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Âèêîðèñòîâóþ÷è ïðèíöèïØàóäåðà, äîñëiäæåíî õàðàêòåð òî÷êîâèõ ñòå-
ïåíåâèõ îñîáëèâîñòåé ðîçâ'ÿçêó íåëiíiéíî¨ ïåðøî¨ óçàãàëüíåíî¨ êðàéîâî¨
çàäà÷i äëÿ ðiâíÿííÿ òåïëîïðîâiäíîñòi.
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òåîðåìà Øàóäåðà ïðî íåðóõîìó òî÷êó.

1. Âñòóï. Iñíó¹ áàãàòî ïðàöü, àâòîðè ÿêèõ äîñëiäæóâàëè óçàãàëüíåíi êðàéîâi
çàäà÷i äëÿ ëiíiéíèõ i íàïiâëiíiéíèõ åëiïòè÷íèõ òà ïàðàáîëi÷íèõ ðiâíÿíü (äèâ., íà-
ïðèêëàä, [1] òà áiáëiîãðàôiþ, à òàêîæ [2], [3]). Ó ñòàòòÿõ [4, 5, 6, 7] äîñëiäæóâàëè
êðàéîâi çàäà÷i äëÿ ðiâíÿííÿ òåïëîïðîâiäíîñòi ç íåëiíiéíèìè êðàéîâèìè óìîâàìè, à
ó [8] � íåëiíiéíi åëiïòè÷íi êðàéîâi çàäà÷i ïðè çàäàíèõ íà ìåæi ôóíêöiÿõ iç ñèëüíè-
ìè ñòåïåíåâèìè îñîáëèâîñòÿìè. Âèêîðèñòîâóþ÷è äàíi öèõ äîñëiäæåíü, ïðîäîâæåíî
äîñëiäæåííÿ [9] íåëiíiéíèõ êðàéîâèõ çàäà÷ äëÿ ðiâíÿííÿ òåïëîïðîâiäíîñòi â óçà-
ãàëüíåíèõ ôóíêöiÿõ.

Ìè âèâ÷à¹ìî õàðàêòåð ñòåïåíåâèõ îñîáëèâîñòåé ðîçâ'ÿçêó íåëiíiéíî¨ ïåðøî¨
óçàãàëüíåíî¨ êðàéîâî¨ çàäà÷i äëÿ ðiâíÿííÿ òåïëîïðîâiäíîñòi.

2. Îñíîâíà ÷àñòèíà.

2.1. Îñíîâíi ïîçíà÷åííÿ òà ôîðìóëþâàííÿ çàäà÷i. Íåõàé n ∈ N, Ω � îáìåæåíà
îáëàñòü â Rn ç ìåæåþ S = ∂Ω êëàñó C∞, Q = Ω× (0, T ], Σ = S× (0, T ], 0 < T < +∞.

Âèêîðèñòîâóâàòèìåìî ïîçíà÷åííÿ:

||x− y|| =
√

n∑
i=1

|xi − yi|2 � åâêëiäîâà âiäñòàíü â Rn, P = (x, t), M = (y, τ), P̂ = (x̂, t̂),

d(P,M) = |PM | = d(x, t; y, τ) =
√
||x− y||2 + |t− τ |� ïàðàáîëi÷íà âiäñòàíü â Rn+1;

η � ìóëüòèiíäåêñ ç êîìïîíåíòàìè (η1, ..., ηn), ηi ∈ Z+, i = 1, n, |η| = η1 + ... + ηn �

äîâæèíà ìóëüòèiíäåêñó η, Dη ≡ Dη
x = ∂|η|

∂x
η1
1 ·...·∂xηn

n
.

c⃝ ×ìèð Î., 2011
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Íåõàé ε0 > 0 � òàêå çàäàíå ÷èñëî, ùî ïàðàëåëüíà äî S ïîâåðõíÿ Sε0 ¹ êëàñó
C∞ òà íàäàëi ââàæàòèìåìî, ùî ε0 6 1. ×åðåç ϱ̃(σ) ïîçíà÷àòèìåìî íåñêií÷åííî äè-
ôåðåíöiéîâíó íåâiä'¹ìíó ôóíêöiþ, ÿêà ìà¹ ïîðÿäîê σ ïðè σ → 0. Ïðè äîâiëüíié

ôiêñîâàíié òî÷öi P̂ ∈ Q ââåäåìî ôóíêöiþ ϱ0 òî÷êè P ∈ Q òàêó, ùî 0 < ϱ0(P, P̂ ) 6 1
òà

ϱ0(P, P̂ ) =

{
ϱ̃(|PP̂ |), |PP̂ | < ε0

2 ,

1, |PP̂ | > ε0.

Íåõàé D(Q) = C∞(Q), D(Σ) = C∞(Σ), D(Ω) = C∞(Ω);

D0(Q) = {φ ∈ D(Q) : ∂k

∂tk
φ | t=T = 0, k = 0, 1, . . . },

D0(Σ) = {φ ∈ D(Σ) : ∂k

∂tk
φ | t=T = 0, k = 0, 1, . . . },

D0(Ω) = {φ ∈ D(Ω) : φ|S = 0}, ν � îðò âíóòðiøíüî¨ íîðìàëi äî S.

Íàäàëi ïîçíà÷àòèìåìî ÷åðåç (D0(Σ))
′
, (D0(Ω))

′
� ïðîñòîðè ëiíiéíèõ íåïåðåðâ-

íèõ ôóíêöiîíàëiâ âiäïîâiäíî íà ïðîñòîðàõ ôóíêöié D0(Σ), D0(Ω), ÷åðåç (φ,F )1 �
çíà÷åííÿ óçàãàëüíåíî¨ ôóíêöi¨ F ∈ (D0(Σ))′ íà îñíîâíié ôóíêöi¨ φ ∈ D0(Σ), ÷åðåç
(φ, F )2 � çíà÷åííÿ F ∈ (D0(Ω))

′ íà φ ∈ D0(Ω).
Íåõàé (x̂, t̂) ∈ Σ. Ïðèïóñòèìî, ùî:

1) ôóíêöi¨ f0(x, t, v), f1(x, t, v) âèçíà÷åíi âiäïîâiäíî â Q× R, Σ× R;

2)F1(x, t) =
∑

|l|6p1

p2∑
m=0

ClmD
l
xδ(x− x̂)δ(m)(t− t̂), (1)

F2(x) =
∑

|r|6p3

CrD
r
xδ(x− x̂),

äå Clm, Cr � ñòàëi; p1, p2, p3 � íåâiä'¹ìíi öiëi ÷èñëà.

Ðîçãëÿíåìî íåëiíiéíó ïåðøó óçàãàëüíåíó êðàéîâó çàäà÷ó

Lu(x, t) ≡ ∂u(x, t)

∂t
−△u(x, t) = f0(x, t, u(x, t)), (x, t) ∈ Q, (2)

u(x, t) |Σ = F1(x, t) + f1(x, t, u(x, t)), (x, t) ∈ Σ, (3)

u(x, 0) = F2(x), x ∈ Ω. (4)

Ïðè k ∈ R ââåäåìî ôóíêöiéíi ïðîñòîðè:

Mk(Q, P̂ ) = {v :

||v; P̂ ||k = max{
∫
Q

ϱk0(x, t, x̂, t̂)|v(x, t)| dxdt;
∫
Σ

ϱk0(x, t, x̂, t̂)|v(x, t)| dSdt} < +∞},

Xk(Q, P̂ ) = {ψ ∈ D0(Q) : ψ(·, 0) ∈ D0(Ω), ψ |Σ = 0,

L∗ψ(x, t) = O(ϱk0(x, t, x̂, t̂)), ϱ0(x, t, x̂, t̂) → 0},
äå L∗ � îïåðàòîð, ôîðìàëüíî ñïðÿæåíèé äî L, L∗v = −

(
∂v
∂t +△∗v).

