
ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2011. Âèïóñê 75. Ñ. 115�126Visnyk of the Lviv Univ. Series Meh. Math. 2011. Issue 75. P. 115�126ÓÄÊ 519.218.31ÏÅ�IÎÄ ÇÀÉÍßÒÎÑÒI ÒÀ ÊIËÜÊIÑÒÜ ÎÁÑËÓÆÅÍÈÕÇÀÌÎÂËÅÍÜ ÄËß ÑÈÑÒÅÌ ÒÈÏÓ Mθ/G/1/mÇ ÏÎ�Î�ÎÂÈÌÈ ÑÒ�ÀÒÅ�IßÌÈ ÔÓÍÊÖIÎÍÓÂÀÍÍßÊîñòÿíòèí ÆÅ�ÍÎÂÈÉËüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà,âóë. Óíiâåðñèòåòñüêà, 1, 79000, Ëüâiâe-mail: k_zhernovyi�yahoo.omÂèâ÷åíî ñèñòåìè îáñëóãîâóâàííÿ Mθ/G/1/m ç ïîðîãîâèì áëîêóâàííÿìâõiäíîãî ïîòîêó òà ç âiäíîâëþþ÷èì ðiâíåì ïîòîêó çàìîâëåíü, â ÿêèõ íà÷àñ áëîêóâàííÿ çìiíþ¹òüñÿ iíòåíñèâíiñòü îáñëóãîâóâàííÿ. Äëÿ êîæíî¨ çñèñòåì äîñëiäæåíî ñóìiñíèé ðîçïîäië ïåðiîäó çàéíÿòîñòi òà êiëüêîñòi çà-ìîâëåíü, îáñëóæåíèõ çà öåé ïåðiîä.Êëþ÷îâi ñëîâà: ñèñòåìà Mθ/G/1/m, áëîêóâàííÿ âõiäíîãî ïîòîêó, ïåðå-ìèêàííÿ ðåæèìiâ îáñëóãîâóâàííÿ, ðîçïîäië ïåðiîäó çàéíÿòîñòi òà êiëüêîñòiçàìîâëåíü, îáñëóæåíèõ çà öåé ïåðiîä.1. Âñòóï. Äëÿ ñèñòåìè îáñëóãîâóâàííÿ Mθ/G/1/m çàäàìî ïîñëiäîâíîñòi íå-çàëåæíèõ âèïàäêîâèõ âåëè÷èí {αn}, {θn}, {βn} i {β̃n} (n > 1 ), äå αn � ÷àñ ìiæíàäõîäæåííÿì (n−1)-¨ òà n-¨ ãðóïè çàìîâëåíü, θn � êiëüêiñòü çàìîâëåíü â n-é ãðóïi,à βn àáî β̃n � ÷àñ îáñëóãîâóâàííÿ n-ãî çàìîâëåííÿ. Íåõàé P{αn < x} = 1 − e−λx

(λ > 0 ), P{θn = i} = ai ( i > 1 ).Çàìîâëåííÿ îáñëóãîâóþòüñÿ ïî îäíîìó, îáñëóæåíå çàìîâëåííÿ ïîêèäà¹ ñèñòåìó,à îáñëóãîâóþ÷èé ïðèñòðié íåãàéíî ïî÷èíà¹ îáñëóãîâóâàííÿ çàìîâëåííÿ ç ÷åðãè çà¨¨ íàÿâíîñòi àáî ÷åêà¹ íàäõîäæåííÿ ÷åðãîâî¨ ãðóïè çàìîâëåíü. Çàñòîñîâó¹òüñÿ äèñ-öèïëiíà îáñëóãîâóâàííÿ FIFO. ×åðãà âñåðåäèíi îäíi¹¨ ãðóïè çàìîâëåíü ìîæå áóòèîðãàíiçîâàíà äîâiëüíî.Íåõàém � ìàêñèìàëüíà êiëüêiñòü çàìîâëåíü, ÿêi îäíî÷àñíî ìîæóòü ïåðåáóâàòèó ÷åðçi. Îòæå, ÿêùî â ñèñòåìó, â ÿêié âæå ¹ k ∈ [0, m+1] çàìîâëåíü, íàäõîäèòü ãðóïàç êiëüêiñòþ θn çàìîâëåíü, òî ëèøå min {θn, m+1−k} ç íèõ ïðè¹äíóþòüñÿ äî ÷åðãè,à ðåøòà âòðà÷àþòüñÿ.Ïîçíà÷èìî ÷åðåç ξ(t) êiëüêiñòü çàìîâëåíü ó ñèñòåìi â ìîìåíò ÷àñó t i çàäàìîïîðîãîâèé ðiâåíü h (h = 1, m− 1 ).Ìåòà íàøî¨ ïðàöi � âèâ÷èòè äâi ðiçíi ñèñòåìè îáñëóãîâóâàííÿ, ÿêi ïîçíà÷èìîâiäïîâiäíî ÷åðåç Mθ
h/G1/1/m i Mθ

