
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|∆j(S

uj

i )′t(x, t)| 6 |∆jg
′
i(ϕ

ũj

i (0))|[ϕũ1

i ]t(0) + g′i(ϕ
ũ2

i (0))|∆j [ϕ
ũj

i ]t(0)|+

+|∆jfi(x, t, ũj(x, t))| +

t∫

0

(
|∆j(fi)

′
x(ϕũj

i (τ), τ, ũj(ϕũj

i (τ), τ))|+

+

n∑

m=1

|∆j(fi)
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6 g0λ0ne2T0ρΛec + G1k13ΛT0ρ +
(
G1λ0enρ0 + f0nρ0+

+T0Λe
(
(1 + nU1)f0(1 + nL̃)λ0neT0ρ + (1 + nU1)f0nρ + nFL1λ0neT0ρ+

+nFρ
))

c + T0F (1 + nU1)k13ΛT0ρ + T0F (1 + nU1)λ0encρ0 6

6 [g0ne2λ0Λ + (G1 + Λ)k13 + f0Λne(1 + nU1)(e + 1) + 2nΛFe]T0ρ+

+[f0n + λ0en(G1 + 1)]ρ0 6 k19T0ρ + k20ρ0,äå k19 = g0λ0ne2Λc + (G1 + Λ)k13 + [ef0n(1 + nU1)(e + 1) + 2nF ]eΛc,
k20 = ((G1 + 1)λ0ne + f0n)c.Îöiíèìî ïîïåðåäíüî
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′
ũm
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+nΛ|∆j(ũm)(ϕ
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k

i (θ), θ)|
)

6 λ0e(1 + nL̃)2T0h0ρ(1 + n(1 + L))+

+Λe(1 + nU1)λ0(1 + nL̃)e2T0h0ρ(1 + n(1 + L)) + neΛ2L1e2T0h0ρ(1 + n(1 + L)) =

= 2eh0(1 + n(L + 1))[λ0(1 + nL̃)(1 + Λe(1 + nU1)) + neL1Λ
2]T0ρ = k21T0ρ.Òåïåð ìîæåìî ðîçãëÿíóòè
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ΛFe2nL1T0 6 1. (39)Òîäi
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×(L + U1 + 1)T0ρ = k22T0ρ.Äëÿ âèïàäêó χũj ,Saj
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i ), uj(aj(χũj ,Saj
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T0ρ +
2

γ
e(H(1 + nU1)h0(1 + nL̃) + nMk20)ρ0 = k22T0ρ + k24ρ0.�îçãëÿíåìî îñòàííié ìîæëèâèé âèïàäîê ïîâåäiíêè õàðàêòåðèñòèê, à ñàìå

χũ1,Sa1

i > 0, χũ2,Sa2

i = 0. Àíàëîãi÷íî ÿê äëÿ ðiçíèöi ∆jS
uj

i (x, t) âií çâîäèòüñÿ äîäâîõ ïîïåðåäíiõ âèïàäêiâ, à ñàìå
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i )′x(x, t) − (Su3
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6 k23T0 · max

16i6n

(x,t)∈Ga1

T ∩Ga3

T

|(u1)′x − (u3)′x| + k24 · max
16i6n

(x,t)∈Ga1

T ∩Ga3

T

|u1 − u3| + k16T0×

× max
16i6n

(x,t)∈Ga2

T ∩Ga3

T

|(u2)′x − (u3)′x| 6 max{k18, k23}T0ρ + k24ρ0.Îòîæ, ó áóäü-ÿêîìó ç ðîçãëÿíóòèõ âèïàäêiâ ïðàâèëüíà îöiíêà
|∆j(S

uj

i )′x(x, t)| 6 max{k18, k23}T0ρ + k24ρ0 = K2T0ρ + k24ρ0.Îòæå,
ρ((Su1

, Sa1

), (Su2

, Sa2

)) 6 max{K1, K2}T0ρ + k24ρ0.Ëåãêî áà÷èòè, ùî îïåðàòîð S íå ¹ ñòèñêóþ÷èì. �îçãëÿíåìî éîãî êâàäðàò
ρ((S2u1, S2a1), (S2u2, S2a2)) 6 max{K1, K2}T0ρ((Su1

