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Ïîáóäîâàíî ìåðîìîðôíi â C ôóíêöi¨ f1, f2 äîâiëüíîãî ïîðÿäêó
ρ ∈ (2− arctg 2 /π; 2) ç äîäàòíèìè íóëÿìè òà âiä'¹ìíèìè ïîëþñàìè,
óñåðåäíåíi ëi÷èëüíi ôóíêöi¨ i íåâàíëiííîâi õàðàêòåðèñòèêè ÿêèõ çàäî-
âîëüíÿþòü óìîâè N (r, 0, f1) ≤ N (r, 0, f2), N (r,∞, f1) ≤ N (r,∞, f2) äëÿ
r ≥ 0 i T (r, f1) > T (r, f2) äëÿ âñiõ äîñòàòíüî âåëèêèõ r. Ìåòîä ïîáóäîâè
íå äà¹ çìîãè îòðèìàòè âiäïîâiäü ïðî iñíóâàííÿ òàêèõ ôóíêöié ïîðÿäêó
çðîñòàííÿ ρ ∈ [1; 2− arctg 2 /π].

Êëþ÷îâi ñëîâà: ìåðîìîðôíà ôóíêöiÿ, ïîðÿäîê ôóíêöi¨, òèï ôóíêöi¨,
íåâàíëiííîâà õàðàêòåðèñòèêà.

1. Âñòóï. Íåõàé f � òðàíñöåíäåíòíà ìåðîìîðôíà â C (íàäàëi ìåðîìîðôíà)
ôóíêöiÿ, òîáòîf (z) = g1 (z) /g2 (z), äå g1, g2 � öiëi ôóíêöi¨, ç ÿêèõ õî÷à á îäíà áóëà
âiäìiííà âiä ìíîãî÷ëåíà. Áóäåìî êîðèñòóâàòèñÿ ñòàíäàðòíèìè ïîçíà÷åííÿìè íåâàí-
ëiííîâî¨ òåîði¨ ðîçïîäiëó çíà÷åíü (äèâ., íàïðèêëàä, [1]). Â [2] (äèâ. òàêîæ [3]) çíàé-
äåíî òî÷íi îöiíêè çâåðõó âåëè÷èí òèïó ∆f = lim

r→∞
T (r, f) /V (r) òà íèæíüîãî òèïó

∆f = lim
r→∞

T (r, f) /V (r) äëÿ ìåðîìîðôíèõ ôóíêöié íóëüîâîãî ðîäó ÷åðåç âåëè÷èíè

òèïó ∆N0 = lim
r→∞

N0 (r, f) /V (r) i íèæíüîãî òèïó ∆N0
= lim

r→∞
N0 (r, f) /V (r) ôóíêöi¨

N0 (r, f) = max {N (r, 0, f) , N (r,∞, f)}. Òóò V (r) = rρ(r), ρ (r)- óòî÷íåíèé ïîðÿäîê
ôóíêöi¨ f [1, ñ. 69].

Çàóâàæèìî, ùî äëÿ ìåðîìîðôíèõ ôóíêöié íóëüîâîãî ðîäó âèêîíó¹òüñÿ ñïiââiä-
íîøåííÿ T (r, f) = o(r), r → ∞, òîáòî ôóíêöiÿ ìà¹ ùîíàéáiëüøå ïîðÿäîê îäèíèöþ
i ìiíiìàëüíèé òèï.

Ãîëîâíèìè ïåðåäóìîâàìè äëÿ âèçíà÷åííÿ öèõ îöiíîê áóëè äâi òàêi âëàñòèâîñòi
íåâàíëiííîâî¨ õàðàêòåðèñòèêè.

c⃝ Çàáîëîöüêèé Ì., Äåéíåêà I., 2011
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Òåîðåìà À. Íåõàé f � ìåðîìîðôíà ôóíêöiÿ ðîäó íóëü, f̂ � ìåðîìîðôíà ôóíêöiÿ ç
äîäàòíèìè íóëÿìè i âiä'¹ìíèìè ïîëþñàìè òàêèìè, ùî äëÿ âñiõ r > 0

N(r, 0, f) = N(r, 0, f̂), N(r,∞, f) = N(r,∞, f̂).