Îçíà÷åííÿ 1. Ðîçâ'ÿçêîì çàäà÷i (2)-(4) íàçèâà¹òüñÿ ôóíêöiÿ u ∈ Mk(Q, P̂ ) òàêà,
ùî ∫

Q

L∗ψ · u dxdt =
∫
Q

ψ(x, t) · f0(x, t, u(x, t)) dxdt+ (
∂ψ(x, t)

∂ν
, F1(x, t))1+



ÕÀÐÀÊÒÅÐ ÒÎ×ÊÎÂÈÕ ÑÒÅÏÅÍÅÂÈÕ ÎÑÎÁËÈÂÎÑÒÅÉ ÐÎÇÂ'ßÇÊÓ ...
ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2011. Âèïóñê 74 193

+

∫
Σ

∂ψ(x, t)

∂ν
· f1(x, t, u(x, t)) dSdt+ (ψ(·, 0), F2(·))2 äëÿ äîâiëüíî¨ ψ ∈ Xk(Q, P̂ ).

Ïîçíà÷èìî ÷åðåç G(x, t, y, τ) ôóíêöiþ Ãðiíà ïåðøî¨ êðàéîâî¨ çàäà÷i äëÿ ðiâíÿí-
íÿ òåïëîïðîâiäíîñòi, ÿêà âèçíà÷åíà â òî÷êàõ (x, t; y, τ) ∈ Q × Q ïðè (x, t) ̸= (y, τ).
Iñíóâàííÿ ¨¨ òà áàãàòî âëàñòèâîñòåé îäåðæó¹ìî ç [10, 11]. Ç öèõ ðåçóëüòàòiâ âèïëèâà¹,
ùî:

1) G(x, t; y, τ) = 0 ïðè t < τ ;
2) äëÿ áóäü-ÿêèõ ìóëüòèiíäåêñiâ η, η0∣∣∣ ∂η0

∂tη0
Dη

xG(x, t; y, τ)
∣∣∣ 6 Ĉη, η0 [d(x, t; y, τ)]

−n−|η|−2η0 ,

äå Ĉη, η0 � äîäàòíi ñòàëi.
Ïîäiáíî äî ðåçóëüòàòiâ [2, 12] äîâåäåíî òàêó âëàñòèâiñòü ôóíêöi¨ G.

Ëåìà 1. Íåõàé (x̂, t̂) ∈ Q, |η| 6 1. Òîäi ïðè r > −n− 2∫
Q

ϱr0(y, τ, x̂, t̂)|Dη
xG(x, t; y, τ)| dydτ 6 L̂1, η max{[ϱ0(x, t, x̂, t̂)]r+2−|η|, 1} ∀ (x, t) ∈ Q,

à ïðè r > −n− 1∫
Σ

ϱr0(y, τ, x̂, t̂)|Dη
xG(x, t; y, τ)| dSydτ 6 L̂2, η max{[ϱ0(x, t, x̂, t̂)]r+1−|η|, 1} ∀ (x, t) ∈ Q.

Çàóâàæåííÿ 1. Ïîäiáíî äî äîâåäåííÿ òåîðåìè 2 [3] äîâîäèìî, ùî ðîçâ'ÿçîê çàäà÷i

(2)-(4) ¹ ðîçâ'ÿçêîì ó ïðîñòîði Mk(Q, P̂ ) iíòåãðàëüíîãî ðiâíÿííÿ

u(x, t) =

t∫
0

dτ

∫
Ω

G(x, t; y, τ) · f0(y, τ, u(y, τ)) dy + (
∂G(x, t; y, τ)

∂νy
, F1(y, τ))1+

+

∫
Σ

∂G(x, t; y, τ)

∂νy
· f1(y, τ, u(y, τ)) dSydτ + (G(x, t; y, 0), F2(y))2, (5)

i íàâïàêè.

Ïîçíà÷èìî

(Hv)(x, t) =

t∫
0

dτ

∫
Ω

G(x, t; y, τ) · f0(y, τ, v(y, τ)) dy+

+

∫
Σ

∂G(x, t; y, τ)

∂νy
· f1(y, τ, v(y, τ)) dSydτ,

h(x, t) = g1(x, t) + g2(x, t) = (
∂G(x, t; y, τ)

∂νy
, F1(y, τ))1 + (G(x, t; y, 0), F2(y))2,

(H1v)(x, t) = (Hv)(x, t) + h(x, t).

Ðiâíÿííÿ (5) íàáóäå âèãëÿäó u(x, t) = (Hu)(x, t) + h(x, t).
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Ó [9] îòðèìàíî iñíóâàííÿ ðîçâ'ÿçêó çàäà÷i (2)-(4) ó ïðîñòîði Mk(Q, P̂ ). Çîêðå-
ìà, ïðè k > k0 = max{p1 + 2p2, p3 − 1}, f0(x, t, v) = |v|β0 òà f1(x, t, v) = |v|β1 , äå

β0 ∈ (0, n+2
k+n+2 ), β1 ∈ (0, n+1

k+n+1 ), iñíó¹ ðîçâ'ÿçîê çàäà÷i (2)-(4) ó ïðîñòîði Mk(Q, P̂ ).

ßêùî β0, β1 âiäîìi, òî òàêîæ îòðèìàíî ïðîñòîðèMk(Q, P̂ ), äëÿ ÿêèõ iñíó¹ ðîçâ'ÿçîê

u ∈ Mk(Q, P̂ ) çàäà÷i (2)-(4).
2.2. Õàðàêòåð òî÷êîâèõ ñòåïåíåâèõ îñîáëèâîñòåé ðîçâ'ÿçêó íåëiíiéíî¨ ïåðøî¨

óçàãàëüíåíî¨ êðàéîâî¨ çàäà÷i äëÿ ðiâíÿííÿ òåïëîïðîâiäíîñòi.

Äëÿ äîâiëüíî¨ ôiêñîâàíî¨ òî÷êè P̂ = (x̂, t̂) ∈ Σ òà α ∈ R− ∪ {0} ââåäåìî ôóíê-
öiéíèé ïðîñòið

M̃α(Q, P̂ ) = {v ∈ C(Q \ {P̂}) : ϱ−α
0 (y, τ, x̂, t̂)v(y, τ) ∈ C(Q)

(||v; P̂ || ′α = sup
(y,τ)∈Q

ϱ−α
0 (y, τ, x̂, t̂)|v(y, τ)| < +∞)}.

