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〈V1, . . . , Vn〉 = {A ∈ expX | A ⊂

n⋃

i=1

Vi and A ∩ Vi 6= ∅, for all i ∈ {1, 2, . . . , n}},where V1, . . . , Vn are open subsets in X , n ∈ N.© Êîïîðõ Ê., 2009



136 Kateryna KOPORKHIn the ase of a ompat metri spae (X, d), the Vietoris topology an be generatedby the Hausdor� metri dH ,
dH(E,F ) = inf{ε > 0 | E ⊆ Oε(F ) and F ⊆ Oε(E)}.Suppose now that all spaes under onsideration are ompat Hausdor�. We identifyevery equivalene lass [f ] of a map f : X → Y with the family 〈f〉 = {f−1(y) | y ∈ Y }.The latter is a losed subset of expX , i.e. an element of exp2X = exp(expX). We endow

Ψ(X) with the topology indued from exp2X by this identi�ation [3℄.2. The set Ψ(I). By I we denote the unit segment. Reall that a map f : I → X isalled a pieewise homeomorphism if there exists a partition 0 = a0 < a1 < · · · < an = 1of I suh that the embedding f |[ai−1,ai] : [ai−1, ai] → X is a homeomorphism, for all
i = 1, 2, . . . , n.We will use the following result (see [2℄ for its proof).Theorem 1. Every ontinuous open map from I onto a non-degenerated Hausdor� spae
X is neessarily a pieewise homeomorphism onto X.We denote by Kn, n ∈ N, the set of all 〈f〉 ∈ Ψ(I) suh that the following onditionholds: there exists a partition 0 = t0 < t1 < t2 < · · · < tn = 1 for whih every restrition
f |[ti−1,ti] : [ti−1, ti] → X is a homeomorphism, i = 1, 2, . . . , n. Evidently, Km ∩Kn = ∅,if m 6= n.One an onlude that Ψ(I) =

∞⋃
i=1

Ki ∪{〈c〉}, where c : I → {∗} is the onstant maponto a singleton.Proposition 1. Every Kn, n ∈ N, is an open and losed subset of the spae Φ(I).Proof. Let 〈g〉 ∈ Ψ(I) \Kn, then there exists m 6= n suh that 〈g〉 ∈ Km.There exists x ∈ X suh that |g−1(x)| = m > n. Let g−1(x) = {y1, y2, . . . ym}, where
y1 < y2 < · · · < ym and yi ∈ I for all i = 1, 2, . . .m. Let us hoose open disjoint subsets
Ui ⊂ I suh, as yi ∈ Ui for all i = 1, 2, . . .m. Then 〈U1, . . . , Um〉 is an open subset in exp Iand 〈g〉 ∩ 〈U1, . . . , Um〉 6= ∅. From this it follows that 〈g〉 ∈ 〈exp I, 〈U1, . . . , Um〉〉 = W .The set W is an open subset of the spae exp2 I, i.e., is a neighborhood of an element
〈g〉 ∈ exp2 I.Let 〈g̃〉 ∈ W . Then 〈g̃〉 ∩ 〈U1, . . . , Um〉 6= ∅, and there exists y ∈ Y suh that
g̃−1(y) ∈ 〈U1, . . . , Um〉. From this it follows that g̃−1(y)∩Ui 6= ∅, for every i = 1, 2, . . . ,m.Inasmuh, as the sets U1, U2 . . . , Um are disjoint, we an draw a onlusion that |g̃−1(y)| >

m > n. Therefore 〈g̃〉 does not belong to the set Kn.We are going to show that the set M =
∞⋃

i=1

Ki ∪{〈c〉} is losed in Ψ(I). Assume theontrary and let (〈fi〉)∞i=1 be a sequene from M onverging to 〈f〉 ∈ Km.Without loss of generality, one may assume that 〈fi〉 ∈M \{〈c〉}. Consider f : I→X .By Theorem 1, X is homeomorphi to I and let x0 ∈ X be an interior point of X . Let
f−1(x0) = {y1, y2, . . . , ym}, where 0 < y1 < y2 < · · · < ym < 1. There exists a > 0suh that a-neighborhoods of yi and yj are disjoint if i 6= j. Consider the sequene ofneighborhoods Ui = Oa/i(f