Òîäi T (r, f) ≤ T (r, f̂).

Òåîðåìà Á. Íåõàé f1, f2 � ìåðîìîðôíi ôóíêöi¨ ðîäó íóëü ç äîäàòíèìè íóëÿìè i
âiä'¹ìíèìè ïîëþñàìè. ßêùî äëÿ âñiõ r > 0

N (r, 0, f1) ≤ N (r, 0, f2) , N (r,∞, f1) ≤ N (r,∞, f2) ,

òî T (r, f1) ≤ T (r, f2).

Â [5, ñ. 119, ïðîáëåìà 7] Ì.Â. Çàáîëîöüêèé ñôîðìóëþâàâ çàäà÷ó: ×è çáåðiãà¹òü-
ñÿ âëàñòèâiñòü ìîíîòîííîñòi ñòîñîâíî íóëiâ i ïîëþñiâ íåâàíëiííîâèõ õàðàêòåðèñòèê
(äèâ. òåîðåìó Á) äëÿ ìåðîìîðôíèõ ôóíêöié ç äîäàòíèìè íóëÿìè òà âiä'¹ìíèìè ïî-
ëþñàìè, ïîðÿäîê çðîñòàííÿ ÿêèõ áiëüøèé, íiæ íóëüîâèé ðiä? Çîêðåìà, ÿêå íàéìåíøå
çíà÷åííÿ ïîðÿäêó ìîæóòü ìàòè òàêi ìåðîìîðôíi ôóíêöi¨ f1, f2, ùîá

N (r, 0, f1) ≤ N (r, 0, f2) , N (r,∞, f1) ≤ N (r,∞, f2) , r > 0, (1)

à

T (r, f1) ≥ T (r, f2), r ≥ r0, (2)

äå r0 > 0 � äåÿêå ôiêñîâàíå ÷èñëî?
Ìè ïîäà¹ìî ÷àñòêîâå ðîçâ'ÿçàííÿ öi¹¨ ïðîáëåìè.
2. Ôîðìóëþâàííÿ ðåçóëüòàòiâ. Ïîçíà÷èìî ÷åðåç M(+,−) êëàñ ìåðîìîðô-

íèõ ôóíêöié ç äîäàòíèìè íóëÿìè òà âiä'¹ìíèìè ïîëþñàìè.

Òåîðåìà 1. Íåõàé 1 < ρ < 2, ∆ > 0, ∆1 =
cosπρ−∆

sinπρ
, f ∈ M(+,−), n(r, 0, f) ∼ rρ,

n(r,∞, f) ∼ ∆rρ, r → ∞. Òîäi:

à) T (r, f) ∼ 2rρ

ρ |sinπρ|

(
sin

πρ

2
− sinπρ

)
, ÿêùî ∆ = 1;

á) T (r, f) ∼ rρ

ρ |sinπρ|

(
∆∆1 +∆1 |cosπρ|+ |sinπρ|√

1 + ∆2
1

+ (∆+ 1) |sinπρ|

)
, ÿêùî 1 < ρ ≤

≤ 3/2;

â) T (r, f) ∼ 2rρ

ρ |sinπρ|

(
∆∆1 −∆1 |cosπρ|+ |sinπρ|√

1 + ∆2
1

+
∆

2
|sinπρ|

)
, ÿêùî 3/2 < ρ < 2,

0 < ∆ < cosπρ;

ã) T (r, f) ∼ rρ

ρ |sinπρ|
(|sinπρ| (2 + cosπρ)), ÿêùî 3/2 < ρ < 2, ∆ = cosπρ.

Òåîðåìà 2. Äëÿ äîâiëüíîãî ρ ∈
(
2− 1

π
arctg 2; 2

)
iñíóþòü ôóíêöi¨ f1, f2 êëàñó

M(+,−) ïîðÿäêó ρ, ÿêi çàäîâîëüíÿþòü ñïiââiäíîøåííÿ (1) i (2).

