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+∞
∑

n=0

Fneτ(x)βn ,
Fn > 0, (n > 0), äå τ (x) � çðîñòàþ÷à äè�åðåíöiéîâíà �óíêöiÿ, {βn :
n ≥ 0} ⊂ R+, îòðèìàíî óìîâè ïðàâèëüíîãî çðîñòàííÿ ïîðÿäêó ρ > 0�óíêöi¨ ln F (x).Êëþ÷îâi ñëîâà: ðÿä Äiðiõëå, ìàêñèìàëüíèé ÷ëåí, ïðàâèëüíå çðîñòàííÿ.1. Âñòóï. Ïîâiëüíî çìiííîþ �óíêöi¹þ íàçèâàòèìåìî ([1℄) êîæíó äîäàòíó âè-ìiðíó íà [0; +∞) �óíêöiþ ℓ, äëÿ ÿêî¨ ℓ(2x) = (1 + o(1))ℓ(x) (x → +∞). Êëàñ òà-êèõ �óíêöié ïîçíà÷àòèìåìî ÷åðåç L. ×åðåç L+ ïîçíà÷èìî êëàñ íåñïàäíèõ äî +∞�óíêöié ℓ ∈ L. Íåõàé òàêîæ Lρ � êëàñ ïðàâèëüíî çðîñòàþ÷èõ �óíêöié ïîðÿäêó

ρ ∈ (0; +∞), òîáòî äîäàòíèõ íåñïàäíèõ �óíêöié ℓ òàêèõ, ùî ℓ(x) = xρα(x), α ∈ L.Ïèòàííÿ ïðî óìîâè íàëåæíîñòi ðiçíèõ õàðàêòåðèñòèê çðîñòàííÿ öiëèõ �óíêöié äîêëàñiâ L òà Lρ ïðèðîäíî âèíèêàþòü ó çâ'ÿçêó ç äîñëiäæåííÿìè ç òåîði¨ ðîçïîäiëóçíà÷åíü. Ó ñòàòòÿõ [2-4℄ àâòîðè øóêàëè óìîâè íàëåæíîñòi ëîãàðè�ìiâ ìàêñèìóìóìîäóëÿ i õàðàêòåðèñòèêè Íåâàíëiííè öiëî¨ �óíêöi¨, öåíòðàëüíîãî iíäåêñó i ìàêñè-ìàëüíîãî ÷ëåíà ¨¨ ñòåïåíåâîãî ðÿäó äî çàçíà÷åíèõ êëàñiâ. Ó [5℄ çíàéäåíî óìîâè íà-ëåæíîñòi �óíêöié lnF (x) i lnµ(x, F ) äî êëàñiâ L+ i Lρ, ρ ≥ 1, äëÿ �óíêöié F,çîáðàæóâàíèõ çáiæíèìè äëÿ âñiõ x > 0 ðÿäàìè âèãëÿäó
F (x) =

+∞
∑

n=0

Fne
xλn+τ(x)βn , Fn > 0 (n > 0), (1)äå λ = {λn : n > 0} ⊂ R+, β = {βn : n > 0} ⊂ R+, τ(x) � íåñïàäíà íåïåðåðâíîäè�åðåíöiéîâíà íà [0,+∞) �óíêöiÿ òàêà, ùî τ(0) = 0 i τ(x) → +∞ (x→ +∞). Êëàñ�óíêöié âèãëÿäó (1) ïîçíà÷à¹ìî ÷åðåç S (λ, β, τ).Âàðòî çàçíà÷èòè, ùî �óíêöi¨ âèãëÿäó (1) ¹ ïðèðîäíèì óçàãàëüíåííÿì ñòåïåíå-âèõ ðÿäiâ i ðÿäiâ Äiðiõëå.© Äîëèíþê Ì., 2009