Îñêiëüêè ïðè v ∈ M̃α(Q, P̂ ) òà k + α > −n− 1 âèêîíó¹òüñÿ

||v; P̂ ||k = max{
∫
Q

ϱk0(M, P̂ )|v(y, τ)| dydτ ;
∫
Σ

ϱk0(M, P̂ )|v(y, τ)| dSdτ} 6

6 max{Ĉ
∫
Q

ϱk0(M, P̂ )[ϱ0(M, P̂ )]α dydτ ; Ĉ

∫
Σ

ϱk0(M, P̂ )[ϱ0(M, P̂ )]α dSdτ} 6

6 max{Ĉ
∫

{M : |MP̂ |<ε0}

[ϱ0(M, P̂ )]k+α dydτ + Ĉ

∫
{M : |MP̂ |>ε0}

dydτ ;

Ĉ

∫
{M : |MP̂ |<ε0}

[ϱ0(M, P̂ )]k+α dSdτ + Ĉ

∫
{M : |MP̂ |>ε0}

dSdτ} < +∞,

òî M̃α(Q, P̂ ) ⊂ Mk(Q, P̂ ) ïðè k > −α− n− 1, äå Ĉ � äîäàòíà ñòàëà.

Íåõàé M̃α, C̃(Q, P̂ ) = {v ∈ M̃α(Q, P̂ ) : ||v; P̂ ||
′

α 6 C̃} � çàìêíåíà êóëÿ ðàäióñà

C̃ ó ïðîñòîði M̃α(Q, P̂ ).

Ëåìà 2. Íåõàé âèêîíóþòüñÿ ïðèïóùåííÿ (1) òà α 6 min{−(1+p1+2p2); −p3}−n.
Òîäi h ∈ M̃α(Q, P̂ ), à ñàìå, iñíó¹ äîäàòíà ñòàëà K̂0 òàêà, ùî ||h; P̂ || ′α 6 K̂0 < +∞.

Äîâåäåííÿ. Ïðîâîäÿ÷è ïîäiáíi ìiðêóâàííÿ, ÿê ïðè äîâåäåííi ëåìè 3 iç [9], îäåðæó¹ìî

|g1(x, t)| 6 K1[ϱ0(x, t, x̂, t̂)]
−(n+1+p1+2p2) = K1[ϱ0(x, t, x̂, t̂)]

−(n+1+p1+2p2+α)×

×[ϱ0(x, t, x̂, t̂)]
α 6 K̂0[ϱ0(x, t, x̂, t̂)]

α

ïðè α 6 −(n+ 1 + p1 + 2p2);

|g2(x, t)| 6 K2[ϱ0(x, t, x̂, t̂)]
−(n+p3) 6 K̂0[ϱ0(x, t, x̂, t̂)]

α

ïðè α 6 −(n+ p3), äå K1, K2 � äîäàòíi ñòàëi. �
Ðîçãëÿíåìî íåëiíiéíó ïåðøó óçàãàëüíåíó êðàéîâó çàäà÷ó

∂u(x, t)

∂t
−△u(x, t) = |u(x, t)|β0 , (x, t) ∈ Q, (6)

u |Σ = F1(x, t) + |u(x, t)|β1 , (x, t) ∈ Σ, (7)
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u | t=0 = F2(x), x ∈ Ω (8)

ïðè β0, β1 ∈ (0, 1).

Ëåìà 3. ßêùî β0, β1 ∈ (0, 1),

max

{
− n+ 2

β0
; −n+ 1

β1

}
< α 6 min{−(1 + p1 + 2p2); −p3} − n,

òî iñíó¹ ñòàëà K̃0 > 0 òàêà, ùî ïðè âñiõ C̃ > K̃0 îïåðàòîð H1 âiäîáðàæà¹

M̃α, C̃(Q, P̂ ) â ñåáå.

Äîâåäåííÿ. Ïðè v ∈ M̃α, C̃(Q, P̂ ), äå C̃ � äîâiëüíà äîäàòíà ñòàëà, ðîçãëÿíåìî

||H1v; P̂ ||
′

α 6 sup
(x,t)∈Q

ϱ−α
0 (x, t, x̂, t̂)

( t∫
0

dτ

∫
Ω

|G(x, t; y, τ)| · |v(y, τ)|β0 dy+

+

∫
Σ

|∂G(x, t; y, τ)
∂νy

| · |v(y, τ)|β1 dSydτ
)
+ ||h; P̂ ||

′

α.

Âèêîðèñòîâóþ÷è ëåìó 1 ïðè αβ0 > −n − 2, αβ1 > −n − 1 i ëåìó 2 ïðè
α 6 min{−(1 + p1 + 2p2); −p3} − n, îäåðæèìî

||H1v; P̂ ||
′

α 6 L̂1, 0C̃
β0 sup

(x,t)∈Q

{max{[ϱ0(x, t, x̂, t̂)]α(β0−1)+2, [ϱ0(x, t, x̂, t̂)]
−α}}+

+L̂2, 1C̃
β1 sup

(x,t)∈Q

{max{[ϱ0(x, t, x̂, t̂)]α(β1−1), [ϱ0(x, t, x̂, t̂)]
−α}}+ K̂0.

ßêùî âèêîíóþòüñÿ óìîâè
αβ0 > −n− 2,
αβ1 > −n− 1,
α(β0 − 1) + 2 > 0,
α(β1 − 1) > 0,
−α > 0,

òî çíàõîäèìî ||H1v; P̂ ||
′

α 6 C̃
′
ïðè v ∈ M̃α, C̃(Q, P̂ ), äå C̃

′
= L̂1, 0C̃

β0 + L̂2, 1C̃
β1 +K̂0.

Çàóâàæèìî, ùî ïðè β0, β1 ∈ (0, 1) iñíó¹ ñòàëà K̃0 > 0 òàêà, ùî C̃
′ 6 C̃ ïðè

C̃ > K̃0. Îòæå, çà óìîâ ëåìè îäåðæó¹ìî iñíóâàííÿ äîäàòíî¨ ñòàëî¨ K̃0 òàêî¨, ùî ïðè

âñiõ C̃ > K̃0 îïåðàòîð H1 âiäîáðàæà¹ M̃α, C̃(Q, P̂ ) â ñåáå. �

Ëåìà 4. Íåõàé β0, β1 ∈ (0, 1), max{− 2
β0
; −n+1

β1
} < α 6 0. Òîäi äëÿ äîâiëüíîãî ε > 0

iñíó¹ σ = σ(ε) > 0 òàêå, ùî äëÿ äîâiëüíî¨ ïiäîáëàñòi V ⊂ Q, ìiðà ÿêî¨ m(V ) ìåíøà
çà σ, äëÿ äîâiëüíèõ (x, t) ∈ Q âèêîíó¹òüñÿ

[ϱ0(x, t, x̂, t̂)]
−α

∫
V ∩Q

[ϱ0(y, τ, x̂, t̂)]
αβ0 · |G(x, t; y, τ)| dydτ < ε, (9)

[ϱ0(x, t, x̂, t̂)]
−α

∫
V ∩Σ

[ϱ0(y, τ, x̂, t̂)]
αβ1 · |∂G(x, t; y, τ)

∂νy
| dSydτ < ε. (10)
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Äîâåäåííÿ. Äîâåäåííÿ (9) ïðîâåäåíî ó ëåìi 1 [13] i âèêîíó¹òüñÿ ïðè αβ0+2 > 0. Äî-
âåäåííÿ (10) ïðîâîäèìî ïîäiáíî ÿê i äîâåäåííÿ (9), ðîçäiëÿþ÷è îñîáëèâîñòi ôóíêöi¨

ϱαβ1

0 (y, τ, x̂, t̂)∂G(x,t;y,τ)
∂νy

. Íåõàé V � äîâiëüíà ïiäîáëàñòü â Q, (x̂, t̂) � ôiêñîâàíà òî÷êà

Σ, σ ∈ (0, 1) � ÿêå-íåáóäü ÷èñëî. Äàëi ïîçíà÷àòèìåìî ÷åðåç Cj , j = 1, 13 � äîäàòíi
ñòàëi.