Ðîçãëÿíåìî äâà ðiâíÿííÿ

sin
β

2
− sinβ = 1 (3)
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i

− sinβ (2 + cosβ) = 1. (4)

Ëåãêî áà÷èòè (äèâ. ëåìó 3), ùî íà ïðîìiæêó

(
3π

2
; 2π

)
êîæíå ç öèõ ðiâíÿíü ìà¹

îäèí êîðiíü, ÿêèé ïîçíà÷èìî β0.

Òåîðåìà 3. Äëÿ äîâiëüíîãî ρ ∈
(
β0

π
; 2

)
iñíóþòü ôóíêöi¨ f1, f2 êëàñó M(+,−)

ïîðÿäêó ρ, ÿêi çàäîâîëüíÿþòü ñïiââiäíîøåííÿ (1) i (2).

Çàóâàæåííÿ 1. Íåâàæêî ïîêàçàòè, ùî
β0

π
≈ 1, 7753, ÿêùî β0 � êîðiíü ðiâíÿííÿ (3);

β0

π
≈ 1, 7291, ÿêùî β0 � êîðiíü ðiâíÿííÿ (4); 2− 1

π
arctg 2 ≈ 1, 6476.

3. Äîïîìiæíi òâåðäæåííÿ òà äîâåäåííÿ ðåçóëüòàòiâ. Äëÿ äîâåäåííÿ òåî-
ðåì 1-3 áóäåìî âèêîðèñòîâóâàòè ëåìè.

Ëåìà 1 ([1], ñ. 59-60). Íåõàé E � äåÿêà âèìiðíà ïiäìíîæèíà âiäðiçêó [0; 2π], Φ(φ)
� iíòåãðîâíà íåâiä'¹ìíà ôóíêöiÿ íà E, f � ìåðîìîðôíà ôóíêöiÿ, T (r, f) = O(rρ(r)),
r → ∞ i äëÿ äîâiëüíîãî δ > 0 iñíó¹ òàêà ìíîæèíà Eδ ⊂ E, mesEδ = δ, ùî

ln+
∣∣f(reiφ)∣∣ = Φ(φ)rρ(r) + o(rρ(r)), r → ∞,

ðiâíîìiðíî ñòîñîâíî φ ïðè φ ∈ E\Eδ. Òîäi∫
E

ln+
∣∣f(reiφ)∣∣dφ = (1 + o(1))rρ(r)

∫
E

Φ(φ)dφ, r → ∞.

Ëåìà 2. Íåõàé 1 < ρ < 2, x ≥ 0, y = y(x) =
cosπρ− x

sinπρ
,

g1(x) = g1(x; ρ) =
xy − y cosπρ+ |sinπρ|√

1 + y2
+ (1 + x) |sinπρ| ,

g2(x) = g2(x; ρ) =
xy − y cosπρ+ |sinπρ|√

1 + y2
+

x

2
|sinπρ| .

Òîäi:
à)

(∀ ρ ∈ (1; 3/2]) (∀ x > 0) : g1(x) > g1(0) = 1− sinπρ; (5)

á) (
∀ ρ ∈

(
2− 1

π
arctg 2; 2

))
(∃ δ > 0) (∀ x ∈ (0; δ)) : g2(x) < g2(0) = 1. (6)

Äîâåäåííÿ. Îñêiëüêè y (0) = ctgπρ,
1√

1 + y2(0)
= |sinπρ|, òî

g1(0) = −ctgπρ cosπρ |sinπρ|+ sin2 πρ+ |sinπρ| = 1− sinπρ,

g2(0) = −ctgπρ cosπρ |sinπρ|+ sin2 πρ = 1.
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Âðàõîâóþ÷è, ùî y′ = − 1

sinπρ
=

1

|sinπρ|
, îòðèìà¹ìî

g′1(x) =
y3 |sinπρ| − cosπρ+ x

(1 + y2)
3/2 |sinπρ|

+ |sinπρ| ,

g′2(x) =
y3 |sinπρ| − cosπρ+ x

(1 + y2)
3/2 |sinπρ|

+
1

2
|sinπρ| .