−1(x0)) of the set f−1(x0).By the pigeon-hole priniple, for every i there exist fk(i) and xk(i) ∈ fk(i)(I) suhthat |f−1
k(i)(xk(i)) ∩Oa/i(yj)| > 2, for some j ∈ {1, 2, . . . ,m}.



ON SPACE OF OPEN MAPS OF THE UNIT SEGMENT 137Passing, if neessary, to a subsequene, one an assume, without loss of generality,that |f−1
k(i)(xk(i))∩Oa/i(y1)| > 2 for all i ∈ N. Denote by wi and zi the endpoints of fi(I).Theorem 1 it follows that f−1({wi, zi}) ∩Oa/i(yi) 6= ∅. Passing to the limit, we obtain

f−1({w, z}) ∩ {yi} 6= ∅where w, z are the endpoints of X0 = f(I). Note that the limits of the preimages ofthe endpoints are also endpoints. This follows from the fat that the preimages of theendpoints are preisely the sets that ontain 0 or 1. We obtain that f(y1) is an endpointof X and this is a ontradition.3. We say that f preserves segments, if, for every a, b ∈ I, f([a, b]) = [f(a), f(b)]. Itis easy to observe that in this ase the image of every onvex subset of I is onvex and
f−1 : f(I) → I also preserves segments.As usual, C(I) denotes the set of all ontinuous real funtions on I endowed withthe uniform onvergene topology. We denote by C0(I) the set of all f ∈ C(I) suh that
f preserves segments.Let 〈f〉 ∈ Ψ(I), then f : I → X is a pieewise homeomorphism. Suppose now that
[0, t1] ⊂ I is a subsegment in I suh that f |[0,t1] : [0, t1] → X is a homeomorphism. Thenthere exists a partition 0 = t0 < t1 < t2 < · · · < tn−1 = 1 for whih every restrition
f |[ti−1,ti] : [ti−1, ti] → X is a homeomorphism, i = 1, 2, . . . , n.Denote by

L = f−1(f(0)) ∪ f−1(f(t1)) = {t0, t1, t2, . . . tn−1},the partition on I, thus t0 = 0 and tn−1 = 1, n ∈ N. Consider a map φi : [0, t1] → [ti−1, ti],de�ned by the formula
φi(t) = f−1(f(t)) ∩ [ti−1, ti].Let f(0) = 0 and onsider a map ϕi : I → I , de�ned by the formula

ϕi(x) =

{
φi(x·t1)−ti−1

ti−ti−1
, when i is an odd number i = 2k + 1,

ti−φi(x·t1)
ti−ti−1

, when i is an even number i = 2k,where k = {0, 1, 2, . . . , [n/2]}.So, every 〈f〉 ∈ Ψ(I) an be identi�ed with the element
(t0, t1, t2, . . . tn−1, ϕ1(x), ϕ2(x), . . . , ϕn(x)) ∈ In × Cn−1

0 (I)where n ∈ N.And, vie versa, let (t0, t1, t2, . . . tn−1;ϕ1, ϕ2, . . . ϕn) be some element of the spae
In × C0(I)

n−1 suh that 0 < t1 < · · · < tn−2 < 1 and ϕi : I → R is ontinuous mapswhih preserves segments, suh that ϕ1(I) = ϕ2(I) = . . . ϕn−1(I) = Y ⊂ R. Considermaps ξi : [ti−1, ti] → Y de�ned by the formula:
ξi(x) =




ϕi

(
x−ti−1

ti−ti−1

) if i is an odd number,
ϕi

(
x−ti

ti−1−ti

) if i is an even number.