46 Ìèðîñëàâà ÄÎËÈÍÞÊÌåòà íàøî¨ ïðàöi � äîâåñòè ïîäiáíi òâåðäæåííÿ ïðî íàëåæíiñòü äî êëàñó Lρ óâèïàäêó ρ ∈ (0; 1).Äëÿ F ∈ S(λ, β, τ) i x > 0 ïîçíà÷èìî µ(x, F ) = max{Fne
xλn+τ(x)βn : n > 0},à ÷åðåç ν(x) = ν(x, F ) = sup{n : Fne

xλn+τ(x)βn = µ(x, F )} � öåíòðàëüíèé iíäåêñðÿäó. Íå ñêëàäíî ïåðåêîíàòèñü â òàêîìó: ÿêùî ♯{n : Fn > 0} = +∞ i lnF ∈ Lρ,
0 < ρ < 1, àáî lnµ(·, F ) ∈ Lρ, òî λn ≡ 0 (n > 0). Ñïðàâäi, ÿêùî lnµ ∈ Lρ, 0 < ρ < 1,òî iñíó¹ �óíêöiÿ α ∈ L òàêà, ùî lnµ(x, F ) = xρα(x). Àëå, òîäi lnFn +xλn + τ(x)βn 6

6 lnµ(x, F ) = xρα(x) äëÿ âñiõ x > 0 i n > 0. Çâiäñè, 1
x lnFn + λn + τ(x)

x βn 6
α(x)
x1−ρ ,

x > 0, n > 1. Çàóâàæèìî òåïåð òàêå: ÿêùî α ∈ L, òî äëÿ êîæíîãî c > 0

lim
x→+∞

α(x)x−c = 0. (2)Çâiäñè λn = 0 (n ≥ 0), à òàêîæ (∀ n) : βn ≤ lim
x→+∞

xρα(x)/τ(x), òîáòî,
γ := lim

x→+∞

τ(x)

xρα(x)
≤ 1/β∗, β∗ := sup{βn : n ≥ 0}. (3)Çîêðåìà, ÿêùî β∗ = +∞, òî γ = 0. Ïîäiáíî i ó âèïàäêó lnF ∈ Lρ, ïîçàÿê

µ(x, F ) ≤ F (x) (x ≥ 0).Òîìó ó âèïàäêó, êîëè lnµ(x, F ) ≤ xρα(x) (x ≥ 0) i ρ ∈ (0; 1), ðÿä (1) ïåðåïèñó¹ìîó âèãëÿäi ñóïåðïîçèöi¨ ðÿäó Äiðiõëå i �óíêöi¨ τ(x)
F (x) =

+∞
∑

n=0

Fne
τ(x)βn, (4)äå β = (βn) � ïîñëiäîâíiñòü ïîïàðíî ðiçíèõ íåâiä'¹ìíèõ ÷èñåë, à τ(x) íåîáõiäíîçàäîâîëüíÿ¹ óìîâó (3). ßê i â [6℄ ââàæàòèìåìî, ùî âèêîíó¹òüñÿ óìîâà

(∀ n ≥ 0) : βn < β∗ := sup{βm : m ≥ 0}. (5)Ç äîâåäåííÿ ëåìè 2 ó ñòàòòi [6℄ âèïëèâà¹, ùî çà îñòàííüî¨ óìîâè äëÿ êîæíî¨ �óíêöi¨
f âèãëÿäó (4) öåíòðàëüíèé iíäåêñ ν(x, F ) ր +∞ (x→ +∞).Íåõàé òåïåð κn ր +∞ (1 ≤ n→ +∞) � ïîñëiäîâíiñòü òî÷îê ñòðèáêà öåíòðàëü-íîãî iíäåêñó ν(x, F ) çàíóìåðîâàíà òàê, ùî

µ(x, F ) = Fn exp{τ(x)βn} (6)äëÿ âñiõ x ∈ [κn; κn+1] ó âèïàäêó κn < κn+1, à òàêîæ κn+1 = . . . = κn+p, ÿêùî
ν(κn+1 − 0) = n i ν(κn+1) = n+ p, p > 1. Äîáðå âiäîìî, ùî òîäi ïðè n ≥ 1

τ(κn) =
ln(Fn−1/Fn)