h,m/G1/1/m. Îïèøåìî îñîáëèâîñòi êîæíî¨ ç íèõ.© Æåðíîâèé Ê., 2011
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h/G1/1/m ïðèéìåìî òàêå: ÿêùî ξ(t) ≤ h, äå t � ìîìåíò ïî-÷àòêó îáñëóãîâóâàííÿ n-ãî çàìîâëåííÿ, òî P{βn < x} = F (x) (x > 0 ), F (0) = 0.ßêùî æ ξ(t) > h, òî ÷àñ îáñëóãîâóâàííÿ n-ãî çàìîâëåííÿ ïîçíà÷èìî ÷åðåç β̃n, ïðè-÷îìó P{β̃n < x} = F̃ (x) (x > 0 ), F̃ (0) = 0. ßêùî t � ìîìåíò ïî÷àòêó îáñëóãîâóâàííÿ÷åðãîâîãî çàìîâëåííÿ i ξ(t) > h, òî ïiä ÷àñ îáñëóãîâóâàííÿ öüîãî çàìîâëåííÿ âiä-áóâà¹òüñÿ áëîêóâàííÿ âõiäíîãî ïîòîêó çàìîâëåíü (âîíè íå äîïóñêàþòüñÿ íà âõiäñèñòåìè). Ïðîöåñ íàäõîäæåííÿ çàìîâëåíü âiäíîâëþ¹òüñÿ â ìîìåíò t ïî÷àòêó îáñëó-ãîâóâàííÿ ïåðøîãî çàìîâëåííÿ, äëÿ ÿêîãî ξ(t) ≤ h.Îñîáëèâiñòþ ñèñòåìè Mθ

h,m/G1/1/m ¹ òå, ùî áëîêóâàííÿ âõiäíîãî ïîòîêó âiä-áóâà¹òüñÿ ç ìîìåíòó, êîëè äîâæèíà ÷åðãè äîñÿãà¹ ÷èñëà m, äî ìîìåíòó t ïî÷àòêóîáñëóãîâóâàííÿ ïåðøîãî çàìîâëåííÿ, äëÿ ÿêîãî ξ(t) ≤ h. Âiä ìîìåíòó ïî÷àòêó îá-ñëóãîâóâàííÿ ïåðøîãî çàìîâëåííÿ ïiä ÷àñ áëîêóâàííÿ äî ìîìåíòó çàâåðøåííÿ áëî-êóâàííÿ âõiäíîãî ïîòîêó ÷àñ îáñëóãîâóâàííÿ êîæíîãî çàìîâëåííÿ ðîçïîäiëåíèé çàçàêîíîì F̃ (x). ßêùî íà ìîìåíò ïî÷àòêó îáñëóãîâóâàííÿ ÷åðãîâîãî çàìîâëåííÿ áëî-êóâàííÿ âõiäíîãî ïîòîêó íå çàñòîñîâó¹òüñÿ, òî ÷àñ îáñëóãîâóâàííÿ ðîçïîäiëåíèé çàîñíîâíèì çàêîíîì F (x).Ñèñòåìó îáñëóãîâóâàííÿ Mθ
h/G1/1/m âèâ÷àëè ó [1, 2℄ (âèïàäîê r ≥ 1 ïîðîãiâïåðåìèêàííÿ), à ñèñòåìó òèïó Mθ
h,m/G1/1/m (âèïàäîê F̃ (x) = F (x) ) äîñëiäæåíî óïðàöi [3℄.Âèêîðèñòîâóþ÷è ìåòîä ïîòåíöiàëó Â.Ñ. Êîðîëþêà [4℄, ìè âèâ÷èìî âëàñòèâîñòiñóìiñíîãî ðîçïîäiëó ïåðiîäó çàéíÿòîñòi òà êiëüêîñòi çàìîâëåíü, îáñëóæåíèõ çà öåéïåðiîä, äëÿ ñèñòåì Mθ

