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Äîñëiäæåíî âëàñòèâîñòi öiëèõ ðîçâ'ÿçêiâ äèôåðåíöiàëüíèõ ðiâíÿíü âè-
ãëÿäó

znw(n) +

n−1∑
j=n−m+1

a
(j)
n−j+1z

jw(j) +

n−m∑
j=0

(a
(j)
n−j−m+1z

m + a
(j)
n−j+1)z

jw(j) = 0,

äå n > 3, 2 6 m 6 n i a(j)
k � êîìïëåêñíi ÷èñëà.

Çàçíà÷åíî óìîâè íà ïàðàìåòðè a
(j)
k , çà ÿêèõ iñíó¹ öiëèé ðîçâ'ÿçîê f öüî-

ãî ðiâíÿííÿ òàêèé, ùî âñi ïîõiäíi f (lm−1), (l ∈ N) ¹ îïóêëèìè àáî áëèçü-
êèìè äî îïóêëèõ ôóíêöiÿìè â D = {z : |z| < 1}. Âèâ÷åíî çðîñòàííÿ òàêî¨
ôóíêöi¨ f .

Êëþ÷îâi ñëîâà: öiëà ôóíêöiÿ, îïóêëiñòü, áëèçüêiñòü äî îïóêëîñòi, ðå-
ãóëÿðíå çðîñòàííÿ.

1. Âñòóï. Îäíîëèñòà àíàëiòè÷íà â D = {z : |z| < 1} ôóíêöiÿ

f(z) =
∞∑
j=0

fjz
j (1)

íàçèâà¹òüñÿ îïóêëîþ, ÿêùî f(D) � îïóêëà îáëàñòü. Äîáðå âiäîìî [1, ñ. 203], ùî óìîâà
Re{1 + zf ′′(z)/f ′(z)} > 0(z ∈ D) ¹ íåîáõiäíîþ i äîñòàòíüîþ äëÿ îïóêëîñòi ôóíêöi¨
f â D. Ôóíêöiÿ f íàçèâà¹òüñÿ [1, ñ. 583] áëèçüêîþ äî îïóêëî¨ â D, ÿêùî iñíó¹ òàêà
îïóêëà â D ôóíêöiÿ Φ, ùî Re{f ′(z)/Φ′(z)} > 0(z ∈ D). Êîæíà áëèçüêà äî îïóêëî¨
â D ôóíêöiÿ ¹ îäíîëèñòîþ â D i f1 ̸= 0 [1, ñ. 583]. Áëèçüêà äî îïóêëî¨ â D ôóíêöiÿ
f õàðàêòåðèçó¹òüñÿ òèì, ùî f(D) � ëiíiéíî äîñÿæíà çîâíi îáëàñòü [1, ñ. 584], òîáòî
C\f(D) ìîæíà çàïîâíèòè ïðîâåäåíèìè ç ∂f(D) ïðîìåíÿìè, ÿêi íàëåæàòü äî C\f(D).
Îñêiëüêè f1 ̸= 0, òî çâiäñè âèïëèâà¹, ùî ôóíêöiÿ (1) áëèçüêà äî îïóêëî¨ â D òîäi i
ëèøå òîäi, êîëè áëèçüêîþ äî îïóêëî¨ â D ¹ ôóíêöiÿ F (z) = z +

∑∞
j=2 (fj/f1)z

j .

c⃝ Ìàãîëà ß., 2011
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Ñ. Øàõ [2], âèâ÷àþ÷è âëàñòèâîñòi öiëèõ ðîçâ'ÿçêiâ äèôåðåíöiàëüíîãî ðiâíÿííÿ

z2w′′ + (a
(1)
1 z2 + a

(1)
2 z)w′ + (a

(0)
1 z2 + a

(0)
2 z + a

(0)
3 )w = 0, (2)

äîâiâ òàêó òåîðåìó.

Òåîðåìà 1. ßêùî

a
(0)
1 ̸= 0, a

(1)
1 = a

(0)
2 = a

(0)
3 = 0, a

(1)
2 > 1, |a(0)1 |1/2 6 log (2 +

√
3) = 1.31...,

òî iñíó¹ öiëèé ðîçâ'ÿçîê (1) ðiâíÿííÿ (2) ç f0 = 1, f2j+1 = 0(j > 0) òàêèé, ùî âñi

íåïàðíi ïîõiäíi f ′, f ′′′, ... îäíîëèñòi â D i lnMf (r) = (1 + o(1))

√
|a(0)1 |r, ïðè r → ∞,

äå Mf (r) = max {|f(z)| : |z| = r}.

Áåçïîñåðåäíiì óçàãàëüíåííÿì ðiâíÿííÿ Ñ. Øàõà ¹ äèôåðåíöiàëüíå ðiâíÿííÿ

znw(n) +
n∑

j=1

(
j+1∑
k=1

a
(n−j)
k zn−k+1

)
w(n−j) = 0. (3)

Â [3] äîâåäåíî òåîðåìó.

Òåîðåìà 2. Àíàëiòè÷íà â îêîëi ïî÷àòêó êîîðäèíàò ôóíêöiÿ (1) ¹ ðîçâ'ÿçêîì äè-

ôåðåíöiàëüíîãî ðiâíÿííÿ (3) òîäi i ëèøå òîäi, êîëè äëÿ êîæíîãî s ∈ Z+

min{s,n}∑
p=0

min{s,n}−p∑
k=0

a
(k)
n+1−k−p

(s− p)!

(s− k − p)!
fs−p = 0, (4)

äå a
(n)
1 = 1.