138 Kateryna KOPORKHConsider a map f : I → Y de�ned by the formula
f(x) =





ξ1(x) if x ∈ [0, t1],

ξ2(x) if x ∈ [t1, t2],

. . . . . . . . . . . . . . . . . . . . .

ξn−1(x) if x ∈ [tn−1, 1].Then f is a ontinuous open map from I onto Y ⊂ R and 〈f〉 = {f−1(f((x)) |
x ∈ I} ∈ Ψ(I).In this way, we obtain a one-to-one map between the elements of subset Kn in thespae Ψ(I) and the elements of some subset Kn in the spae In×Cn−1

0 (I), for eah n ∈ N.The set Kn is a losed subset in Ψ(I), therefore Kn is a losed subset in In+1 × (C0(I))
nas well.Proposition 2. For every n ∈ N, the set Kn is onvex in R

n+1 × (C0(I))
n.Proof. Let (t1, t2, . . . , tn−1;ϕ1, ϕ2, . . . , ϕn) and (r1, r2, . . . , rn−1;ψ1, ψ2, . . . , ψn) be ele-ments of the set Kn ⊂ In+1 × (C0(I))

n. Let s be some element in I. Let us onsider thefollowing transformation:
s(t1, t2, . . . , tn−1;ϕ1, ϕ2, . . . ,ϕn) + (1 − s)(r1, r2, . . . , rn−1;ψ1, ψ2, . . . , ψn) =

= (st1 + (1 − s)r1,st2 + (1 − s)r2, . . . , stn−1 + (1 − s)rn−1;

sϕ1 + (1 − s)ψ1,sϕ2 + (1 − s)ψ2, . . . , sϕn + (1 − s)ψn)For all i = {1, 2, . . . n − 1}, we have 0 < ti < 1, 0 < ri < 1. Take s ∈ I, then
0 < sti < s and 0 < (1 − s)ri < (1 − s), whene sti + (1 − s)ri < 1. As ϕi, ψi ∈ C0(I),we see that a 6 ϕi(t) 6 b and a 6 ψi(t) 6 b, where a, b ∈ R. Then

sa+ (1 − s)a 6 sϕi(t) + (1 − s)ψi(t) 6 sb+ (1 − s)bor a 6 sϕi(t) + (1 − s)ψi(t) 6 b. Whene sϕi(t) + (1 − s)ψi(t) ∈ C0(I).Therefore,
s(t1, t2, . . . , tn−1;ϕ1, ϕ2, . . . , ϕn) + (1 − s)(r1, r2, . . . , rn−1;ψ1, ψ2, . . . , ψn) ∈ Kn.Then, for all n ∈ N, the set Kn is a losed onvex subset in the spae I

n+1×(C0(I))
n.Let us state the Anderson-Kade Theorem. Reall that a Fr�ehet spae, by de�nition,is a loally onvex linear omplete metri spae.Theorem 2. ([5℄) Every in�nite-dimensional Fr�ehet spae is homeomorphi to l2.The following statements are well known (see [5℄):(1) The ountable in�nite produt of non-degenerated separable Banah spaes ishomeomorphi to l2;(2) In × l2 ∼= l2, where n ∈ N;(3) Eah onvex bounded subset in l2 is homeomorphi to l2.Then, C(I) ∼= l2 aording to Theorem 2. The set C0(I) is dense in C(I), therefore

C0(I) ∼= l2. From Statements 1 and 2 it follows that In+1 ×Cn
0 (I) ∼= l2. From Statement3 we obtain Kn

∼= l2, for every n ∈ N.