h/G1/1/m, Mθ
h/G1/1 òà Mθ

h,m/G1/1/m.2. Îñíîâíi ïîçíà÷åííÿ òà äîïîìiæíi ðåçóëüòàòè. Ïîçíà÷èìî ÷åðåç Mnóìîâíå ìàòåìàòè÷íå ñïîäiâàííÿ çà óìîâè, ùî ξ(0) = n ≥ 0. Íåõàé η(x) � êiëüêiñòüçàìîâëåíü, ÿêi íàäiéøëè â ñèñòåìó íà ïðîìiæêó ÷àñó [0; x); ak∗i � k�êðàòíà çãîðòêàïîñëiäîâíîñòi ai. Âèêîðèñòîâóâàòèìåìî òàêi ïîçíà÷åííÿ:
α(z) =

∞∑

k=1

zkak; mi =

∞∫

0

xidF (x) < ∞, bi =
∞∑

k=1

kiak < ∞, i = 1, 2;

f(s) =

∞∫

0

e−sxdF (x), f̃(s) =

∞∫

0

e−sxdF̃ (x), m̃1 =

∞∫

0

x dF̃ (x) < ∞.Íåõàé äëÿ i = −1, 0, 1, . . .,
pi(s) =

1

f(s)

∞∫

0

e−sx
P{η(x) = i+ 1} dF (x) =

1

f(s)

i+1∑

k=0

ak∗i+1

∞∫

0

e−(λ+s)x (λx)
k

k!
dF (x).Îñêiëüêè pi(s) > 0 äëÿ s > 0 i ∞∑

i=−1

pi(s) = 1, òî ÷èñëà pi(s), i ≥ 1, ìîæåìî iíòåð-ïðåòóâàòè ÿê ðîçïîäië ñòðèáêiâ íåïåðåðâíîãî çíèçó âèïàäêîâîãî áëóêàííÿ: ÿêùî
a(s, z) = s+ λ

(
1− α(z)

), òî íåâàæêî ïåðåêîíàòèñü, ùî
∞∑

i=−1

zipi(s) =
f(a(s, z))

zf(s)
, Re s ≥ 0, |z| ≤ 1.
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∞∑

k=1

zkRk(s, θ) =
z

θf(a(s, z))− z
, |z| < ν−(s, θ),äå ν−(s, θ) � ¹äèíèé êîðiíü ðiâíÿííÿ

θf(a(s, z))− z = 0, 0 < |θ| ≤ 1, s ≥ 0, (1)íà iíòåðâàëi [0; 1].Íåõàé ρ = λm1b1. �îçãëÿíåìî óìîâó (óìîâó Êðàìåðà), ÿêà íàêëàäà¹ ïåâíi îáìå-æåííÿ íà ðîçïîäiëè ai (i ≥ 1) òà F (x): íåõàé z0 = sup
{
z > 0 : f

(
λ(1−α(z)

)
< ∞

}
> 1i, ÿêùî ρ < 1, òî f

(
λ(1 − α(z0 − 0)

)
− z0 > 0.Íàñëiäêîì óìîâè Êðàìåðà ¹ òå [3℄, ùî ðiâíÿííÿ (1) ìà¹ íà iíòåðâàëi [0, z0) ëèøåäâà êîðåíi 0 < ν−(s, θ) < 1 < ν+(s, θ) < z0, äëÿ âñiõ 0 < s < δ, ç äåÿêèì äîñòàòíüîìàëèì δ > 0.3. Ïåðiîä çàéíÿòîñòi òà êiëüêiñòü çàìîâëåíü, îáñëóæåíèõ íà öüîìóïåðiîäi, äëÿ ñèñòåìè M