βn − βn−1
ր +∞ (n→ +∞). (7)Ó öüîìó âèïàäêó (lnµ(x, F ))′ = τ ′(x)βν(x,F ) äëÿ âñiõ x ∈ (κn; κn+1) i âñiõ n > 0.I, îòæå, äëÿ âñiõ x > x0 ïðàâèëüíà ðiâíiñòü ([7℄)

lnµ(x, F ) = lnµ(x0, F ) +

∫ x

x0

βν(t)dτ(t). (8)Çàóâàæåííÿ 1. Çàóâàæèìî, ùî ó âèïàäêó, êîëè β∗ := sup{βn : n ≥ 0} < +∞,
lnµ(x, F ) = (1 + o(1)) lnF (x) = (1 + o(1))β∗τ(x) (x → +∞) i, îòæå, lnµ(·, F ) ∈ Lρ ⇔
⇔ lnF (·) ∈ Lρ ⇔ τ ∈ Lρ. Òîìó íàäàëi ââàæàòèìåìî, ùî β∗ = +∞.



Ï�Î Ï�ÀÂÈËÜÍÅ Ç�ÎÑÒÀÍÍß ÑÓÏÅ�ÏÎÇÈÖI� �ßÄÓ ÄI�IÕËÅ ... 472. Äîïîìiæíi òâåðäæåííÿ.Ëåìà 1. Íåõàé ρ > 0, τ(x) � íåïåðåðâíî äè�åðåíöiéîâíà �óíêöiÿ òàêà, ùî
x2τ ′(x) ր (x → +∞), à òàêîæ ïîñëiäîâíiñòü β = (βn) òàêà, ùî âèêîíó¹òüñÿóìîâà (5) ç β∗ = +∞. Òîäi òàêi òâåðäæåííÿ ðiâíîñèëüíi:1) lnµ(·, F ) ∈ Lρ;2) ψ(x)/ lnµ(x, F ) → ρ (x→ +∞), äå ψ(x) = xτ ′(x)βν(x);3) ψ ∈ Lρ.Äîâåäåííÿ. Ïîâòîðþ¹ìî ìiðêóâàííÿ ç äîâåäåííÿ âiäïîâiäíîãî òâåðäæåííÿ ç [5℄.3) ⇒ 2). Îñêiëüêè äëÿ äîâiëüíî¨ äîäàòíî¨ ïîâiëüíî çìiííî¨ �óíêöi¨ ψ0 âèêî-íó¹òüñÿ

∫ r

0

xρ−1ψ0(x)dx ∼
rρ

ρ
ψ0(r) (r → +∞),à ç óìîâè 3 âèïëèâà¹, ùî ψ(x) = xρψ0(x), äå ψ0 - ïîâiëüíî çìiííà �óíêöiÿ, òî

ψ(r)

lnµ(r, F )
=

ψ(r)

lnµ(x0, F ) +
∫ r

x0
ψ(t)/tdt

∼
rρψ0(r)

∫ r

0 x
ρ−1ψ0(x)dx

∼ ρ (r → +∞).2) ⇒ 1). Ç ðiâíîñòi (8) çà äîïîìîãîþ 2 îòðèìó¹ìî, ùî
lnµ(x, F ) ∼

∫ x

x0

ψ(t)

t
dt ∼ ρ

∫ x

x0

lnµ(t, F )

t
dt := ρxρψ1(x) (x→ +∞). (9)Îñêiëüêè �óíêöiÿ ψ1 íåïåðåðâíî-äè�åðåíöiéîâíà ïðè x > x0, òî äîñòàòíüî ïåðå-âiðèòè, ÷è xψ′

1(x)/ψ1(x) → 0 (x → +∞). Âèêîðèñòîâóþ÷è ñïiââiäíîøåííÿ (9), ïðè
x→ +∞ îòðèìó¹ìî
xψ′

1(x)