Ââàæàòèìåìî, ùî n > 3, 2 6 m 6 n:

1) a
(j)
k = 0 äëÿ k = 1, 2, ..., n− j−m,n− j−m+2, ..., n− j òà j = 0, n−m− 1;

2) a
(n−m)
k = 0 äëÿ k = 2,m;

3) a
(n−j)
k = 0 äëÿ k = 1, j òà j = 1,m− 1.
Òîäi ðiâíÿííÿ (3) ó öüîìó âèïàäêó ìîæíà çàïèñàòè ó âèãëÿäi

znw(n) +
n−1∑

j=n−m+1

a
(j)
n−j+1z

jw(j) +
n−m∑
j=0

(a
(j)
n−j−m+1z

m + a
(j)
n−j+1)z

jw(j) = 0, (5)

à ç òåîðåìè 2 íåâàæêî îòðèìàòè òàêèé íàñëiäîê.

Òâåðäæåííÿ 1. Íåõàé n > 3, 2 6 m 6 n. Àíàëiòè÷íà â îêîëi ïî÷àòêó êîîðäèíàò

ôóíêöiÿ (1) ¹ ðîçâ'ÿçêîì äèôåðåíöiàëüíîãî ðiâíÿííÿ (5) òîäi i ëèøå òîäi, êîëè
s∑

k=0

a
(k)
n+1−k

s!

(s− k)!
fs = 0, 0 6 s 6 m− 1, (6)

i äëÿ s > m

min{s,n}∑
k=0

a
(k)
n+1−k

s!

(s− k)!
fs +

min{s,n}−m∑
k=0

a
(k)
n+1−k−m

(s−m)!

(s− k −m)!
fs−m = 0, (7)

äå a
(n)
1 = 1.
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Ïðèïóñòèìî, ùî a
(0)
n+1 = 0. ßêùî âèáåðåìî f0 = 1, f1 = · · · = fm−1 = 0, òî óìîâà

(6) áóäå âèêîíóâàòèñü, i îòæå, ðîçâ'ÿçîê ðiâíÿííÿ (5) øóêàòèìåìî ó âèãëÿäi

f(z) = 1 +
∞∑
j=1

fmjz
mj = 1 + fmzm + f2mz2m + · · · . (8)

2. Îñíîâíà òåîðåìà. Ñïðàâäæó¹òüñÿ òàêå òâåðäæåííÿ.

Òåîðåìà 3. Íåõàé n > 3, 2 6 m 6 n i j0 = [n/m], à κm = max{κ1,m,κ2,m}, äå

κ1,m = max


∣∣∣∣∣
pm∑
k=m

a
(k−m)
n+1−k

(pm− k)!

∣∣∣∣∣
∣∣∣∣∣
pm∑
k=0

a
(k)
n+1−k

(pm− k)!

∣∣∣∣∣
−1

, p = 1, j0

 (9)

i

κ2,m = max


∣∣∣∣∣

n∑
k=m

a
(k−m)
n+1−k

(pm− k)!

∣∣∣∣∣
∣∣∣∣∣

n∑
k=0

a
(k)
n+1−k

(pm− k)!

∣∣∣∣∣
−1

, p > j0 + 1

 . (10)

Ïðèïóñòèìî, ùî a
(0)
n+1 = 0. Òîäi iñíó¹ öiëèé ðîçâ'ÿçîê (8) äèôåðåíöiàëüíîãî ðiâíÿííÿ

(5) ç òàêèìè âëàñòèâîñòÿìè:

à) ÿêùî
∑∞

j=1
κj

m

(jm)! 6 1, òî âñi ïîõiäíi f (lm−1)(l ∈ N) áëèçüêi äî îïóêëèõ â D;

á) ÿêùî
∑∞

j=1
(jm+1)κj

m

(jm)! 6 1, òî âñi ïîõiäíi f (lm−1)(l ∈ N) îïóêëi â D;
â) ôóíêöiÿ f ìà¹ ðåãóëÿðíå çðîñòàííÿ, òîáòî ïðè r → ∞

lnMf (r) =
m+ q − 1

m
(1 + o(1))

(
m

√
|a(n−m−q+1)

q |r
) m

m+q−1

, (11)

äå q = min
{
j ∈ {1, ..., n+ 1−m} : a

(n−m−j+1)
j ̸= 0

}
.

Äîâåäåííÿ. Ïî÷íåìî ç òâåðäæåííÿ à. Äëÿ ôóíêöi¨ (8) ôîðìóëà (7) íàáóëà âèãëÿäó

min{jm,n}∑
k=0

a
(k)
n+1−k

(jm)!

(jm− k)!
fjm+

+

min{jm,n}−m∑
k=0

a
(k)
n+1−k−m

((j − 1)m)!

((j − 1)m− k)!
f(j−1)m = 0, j > 1.

Çðîçóìiëî, ùî j0 = max{j : jm 6 n} > 1, à ç ôîðìóëè (7) äëÿ j 6 j0 îòðèìà¹ìî
min{jm, n} = jm, i îòæå,

fjm = − ((j − 1)m)!

(jm)!

(j−1)m∑
k=0

a
(k)
n+1−k−m

((j − 1)m− k)!

jm∑
k=0

a
(k)
n+1−k

(jm− k)!

f(j−1)m =
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= · · · = (−1)j

(jm)!

j∏
s=1

(j−s)m∑
k=0

a
(k)
n+1−k−m

((j − s)m− k)!

(j−s+1)m∑
k=0

a
(k)
n+1−k

(j − s+ 1)m− k)!

. (12)

Öÿ ôîðìóëà ïðàâèëüíà i äëÿ j0, òîáòî

fj0m =
(−1)j0

(j0m)!

j0∏
s=1

(j0−s)m∑
k=0

a
(k)
n+1−k−m

((j0 − s)m− k)!

(j0−s+1)m∑
k=0

a
(k)
n+1−k

((j0 − s+ 1)m− k)!