ON SPACE OF OPEN MAPS OF THE UNIT SEGMENT 139Corollary 1. The set Ψ(I) \ {〈c〉} is homeomorphi to the disjoint sum of the singletonand a ountable number of opies of a separable Hilbert spae l2.Thus, Ψ(I) \ {〈c〉} ∼=
∞⊕

i=1

(l2)i ⊕ {〈c〉}.4. By a ompati�ation of a ompletely regular topologial spae X we mean anypair (Y, r) suh that Y is a ompat spae and r : X → Y is an embedding suh that
r(X) is dense subset in Y . The one-point ompati�ation of X is de�ned to be a spae
Y = X ∪ {∞}, where ∞ is an arbitrary point whih does not belong to X .We will prove that spae Ψ(I) is not a one-point ompati�ation of Ψ(I) \ {〈c〉}.Example 1. Let us onsider a sequene {〈fn〉 | n ∈ N} of elements of spae Ψ(I) suhthat:1) 〈fn〉 ∈ Kn for all n ∈ N;2) the limit of the sequene is a onstant map, lim

i→∞

〈fn〉 = 〈c〉.Let 0 = t0 < t1 < t2 < · · · < tn−1 < tn = 1, where ti = i
n and i = 0, 1, 2, . . . n.De�ne fn : I ։ I by the onditions:1) fn(t2i) = 0, for i = 0, . . . [n

2 ];2) fn(t2i+1) = 1, for i = 0, . . .
([

n
2

]
+ ((−1)n+1 − 1)1

2

);3) fn : [ti−1; ti] ։ I is a linear map, for all i = 1, 2, . . . n− 1.Let us estimate the distane
dHH(〈fn〉, 〈c〉) = dHH({f−1

n (fn(x)) | x ∈ I}, {c−1(c(x)) | x ∈ I}).Aording to ondition (3), on eah segment [ti−1; ti], where i = 1, 2, . . . n−1, there existsa point from {f−1
n (fn(x))}, where 0 6 x 6 1. Thus,
dH(f−1

n (fn(x)), c−1(c(x))) = dH(f−1
n (fn(x)), I) 6

1

n
.From this it follows:

dHH(〈fn〉, 〈c〉) = dHH({f−1
n (fn(x)) | x ∈ I}, {I}) 6

1

n
.We onlude that lim

i→∞

〈fn〉 = 〈c〉.Example 2. Let us onsider a sequene {〈fn〉 | n ∈ N} of elements of the spae Ψ(I)suh that:1) 〈fn〉 ∈ Kn for eah n ∈ N;2) 〈fn〉 does not onverge to the onstant map lim
i→∞

〈fn〉 6= 〈c〉.Let 0 = t0 < t1 = 1
2 < t2 < t3 < t4 < · · · < tn−1 < tn = 1, where ti = 1

2 + i−1
2n and

i = 0, 1, 2, . . . n+ 1. De�ne fn : I ։ I by the onditions:1) fn(x) = 2x, for x ∈ [0, 1
2 ];2) fn(t2i) = 1, for i = 0, . . . [n

2 ];3) fn(t2i+1) = 0, for i = 0, . . .
([

n
2

]
+ ((−1)n+1

−1)
2

);4) fn : [ti−1; ti] ։ I is a linear map, for all i = 0, 1, 2, . . . n+ 1.Let us estimate the distane
dHH(〈fn〉, 〈c〉) = dHH({f−1

n (fn(x)) | x ∈ I}, {c−1(c(x)) | x ∈ I}).



140 Kateryna KOPORKHAording to ondition (4), on eah segment [ti−1; ti], where i = 1, 2, . . . n−1, there existsa point from {f−1
n (fn(x))}, where 1

2 6 x 6 1. Therefore,
dH(f−1

n (fn(x)), c−1(c(x))) = dH(f−1
n (fn(x)), I) 6

1

n
.However, for x ∈

[
0, 1

2

], we obtain f−1
n (fn(x)) = f−1

n (2x) = {x} and then
dH(f−1

n (fn(x)), c−1(c(x))) = dH(f−1
n (fn(x)), I) = max{x, x−

1

2
} >

1

4
.Thus,

dHH(〈fn〉, 〈c〉) = dHH({f−1
n (fn(x)) | x ∈ I}, {c−1(c(x)) | x ∈ I}) >

1

4
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