1.Íåõàé òî÷êà (x, t) ∈ Q òàêà, ùî ||x− x̂|| < σ√
2
, |t− t̂| < σ2

2 , òîáòî |PP̂ | < σ.

a) ßêùî ||y−x̂|| < σ√
2
, |τ−t̂| < σ2

2 (|MP̂ | < σ), òî ||x−y|| 6 ||x−x̂||+||y−x̂|| < 2σ√
2
,

|t− τ | < σ2, òîáòî |MP | <
√
3σ, à òîäi

I 1(x, t, x̂, t̂, σ) =

= [ϱ0(x, t, x̂, t̂)]
−α

∫
V ∩{(y,τ)∈Σ: |MP̂ |<σ}

[ϱ0(y, τ, x̂, t̂)]
αβ1 · |∂G(x, t; y, τ)

∂νy
| dSydτ 6

6 [ϱ0(x, t, x̂, t̂)]
−α

∫
V ∩{(y,τ)∈Σ: |MP |<σ

2
;

σ
2

6|MP̂ |<σ}

[ϱ0(y, τ, x̂, t̂)]
αβ1 · |∂G(x, t; y, τ)

∂νy
| dSydτ+

+[ϱ0(x, t, x̂, t̂)]
−α

∫
V ∩{(y,τ)∈Σ: |MP |>σ

2
;

|MP̂ |<σ
2

}

[ϱ0(y, τ, x̂, t̂)]
αβ1 · |∂G(x, t; y, τ)

∂νy
| dSydτ+

+[ϱ0(x, t, x̂, t̂)]
−α

∫
V ∩{(y,τ)∈Σ: |MP |>σ

2
;

σ
2

6|MP̂ |<σ}

[ϱ0(y, τ, x̂, t̂)]
αβ1 · |∂G(x, t; y, τ)

∂νy
| dSydτ =

= J1(x, t, x̂, t̂, σ) + J2(x, t, x̂, t̂, σ) + J3(x, t, x̂, t̂, σ). (11)

Çðîáèìî çàìiíó çìiííèõ â iíòåãðàëi J1

yi = x̂i + ξiσ,
τ = t̂+ ξn+1σ

2;
xi = x̂i + siσ,
t = t̂+ sn+1σ

2,
i = 1, n. (12)

Ó íîâèõ çìiííèõ

M = ξ = (ξ1, . . . , ξn, ξn+1), |ξ| =
√
ξ21 + ...+ ξ2n + |ξn+1| =

√
||ξ||2 + |ξn+1|,

|MP̂ | =
√
||y − x̂||2 + |τ − t̂| =

√
σ2||ξ||2 + σ2|ξn+1| = σ · |ξ|,

|MP | =
√
||y − x||2 + |τ − t| =

√
σ2||s− ξ||2 + σ2|sn+1 − ξn+1| = σ · d(s; ξ),

äå

d(s; ξ) =
√
||s− ξ||2 + |sn+1 − ξn+1|, dSydτ = σn+1dSξdξn+1.

Âèêîðèñòîâóþ÷è ãëàäêiñòü ïîâåðõíi Σ, âiäîìî, ùî |∂G(x,t;y,τ)
∂νy

| 6 Ĉ1, 0|MP |−n−1+γ ,

äå γ ∈ (0, 1). Òîäi

J1(x, t, x̂, t̂, σ) = [ϱ0(x, t, x̂, t̂)]
−α

∫
V ∩{(y,τ)∈Σ: |MP |<σ

2
σ
2

6|MP̂ |<σ}

[ϱ0(y, τ, x̂, t̂)]
αβ1 · |∂G(x, t; y, τ)

∂νy
| dSydτ 6
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6 C1[ϱ0(x, t, x̂, t̂)]
−α · σαβ1 · σγ

∫
V ∩{ξ: d(s; ξ)< 1

2}

d−n−1+γ(s; ξ) dSξdξn+1 6 C2σ
α(β1−1)+γ ,

äå çáiæíiñòü iíòåãðàëà âèïëèâà¹ ç ôîðìóëè 3 [14, ñ. 588].
Ïðîâîäÿ÷è ïîäiáíó çàìiíó çìiííèõ (12) â iíòåãðàëi J2, îäåðæó¹ìî

J2(x, t, x̂, t̂, σ) =

= [ϱ0(x, t, x̂, t̂)]
−α

∫
V ∩{(y,τ)∈Σ: |MP |>σ

2
;

|MP̂ |<σ
2

}

[ϱ0(y, τ, x̂, t̂)]
αβ1 · |∂G(x, t; y, τ)

∂νy
| dSydτ 6

6 C3[ϱ0(x, t, x̂, t̂)]
−α · σαβ1

∫
V ∩{ξ: |ξ|< 1

2}

|ξ|αβ1 dSξdξn+1 6 C4 · σα(β1−1).

Òóò çáiæíiñòü iíòåãðàëà âèïëèâà¹ ç ôîðìóëè 3 [14, ñ. 588] ïðè αβ1 > −n− 1.

J3(x, t, x̂, t̂, σ) = [ϱ0(x, t, x̂, t̂)]
−α

∫
V ∩{(y,τ)∈Σ: |MP |>σ

2
;

σ
2

6|MP̂ |<σ}

[ϱ0(y, τ, x̂, t̂)]
αβ1 · |∂G(x, t; y, τ)

∂νy
| dSydτ 6

6 C5σ
α(β1−1)−n−1m(V ).

Îòæå, ïðè m(V ) < σn+1 iç (11) òà âèùå îïèñàíèõ ìiðêóâàíü, îäåðæó¹ìî

I 1(x, t, x̂, t̂, σ) 6 C6(σ
α(β1−1)+γ + σα(β1−1) + σα(β1−1)−n−1m(V )) 6 C7σ

α(β1−1).

Îñêiëüêè α(β1 − 1) > 0 ïðè α < 0 òà β1 < 1, òî çà çàäàíèì ε > 0, âèáðàâøè

σ < min{
(

ε
C7

) 1
α(β1−1)

; 1}, ïðè (x, t) ∈ Q òàêié, ùî |PP̂ | < σ òà m(V ) < σn+1, îòðè-
ìà¹ìî

I 1(x, t, x̂, t̂, σ) <
ε

2
.

á) ßêùî |MP̂ | > σ, òî ïîäiáíî çíàõîäèìî

I 2(x, t, x̂, t̂, σ) =

= [ϱ0(x, t, x̂, t̂)]
−α

∫
V ∩{(y,τ)∈Σ: |MP̂ |>σ}

[ϱ0(y, τ, x̂, t̂)]
αβ1 · |∂G(x, t; y, τ)

∂νy
| dSydτ 6

6 [ϱ0(x, t, x̂, t̂)]
−α

∫
V ∩{(y,τ)∈Σ: |MP̂ |>σ;

|MP |<σ
2

}

[ϱ0(y, τ, x̂, t̂)]
αβ1 · |∂G(x, t; y, τ)

∂νy
| dSydτ+

+[ϱ0(x, t, x̂, t̂)]
−α

∫
V ∩{(y,τ)∈Σ: |MP̂ |>σ;

|MP |>σ
2

}

[ϱ0(y, τ, x̂, t̂)]
αβ1 · |∂G(x, t; y, τ)

∂νy
| dSydτ 6

6 C8(σ
α(β1−1)+γ + σα(β1−1)−n−1m(V )) 6 C9σ

α(β1−1) ïðè m(V ) < σn+1.
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Çà çàäàíèì ε > 0, âèáðàâøè σ < min{
(

ε
C9

) 1
α(β1−1)

; 1}, ïðè (x, t) ∈ Q òàêié, ùî

|PP̂ | < σ òà m(V ) < σn+1, îòðèìà¹ìî

I 2(x, t, x̂, t̂, σ) <
ε

2
.