Äëÿ ρ ∈
(
1; 3

2

]
âèêîíó¹òüñÿ cosπρ ≤ 0, y =

cosπρ− x

sinπρ
≥ 0, à îòæå, g′1(x) > 0 äëÿ

x > 0 i ìè îòðèìó¹ìî (5), ùî äîâîäèòü òâåðäæåííÿ à ëåìè 2.
Îñêiëüêè g′2(0) = ctg3πρ

∣∣sin3 πρ∣∣− cosπρ sin2 πρ+ 1
2 |sinπρ| = − cosπρ− 1

2 sinπρ,

òî äëÿ ρ ∈
(
2− 1

π
arctg 2; 2

)
îäåðæèìî g′2(0) < 0. Îòæå, äëÿ äîñòàòíüî ìàëèõ çíà-

÷åíü x âèêîíó¹òüñÿ (6), ùî äîâîäèòü òâåðäæåííÿ á ëåìè 2. �

Ëåìà 3. Ðiâíÿííÿ (3) òà (4) ìàþòü ¹äèíèé ðîçâ'ÿçîê β0 íà ïðîìiæêó

(
3π

2
; 2π

)
i

âèêîíóþòüñÿ òâåðäæåííÿ:
à) ∀ β ∈ (β0; 2π) : 1 + sinβ > sin β

2 ;
á) ∀ β ∈ (β0; 2π) : 2 > − sinβ (2 + cosβ).

Äîâåäåííÿ. Ôóíêöiÿ φ1(β) = 1 + sinβ çðîñòà¹ íà

(
3π

2
; 2π

)
âiä 0 äî 1, à ôóíêöiÿ

φ2(β) = sin
β

2
ñïàäà¹ íà

(
3π

2
; 2π

)
âiä 1 äî 0. Îòîæ, iñíó¹ ¹äèíà òî÷êà β0 ∈

(
3π

2
; 2π

)
,

â ÿêié φ1(β0) = φ2(β0) i äëÿ β ∈ (β0; 2π) âèêîíó¹òüñÿ 1 + sinβ > sin
β

2
.

Ïðèéìåìî φ(β) = 2 + sinβ(2 + cosβ). Îñêiëüêè φ′(β) = 2 cos2 β + cosβ − 1, òî

ðîçâ'ÿçêîì ðiâíÿííÿ φ′(β) = 0 íà ïðîìiæêó

(
3π

2
; 2π

)
¹ òî÷êà β1 òàêà, ùî cosβ1 =

=

√
3− 1

2
. Îòæå, ôóíêöiÿ φ ñïàäà¹ íà ïðîìiæêó

(
3π

2
;β1

)
i çðîñòà¹ íà (β1; 2π). Àëå

φ

(
3π

2

)
= 0, φ(2π) = 2, òîìó iñíó¹ ¹äèíà òî÷êà β0 ∈ (β1; 2π) òàêà, ùî φ(β0) = 0.

Îòîæ, íà ïðîìiæêó (β0; 2π) âèêîíó¹òüñÿ φ(β) > 0, òîáòî 2 > − sinβ(2 + cosβ). �

Äîâåäåííÿ òåîðåìè 1. Íåõàé f = f1/f2 ∈ M(+,−), n(r, 0, f1) ∼ rρ, n(r, 0, f2) ∼ ∆rρ,
r → ∞. Òîäi äëÿ äîâiëüíîãî δ > 0 ïðè r → ∞ ðiâíîìiðíî ñòîñîâíî φ âèêîíó¹òüñÿ
(äèâ., íàïðèêëàä, [1, ñ.94])

ln
∣∣f1(reiφ)∣∣ = (1 + o(1))

π cos ρ(φ− π)

sinπρ
rρ, δ ≤ φ ≤ 2π − δ;

ln
∣∣f2(reiφ)∣∣ =


(1 + o(1))

π∆cos ρφ

sinπρ
rρ, 0 ≤ φ ≤ π − δ,

(1 + o(1))
π cos ρ(φ− 2π)

sinπρ
rρ, π + δ ≤ φ ≤ 2π.
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Âèêîðèñòîâóþ÷è ôîðìóëó (4.8) ç [1, c.28] òà ëåìó 1, îòðèìó¹ìî (r → ∞)