θ
h
/G1/1/m. Íåõàé τ(m) = inf{t ≥ 0; ξ(t) = 0} ïîçíà÷à¹ïåðøèé ïåðiîä çàéíÿòîñòi, à N(τ(m)) � êiëüêiñòü çàìîâëåíü, ÿêi îáñëóæèëè çà öåéïåðiîä.Äëÿ ñèñòåìè Mθ

h/G1/1/m øóêàòèìåìî óìîâíi ìàòåìàòè÷íi ñïîäiâàííÿ
Φn(s, θ) = Mn{e

−sτ(m)θN(τ(m))}, Re s ≥ 0, |θ| ≤ 1, 1 ≤ n ≤ m.Âèêîðèñòîâóâàòèìåìî òàêi ïîçíà÷åííÿ: pn(s) = ∞∑
k=n

pk(s),
Qn(s, θ) =

(
1− θf(s)

) n−1∑

i=1

Ri(s, θ) + θf(s)

n−1∑

i=1

Ri(s, θ)pn−i−1(s). (2)Òåîðåìà 1. Äëÿ ñèñòåìè Mθ
h/G1/1/m âèêîíóþòüñÿ òàêi ñïiââiäíîøåííÿ:

Mn{e
−sτ(m)θN(τ(m))} =

(
1 +Qh+1−n(s, θ)− θf(s)

h−n∑

i=1

Ri(s, θ)×

×

((
θf̃(s)

)m−h
pm−n−i(s) +

m−1∑

j=h

pj−n−i

(
θf̃(s)

)j−h
))

Φh(s, θ) (1 ≤ n ≤ h− 1);

Mn{e
−sτ(m)θN(τ(m))} =

(
θf̃(s)

)n−h
Φh(s, θ) (h+ 1 ≤ n ≤ m),

(3)äå Re s ≥ 0,
Φh(s, θ) =

(
1 +Qh+1(s, θ)− θf(s)

h∑

i=1

Ri(s, θ)×

×

((
θf̃(s)

)m−h
pm−i(s) +

m−1∑

j=h

pj−i

(
θf̃(s)

)j−h
))

−1

.

(4)
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Φn(s, θ) = θ

m−n∑

i=0

Φn+i−1(s, θ)

∞∫

0

e−sx
P{η(x) = i}dF (x) + Φh(s, θ)θ

m+1−h×

×

∞∫

0

P{η(x) ≥ m+ 1− n}

∞∫

0

e−s(x+v)
P

{m−h∑

i=1

β̃i ∈ dv

}
dF (x) =

= θf(s)

(m−n∑

i=0

Φn+i−1(s, θ)pi−1(s) +
(
θf̃(s)

)m−h
pm−n(s)Φh(s, θ)

)
(1 ≤ n ≤ h);

(5)
Φn(s, θ) = Φh(s, θ)θ

n−h

∞∫

0

e−s(x+v)
P

{n−h−1∑

i=1

β̃i ∈ dv

}
dF̃ (x) =

=
(
θf̃(s)

)n−h
Φh(s, θ) (h+ 1 ≤ n ≤ m).

(6)Âèðàçèâøè ç (6) âñi Φn(s, θ) äëÿ h+1 ≤ n ≤ m i ïiäñòàâèâøè ¨õ ó (5), îòðèìà¹ìîðiâíÿííÿ
Φn(s, θ)− θf(s)

h−n−1∑

i=−1

pi(s)Φn+i(s, θ) = θf(s)Φh(s, θ)

(m−1∑

i=h

pi−n(s)
(
θf̃(s)

)i−h
+

+
(
θf̃(s)

)m−h
pm−n(s)

)
(1 ≤ n ≤ h).

(7)Äëÿ ðîçâ'ÿçêiâ ñèñòåìè ðiâíÿíü (7), âèêîðèñòîâóþ÷è òåîðåìó 1.4 ç [3, ñ. 28℄ i âðàõî-âóþ÷è (2), îòðèìà¹ìî çîáðàæåííÿ
Φn(s, θ) =

(
1 +Qh+1−n(s, θ)− θf(s)

h−n∑

i=1

Ri(s, θ)×

×

((
θf̃(s)

)m−h
pm−n−i(s) +

m−1∑

j=h

pj−n−i

(
θf̃(s)

)j−h
))

Φh(s, θ) (1 ≤ n ≤ h− 1).