Îòæå, äëÿ äîâiëüíîãî ε > 0 iñíó¹ σ < min{
(

ε
C7

) 1
α(β1−1)

;
(

ε
C9

) 1
α(β1−1)

; 1} òàêå,

ùî äëÿ äîâiëüíî¨ ïiäîáëàñòi V ⊂ Q òàêî¨, ùî m(V ) < σn+1

I(x, t, x̂, t̂, σ) = I 1(x, t, x̂, t̂, σ) + I 2(x, t, x̂, t̂, σ) < ε ∀ (x, t) ∈ Q, |PP̂ | < σ.

2.Ïðè (x, t) ∈ Q òàêié, ùî |PP̂ | > σ, ðîçãëÿíåìî

J (x, t, x̂, t̂, σ) =

= [ϱ0(x, t, x̂, t̂)]
−α

∫
V ∩{(y,τ)∈Σ: |MP |<σ

2 }

[ϱ0(y, τ, x̂, t̂)]
αβ1 · |∂G(x, t; y, τ)

∂νy
| dSydτ+

+[ϱ0(x, t, x̂, t̂)]
−α

∫
V ∩{(y,τ)∈Σ: |MP |>σ

2 }

[ϱ0(y, τ, x̂, t̂)]
αβ1 · |∂G(x, t; y, τ)

∂νy
| dSydτ =

= J 1(x, t, x̂, t̂, σ) + J 2(x, t, x̂, t̂, σ). (13)

Ïðè |PP̂ | > σ òà ||x− y|| < σ
2
√
2
, |t− τ | < σ2

8 (|MP | < σ
2 ) âèêîíó¹òüñÿ

||y− x̂|| > ||x− x̂||− ||x−y|| > σ√
2
− σ

2
√
2
= σ

2
√
2
, |τ − t̂| > |t− t̂|− |t−τ | > σ2

2 − σ2

8 = 3σ2

8 ,

òîáòî |MP̂ | > σ√
2
. Òîäi, âèêîðèñòîâóþ÷è çàìiíó çìiííèõ (12),

J 1(x, t, x̂, t̂, σ) 6 C10 · σαβ1

∫
V ∩{(y,τ)∈Σ: |MP |<σ

2 }

|MP |−n−1+γ dSydτ 6

6 C10 · σαβ1+γ

∫
V ∩{ξ: d(s; ξ)< 1

2}

d−n−1+γ(s; ξ) dSξdξn+1;

J 2(x, t, x̂, t̂, σ) 6 C11 · σ−n−1
( ∫

V ∩{(y,τ)∈Σ: |MP |>σ
2

;

|MP̂ |<σ
2

}

[ϱ0(y, τ, x̂, t̂)]
αβ1 dSydτ+

+

∫
V ∩{(y,τ)∈Σ: |MP |>σ

2
;

|MP̂ |>σ
2

}

[ϱ0(y, τ, x̂, t̂)]
αβ1 dSydτ

)
6

6 C12σ
−n−1

(
σαβ1+n+1

∫
V ∩{ξ: |ξ|< 1

2}

|ξ|αβ1 dSξdξn+1 + σαβ1

∫
V ∩{ξ: |ξ|> 1

2}

σn+1 dSξdξn+1

)
6

6 C12

(
σαβ1

∫
V ∩{ξ: |ξ|< 1

2}

|ξ|αβ1 dSξdξn+1 + σαβ1m(V )
)
.
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Ç òåîðåìè 5 (ïðî àáñîëþòíó íåïåðåðâíiñòü iíòåãðàëà Ëåáåãà) [15, c. 301] âèïëè-
âà¹, ùî äëÿ äîâiëüíîãî η > 0 iñíó¹ δ > 0 òàêå, ùî∫

V ∩{ξ: d(s; ξ)< 1
2}

d−n−1+γ(s; ξ) dSξdξn+1 < η ïðè m(V ) < δ;

∫
V ∩{ξ: |ξ|< 1

2}

|ξ|αβ1 dSξdξn+1 < η ïðè m(V ) < δ.

Âèáèðàþ÷è η < σn+1, îäåðæó¹ìî

J 1(x, t, x̂, t̂, σ) 6 C10σ
αβ1+n+1+γ ;

J 2(x, t, x̂, t̂, σ) 6 C12(σ
αβ1+n+1 + σαβ1m(V )) 6 C13σ

αβ1+n+1 ïðè m(V ) < δ < σn+1.

Îòæå, äëÿ äîâiëüíîãî ε > 0 iñíó¹

σ < min{
( ε

C10

) 1
αβ1+n+1+γ

;
( ε

C13

) 1
αβ1+n+1

; 1}

òàêå, ùî äëÿ äîâiëüíî¨ ïiäîáëàñòi V ⊂ Q òàêî¨, ùî m(V ) < σn+1

J (x, t, x̂, t̂, σ) = J 1(x, t, x̂, t̂, σ) + J 2(x, t, x̂, t̂, σ) < ε ∀ (x, t) ∈ Q, |PP̂ | > σ.

�

Òåîðåìà 1. Íåõàé β0, β1 ∈ (0, 1),

max
{
− 2

β0
; −n+ 1

β1

}
< α 6 min{−(1 + p1 + 2p2); −p3} − n.

Òîäi iñíó¹ ðîçâ'ÿçîê u ∈ M̃α(Q, P̂ ) êðàéîâî¨ çàäà÷i (6)-(8) i ïðè k > −α− n− 1 öåé

ðîçâ'ÿçîê íàëåæèòü ïðîñòîðó Mk(Q, P̂ ).

Äîâåäåííÿ. Âèêîðèñòà¹ìî òåîðåìó Øàóäåðà. Ç äîâåäåííÿ ëåìè 3 âèïëèâà¹, ùî H1

âiäîáðàæà¹ M̃α, C̃(Q, P̂ ) â ñåáå.

Ïîêàæåìî, ùî H1 � öiëêîì íåïåðåðâíèé îïåðàòîð ó ïðîñòîði M̃α, C̃(Q, P̂ ).

Ïðè v, w ∈ M̃α, C̃(Q, P̂ )

||H1v −H1w; P̂ ||
′

α 6 sup
(x,t)∈Q

ϱ−α
0 (x, t, x̂, t̂)

t∫
0

dτ

∫
Ω

|G(x, t; y, τ)| · ||v(y, τ)|β0−

−|w(y, τ)|β0 | dy + sup
(x,t)∈Q

ϱ−α
0 (x, t, x̂, t̂)

∫
Σ

|∂G(x, t; y, τ)
∂νy

| · ||v(y, τ)|β1 − |w(y, τ)|β1 | dSydτ.