. (13)

ßêùî j > j0, òî min{jm, n} = n i ç (7) îäåðæó¹ìî

fjm = − ((j − 1)m)!

(jm)!

n−m∑
k=0

a
(k)
n+1−k−m

((j − 1)m− k)!

n∑
k=0

a
(k)
n+1−k

(jm− k)!

f(j−1)m =

= (−1)j−j0
(j0m)!

(jm)!

j−j0∏
s=1

n−m∑
k=0

a
(k)
n+1−k−m

((j − s)m− k)!

n∑
k=0

a
(k)
n+1−k

((j − s+ 1)m− k)!

fj0m =

= (−1)j−j0
(j0m)!

(jm)!
(−1)j0

1

(j0m)!

j−j0∏
s=1

n−m∑
k=0

a
(k)
n+1−k−m

((j − s)m− k)!

n∑
k=0

a
(k)
n+1−k

((j − s+ 1)m− k)!

×

×
j0∏
s=1

(j0−s)m∑
k=0

a
(k)
n+1−k−m

((j0 − s)m− k)!

(j0−s+1)m∑
k=0

a
(k)
n+1−k

((j0 − s+ 1)m− k)!

.

Îòæå, äëÿ j > j0

fjm =
(−1)j

(jm)!

j−j0∏
s=1

n−m∑
k=0

a
(k)
n+1−k−m

((j − s)m− k)!

n∑
k=0

a
(k)
n+1−k

((j − s+ 1)m− k)!

j0∏
s=1

(j0−s)m∑
k=0

a
(k)
n+1−k−m

((j0 − s)m− k)!

(j0−s+1)m∑
k=0

a
(k)
n+1−k

((j0 − s+ 1)m− k)!

. (14)
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Ëåãêî ïåðåâiðèòè, ùî äëÿ (lm− 1)-¨ ïîõiäíî¨ ôóíêöi¨ (8) ïðàâèëüíà ðiâíiñòü

f (lm−1)(z) =
∞∑
j=0

((j + l)m)!

(jm+ 1)!
fjm+lmzjm+1 =

(lm)!

1!
flmz +

∞∑
j=1

((j + l)m)!

(jm+ 1)!
f(j+l)mzjm+1.

Ôóíêöiÿ f (lm−1) ¹ îïóêëîþ ÷è áëèçüêîþ äî îïóêëî¨ òîäi i ëèøå òîäi, êîëè òàêîþ
¹ ôóíêöiÿ

Fl(z) = z +

∞∑
j=1

((j + l)m)!

(jm+ 1)!(lm)!

f(j+l)m

flm
zjm+1 = z +

∞∑
j=1

F
(l)
jm+1z

jm+1. (15)

ßêùî j + l 6 j0, òî ç îãëÿäó íà (12)

F
(l)
jm+1 =

(−1)j

(jm+ 1)!

j∏
s=1

(j+l−s)m∑
k=0

a
(k)
n+1−k−m

((j + l − s)m− k)!

(j+l−s+1)m∑
k=0

a
(k)
n+1−k

((j + l − s+ 1)m− k)!

. (16)

ßêùî j + l > j0 i l 6 j0, òî ç îãëÿäó íà (12) i (14)

F
(l)
jm+1 =

(−1)j

(jm+ 1)!

j−(j0−l)∏
s=1

n−m∑
k=0

a
(k)
n+1−k−m

((j + l − s)m− k)!

n∑
k=0

a
(k)
n+1−k

((j + l − s+ 1)m− k)!

×

×
j0∏

s=1+l

(j0+l−s)m∑
k=0

a
(k)
n+1−k−m

((j0 + l − s)m− k)!

(j0+l−s+1)m∑
k=0

a
(k)
n+1−k

((j0 + l − s+ 1)m− k)!

. (17)

Íàðåøòi, ÿêùî l > j0, òî ç îãëÿäó íà (14)

F
(l)
jm+1 =

(−1)j

(jm+ 1)!

j∏
s=1

n−m∑
k=0

a
(k)
n+1−k−m

((j + l − s)m− k)!

n∑
k=0

a
(k)
n+1−k

((j + l − s+ 1)m− k)!

. (18)

Îöiíèìî |Fjm+1|. Äëÿ j + l 6 j0 ç ôîðìóëè (16) îòðèìà¹ìî

|F (l)
jm+1| =

1

(jm+ 1)!

j∏
s=1

∣∣∣∣∣∣∣∣∣∣∣

(j+l−s+1)m∑
k=m

a
(k−m)
n+1−k

((j + l − s+ 1)m− k)!

(j+l−s+1)m∑
k=0

a
(k)
n+1−k

((j + l − s+ 1)m− k)!

∣∣∣∣∣∣∣∣∣∣∣
6
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6 1

(jm+ 1)!

j∏
s=1

max



∣∣∣∣∣∣∣∣∣∣∣

(j+l−s+1)m∑
k=m

a
(k−m)
n+1−k

((j + l − s+ 1)m− k)!

(j+l−s+1)m∑
k=0

a
(k)
n+1−k

((j + l − s+ 1)m− k)!

∣∣∣∣∣∣∣∣∣∣∣
: j + l 6 j0, 1 6 s 6 j


.

Ëåãêî ïîáà÷èòè òàêå: ÿêùî j + l 6 j0 i 1 6 s 6 j, òî j + l − s + 1 6 j0. Òîìó ç
ïîïåðåäíüî¨ íåðiâíîñòi îòðèìó¹ìî

|F (l)
jm+1| 6

1

(jm+ 1)!

j∏
s=1

κ1,m =
κj
1,m

(jm+ 1)!
. (19)

ßêùî æ l > j0, òî ç (18) îäåðæó¹ìî

|F (l)
jm+1| =

1

(jm+ 1)!

j∏
s=1

∣∣∣∣∣∣∣∣∣∣∣

n−m∑
k=0

a
(k)
n+1−k−m

((j + l − s)m− k)!

n∑
k=0

a
(k)
n+1−k

((j + l − s+ 1)m− k)!