T (r, f) =
1

2π

2π∫
0

max{ln
∣∣f1(reiφ)∣∣ , ln ∣∣f2(reiφ)∣∣}dφ =

=
(1 + o(1))rρ

2 |sinπρ|


π∫

0

max{− cos ρ(φ− π),−∆cos ρφ}dφ +

+

2π∫
π

max{− cos ρ(φ− π),−∆cos ρ(φ− 2π)}dφ

 =
(1 + o(1))rρ

2 |sinπρ|
(I1 + I2). (7)

Ðîçâ'ÿæåìî ðiâíÿííÿ
cos ρ(φ− π) = ∆cos ρφ. (8)

Îäåðæàëè cos ρφ(cosπρ−∆)+sin ρφ sinπρ = 0. Çâiäñè tg ρφ=
∆− cosπρ

sinπρ
=−∆1,

φ =
1

ρ
arctg (−∆1) +

πk

ρ
, k ∈ Z. (9)

à) Ó âèïàäêó ∆ = 1 ìà¹ìî ∆1 =
cosπρ− 1

sinπρ
= −tgπρ

2 > 0 i ç (9) îòðèìó¹ìî íà âiäðiçêó

[0;π] îäèí ðîçâ'ÿçîê ðiâíÿííÿ (8), à ñàìå, φ = φ1 =
π

2
. Òîìó

I1 = −
π/2∫
0

cos ρ(φ− π)dφ−
π∫

π/2

cos ρφdφ =
2

ρ

(
sin

πρ

2
− sinπρ

)
. (10)

Àíàëîãi÷íî îòðèìó¹ìî, ùî ðîçâ'ÿçêè ðiâíÿííÿ

cos ρ(φ− π) = ∆cos ρ(φ− 2π) (11)

íàáóëè âèãëÿäó

φ = 2π +
1

ρ
arctg(∆1) +

πk

ρ
, k ∈ Z. (12)

Íà âiäðiçêó [π; 2π] ¹ îäèí ðîçâ'ÿçîê φ = φ2 =
3π

2
ðiâíÿííÿ (11). Äàëi

I2 = −
3π/2∫
π

cos ρ(φ− 2π)dφ−
2π∫

3π/2

cos ρ(φ− π)dφ =

= −
π/2∫
0

cos ρ(φ− π)dφ−
π∫

π/2

cos ρφdφ = I1,

òîìó ç (7) çàâäÿêè (10) îäåðæó¹ìî

T (r, f) =
(2 + o(1))rρ

ρ |sinπρ|
(sin

πρ

2
− sinπρ), r → ∞,

ùî äîâîäèòü òâåðäæåííÿ à òåîðåìè 1.
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á) Ó âèïàäêó ρ ∈ (1; 3/2] ìà¹ìî ∆1 > 0 i ç (9) çíîâó îòðèìó¹ìî íà âiäðiçêó [0;π] îäèí

ðîçâ'ÿçîê ðiâíÿííÿ (8), à ñàìå, φ = φ1 =
1

ρ
(π − arctg∆1). Òîäi

I1 =
1

ρ
(− sin ρ(φ1 − π)− sinπρ−∆sinπρ+∆sin ρφ1) . (13)

Îñêiëüêè

sin ρφ1 = sin(π − arctg(∆1)) = sin(arctg(∆1)) =
∆1√
1 + ∆2

1

,

sin ρ(φ1 − π) = sin ρφ1 cosπρ− cos ρφ1 sinπρ =
∆1√
1 + ∆2

1

cosπρ+
1√

1 + ∆2
1

sinπρ,

òî ç (13) îòðèìó¹ìî

I1 =
1

ρ

(
−∆1 cosπρ+ sinπρ√

1 + ∆2
1

− sinπρ−∆sinπρ+
∆∆1√
1 + ∆2

1

)
=

=
1

ρ

(
∆∆1 +∆1 |cosπρ|+ |sinπρ|√

1 + ∆2
1

+ (∆+ 1) |sinπρ|

)
, (14)

áî cosπρ ≤ 0, sinπρ < 0 äëÿ ρ ∈ (1; 3/2].
ßê i ó âèïàäêó à, íåâàæêî ïîêàçàòè, ùî ðiâíÿííÿ (11) ìà¹ îäèí ðîçâ'ÿçîê