(8)Âðàõîâóþ÷è (6), ðîáèìî âèñíîâîê, ùî ñïiââiäíîøåííÿ (3) âèêîíóþòüñÿ. Ïðèéíÿâøèâ (8) n = 0, ç ãðàíè÷íî¨ óìîâè Φ0(s, θ) = 1 îäåðæèìî (4). Òåîðåìó äîâåäåíî. �Äëÿ ñèñòåìè ç íåîáìåæåíîþ ÷åðãîþ Mθ
h/G1/1, ïåðåéøîâøè äî ãðàíèöi ïðè

m → ∞ ó ðiâíîñòÿõ (3) i (4), îòðèìà¹ìî òàêå òâåðäæåííÿ.Òåîðåìà 2. Äëÿ ñèñòåìè Mθ
h/G1/1 âèêîíóþòüñÿ òàêi ñïiââiäíîøåííÿ:

Mn{e
−sτ(∞)θN(τ(∞))} =

(
1 +Qh+1−n(s, θ)−

− θf(s)

h−n∑

i=1

Ri(s, θ)

∞∑

j=h

pj−n−i

(
θf̃(s)

)j−h
)
Φh(s, θ) (1 ≤ n ≤ h− 1);
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Mn{e

−sτ(∞)θN(τ(∞))} =
(
θf̃(s)

)n−h
Φh(s, θ) (n ≥ h+ 1),äå Re s ≥ 0,

Φh(s, θ) =

(
1 +Qh+1(s, θ)− θf(s)

h∑

i=1

Ri(s, θ)

∞∑

j=h

pj−i

(
θf̃(s)

)j−h
)

−1

.4. Ïåðiîä çàéíÿòîñòi òà êiëüêiñòü çàìîâëåíü, îáñëóæåíèõ íà öüîìóïåðiîäi, äëÿ ñèñòåìè M
θ
h,m/G1/1/m. Äëÿ ñèñòåìè Mθ

h,m/G1/1/m øóêàòèìåìîóìîâíi ìàòåìàòè÷íi ñïîäiâàííÿ
Φn(s, θ) = Mn{e

−sτ(m)θN(τ(m))}, Re s ≥ 0, |θ| ≤ 1, 1 ≤ n ≤ m.Âèêîðèñòîâóâàòèìåìî òàêèé âèçíà÷íèê:
∆(s, θ) =

∣∣∣∣∣∣∣∣∣∣

1 + θf(s)
(
θf̃(s)

)m−h m−h∑
i=1

Ri(s, θ)pm−h−i(s) −1−Qm+1−h(s, θ)

−θf(s)
(
θf̃(s)

)m−h m∑
i=1

Ri(s, θ)pm−i(s) 1 +Qm+1(s, θ)

∣∣∣∣∣∣∣∣∣∣

. (9)Òåîðåìà 3. Äëÿ ñèñòåìè Mθ
h,m/G1/1/m âèêîíóþòüñÿ òàêi ñïiââiäíîøåííÿ:

Mn{e
−sτ(m)θN(τ(m))} = −θf(s)

(
θf̃(s)

)m−h
Φh(s, θ)

m−n∑

i=1

Ri(s, θ)pm−n−i(s)+

+
(
1 +Qm+1−n(s, θ)

)
Φm(s, θ) (1 ≤ n ≤ m),

(10)äå Re s ≥ 0,
Φh(s, θ) =

1 +Qm+1−h(s, θ)

∆(s, θ)
;

Φm(s, θ) =
1

∆(s, θ)

(
1 + θf(s)

(
θf̃(s)

)m−h
m∑

i=h+1

Ri−h(s, θ)pm−i(s)

)
.