, Sa1

), (Su2

, Sa2

))+

+k24ρ0((S
u1

, Sa1

), (Su2

, Sa2

)) 6 max{K1, K2}T0(max{K1, K2}T0ρ + k24ρ)+

+k24K1T0ρ = K3T0ρ.Çâiäñè, ÿêùî T0 çàäîâîëüíÿ¹ íåðiâíiñòü
K3T0 6 1, (40)òî âiäîáðàæåííÿ S2 : Q → Q áóäå ñòèñêóþ÷èì.Çàçíà÷èìî, ùî ñóêóïíiñòü óñiõ íàêëàäåíèõ óìîâ ¹ ñóìiñíîþ. Ñïðàâäi, çà�iê-ñó¹ìî äîñòàòíüî ìàëi U, T0, ùîá âèêîíóâàëàñü (9). Âèáåðåìî òåïåð äîñòàòíüî âåëè-êèé ïàðàìåòð L, ùîá âèêîíóâàëàñü íåðiâíiñòü (27), à ïîòiì çà�iêñó¹ìî U1 çãiäíîç (30). Äàëi çà äîïîìîãîþ (36) âèçíà÷à¹ìî L1 òà çìåíøó¹ìî T0, ùîá çàäîâîëüíèòèíåðiâíîñòi (14), (16), (17), (19)-(25), (28), (29), (31)-(35), (37)-(40).Çàóâàæåííÿ 6. Íåõàé Û 6 U, Û1 > U, L̂ > L, òîäi iñíó¹ L̃1 > L1, òàêå ùî äëÿäîâiëüíîãî L̂1 > L̃1 iñíó¹ T̃0 6 T0, ïðè ÿêîìó äëÿ áóäü-ÿêîãî T̂0 6 T̃0 îïåðàòîð S âïðîñòîði Q(T̂0, Û , Û1, L̂, L̂1) çàäîâîëüíÿ¹ óìîâè òåîðåìè Áàíàõà.Íåõàé óñi çàçíà÷åíi îáìåæåííÿ âèêîíóþòüñÿ. Òîäi çà òåîðåìîþ Áàíàõà ïðî ñòèñ-êóþ÷i âiäîáðàæåííÿ iñíó¹ ¹äèíà íåðóõîìà òî÷êà îïåðàòîðà S â ïðîñòîði Q, ÿêà i áóäåêëàñè÷íèì ðîçâ'ÿçêîì çàäà÷i (1)-(5).Ïîêàæåìî, ùî ðîçâ'ÿçîê ¹äèíèé. Ìiðêó¹ìî âiä ñóïðîòèâíîãî. Ïðèïóñòèìî, ùîiñíóþòü äâà íàáîðè �óíêöié (u0, a0) ∈ Q, (u1, a1) ∈

(
C1

L(Ga
T0

)
)n

×
(

C
1[0, T0]

)2

, ùî ¹ðîçâ'ÿçêàìè çàäà÷i (1)-(5).Ïîçíà÷èìî
Υ1 = {t ∈ [0, T0] : a0(t) 6= a1(t)}, T1 = inf Υ1,

Υ2 = {t ∈ [0, T1] : u0(x, t) 6= u1(x, t) äëÿ äåÿêîãî (x, t) ∈ Ga0

T0
, }, T2 = inf Υ2.Íå çìåíøóþ÷è çàãàëüíîñòi, áóäåìî ââàæàòè, ùî T2 = 0. �îçãëÿíåìî çàäà÷ó (1),(2), (5) ç òàêèìè ïî÷àòêîâèìè óìîâàìè:

a(0) = a0(0),

u(x, 0) = g0(x), a0
1(0) 6 x 6 a0

2(0), g0(x) = u0(x, 0) = u1(x, 0).



36 �óñëàí ÀÍÄ�ÓÑßÊ, Íàòàëÿ ÁÓ�ÄÅÉÍÀ, Âîëîäèìèð ÊÈ�ÈËÈ×Çàçíà÷èìî, ùî âèáðàâøè ïàðàìåòðè Û1, L̂, L̂1 � äîñòàòíüî âåëèêèìè, à ïàðà-ìåòðè Û , T̂0 � äîñòàòíüî ìàëèìè, ìè çàáåçïå÷èìî íàëåæíiñòü ðîçâ'ÿçêiâ (u0, a0) òà
(u1, a1) ïðîñòîðó Q(T̂0, Û , Û1, L̂, L̂1) íà [0, T̂0]. Çãiäíî ç çàóâàæåííÿì 6 îïåðàòîð S âöüîìó ïðîñòîði çàäîâîëüíÿ¹ óìîâè òåîðåìè Áàíàõà, ïðè÷îìó ìà¹ äâi ðiçíi íåðóõîìiòî÷êè.Îòðèìàíà ñóïåðå÷íiñòü äîâîäèòü, ùî T2 = T0, òîìó a0 = a1 íà [0, T0], u0 = u1íà Ga0

T0
. Òåîðåìó 1 äîâåäåíî.Çàóâàæåííÿ 7. Çàïðîïîíîâàíà ñõåìà äîâåäåííÿ òåîðåìè äà¹ çìîãó, ç íåçíà÷íèìèçìiíàìè, îòðèìàòè ðîçâ'ÿçîê çàäà÷i, ÿêùî (2) çàìiíèòè, ÿê çàïðîïîíîâàíî â [7℄-[8℄,ñïiââiäíîøåííÿì

dmak

dtm
= hk(t, a(t), a′(t), ..., a(m−1)(t), u(a, t)), k = 1, 2.
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