φ = φ2 = 2π − π

ρ
+

1

ρ
arctg∆1 íà âiäðiçêó [π, 2π], à òàêîæ, ùî I2 = I1. Òîìó ç

(7) i (14) ìè âiäðàçó îäåðæó¹ìî òâåðäæåííÿ á òåîðåìè 1.
â) Íåõàé òåïåð ρ ∈ (3/2; 2), à ∆ ∈ (0; cosπρ]. Òîäi ∆1 < 0 i ç (9) îòðèìó¹ìî, ùî
ðiâíÿííÿ (8) ìà¹ äâà ðîçâ'ÿçêè íà [0;π]

φ = φ1 =
1

ρ
arctg(−∆1), φ = φ2 =

π

ρ
+

1

ρ
arctg(−∆1).

Îòæå,

I1 = −

 φ1∫
0

∆cos ρφdφ+

φ2∫
φ1

cos ρ(φ− π)dφ+

π∫
φ2

∆cos ρφdφ

 =

= −1

ρ
(∆ sin ρφ1 + sin ρ(φ2 − π)− sin ρ(φ1 − π) + ∆ sinπρ−∆sin ρφ1) .

Îñêiëüêè

sin ρφ1 = sin(arctg(−∆1)) =
−∆1√
1 + ∆2

1

,

sin ρ(φ2 − π) = sin(arctg(−∆1) + π − πρ) = sinπρ
1√

1 + ∆2
1

+ cosπρ
∆1√
1 + ∆2

1

,

sin ρ(φ1 − π) = sin(arctg(−∆1)− πρ) = − cosπρ
∆1√
1 + ∆2

1

− sinπρ
1√

1 + ∆2
1

,

sin ρφ2 = sin(arctg(−∆1) + π) = − sin(arctg(−∆1)) =
∆1√
1 + ∆2

1

,
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òî îäåðæèìî

I1 = −1

ρ

(
−∆∆1√
1 + ∆2

1

+ sinπρ
1√

1 + ∆2
1

+ cosπρ
∆1√
1 + ∆2

1

+

+cosπρ
∆1√
1 + ∆2

1

+ sinπρ
1√

1 + ∆2
1

+∆sinπρ− ∆∆1√
1 + ∆2

1

)
=

=
2

ρ

(
∆∆1 −∆1 |cosπρ|+ |sinπρ|√

1 + ∆2
1

+
∆

2
|sinπρ|

)
, (15)

áî cosπρ > 0, sinπρ < 0. Àíàëîãi÷íî, ÿê âèùå, áà÷èìî, ùî ðiâíÿííÿ (11) ìà¹ äâà
ðîçâ'ÿçêè íà [π; 2π] (äèâ. (12))

φ = φ3 = 2π − π

ρ
+

1

ρ
arctg(−∆1), φ = φ4 = 2π +

1

ρ
arctg(−∆1).

Íåâàæêî ïîêàçàòè, ùî I2 = I1, i ç (7) òà (15) îòðèìó¹ìî òâåðäæåííÿ â òåîðåìè 1.
ã) ßêùî ρ ∈ (3/2; 2), ∆ = cosπρ, òî ∆1 = 0 i ìè áà÷èìî, ùî ðiâíÿííÿ (8) òà (11)

ìàþòü ïî îäíîìó ðîçâ'ÿçêó íà âiäðiçêàõ [0;π] òà [π; 2π], à ñàìå φ1 =
π

ρ
∈ [0;π] òà

φ2 = 2π − π

ρ
∈ [π; 2π]. Òîäi

I1 = I2 = −
π/ρ∫
0

cos ρ(φ− π)dφ−
π∫

π/ρ

cos ρφdφ =
1

ρ
(|sinπρ| (2 + cosπρ)) ,

i ìè âiäðàçó îòðèìó¹ìî òâåðäæåííÿ ã òåîðåìè 1. �

Çàóâàæåííÿ 2. Òâåðäæåííÿ ã òåîðåìè 1 ìîæíà òàêîæ îòðèìàòè ç òâåðäæåííÿ â,
ñïðÿìóâàâøè ∆ äî cosπρ çëiâà.