Âèêîðèñòîâóþ÷è ôîðìóëó |aµ − bµ| 6 |a− b|µ ïðè a, b > 0, µ ∈ (0, 1), ìàòèìåìî

t∫
0

dτ

∫
Ω

|G(x, t; y, τ)| · ||v(y, τ)|β0 − |w(y, τ)|β0 | dy 6
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6
t∫

0

dτ

∫
Ω

ϱαβ0

0 (y, τ, x̂, t̂) · |G(x, t; y, τ)| · ( sup
(y,τ)∈Q

ϱ−α
0 (y, τ, x̂, t̂) · |v(y, τ)−w(y, τ)|)β0 dy 6

6 (||v − w; P̂ ||
′

α)
β0

t∫
0

dτ

∫
Ω

ϱαβ0

0 (y, τ, x̂, t̂) · |G(x, t; y, τ)| dy;

∫
Σ

|∂G(x, t; y, τ)
∂νy

| · ||v(y, τ)|β1 − |w(y, τ)|β1 | dSydτ 6

6
∫
Σ

ϱαβ1

0 (y, τ, x̂, t̂) · |∂G(x, t; y, τ)
∂νy

| · ( sup
(y,τ)∈Q

ϱ−α
0 (y, τ, x̂, t̂) · |v(y, τ)−w(y, τ)|)β1 dSydτ 6

6 (||v − w; P̂ ||
′

α)
β1

∫
Σ

ϱαβ1

0 (y, τ, x̂, t̂) · |∂G(x, t; y, τ)
∂νy

| dSydτ.

Âèêîðèñòîâóþ÷è ëåìó 1 ïðè αβ0 > −n− 2, αβ1 > −n− 1, îäåðæó¹ìî

||H1v −H1w; P̂ ||
′

α 6

6 L̂1, 0(||v − w; P̂ ||
′

α)
β0 sup

(x,t)∈Q

{max{[ϱ0(x, t, x̂, t̂)]α(β0−1)+2, [ϱ0(x, t, x̂, t̂)]
−α}}+

+L̂2, 1(||v − w; P̂ ||
′

α)
β1 sup

(x,t)∈Q

{max{[ϱ0(x, t, x̂, t̂)]α(β1−1), [ϱ0(x, t, x̂, t̂)]
−α}}.

Çâiäñè, âðàõîâóþ÷è óìîâè íà α, âèïëèâà¹, ùî H1 � íåïåðåðâíèé îïåðàòîð â

M̃α, C̃(Q, P̂ ).

Ïîêàæåìî êîìïàêòíiñòü îïåðàòîðà H1 íà M̃α, C̃(Q, P̂ ). Ç äîâåäåííÿ ëåìè 3 âè-

ïëèâà¹, ùî ìíîæèíà {ϱ−α
0 H1v : v ∈ M̃α, C̃(Q, P̂ )} � ðiâíîìiðíî îáìåæåíà. Äîâåäåìî,

ùî öÿ ìíîæèíà îäíîñòàéíî íåïåðåðâíà, òîáòî äëÿ äîâiëüíîãî ε > 0 iñíó¹ δ = δ(ε) > 0

òàêå, ùî äëÿ äîâiëüíèõ (z, z0) ∈ Rn+1, ||z|| < δ, |z0| < δ òà äîâiëüíèõ v ∈ M̃α, C̃(Q, P̂ )

sup
(x,t)∈Q

|ϱ−α
0 (x+ z, t+ z0, x̂, t̂) · (H1v)(x+ z, t+ z0)− ϱ−α

0 (x, t, x̂, t̂) · (H1v)(x, t)| 6

6 sup
(x,t)∈Q

|ϱ−α
0 (x+ z, t+ z0, x̂, t̂) · (Hv)(x+ z, t+ z0)− ϱ−α

0 (x, t, x̂, t̂) · (Hv)(x, t)|+

+ sup
(x,t)∈Q

|ϱ−α
0 (x+ z, t+ z0, x̂, t̂) · h(x+ z, t+ z0)− ϱ−α

0 (x, t, x̂, t̂) · h(x, t)| < ε.

Ââàæà¹ìî

ϱ−α
0 (x+ z, t+ z0, x̂, t̂) = 0, ϱ−α

0 (x+ z, t+ z0, x̂, t̂)G(x+ z, t+ z0; y, τ) = 0,

ϱ−α
0 (x+ z, t+ z0, x̂, t̂)

∂G(x+ z, t+ z0; y, τ)

∂νy
= 0,

ϱ−α
0 (x+ z, t+ z0, x̂, t̂)(Hv)(x+ z, t+ z0) = 0,

ϱ−α
0 (x+ z, t+ z0, x̂, t̂)h(x+ z, t+ z0) = 0,

ÿêùî (x+ z, t+ z0) /∈ Q.
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Çàôiêñó¹ìî ε > 0. Îñêiëüêè çà ëåìîþ 2 h ∈ M̃α(Q, P̂ ), òî ϱ
−α
0 h ∈ C(Q). Òîìó

iñíó¹ δ̂1 = δ̂1(ε) > 0 òàêå, ùî äëÿ äîâiëüíèõ (z, z0) ∈ Rn+1, ||z|| < δ̂1, |z0| < δ̂1
âèêîíó¹òüñÿ

sup
(x,t)∈Q

|ϱ−α
0 (x+ z, t+ z0, x̂, t̂) · h(x+ z, t+ z0)− ϱ−α

0 (x, t, x̂, t̂) · h(x, t)| < ε

2
.

Ðîçãëÿíåìî äëÿ äîâiëüíèõ (x, t) ∈ Q

I(x, t, x̂, t̂; z, z0) = |ϱ−α
0 (x+z, t+z0, x̂, t̂)·(Hv)(x+z, t+z0)−ϱ−α

0 (x, t, x̂, t̂)·(Hv)(x, t)| 6

6
t∫

0

dτ

∫
Ω

|ϱ−α
0 (x+ z, t+ z0, x̂, t̂) ·G(x+ z, t+ z0; y, τ)− ϱ−α

0 (x, t, x̂, t̂) ·G(x, t; y, τ)|×

×|v(y, τ)|β0 dy + ϱ−α
0 (x+ z, t+ z0, x̂, t̂)

t+z0∫
t

dτ

∫
Ω

|G(x+ z, t+ z0; y, τ)| · |v(y, τ)|β0 dy+

+

∫
Σ

|ϱ−α
0 (x+ z, t+ z0, x̂, t̂) ·

∂G(x+ z, t+ z0; y, τ)

∂νy
− ϱ−α

0 (x, t, x̂, t̂) · ∂G(x, t; y, τ)
∂νy

|×

×|v(y, τ)|β1 dSydτ = I 1(x, t, x̂, t̂; z, z0) + I 2(x, t, x̂, t̂; z, z0) + I 3(x, t, x̂, t̂; z, z0).

Ç äîâåäåííÿ òåîðåìè 1 [13] âèïëèâà¹ iñíóâàííÿ δ̃1 = δ̃1(ε) > 0 òàêîãî, ùî äëÿ

äîâiëüíèõ (z, z0) ∈ Rn+1, ||z|| < δ̃1, |z0| < δ̃1 âèêîíó¹òüñÿ

sup
(x,t)∈Q

(I 1(x, t, x̂, t̂; z, z0) + I 2(x, t, x̂, t̂; z, z0)) <
ε

3
.

Íåõàé η1 > 0 � äîñèòü ìàëå i äîâiëüíå ÷èñëî, Ση1 ⊂ Σ òàêà, ùî dist(x, x̂) > η1,

dist(t, t̂) > η1.