ψ1(x)
=
x(x−ρ

∫ x

x0

1
t lnµ(t, F )dt)′

ψ1(x)
=
x−ρlnµ(x, F ) − xρx−ρ−1

∫ x

x0

1
t lnµ(x, F )dt

ψ1(x)
=

=
lnµ(x, F )

xρψ1(x)
−
ρ

∫ x

x0

1
t lnµ(t, F )dt

xρψ1(x)
=

lnµ(x, F )
∫ x

x0

1
t lnµ(t, F )dt

− ρ = ρ+ o(1) − ρ = o(1).1) i 2) ⇒ 3).Îñêiëüêè ç óìîâè 2 âèïëèâà¹, ùî äëÿ âèìiðíî¨ �óíêöi¨
α2(x) = ψ(x)/ lnµ(x, F ) → ρ (x→ +∞),à çà óìîâîþ 1, lnµ(x, F ) = xρα(x), α ∈ L, òî ψ(x) = xρα1(x), α1 = α · α2 ∈ L, òîáòî,

ψ ∈ Lρ.Îòæå, äëÿ çàâåðøåííÿ äîâåäåííÿ ëåìè 1 äîñòàòíüî ïåðåâiðèòè, ÷è ç 1 âèïëè-âà¹ 2. Ñïðàâäi, íåõàé c > 1, x > 0. Îñêiëüêè
lnµ(cx, F ) > lnFν(cx) + τ(cx)βν(cx) > lnFν(x) + τ(cx)βν(x),òî ç îäíîãî áîêó,

lnµ(cx, F ) − lnµ(x, F ) > (τ(cx) − τ(x))βν(x), (10)à ç iíøîãî �
lnµ(x, F ) − lnµ(x/c, F ) 6 (τ(x) − τ(x/c))βν(x). (11)Ó âèïàäêó, êîëè âèêîíó¹òüñÿ óìîâà x2τ ′(x) ր, îòðèìó¹ìî, ùî
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τ(cx) − τ(x) =

∫ cx

x

t2τ ′(t)t−2dt > x2τ ′(x)

∫ cx

x

t−2dt =
c− 1

c
· xτ ′(x),

τ(x) − τ(x/c) =

∫ x

x/c

t2τ ′(t)t−2dt 6 x2τ ′(x)

∫ x

x/c

t−2dt = (c− 1)xτ ′(x),òîìó çà äîïîìîãîþ íåðiâíîñòåé (10), (11) îòðèìó¹ìî lnµ(cx, F ) − lnµ(x, F ) > c−1
c ·

ψ(x), à òàêîæ lnµ(x, F ) − lnµ(x/c, F ) 6 (c− 1)ψ(x). Çâiäñè,
1

c− 1

(

1 −
lnµ(x/c, F )

lnµ(x, F )

)

6
ψ(x)

lnµ(x, F )
6

c

c− 1

( lnµ(cx, F )

lnµ(x, F )
− 1

)

.Ïåðåõiä äî ãðàíèöi, ïîçàÿê lnµ(bx, F )/ lnµ(x, F ) → bρ (x→ +∞), b > 0, äà¹
1

c− 1
(1 −

1

cρ
) 6 lim

x→+∞

ψ(x)

lnµ(x, F )
6 lim

x→+∞

ψ(x)

lnµ(x, F )
6

c

c− 1
(cρ − 1).Ïåðåõiä â îñòàííiõ íåðiâíîñòÿõ äî ãðàíèöi ïðè c→ 1 + 0 çàâåðøó¹ äîâåäåííÿ ëåìè.

�Ëåìà 2 ([5℄, ëåìà 3). Íåõàé �óíêöiÿ τ(x) ր +∞ (n → +∞). Ïðèïóñòèìî, ùî (Fn)âïîðÿäêîâàíà çà íåçðîñòàííÿì, òîáòî Fn ց 0 (n → +∞). ßêùî F ∈ S(0, β, τ) iâèêîíó¹òüñÿ óìîâà
θ = lim