∣∣∣∣∣∣∣∣∣∣∣
=

=
1

(jm+ 1)!

j∏
s=1

∣∣∣∣∣∣∣∣∣∣∣

n∑
k=m

a
(k−m)
n+1−k

((j + l − s+ 1)m− k)!

n∑
k=0

a
(k)
n+1−k

((j + l − s+ 1)m− k)!

∣∣∣∣∣∣∣∣∣∣∣
6

6 1

(jm+ 1)!

j∏
s=1

max



∣∣∣∣∣∣∣∣∣∣∣

n∑
k=m

a
(k−m)
n+1−k

((j + l − s+ 1)m− k)!

n∑
k=0

a
(k)
n+1−k

((j + l − s+ 1)m− k)!

∣∣∣∣∣∣∣∣∣∣∣
: l > j0, 1 6 s 6 j


.

ßêùî l > j0 i 1 6 s 6 j, òî j + l − s + 1 > j0 + 2 > j0 + 1. Òîìó ç îñòàííüî¨
íåðiâíîñòi îòðèìó¹ìî îöiíêó

|F (l)
jm+1| 6

1

(jm+ 1)!

j∏
s=1

κ2,m =
κj
2,m

(jm+ 1)!
. (20)

Íàðåøòi, ÿêùî j + l > j0 i l 6 j0, òî ç ôîðìóëè (17) îäåðæó¹ìî

|F (l)
jm+1| 6

κj0−l
1,m κj−(j0−l)

2,m

(jm+ 1)!
. (21)

Îòæå, ó âñiõ òðüîõ âèïàäêàõ ïðàâèëüíà íåðiâíiñòü

|F (l)
jm+1| 6

κj
m

(jm+ 1)!
. (22)

Òåïåð âèêîðèñòà¹ìî òàêó ëåìó [4, 5, 6].
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Ëåìà 1. ßêùî f(z) = z +
∞∑
s=2

fsz
s i

∞∑
s=2

s|fs| 6 1, òî f ¹ áëèçüêîþ äî îïóêëî¨ â D.

Çà öi¹þ ëåìîþ ôóíêöiÿ Fl(z) (à çâiäñè i f
(lm−1)(z)(l > 1)) ¹ áëèçüêîþ äî îïóêëî¨

â D, ÿêùî
∞∑
j=1

κj
m

(jm)!
6 1, òîáòî òâåðäæåííÿ à äîâåäåíî.

Äëÿ äîâåäåííÿ òâåðäæåííÿ á âèêîðèñòà¹ìî òàêó ëåìó [6].

Ëåìà 2. ßêùî f(z) = z +

∞∑
s=2

fsz
s i

∞∑
s=2

s2|fs| 6 1, òî f ¹ îïóêëîþ â D.

Çà öi¹þ ëåìîþ ç (22) îòðèìó¹ìî òâåðäæåííÿ á.
Íàðåøòi, äîâåäåìî òâåðäæåííÿ â. Äëÿ j > j0 ç (7) îòðèìó¹ìî

(jm)!

n∑
k=0

a
(k)
n+1−k

(jm− k)!
fjm = −((j − 1)m)!

n−m∑
k=0

a
(k)
n+1−k−m

((j − 1)m− k)!
f(j−1)m.

Îñêiëüêè a
(n)
1 = 1, òî

n∑
k=0

a
(k)
n+1−k

(jm− k)!
=

a
(n)
1

(jm− n)!
+

a
(n−1)
2

(jm+ 1− n)!
+ · · ·+

a
(0)
n+1

(jm)!
=

1 + o(1)

(jm− n)!
, j → ∞.

Ç iíøîãî áîêó, ÿêùî a
(n−m)
1 ̸= 0, òî

n−m∑
k=0

a
(k)
n+1−k−m

((j − 1)m− k)!
=

a
(n−m)
1

(jm− n)!
+

a
(n−m−1)
2

(jm+ 1− n)!
+

+ · · ·+
a
(0)
n+1−m

(jm−m)!
=

a
(n−m)
1

(jm− n)!
(1 + o(1)), j → ∞.

ßêùî æ a
(n−m)
1 = a

(n−m−1)
2 = · · · = a

(n−m−q+2)
q−1 = 0 i a

(n−m−q+1)
q ̸= 0, òî ïðè j → ∞

n−m∑
k=0

a
(k)
n+1−k−m

((j − 1)m− k)!
=

a
(n−m−q+1)
q

(jm− n+ q − 1)!
+ · · ·+

a
(0)
n+1−m

((j − 1)m)!
=

a
(n−m−q+1)
q (1 + o(1))

(jm+ q − n− 1)!
.

Òîìó

(jm)!

(jm− n)!
fjm = −(1 + o(1))((j − 1)m)!

a
(n−m−q+1)
q

(jm− n+ q − 1)!
f(j−1)m, j → ∞,

çâiäêè

fjm = − (1 + o(1))

(jm)m+q−1
a(n−m−q+1)
q f(j−1)m, j → ∞.