Òîäi äëÿ äîâiëüíèõ v ∈ M̃α, C̃(Q, P̂ ) òà (x, t) ∈ Q îòðèìà¹ìî

I 3(x, t, x̂, t̂; z, z0) 6 C̃β1

∫
Σ

|ϱ−α
0 (x+ z, t+ z0, x̂, t̂) ·

∂G(x+ z, t+ z0; y, τ)

∂νy
−

−ϱ−α
0 (x, t, x̂, t̂) · ∂G(x, t; y, τ)

∂νy
| · ϱαβ1

0 (y, τ, x̂, t̂) dSydτ =

= C̃β1

∫
Σ\Ση1

|ϱ−α
0 (x+ z, t+ z0, x̂, t̂) ·

∂G(x+ z, t+ z0; y, τ)

∂νy
− ϱ−α

0 (x, t, x̂, t̂) · ∂G(x, t; y, τ)
∂νy

|×

×ϱαβ1

0 (y, τ, x̂, t̂) dSydτ + C̃β1

∫
Ση1

|ϱ−α
0 (x+ z, t+ z0, x̂, t̂) ·

∂G(x+ z, t+ z0; y, τ)

∂νy
−

−ϱ−α
0 (x, t, x̂, t̂) · ∂G(x, t; y, τ)

∂νy
| · ϱαβ1

0 (y, τ, x̂, t̂) dSydτ =

= I 31(x, t, x̂, t̂; z, z0) + I 32(x, t, x̂, t̂; z, z0).
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Íåõàé δ0 > 0 � ôiêñîâàíå ÷èñëî. Çà çàäàíèì δ0 âèáèðà¹ìî ÷èñëî η1 <
ε0
2 òàêå,

ùîá m(Σ \ Ση1) 6 δ0 òà

η1 <
( ε

12C̃β1C̃0

) 1
α(β1−1)

.

Çà ëåìîþ 4 iñíó¹ δ0 = δ0(ε) > 0, iñíó¹ âiäïîâiäíå η1 > 0 òàêi, ùî äëÿ äîâiëüíèõ
(x, t) ∈ Q òà (z, z0) ∈ Rn+1 òàêèõ, ùî (x+ z, t+ z0) ∈ Q∫

Σ\Ση1

ϱαβ1

0 (y, τ, x̂, t̂) · |ϱ−α
0 (x, t, x̂, t̂) · ∂G(x, t; y, τ)

∂νy
| dSydτ <

ε

24C̃β1

, (14)

∫
Σ\Ση1

ϱαβ0

0 (y, τ, x̂, t̂)·|ϱ−α
0 (x+z, t+z0, x̂, t̂)·

∂G(x+ z, t+ z0; y, τ)

∂νy
| dSydτ <

ε

24C̃β1

. (15)

Òîäi ç (14), (15) ïðè (x, t) ∈ Q

I 31(x, t, x̂, t̂; z, z0) 6 C̃β1

∫
Σ\Ση1

(
|ϱ−α

0 (x+ z, t+ z0, x̂, t̂) ·
∂G(x+ z, t+ z0; y, τ)

∂νy
|+

+|ϱ−α
0 (x, t, x̂, t̂) · ∂G(x, t; y, τ)

∂νy
|
)
· ϱαβ1

0 (y, τ, x̂, t̂) dSydτ < C̃β1

( ε

24C̃β1

+
ε

24C̃β1

)
=

ε

12
,

à, îòæå,

sup
(x,t)∈Q

I 31(x, t, x̂, t̂; z, z0) <
ε

12
.

Âèáåðåìî 0 < η2 <
η1

2 . Äëÿ äîâiëüíî¨ (x, t) ∈ Q η1
2
òà ÷èñëà η2 âèçíà÷èìî ìíî-

æèíè

Uη2(x, t)
def
= {(y, τ) ∈ Ση1 : ||x− y|| 6 η2, |t− τ | 6 η22}.

Îá÷èñëèìî

m(Uη2(x, t)) =

∫
Uη2 (x,t)

dydτ =

∫
||x−y||6η2

dy ·
∫

|t−τ |6η2
2

dτ = 2σnη
n+2
2 ,

äå σn � ïëîùà ïîâåðõíi ñôåðè îäèíè÷íîãî ðàäióñà â Rn. ßêùî âèáðàòè

η2 < min{η1
2
;
( δ0
2σn

) 1
n+2 },

òî m(Uη2(x, t)) < δ0. Òîäi ç (14) òà (15) äëÿ äîâiëüíèõ (x, t) ∈ Q òà (z, z0) ∈ Rn+1

òàêèõ, ùî (x+ z, t+ z0) ∈ Q∫
Uη2 (x,t)

ϱαβ1

0 (y, τ, x̂, t̂) · |ϱ−α
0 (x, t, x̂, t̂) · ∂G(x, t; y, τ)

∂νy
| dSydτ <

ε

36C̃β1

, (16)

∫
Uη2 (x,t)

ϱαβ1

0 (y, τ, x̂, t̂) · |ϱ−α
0 (x+ z, t+ z0, x̂, t̂) ·

∂G(x+ z, t+ z0; y, τ)

∂νy
| dSydτ <

ε

36C̃β1

.

(17)
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Âèáåðåìî δ1 < min{δ0; η2

2 }. Ïðè (x, t) ∈ Q η1
2
, (z, z0) ∈ Rn+1 òàêèõ, ùî

||z|| 6 δ1(<
1
4η1), |z0| 6 δ1(<

1
4η1), ìà¹ìî (x + z, t + z0) ∈ Q η1

4
. Ïðè (x, t) ∈ Q η1

4
,

(y, τ) ∈ Ση1 \Uη2(x, t), ||x− y|| > η2, |t− τ | > η22 , à îòæå, (x, t) ̸= (y, τ). Òîìó ôóíêöiÿ

ϱ−α
0 (x, t, x̂, t̂)

∂G(x, t; y, τ)

∂νy

ðiâíîìiðíî íåïåðåðâíà â îáëàñòi

V = {(x, t; y, τ) : (x, t) ∈ Q η1
4
, (y, τ) ∈ Ση1 \ Uη2(x, t)}.

Òîäi iñíó¹ δ2 = δ2(ε) ∈ (0; δ1] òàêå, ùî äëÿ äîâiëüíèõ (z, z0) ∈ Rn+1, ||z|| < δ2,

|z0| < δ2, (x, t) ∈ Q η1
2
⊂ Q η1

4
, (y, τ) ∈ Ση1 \ Uη2(x, t) ïðè αβ1 > −n− 1 âèêîíó¹òüñÿ

|ϱ−α
0 (x+ z, t+ z0, x̂, t̂) ·

∂G(x+ z, t+ z0; y, τ)

∂νy
− ϱ−α

0 (x, t, x̂, t̂) · ∂G(x, t; y, τ)
∂νy

| < ε

36AC̃β1

,

äå A =
∫

Ση1\Uη2 (x,t)

ϱαβ1

0 (y, τ, x̂, t̂) dSydτ , òîäi

∫
Ση1

\Uη2
(x,t)

ϱαβ1

0 (y, τ, x̂, t̂) · |ϱ−α
0 (x+ z, t+ z0, x̂, t̂) ·

∂G(x+ z, t+ z0; y, τ)

∂νy
−

−ϱ−α
0 (x, t, x̂, t̂) · ∂G(x, t; y, τ)

∂νy
| dSydτ <

ε

36AC̃β1

∫
Ση1\Uη2 (x,t)

ϱαβ1

0 (y, τ, x̂, t̂) dSydτ <
ε

36C̃β1

.