(11)Äîâåäåííÿ. Î÷åâèäíî, ùî Φ0(s, θ) = 1. Âèêîðèñòîâóþ÷è �îðìóëó ïîâíî¨ éìîâiðíîñ-òi, îäåðæèìî
Φn(s, θ) = θf(s)

m−n∑

i=0

Φn+i−1(s, θ)pi−1(s)+

+ θf(s)
(
θf̃(s)

)m−h
pm−n(s)Φh(s, θ) (1 ≤ n ≤ m).Çàïèñàâøè öþ ñèñòåìó ðiâíÿíü ó âèãëÿäi

Φn(s, θ)− θf(s)

m−n−1∑

i=−1

pi(s)Φn+i(s, θ) =

= θf(s)
(
θf̃(s)

)m−h
pm−n(s)Φh(s, θ) (1 ≤ n ≤ m),
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Φn(s, θ) = −θf(s)

(
θf̃(s)

)m−h
Φh(s, θ)

m−n∑

i=1

Ri(s, θ)pm−n−i(s)+

+

(
1 +Qm+1−n(s, θ)

)
Φm(s, θ) (1 ≤ n ≤ m).

(12)Îòæå, ñïiââiäíîøåííÿ (10) âèêîíóþòüñÿ.Ïðèéíÿâøè â (12) ïîñëiäîâíî n = h i n = 0, ç óðàõóâàííÿì ãðàíè÷íî¨ óìîâè
Φ0(s, θ) = 1, îäåðæèìî ñèñòåìó äâîõ ëiíiéíèõ ðiâíÿíü äëÿ âiäøóêàííÿ Φh(s, θ) i
Φm(s, θ)

Φh(s, θ)

(
1 + θf(s)

(
θf̃(s)

)m−h
m−h∑

i=1

Ri(s, θ)pm−h−i(s)

)
−

−
(
1 +Qm+1−h(s, θ)

)
Φm(s, θ) = 0;

− θf(s)
(
θf̃(s)

)m−h
m∑

i=1

Ri(s, θ)pm−i(s)Φh(s, θ) +
(
1 +Qm+1(s, θ)

)
Φm(s, θ) = 1,ðîçâ'ÿçêè ÿêî¨ ìàþòü âèãëÿä (11). Òåîðåìó äîâåäåíî. �5. �ðàíè÷íà òåîðåìà äëÿ ñèñòåìèM

θ
h,m/G1/1/m.Äîñëiäèìî àñèìïòîòè÷íiâëàñòèâîñòi �óíêöiîíàëiâ τ(m), N(τ(m)), êîëè n, h, m → ∞.Ëåìà 1. �iâíiñòü (9) ìîæíà çàïèñàòè ó âèãëÿäi

∆(s, θ) = 1 +Qm+1(s, θ) + θf(s)
(
θf̃(s)

)m−h
(
Rm(m− h, s, θ)+

+
(
1− θf(s)

)
∆m(m− h, s, θ)

)
,

(13)äå
Rn(m, s, θ) =

m∑

i=1

Ri(s, θ)pm−i(s)−

n∑

i=1

Ri(s, θ)pn−i(s);

∆n(m, s, θ) =

∣∣∣∣∣∣∣∣∣

m∑
i=1

Ri(s, θ)pm−i(s) −
m∑
i=1

Ri(s, θ)

−
n∑

i=1

Ri(s, θ)pn−i(s)
n∑

i=1

Ri(s, θ)

∣∣∣∣∣∣∣∣∣

.Äîâåäåííÿ. Âðàõîâóþ÷è ðiâíiñòü (2), ç (9) îòðèìà¹ìî
∆(s, θ) = 1+Qm+1(s, θ)+
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+ θf(s)

(
θf̃(s)

)m−h

∣∣∣∣∣∣∣∣∣∣

m−h∑
i=1

Ri(s, θ)pm−h−i(s) −1−Qm+1−h(s, θ)

−
m∑
i=1

Ri(s, θ)pm−i(s) 1+Qm+1(s, θ)

∣∣∣∣∣∣∣∣∣∣

=

= 1+Qm+1(s, θ)+

+ θf(s)
(
θf̃(s)

)m−h

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

m−h∑
i=1

Ri(s, θ)pm−h−i(s) −1−
(
1− θf(s)

)m−h∑
i=1

Ri(s, θ)

−θf(s)
m−h∑
i=1

Ri(s, θ)pm−h−i(s)

−
m∑
i=1

Ri(s, θ)pm−i(s) 1 +
(
1− θf(s)

) m∑
i=1

Ri(s, θ)