Äîâåäåííÿ òåîðåìè 2. Íåõàé f1 � öiëà ôóíêöiÿ ïîðÿäêó ρ ∈ (1; 2) ç äîäàòíèìè
íóëÿìè òàêèìè, ùî n(r, 0, f1) ∼ rρ, r → ∞. Òîäi ïðè r → ∞ (äèâ., íàïðèêëàä, [1,
c. 95])

T (r, f1) ∼


1− sinπρ

ρ |sinπρ|
rρ, ρ ∈ (1; 3/2] ;

2

ρ |sinπρ|
rρ, ρ ∈ (3/2; 2) .

(16)

Ïðèéìåìî f2 = f1/f3, äå f3 � öiëà ôóíêöiÿ ç âiä'¹ìíèìè íóëÿìè, n(r, 0, f3) ∼ ∆rρ,
r → ∞, 0 < ∆ < cosπρ, 3/2 < ρ < 2. Çàâäÿêè òâåðäæåííþ â òåîðåìè 1

T (r, f2) ∼
2rρ

ρ |sinπρ|

(
∆∆1 −∆1 |cosπρ|+ |sinπρ|√

1 + ∆2
1

+
∆

2
|sinπρ|

)
, r → ∞,

äå ∆1 =
cosπρ−∆

sinπρ
. Òîäi ç òâåðäæåííÿ á ëåìè 2 îòðèìó¹ìî, ùî äëÿ äîâiëüíîãî

ρ ∈
(
2− 1

π
arctg 2; 2

)
iñíó¹ ∆ ∈ (0; cosπρ) òàêå, ùî T (r, f2) <

2rρ

ρ |sinπρ|
, r ≥ r0.

Çâiäñè i ç (16) îòðèìó¹ìî T (r, f1) > T (r, f2), r ≥ r0, ùî äîâîäèòü òåîðåìó 2. �
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Çàóâàæåííÿ 3. Íàø ìåòîä ïîáóäîâè ôóíêöié f1 òà f2 íå äà¹ çìîãè îòðèìàòè àíàëîã
òåîðåìè 2 ó âèïàäêó 1 < ρ ≤ 3/2. Ñïðàâäi, çàâäÿêè òâåðäæåííþ á òåîðåìè 1 i
ôîðìóëi (16)

T (r, f2) = (1 + o(1))
rρ

ρ |sinπρ|
g1(∆), T (r, f1) = (1 + o(1))

rρ

ρ |sinπρ|
g1(0), r → ∞.

Çâiäñè, âðàõîâóþ÷è òâåðäæåííÿ à ëåìè 2, îòðèìó¹ìî, ùî T (r, f2) > T (r, f1),
r ≥ r0, äå r0 > 0 - äåÿêå ôiêñîâàíå ÷èñëî.

Äîâåäåííÿ òåîðåìè 3. Íåõàé ôóíêöi¨ f1, f2 òàêi, ÿê ïðè äîâåäåííi òåîðåìè 2. Ó
âèïàäêó ∆ = 1, òîáòî f3(z) = f1(−z), çà òâåðäæåííÿì à òåîðåìè 1 îäåðæèìî

T (r, f2) ∼
2rρ

ρ |sinπρ|

(
sin

πρ

2
− sinπρ

)
, r → ∞.

Âðàõîâóþ÷è (16) òà òâåðäæåííÿ à ëåìè 3 äëÿ ρ ∈
(
β0

π
; 2

)
, îòðèìó¹ìî, ùî T (r, f1) >

> T (r, f2) äëÿ âñiõ äîñòàòíüî âåëèêèõ r.
Ó âèïàäêó ∆ = cosπρ çàâäÿêè òâåðäæåííþ ã òåîðåìè 1

T (r, f2) ∼
rρ

ρ |sinπρ|
(|sinπρ| (2 + cosπρ)) , r → ∞.