Îòæå, äëÿ êîæíîãî ε ∈ (0, 1) i âñiõ j > j0(ε)

(1− ε)

(jm)m+q−1
|a(n−m−q+1)

q ||f(j−1)m| 6 |fjm| 6 (1 + ε)

(jm)m+q−1
|a(n−m−q+1)

q ||f(j−1)m|.
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Òîìó äëÿ âñiõ j > 1

K1
((1− ε)|a(n−m−q+1)

q |)j
j∏

s=0

(sm)m+q−1

6 |fjm| 6 K2
((1 + ε)|a(n−m−q+1)

q |)j
j∏

s=0

(sm)m+q−1

,

òîáòî

K1

(
m

√
(1− ε)|a(n−m−q+1)

q |
)jm

j∏
s=0

(sm)m+q−1

6 |fjm| 6 K2

(
m

√
(1 + ε)|a(n−m−q+1)

q |
)jm

j∏
s=0

(sm)m+q−1

, (23)

äå K1,K2 � äîäàòíi ñòàëi.
Ðîçãëÿíåìî ôóíêöiþ

f∗(r) =
∞∑
j=0

rjm

j∏
s=0

(sm)p

, p = m+ q − 1 > 2. (24)

Íåõàé µf∗(r) � ìàêñèìàëüíèé ÷ëåí ðÿäó (24), à νf∗(r) � éîãî öåíòðàëüíèé iíäåêñ.

Îñêiëüêè rjm = (jm)
p/m ↑ ∞, j → ∞, òî νf∗(r) = jm ïðè r(j−1)m+1 6 r < rjm+1.

Çâiäñè âèïëèâà¹, ùî (νf∗(r)−m)
p/m 6 r 6 (νf∗(r))

p/m
, òîáòî νf∗(r) = (1+o(1))rm/p

ïðè r → ∞,

lnµf∗(r) = lnµf∗(r0) +

∫ r

r0

νf∗(t)

t
dt = (1 + o(1))

p

m
rm/p, r → ∞, (25)

à çà òåîðåìîþ Áîðåëÿ ïðî åêâiâàëåíòíiñòü ëîãàðèôìiâ ìàêñèìóìó ìîäóëÿ i ìàêñè-
ìàëüíîãî ÷ëåíà äëÿ öiëèõ ôóíêöié ñêií÷åííîãî ïîðÿäêó îäåðæó¹ìî

lnMf∗(r) = (1 + o(1))
p

m
rm/p, r → ∞.

Çàâäÿêè (23) i äîâiëüíîñòi ε > 0 îòðèìó¹ìî òâåðäæåííÿ â.
Òåîðåìó 3 ïîâíiñòþ äîâåäåíî. �

Çàóâàæåííÿ 1. Îñêiëüêè m > 2 i a
(0)
n+1 = 0, òî

n∑
k=0

a
(k)
n+1−k

(pm− k)!
=

a
(0)
n+1

(pm)!
+

n∑
k=1

a
(k)
n+1−k

(pm− k)!
=

m−1∑
k=1

a
(k)
n+1−k

(pm− k)!
+

n∑
k=m

a
(k)
n+1−k

(pm− k)!
, (26)

Áóäåìî ââàæàòè, ùî âñi a
(k)
n+1−k > 0(k = 1, n). Òîäi∣∣∣∣∣

n∑
k=0

a
(k)
n+1−k

(pm− k)!

∣∣∣∣∣ =
m−1∑
k=1

a
(k)
n+1−k

(pm− k)!
+

n∑
k=m

a
(k)
n+1−k

(pm− k)!
>

n∑
k=m

a
(k)
n+1−k

(pm− k)!
.

ßêùî iñíó¹ ÷èñëî ηm > 0 òàêå, ùî |a(k−m)
n+1−k| 6 ηma

(k)
n+1−k, òî ç (10) îòðèìà¹ìî îöiíêó

κ2,m 6 ηm. Ïîäiáíî ìîæíà ïîêàçàòè, ùî i κ1,m 6 ηm. Òîìó ç òåîðåìè 3 âèïëèâà¹
òàêå òâåðäæåííÿ.
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Òâåðäæåííÿ 2. Íåõàé n > 3, 2 6 m 6 n, a
(0)
n+1 = 0 i âñi a

(k)
n+1−k > 0 (k = 1, n). ßêùî

|a(k−m)
n+1−k| 6 ηma

(k)
n+1−k äëÿ âñiõ k > m, òî iñíó¹ öiëèé ðîçâ'ÿçîê (8) äèôåðåíöiàëüíîãî

ðiâíÿííÿ (5) ç âëàñòèâîñòÿìè à, á i â, çãàäàíèìè ó òåîðåìi 3, àëå ç çàìiíîþ κm

íà ηm.

Çàóâàæåííÿ 2. Ó âèïàäêó m = 2 óìîâà òâåðäæåííÿ à òåîðåìè 3
∞∑
j=1

κj
2

(2j)!
6 1

ðiâíîñèëüíà óìîâi ch
√κ2 6 2, òîáòî óìîâi κ2 6 ln2(2 +

√
3), à óìîâà òâåðäæåííÿ á)

∞∑
j=1

(2j + 1)κj
2

(2j)!
6 1 ðiâíîñèëüíà óìîâi ch

√κ2 +
√κ2 sh

√κ2 6 2 i âèêîíó¹òüñÿ, ÿêùî

κ2 < ln2 2.