+θf(s)
m∑
i=1

Ri(s, θ)pm−i(s)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

=

= 1+Qm+1(s, θ)+θf(s)
(
θf̃(s)

)m−h
(m−h∑

i=1

Ri(s, θ)pm−h−i(s)−
m∑

i=1

Ri(s, θ)pm−i(s)

)
+

+
(
1− θf(s)

)
θf(s)

(
θf̃(s)

)m−h

∣∣∣∣∣∣∣∣∣∣

m−h∑
i=1

Ri(s, θ)pm−h−i(s) −
m−h∑
i=1

Ri(s, θ)

−
m∑
i=1

Ri(s, θ)pm−i(s)
m∑
i=1

Ri(s, θ)

∣∣∣∣∣∣∣∣∣∣

,ùî ðiâíîèëüíî (13). Ëåìó äîâåäåíî. �Ëåìà 2. Ñïiââiäíîøåííÿ (10) ìîæíà çàïèñàòè ó âèãëÿäi
Mn{e

−sτ(m)θN(τ(m))} =
1

∆(s, θ)

(
1+Qm+1−n(s, θ)+

+ θf(s)
(
θf̃(s)

)m−h
((

1−θf(s)
)
∆m−n(m− h, s, θ)+Rm−n(m− h, s, θ)

))
.

(14)Äîâåäåííÿ. Âðàõîâóþ÷è (10), (11), îòðèìà¹ìî
Mn{e

−sτ(m)θN(τ(m))} =
1

∆(s, θ)

((
1+Qm+1−n(s, θ)

)(
1 + θf(s)

(
θf̃(s)

)m−h
×

×
m−h∑

i=1

Ri(s, θ)pm−h−i(s)
)
− θf(s)

(
θf̃(s)

)m−h
×

×
(
1 +Qm+1−h(s, θ)

)m−n∑

i=1

Ri(s, θ)pm−n−i(s)

)
.

(15)Çà äîïîìîãîþ ðiâíîñòi (2) îäåðæó¹ìî
(
1 +Qm+1−n(s, θ)

)(
1 + θf(s)

(
θf̃(s))m−h

m−h∑

i=1

Ri(s, θ)pm−h−i(s)
)
−
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− θf(s)

(
θf̃(s)

)m−h
(
1 +Qm−h(s, θ)

)m−n∑

i=1

Ri(s, θ)pm−n−i(s) =

=
(
1 +

(
1− θf(s)

)m−n∑

i=1

Ri(s, θ) + θf(s)

m−n∑

i=1

Ri(s, θ)pm−n−i(s)
)
×

×
(
1 + θf(s)

(
θf̃(s)

)m−h
m−h∑

i=1

Ri(s, θ)pm−h−i(s)
)
−

− θf(s)
(
θf̃(s)

)m−h
(
1+

(
1−θf(s)

)m−h∑

i=1

Ri(s, θ)+θf(s)

m−h∑

i=1

Ri(s, θ)pm−h−i(s)
)
×

×
m−n∑

i=1

Ri(s, θ)pm−n−i(s) =

= 1 +
(
1− θf(s)

)m−n∑

i=1

Ri(s, θ) + θf(s)

m−n∑

i=1

Ri(s, θ)pm−n−i(s)+

+ θf(s)
(
θf̃(s)

)m−h
[(

1 +
(
1− θf(s)

)m−n∑

i=1

Ri(s, θ)+

+ θf(s)
m−n∑

i=1

Ri(s, θ)pm−n−i(s)
)m−h∑

i=1

Ri(s, θ)pm−h−i(s)−

−
(
1 +

(
1− θf(s)

)m−h∑

i=1

Ri(s, θ) + θf(s)
m−h∑

i=1

Ri(s, θ)pm−h−i(s)
)
×

×

m−n∑

i=1

Ri(s, θ)pm−n−i(s)
]
= 1 +Qm+1−n(s, θ)+

+ θf(s)
(
θf̃(s)

)m−h
[(
1− θf(s)