n→+∞

βn lnn

− lnFn
< +∞, (12)òî ïðè x→ +∞ âèêîíó¹òüñÿ ñïiââiäíîøåííÿ

lnF (x) = (1 + o(1)) lnµ(x, F ). (13)3. Îñíîâíèé ðåçóëüòàò.Òåîðåìà 1. Íåõàé ρ > 0, âèêîíóþòüñÿ óìîâè ëåìè 1 i F ∈ S(0, β, τ). ßêùî âèêî-íó¹òüñÿ óìîâà (12), òî óìîâà lnF ∈ Lρ i òâåðäæåííÿ 1-3 ëåìè 1 åêâiâàëåíòíi.Òåîðåìà 2 ìiñòèòü íåîáõiäíi i äîñòàòíi óìîâè (â òåðìiíàõ îáìåæåíü íà êîå�i-öi¹íòè òà ïîêàçíèêè ðÿäó) äëÿ òîãî, ùîá lnµ(·, F ) ∈ Lρ, ρ > 0.Òåîðåìà 2. Íåõàé ρ > 0, τ(x) � äîäàòíà çðîñòàþ÷à íåïåðåðâíî äè�åðåíöiéîâíà�óíêöiÿ òàêà, ùî x2τ ′(x) ր i xτ ′(x)
τ(x)

ց (x > 0), à äëÿ ïîñëiäîâíîñòi β = (βn) âèêî-íó¹òüñÿ óìîâà (5) ç β∗ = +∞. ßêùî F ∈ S(0, β, τ), òî äëÿ òîãî, ùîá lnµ(·, F ) ∈ Lρíåîáõiäíî i äîñòàòíüî, ùîá iñíóâàëà òàêà çðîñòàþ÷à äî +∞ ïîñëiäîâíiñòü (κnk
),ùî µ(x, F ) = Fnk

exp{τ(x)βnk
} äëÿ âñiõ x ∈ [κnk

; κnk+1] i äëÿ âñiõ k > 1, à òàêîæïðè k → +∞ âèêîíóâàëèñÿ óìîâè:
τ ′(κnk+1

)

τ(κnk+1
)
· κnk+1

∼
τ ′(κnk

)

τ(κnk
)
· κnk

, (14)
κnk

τ ′(κnk
)βnk

lnFnk
+ τ(κnk

)βnk

→ ρ, (15)
κnk+1

τ ′(κnk+1
)βnk

lnFnk
+ τ(κnk+1

)βnk

→ ρ. (16)



Ï�Î Ï�ÀÂÈËÜÍÅ Ç�ÎÑÒÀÍÍß ÑÓÏÅ�ÏÎÇÈÖI� �ßÄÓ ÄI�IÕËÅ ... 49Äîâåäåííÿ òåîðåìè 2. Íå çìåíøóþ÷è çàãàëüíîñòi ìiðêóâàíü, ââàæàòèìåìî, ùî
µ(0, F ) = 1. Òîäi, ÿê íå ñêëàäíî ïåðåâiðèòè lnµ(x, F )

τ(x)
ր (x ∈ [0; +∞)).Ç îãëÿäó íà äîâåäåíi âèùå òâåðäæåííÿ, äîñòàòíüî äîâåñòè, ùî óìîâà 2 ç ëåìè1

ψ(x)/ lnµ(x, F ) → ρ (x→ +∞),äå ψ(x) = xτ ′(x)βν(x), âèêîíó¹òüñÿ òîäi i ëèøå òîäi, êîëè âèêîíóþòüñÿ óìîâè(14)-(16). Öåíòðàëüíèé iíäåêñ ν(x, F ) ր +∞ (x → +∞), òîìó iñíó¹ ïîñëi-äîâíiñòü κnk
↑ +∞ òàêà, ùî ν(x, F ) = nk äëÿ âñiõ x ∈ [κnk

; κnk+1
), à îòæå,

µ(x, F ) = Fnk
exp{τ(x)βnk

} äëÿ âñiõ [κnk
; κnk+1

]. ßêùî òåïåð â ï. 2 ëåìè 1 âèáðàòèñïî÷àòêó x = κnk
, à ïîòiì ñïðÿìóâàòè x → (κnk+1

− 0), òî îòðèìó¹ìî âiäïîâiäíî(15) i (16), ïîçàÿê
lnFnk

+ τ(κnk+1
)βnk

= lnFnk+1
+ τ(κnk+1

)βnk+1
= lnµ(κnk+1

, F ). (17)Îñêiëüêè ç (15) i (16) âèïëèâà¹, ùî
κnk

τ ′(κnk
)

lnµ(κnk
, F )

∼
κnk+1

τ ′(κnk+1
)

lnµ(κnk+1
, F )