(18)
Îòæå, ïðè (x, t) ∈ Q η1

2
iç (16), (17) òà (18) âèïëèâà¹ iñíóâàííÿ δ2 = δ2(ε) > 0

òàêîãî, ùî äëÿ äîâiëüíèõ (z, z0) ∈ Rn+1, ||z|| < δ2, |z0| < δ2

I 32(x, t, x̂, t̂; z, z0) = C̃β1

∫
Ση1

ϱαβ1

0 (y, τ, x̂, t̂)·|ϱ−α
0 (x+z, t+z0, x̂, t̂)·

∂G(x+ z, t+ z0; y, τ)

∂νy
−

−ϱ−α
0 (x, t, x̂, t̂)· ∂G(x, t; y, τ)

∂νy
| dSydτ 6 C̃β1

∫
Uη2 (x,t)

ϱαβ1

0 (y, τ, x̂, t̂)·|ϱ−α
0 (x+z, t+z0, x̂, t̂)×

×∂G(x+ z, t+ z0; y, τ)

∂νy
| dSydτ + C̃β1

∫
Uη2 (x,t)

ϱαβ1

0 (y, τ, x̂, t̂) · |ϱ−α
0 (x, t, x̂, t̂)×

×∂G(x, t; y, τ)
∂νy

| dSydτ + C̃β1

∫
Ση1\Uη2 (x,t)

ϱαβ1

0 (y, τ, x̂, t̂) · |ϱ−α
0 (x+ z, t+ z0, x̂, t̂)×

×∂G(x+ z, t+ z0; y, τ)

∂νy
− ϱ−α

0 (x, t, x̂, t̂)
∂G(x, t; y, τ)

∂νy
| dSydτ <

ε

36
+

ε

36
+

ε

36
=

ε

12
,

à îòæå,

sup
(x,t)∈Q η1

2

I 32(x, t, x̂, t̂; z, z0) <
ε

12
.
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Ïðè (x, t) ∈ Q \Q η1
2
, (z, z0) ∈ Rn+1, ||z|| < δ1(<

η1

4 ), |z0| < δ1(<
η1

4 ) áóäå

(x+ z, x+ z0) ∈ Q \Q 3η1
4

⊂ Q àáî (x+ z, t+ z0) /∈ Q. Çà ðiâíîìiðíîþ íåïåðåðâíiñòþ

ôóíêöi¨ ϱ−α
0 (x, t, x̂, t̂)∂G(x,t;y,τ)

∂νy
íà çàìêíåíié ìíîæèíi V1 = (Q \Q 3η1

4
) × Qη1 âðàõî-

âóþ÷è, ùî −α > 0, ϱ−α
0 (x, t, x̂, t̂) 6 1, îäåðæó¹ìî: iñíó¹ δ3 = δ3(ε) ∈ (0, δ1] òàêå, ùî

äëÿ äîâiëüíèõ (x, t) ∈ Q \Q η1
2

⊂ Q \Q 3η1
4
, (y, τ) ∈ Ση1 , (z, z0) ∈ Rn+1, ||z|| < δ3,

|z0| < δ3 âèêîíó¹òüñÿ

|ϱ−α
0 (x+ z, t+ z0, x̂, t̂) ·

∂G(x+ z, t+ z0; y, τ)

∂νy
−ϱ−α

0 (x, t, x̂, t̂) · ∂G(x, t; y, τ)
∂νy

| < ε

12BC̃β1

,

äå

B =

∫
Ση1

ϱαβ1

0 (y, τ, x̂, t̂) dSydτ,

çâiäêè

sup
(x,t)∈Q\Qη1

2
(x+z,t+z0)∈Q

I 32(x, t, x̂, t̂; z, z0) 6 C̃β1
ε

12BC̃β1

∫
Ση1

ϱαβ1

0 (y, τ, x̂, t̂) dSydτ =
ε

12
.

Äëÿ òèõ òî÷îê (x, t) ∈ Q \Q η1
2
, (y, τ) ∈ Ση1 , (z, z0) ∈ Rn+1, ||z|| < δ1, |z0| < δ1,

äëÿ ÿêèõ (x+ z, t+ z0) /∈ Q îòðèìà¹ìî

sup
(x,t)∈Q\Qη1

2
(x+z,t+z0)/∈Q

I 32(x, t, x̂, t̂; z, z0)6 sup
(x,t)∈Q\Qη1

2
(x+z,t+z0)/∈Q

C̃β1

∫
Ση1

ϱαβ1

0 (y, τ, x̂, t̂) · |ϱ−α
0 (x, t, x̂, t̂)×

×∂G(x, t; y, τ)
∂νy

| dSydτ 6 sup
(x,t)∈Q\Qη1

2
(x+z,t+z0)/∈Q

C̃β1

∫
Ση1

ηαβ1

1 |ϱ−α
0 (x, t, x̂, t̂) · ∂G(x, t; y, τ)

∂νy
| dSydτ 6

6 sup
(x,t)∈Q\Qη1

2
(x+z,t+z0)/∈Q

C̃β1ηαβ1

1 η−α
1

∫
Ση1

|∂G(x, t; y, τ)
∂νy

| dSydτ 6 C̃β1C̃0η
α(β1−1)
1 <

ε

12
,

äå îñòàííÿ íåðiâíiñòü âèêîíó¹òüñÿ çãiäíî ç âèáîðîì η1. Çàóâàæèìî, ùî ïðè β1 ∈ (0, 1)
òàêîæ α(β1 − 1) > 0.

Äîâåäåíî, ùî iñíó¹ δ̃2 = min{δ1, δ2, δ3} > 0 òàêå, ùî äëÿ äîâiëüíèõ

(z, z0) ∈ Rn+1, ||z|| < δ̃2, |z0| < δ̃2

sup
(x,t)∈Q

I 3(x, t, x̂, t̂; z, z0) <
ε

6
.

Îòæå, iñíó¹ δ̂2 = min{δ̃1, δ̃2} > 0 òàêå, ùî äëÿ äîâiëüíèõ (z, z0) ∈ Rn+1, ||z|| < δ̂2,

|z0| < δ̂2 âèêîíó¹òüñÿ

sup
(x,t)∈Q

I(x, t, x̂, t̂; z, z0) <
ε

2
.



ÕÀÐÀÊÒÅÐ ÒÎ×ÊÎÂÈÕ ÑÒÅÏÅÍÅÂÈÕ ÎÑÎÁËÈÂÎÑÒÅÉ ÐÎÇÂ'ßÇÊÓ ...
ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2011. Âèïóñê 74 205

Îòîæ, ìíîæèíà {H1v : v ∈ M̃α, C̃(Q, P̂ )} � îäíîñòàéíî íåïåðåðâíà. Çà òåîðåìîþ
Øàóäåðà òà çà óìîâ ëåì 2, 3, 4 êðàéîâà çàäà÷à (6)-(8) ìà¹ ðîçâ'ÿçîê u ∈ M̃α(Q, P̂ ).

�

3. Âèñíîâêè. Ìè çíàéøëè äîñòàòíi óìîâè iñíóâàííÿ òà õàðàêòåð òî÷êîâèõ
ñòåïåíåâèõ îñîáëèâîñòåé ðîçâ'ÿçêó íåëiíiéíî¨ ïåðøî¨ óçàãàëüíåíî¨ êðàéîâî¨ çàäà÷i
äëÿ ðiâíÿííÿ òåïëîïðîâiäíîñòi.
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Using the Schauder method the character pointed power singularities of
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