3. Íàñëiäêè òà äîïîâíåííÿ äî òåîðåìè 3. Íåõàé ñïî÷àòêó m = n. Òîäi
äèôåðåíöiàëüíå ðiâíÿííÿ (5) íàáóäå òàêîãî âèãëÿäó:

znw(n) +
n−1∑
j=1

a
(j)
n−j+1z

jw(j) + (a
(0)
1 zn + a

(0)
n+1)zw = 0. (27)

Ç îãëÿäó íà òâåðäæåííÿ 1 çíîâó ïðèïóñòèìî, ùî a
(0)
n+1 = 0. Äëÿ òîãî, ùîá

âèêîíóâàëàñü óìîâà (6), âèáåðåìî f0 = 1, f1 = 0, f2 = · · · = fn−1 = 0, òîáòî ðîçâ'ÿçîê
ðiâíÿííÿ (27) áóäåìî øóêàòè â òàêîìó âèãëÿäi:

f(z) = 1 +
∞∑
j=1

fnjz
nj = 1 + fnz

n + f2nz
2n + · · · . (28)

Äîñëiäèìî îïóêëiñòü i áëèçüêiñòü äî îïóêëîñòi íåïàðíèõ ïîõiäíèõ öiëîãî
ðîçâ'ÿçêó (28) äèôåðåíöiàëüíîãî ðiâíÿííÿ (27). ßê i ïðè äîâåäåííi òåîðåìè 3, âè-
êîðèñòà¹ìî ëåìó 1 òà ëåìó 2. Îñêiëüêè òåïåð j0 = 1, òî, ÿê âèùå äëÿ êîåôiöi¹íòiâ
fjn, ëåãêî îäåðæó¹ìî òàêó ôîðìóëó:

fjn =
(−1)j

(jn+ 1)!

j∏
s=1

a
(0)
1

((j − s)n)!
n∑

k=0

a
(k)
n+1−k

((j − s+ 1)n− k)!

, j > 1. (29)

Äëÿ êîåôiöi¹íòiâ ôóíêöi¨ Fl ç (16) âèïëèâà¹ ôîðìóëà

F
(l)
jn+1 =

(−1)j

(jn+ 1)!

j∏
s=1

a
(0)
1

((j + l − s)n)!
n∑

k=0

a
(k)
n+1−k

((j + l − s+ 1)n− k)!

. (30)
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Ç (30) âèïëèâà¹, ùî

|F (l)
jn+1| 6

1

(jn+ 1)!

j∏
s=1

max



∣∣∣∣∣∣∣∣∣∣∣
a
(0)
1

((j + l − s)n)!
n∑

k=0

a
(k)
n+1−k

((j + l − s+ 1)n− k)!

∣∣∣∣∣∣∣∣∣∣∣
: l > 1, 1 6 s 6 j


.

ßêùî ïðèéìåìî

κn = max


∣∣∣∣∣ a

(0)
1

((p− 1)n)!

∣∣∣∣∣
∣∣∣∣∣

n∑
k=0

a
(k)
n+1−k

(pn− k)!

∣∣∣∣∣
−1

, p > 1

 , (31)

òî îòðèìà¹ìî òàêó îöiíêó:

|F (l)
jn+1| 6

κj
n

(jn+ 1)!
. (32)

Ç íàâåäåíèõ âèùå ìiðêóâàíü âèïëèâà¹ òàêèé íàñëiäîê.

Íàñëiäîê 1. Íåõàé n > 3, à κn âèçíà÷à¹òüñÿ ôîðìóëîþ (31). Ïðèïóñòèìî, ùî

a
(0)
n+1 = 0. Òîäi iñíó¹ öiëèé ðîçâ'ÿçîê (28) äèôåðåíöiàëüíîãî ðiâíÿííÿ (27) ç òàêèìè
âëàñòèâîñòÿìè:

à) ÿêùî
∞∑
j=1

κj
n

(jn)!
6 1, òî âñi ïîõiäíi f (ln−1)(l ∈ N) ¹ áëèçüêèìè äî îïóêëèõ â D;

á) ÿêùî
∞∑
j=1

(jn+ 1)κj
n

(jn)!
6 1, òî âñi ïîõiäíi f (ln−1)(l ∈ N) ¹ îïóêëèìè â D;

â) ôóíêöiÿ f ìà¹ ðåãóëÿðíå çðîñòàííÿ, òîáòî ïðè r → ∞

lnMf (r) = (1 + o(1))
n

√
|a(0)1 |r.

Çàóâàæåííÿ 3. Îñêiëüêè a
(n)
1 = 1, òî ç (26) çà óìîâè a

(0)
n+1 = 0 äëÿ m = n îòðèìó¹ìî

n∑
k=0

a
(k)
n+1−k

(pn− k)!
=

n−1∑
k=1

a
(k)
n+1−k

(pn− k)!
+

a
(n)
1

((p− 1)n)!
> 1

((p− 1)n)!
,

ÿêùî âñi a
(k)
n+1−k > 0(k = 1, n− 1). Òîìó κn 6 |a(0)1 | i ïðàâèëüíå òàêå òâåðäæåííÿ.

Òâåðäæåííÿ 3. Íåõàé n > 3, a
(0)
n+1 = 0 i a

(k)
n+1−k > 0(1 6 k 6 n−1). Òîäi iñíó¹ öiëèé

ðîçâ'ÿçîê (28) äèôåðåíöiàëüíîãî ðiâíÿííÿ (27) ç âëàñòèâîñòÿìè à, á i â, çãàäàíèìè

ó íàñëiäêó 1, ç çàìiíîþ κm íà |a(0)1 |.

Íåõàé òåïåð m = 2. Òîäi ðiâíÿííÿ (5) íàáóäå òàêîãî âèãëÿäó:

znw(n) + a
(n−1)
2 zn−1w(n−1) +

n−2∑
j=0

(a
(j)
n−j−1z

2 + a
(j)
n−j+1)z

jw(j) = 0. (33)

Ç îãëÿäó íà òâåðäæåííÿ 1 ïðèïóñòèìî, ùî a
(0)
n+1 = 0, i äëÿ òîãî, ùîá çàäîâîëü-

íèòè óìîâó (6), âèáåðåìî f0 = 1, f1 = 0.
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Îòæå, ðîçâ'ÿçîê ðiâíÿííÿ (33) áóäåìî øóêàòè â òàêîìó âèãëÿäi:

f(z) = 1 +
∞∑
j=1

f2jz
2j = 1 + f2z

2 + f4z
4 + · · · . (34)

Ó öüîìó âèïàäêó ç òåîðåìè 3 ç îãëÿäó íà çàóâàæåííÿ 2 îòðèìà¹ìî òàêèé íàñëiäîê.