(k → +∞),òî çi çðîñòàííÿ lnµ(x, F )/τ(x) îòðèìó¹ìî
1 6

lnµ(κnk+1
, F )

τ(κnk+1
)

τ(κnk
)

lnµ(κnk
, F )

=

= (1 + o(1))
τ ′(κnk+1

)κnk+1

τ(κnk+1
)

τ(κnk
)

τ ′(κnk
)κnk

≤ (1 + o(1)) (k → +∞).Îòæå, (14) � òåæ âèêîíó¹òüñÿ.Äëÿ äîâåäåííÿ äîñòàòíîñòi óìîâ (14) � (16) çàóâàæèìî, ùî çà óìîâè xτ ′(x)

τ(x)
ցç óìîâè (14) âèïëèâà¹, ùî äëÿ âñiõ x ∈ [κnk

; κnk+1
) ïðè k → +∞

xτ ′(x)

τ(x)
∼
τ ′(κnk

)

τ(κnk
)
· κnk

.Òîìó, äëÿ âñiõ x ∈ [κnk
; κnk+1

), ñêîðèñòàâøèñü ìîíîòîííiñòþ lnµ(x, f)/τ(x) i óìîâîþ(15), ïðè k → +∞ îòðèìó¹ìî
ψ(x)

lnµ(x, F )
=
xτ ′(x)βnk

lnµ(x, F )
= (1 + o(1))

κnk
τ ′(κnk

)βnk

τ(κnk
)

τ(x)

lnµ(x, F )
6 ρ+ o(1),ç iíøîãî áîêó, ñêîðèñòàâøèñü ìîíîòîííiñòþ lnµ(x, f)/τ(x) i óìîâîþ (16), ìà¹ìî

ψ(x)

lnµ(x, F )
=
xτ ′(x)βnk

lnµ(x, F )
= (1 + o(1))

κnk+1
τ ′(κnk+1

)βnk

τ(κnk+1
)

τ(x)

lnµ(x, F )
> ρ+ o(1).Ó öüîìó ðàçi ìè çíîâó ñêîðèñòàëèñü ðiâíîñòÿìè (17). Òåîðåìó 2 äîâåäåíî.Çàóâàæåííÿ 2. Íåõàé ρ > 0 i �óíêöiÿ F çîáðàæà¹òüñÿ çáiæíèì äëÿ âñiõ x > eðÿäîì âèãëÿäó

F (x) =

+∞
∑

n=0

Fnx
βn , Fn > 0 (n > 0),



50 Ìèðîñëàâà ÄÎËÈÍÞÊäå ïîñëiäîâíiñòü β = (βn) çàäîâîëüíÿ¹ óìîâó (5) ç β∗ = +∞. ßêùî âèêîíó¹òüñÿ óìî-âà (12), òî íàñòóïíi òâåðäæåííÿ ðiâíîñèëüíi: 1) lnµ(·, F ) ∈ Lρ; 2) βν(x)/ lnµ(x, F ) →
→ ρ(x → +∞); 3) βν(x) ∈ Lρ; 4) lnF ∈ Lρ; 5) iñíó¹ òàêà çðîñòàþ÷à äî +∞ ïîñëi-äîâíiñòü (κnk+1

), ùî µ(x, F ) = Fnk
xβnk äëÿ âñiõ x ∈ [κnk

; κnk+1] i äëÿ âñiõ k > 1, àòàêîæ ïðè k → +∞ âèêîíóþòüñÿ óìîâè
κnk+1

∼ κnk
,

βnk

lnFnk
+ ln κnk

βnk

→ ρ,
βnk

lnFnk
+ ln κnk+1

βnk

→ ρ.Äëÿ äîâåäåííÿ íàñëiäêó 1 äîñòàòíüî ñêîðèñòàòèñü òåîðåìàìè 1 i 2 (ç �óíêöi¹þ
τ(x) = lnx (x ≥ e)) òà çàóâàæèòè, ùî ó öüîìó âèïàäêó óìîâà (14) ðiâíîñèëüíà äîóìîâè κnk+1

∼ κnk
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