Òîìó çàâäÿêè (16) i òâåðäæåííþ á ëåìè 3 äëÿ ρ ∈
(
β0

π
; 2

)
îòðèìó¹ìî, ùî T (r, f1) >

> T (r, f2) ïðè r ≥ r0. Òåîðåìà 3 äîâåäåíà. �
4. Âèñíîâîê. Ïîêàçàíî, ùî äëÿ ôóíêöié f1, f2 êëàñó M(+,−) äîâiëüíîãî ïî-

ðÿäêó ρ ∈
(
2− 1

π
arctg 2; 2

)
íå çáåðiãà¹òüñÿ âëàñòèâiñòü ìîíîòîííîñòi ñòîñîâíî íóëiâ

i ïîëþñiâ ¨õíiõ íåâàíëiííîâèõ õàðàêòåðèñòèê. ßêùî ïîðÿäîê ρ òàêèõ ôóíêöié çàäî-

âîëüíÿ¹ óìîâó 1 ≤ ρ ≤ 2− 1

π
arctg 2, òî ÷è çáåðiãà¹òüñÿ öÿ âëàñòèâiñòü ç'ÿñóâàòè íå

âäàëîñü.
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PROPERTY OF MONOTONICITY WITH RESPECT TO ZEROS
AND POLES OF NEVANLINNA CHARACTERISTIC

OF MEROMORPHIC FUNCTIONS

Mykola ZABOLOTSKYY, Ihor DEYNEKA

Ivan Franko National University of L'viv,

Universytetska Str., 1, L'viv, 79000

e-mail: ihordeyneka@gmail.com

Meromorphic in C functions f1, f2 with positive zeros and negative poles
of an arbitrary order ρ ∈ (2− arctg 2 /π; 2) were built, for which integrated
counting functions and Nevanlinna characteristics satisfy the conditions
N (r, 0, f1) ≤ N (r, 0, f2), N (r,∞, f1) ≤ N (r,∞, f2) for r ≥ 0 and T (r, f1) >
> T (r, f2) for all su�ciently large r. The method of construction does not
allow to get the answer regarding the existence of such functions with order of
growth ρ ∈ [1; 2− arctg 2 /π].

Key words: meromorphic function, order of function, type of function,
Nevanlinna characteristic.

ÑÂÎÉÑÒÂÎ ÌÎÍÎÒÎÍÍÎÑÒÈ ÎÒÍÎÑÈÒÅËÜÍÎ ÍÓËÅÉ
È ÏÎËÞÑÎÂ ÍÅÂÀÍËÈÍÍÎÂÛÕ ÕÀÐÀÊÒÅÐÈÑÒÈÊ

ÌÅÐÎÌÎÐÔÍÛÕ ÔÓÍÊÖÈÉ

Íèêîëàé ÇÀÁÎËÎÖÊÈÉ, Èãîðü ÄÅÉÍÅÊÀ

Ëüâîâñêèé íàöèîíàëüíûé óíèâåðñèòåò èìåíè Èâàíà Ôðàíêî,

óë. Óíèâåðñèòåòñêàÿ, 1, Ëüâîâ, 79000

e-mail: ihordeyneka@gmail.com

Ïîñòðîåíî ìåðîìîðôíûå â C ôóíêöèè f1, f2 ïðîèçâîëüíîãî ïîðÿäêà
ρ ∈ (2− arctg 2 /π; 2) ñ ïîëîæèòåëüíûìè íóëÿìè è îòðèöàòåëüíûìè ïîëþ-
ñàìè, óñðåäíåííûå ñ÷èòàþùèå ôóíêöèè è íåâàíëèííîâûå õàðàêòåðèñòèêè
êîòîðûõ óäîâëåòâîðÿþò óñëîâèÿ N (r, 0, f1) ≤ N (r, 0, f2), N (r,∞, f1) ≤
≤ N (r,∞, f2) äëÿ r ≥ 0 è T (r, f1) > T (r, f2) äëÿ âñåõ äîñòàòî÷íî áîëüøèõ
r. Ìåòîä ïîñòðîåíèÿ íå ïîçâîëÿåò ïîëó÷èòü îòâåò î ñóùåñòâîâàíèè òàêèõ
ôóíêöèé ïîðÿäêà âîçðîñòàíèÿ ρ ∈ [1; 2− arctg 2 /π].

Êëþ÷åâûå ñëîâà: ìåðîìîðôíàÿ ôóíêöèÿ, ïîðÿäîê ôóíêöèè, òèï ôóíê-
öèè, íåâàíëèííîâàÿ õàðàêòåðèñòèêà.