Íàñëiäîê 2. Íåõàé n > 3 i j0 = [n/2], à κ2 = max{κ1,2,κ2,2}, äå

κ1,2 = max


∣∣∣∣∣
2p∑
k=2

a
(k−2)
n+1−k

(2p− k)!

∣∣∣∣∣
∣∣∣∣∣
2p∑
k=0

a
(k)
n+1−k

(2p− k)!

∣∣∣∣∣
−1

, p = 1, j0


i

κ2,2 = max


∣∣∣∣∣

n∑
k=2

a
(k−2)
n+1−k

(2p− k)!

∣∣∣∣∣
∣∣∣∣∣

n∑
k=0

a
(k)
n+1−k

(2p− k)!

∣∣∣∣∣
−1

, p > j0 + 1

 .

Ïðèïóñòèìî, ùî a
(0)
n+1 = 0. Òîäi iñíó¹ öiëèé ðîçâ'ÿçîê (34) äèôåðåíöiàëüíîãî ðiâ-

íÿííÿ (33) ç òàêèìè âëàñòèâîñòÿìè:

à) ÿêùî κ2 6 ln2(2 +
√
3), òî âñi ïîõiäíi f (2l−1)(l ∈ N) ¹ áëèçüêèìè äî îïóêëèõ â D;

á) ÿêùî κ2 6 ln2 2, òî âñi ïîõiäíi f (2l−1)(l ∈ N) ¹ îïóêëèìè â D ;

â) ôóíêöiÿ f ìà¹ ðåãóëÿðíå çðîñòàííÿ, òîáòî ïðè r → ∞

lnMf (r) =
1 + q

2
(1 + o(1))

(√
|a(n−q−1)

q |r
) 2

1+q

,

äå q = min {j ∈ {1, ..., n− 1} : a
(n−j−1)
j ̸= 0}.

Ïðèïóñòèìî òåïåð, ùî âñi êîåôiöi¹íòè ðiâíÿííÿ (33) � äiéñíi ÷èñëà. Òîäi äëÿ
äîñëiäæåííÿ áëèçüêîñòi äî îïóêëîñòi íåïàðíèõ ïîõiäíèõ ðîçâ'ÿçêó (34) ðiâíÿííÿ
(33) âèêîðèñòà¹ìî òàêèé êðèòåðié Àëåêñàíäåðà [7, c. 9].

Ëåìà 3. ßêùî f(z) = z +
∞∑
j=1

f2j+1z
2j+1 i

1 > 3f3 > 5f5 > · · · > (2j − 1)f2j−1 > (2j + 1)f2j+1 > . . . > 0, (35)

òî f ¹ áëèçüêîþ äî îïóêëî¨ â D.

Ç ðåêóðåíòíî¨ ôîðìóëè (7) ç m = 2 äëÿ j > 1 îäåðæèìî

f2(j+1) = −

min{2(j+1),n}−2∑
k=0

a
(k)
n−1−k

(2j)!

(2j − k)!

min{2(j+1),n}∑
k=0

a
(k)
n+1−k

(2(j + 1))!

(2(j + 1)− k)!

f2j =
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= −

min{2(j+1),n}−2∑
k=0

a
(k)
n−1−k

(2j)!

(2j − k)!

a
(0)
n+1 + 2a

(1)
n (j + 1) +

min{2(j+1),n}−2∑
k=0

a
(k+2)
n−1−k

(2(j + 1))!

(2j − k)!

f2j .

Íåõàé a
(0)
n+1 = a

(1)
n = 0, a

(k)
n−1−k 6 0, a

(k+2)
n−1−k > 0 i |a(k)n−1−k| 6 2a

(k+2)
n−1−k,

0 6 k 6 n− 2. Òîäi äëÿ êîæíîãî j > 1

f2(j+1) =
(2j)!

(2(j + 1))!

min{2(j+1),n}−2∑
k=0

|a(k)n−1−k|
(2j − k)!

min{2(j+1),n}−2∑
k=0

a
(k+2)
n−1−k

(2j − k)!

f2j 6 2
(2j)!

(2(j + 1))!
f2j . (36)

Îñêiëüêè F
(0)
1 = 1, òî ïðè m = 2 ôóíêöiÿ (15) íàáóäå âèãëÿäó

Fl(z) = z +
∞∑
j=1

(2(j + l))!

(2j + 1)!(2l)!

f2(j+l)

f2l
z2j+1 = z +

∞∑
j=1

F
(l)
2j+1z

2j+1. (37)

Âèêîðèñòîâóþ÷è ôîðìóëó (36), äîâåäåìî, ùî êîåôiöi¹íòè ôóíêöi¨ (37) çàäî-
âîëüíÿþòü óìîâó ëåìè 3. Ñïðàâäi, äëÿ j > 1 îäåðæèìî

(2j+1)F
(l)
2j+1 = (2j+1)

(2(j + l))!

(2j + 1)!(2l)!

f2(j+l)

f2l
6 (2(j + l − 1))!

2j(2j − 1)!(2l)!

f2(j+l−1)

f2l
6 (2j−1)F

(l)
2j−1.

Íàñòóïíå òâåðäæåííÿ âèïëèâà¹ ç íàâåäåíèõ âèùå ìiðêóâàíü.

Òâåðäæåííÿ 4. Íåõàé a
(0)
n+1 = a

(1)
n = 0, a

(k)
n−1−k 6 0, òà a

(k+2)
n−1−k > 0 äëÿ âñiõ

0 6 k 6 n − 2. ßêùî |a(k)n−1−k| 6 2a
(k+2)
n−1−k äëÿ âñiõ 0 6 k 6 n − 2, òî iñíó¹ öi-

ëèé ðîçâ'ÿçîê (34) äèôåðåíöiàëüíîãî ðiâíÿííÿ (33) òàêèé, ùî âñi ïîõiäíi f (2j+1),

(j ∈ Z+) ¹ áëèçüêèìè äî îïóêëèõ â D ôóíêöiÿìè.

Çàóâàæåííÿ 4. Îñêiëüêè ln2(2 +
√
3) < 2, òî ó âèïàäêó äiéñíèõ a

(k)
n òâåðäæåííÿ 4

ïîñèëþ¹ òâåðäæåííÿ à íàñëiäêó 2.

Çàóâàæåííÿ 5. Ïèòàííÿ ïîñëàáëåííÿ óìîâè |a(k)n−1−k| 6 2a
(k)
n−1−k òâåðäæåííÿ 4 çà-

ëèøà¹òüñÿ âiäêðèòèì. Ìè ìîæåìî ñòâåðäæóâàòè, ùî öþ óìîâó íå ìîæíà çàìiíèòè

ñëàáøîþ óìîâîþ |a(k)n−1−k| 6 2.5a
(k)
n−1−k.

Ñïðàâäi, ó âèïàäêó, êîëè n = 3 çà óìîâ òâåðäæåííÿ 4 ðiâíÿííÿ (33) íàáóäå
âèãëÿäó

z3w′′′ + a
(2)
2 z2w′′ + a

(1)
1 z3w′ + a

(0)
2 z2w = 0. (38)

Âèáåðåìî a
(2)
2 = 1 i a

(1)
1 = a

(0)
2 = −α2 i ðîçãëÿíåìî ôóíêöiþ f(z) = ch(αz). Ëåãêî

ïåðåâiðèòè, ùî öÿ ôóíêöiÿ çàäîâîëüíÿ¹ ðiâíÿííÿ (38) ç âèáðàíèìè ïàðàìåòðàìè i íà-
áóëà âèãëÿäó (34). Ôóíêöiÿ f ′(z) = α sh(αz) ¹ îäíîëèñòîþ â ñìóçi {z : |Imz| < π/(2α)
i íå ¹ îäíîëèñòîþ â áóäü-ÿêié ñìóçi {z : |Imz| < η} ç η > π/(2α). Çâiäñè âèïëèâà¹,
ùî f ′ íå ¹ îäíîëèñòîþ â D, ÿêùî α > π/2, òîáòî ÿêùî α2 = 2.5 > π2/4. Îñêiëüêè

|a(1)1 | = |a(0)2 | = α2 = α2a
(3)
1 = α2a

(2)
2 , òî çâiäñè âèïëèâà¹ ïîòðiáíå òâåðäæåííÿ.
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ON ENTIRE SOLUTIONS OF LINEAR DIFFERENTIAL
EQUATIONS WITH POLYNOMIAL COEFFICIENTS

Yaroslav MAHOLA

Ivan Franko National University of L'viv,

Universytets'ka Str., 1, L'viv, 79000

e-mail: mahola@ukr.net

It is investigated the properties of entire solutions of the di�erential equa-
tions of a form

znw(n) +

n−1∑
j=n−m+1

a
(j)
n−j+1z

jw(j) +

n−m∑
j=0

(a
(j)
n−j−m+1z

m + a
(j)
n−j+1)z

jw(j) = 0,

where n > 3, 2 6 m 6 n and a
(j)
k � are complex numbers.

Conditions for coe�cients a
(j)
k are obtained, under which there exists an

entire solution f of this equation such that all derivatives f (lm−1), (l ∈ N)
are convex or close-to-convex functions in D = {z : |z| < 1}. Growth of such
function f is studied.

Key words: entire function, convexity, close-to-convexity, regular growth.
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Ñ ÏÎËÈÍÎÌÈÀËÜÍÛÌÈ ÊÎÝÔÔÈÖÈÅÍÒÀÌÈ

ßðîñëàâ ÌÀÃÎËÀ

Ëüâîâñêèé íàöèîíàëüíûé óíèâåðñèòåò èì. Èâàíà Ôðàíêî,

óë. Óíèâåðñèòåòñêàÿ, 1, Ëüâîâ, 79000

e-mail: mahola@ukr.net

Èññëåäîâàíî ñâîéñòâà öåëûõ ðåøåíèé äèôôåðåíöèàëüíûõ óðàâíåíèé
âèäà

znw(n) +

n−1∑
j=n−m+1

a
(j)
n−j+1z

jw(j) +

n−m∑
j=0

(a
(j)
n−j−m+1z

m + a
(j)
n−j+1)z

jw(j) = 0,

ãäå n > 3, 2 6 m 6 n è a
(j)
k � êîìïëåêñíûå ÷èñëà.

Óêàçàíû óñëîâèÿ íà ïàðàìåòðû a
(j)
k , ïðè âûïîëíåíèè êîòîðûõ ñó-

ùåñòâóåò öåëîå ðåøåíèå f ýòîãî óðàâíåíèÿ, òàêîå ÷òî âñå ïðîèçâîäíûå
f (lm−1), (l ∈ N) ÿâëÿþòñÿ âûïóêëûìè èëè áëèçêèìè ê âûïóêëûì ôóíê-
öèÿì â D = {z : |z| < 1}. Èçó÷åí ðîñò òàêîé ôóíêöèè f .

Êëþ÷åâûå ñëîâà: öåëàÿ ôóíêöèÿ, âûïóêëîñòü, áëèçîñòü ê âûïóêëîñòè,
ðåãóëÿðíûé ðîñò.