)(m−h∑

i=1

Ri(s, θ)pm−h−i(s)

m−n∑

i=1

Ri(s, θ)−

−

m−h∑

i=1

Ri(s, θ)

m−n∑

i=1

Ri(s, θ)pm−n−i(s)
)
+

m−h∑

i=1

Ri(s, θ)pm−h−i(s)−

−

m−n∑

i=1

Ri(s, θ)pm−n−i(s)
]
= 1 +Qm+1−n(s, θ)+

+ θf(s)
(
θf̃(s)

)m−h
[(
1− θf(s)

)
∆m−n(m− h, s, θ) +Rm−n(m− h, s, θ)

]
.Çâiäñè, à òàêîæ çi ñïiââiäíîøåíü (15) îòðèìó¹ìî (14). Ëåìó äîâåäåíî. �Òåïåp ìè ìîæåìî ïåpåéòè äî âèâ÷åííÿ àñèìïòîòè÷íî¨ ïîâåäiíêè ðîçïîäiëiâ�óíêöiîíàëiâ τ(m), N(τ(m)).
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lim

m→∞

Mβm

{
e
−

sτ(m) + µN(τ(m))

m

}
= e

−

β(sm1 + µ)

1− ρ . (16)2) ßêùî ρ = 1, òî
lim

m→∞

Mβm

{
e
−

sτ(m) + µN(τ(m))

m2

}
=

sh{q(s, µ)(1 − β)} − sh{(α− β)q(s, µ)}

sh{q(s, µ)} − sh{αq(s, µ)}
, (17)äå

q(s, µ) =

√
2(sm1 + µ)

m1λb2 + (λb1)2m2
.Äîâåäåííÿ. 1) Íåõàé ρ < 1. Ââåäåìî ïîçíà÷åííÿ: ŝ = s/m, θ̂ = exp{−µ/m}, äå

s, µ ≥ 0 � äåÿêi �iêñîâàíi ÷èñëà. Òîäi �îðìóëó (14) ìîæåìî çàïèñàòè òàê:
Mβm

{
e
−

sτ(m) + µN(τ(m))

m

}
=

1

∆(ŝ, θ̂)

(
1+Qm(1−β)+1(ŝ, θ̂)+

+ θ̂f(ŝ)
(
θ̂f̃(ŝ)

)(1−α)m
((

1−θ̂f(ŝ)
)
∆(1−β)m

(
(1− α)m, ŝ, θ̂

)
+

+R(1−β)m

(
(1− α)m, ŝ, θ̂

)))
,

(18)äå
∆(ŝ, θ̂) = 1 +Qm+1(ŝ, θ̂) + θ̂f(ŝ)

(
θ̂f̃(ŝ)

)(1−α)m
(
Rm

(
(1 − α)m, ŝ, θ̂

)
+

+
(
1− θ̂f(ŝ)

)
∆m

(
(1 − α)m, ŝ, θ̂

))
.Îñêiëüêè θ̂ = 1− µ

s ŝ+ o(ŝ), ÿêùî ŝ → 0, òî
θ̂f(ŝ)

(
θ̂f̃(ŝ)

)(1−α)m
=

(
1−

µ

m
+ o

(
m−1

))1+m(1−α)(
1−

m1s

m
+ o

(
m−1

))
×

×
(
1−

m̃1s

m
+ o

(
m−1

))m(1−α)

=
(
1−

µ+m1s

m
+ o

(
m−1

))
×

×
(
1−

µ+ m̃1s

m
+ o

(
m−1

))m(1−α)

−−−−→
m→∞

e−(1−α)(sm̃1+µ).

(19)Ó äîâåäåííi òåîðåìè 3.5 [3, . 124℄ âèâåäåíî îöiíêó
(
1−θ̂f(ŝ)

)
∆(1−β)m((1− α)m, ŝ, θ̂) +R(1−β)m((1 − α)m, ŝ, θ̂) = o

(
(1 + ε)−m

) (20)äëÿ äåÿêîãî ε > 0. Ó öüîìó ñïiââiäíîøåííi ε, âçàãàëi êàæó÷è, çàëåæèòü âiä α, β, àëåî÷åâèäíî, ùî éîãî ìîæíà âèáðàòè òàêèì, ùî ε > 0 äëÿ âñiõ α, β.
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Mβm

{
e
−

sτ(m) + µN(τ(m))

m

}
=

1+Qm(1−β)+1(ŝ, θ̂) + o
(
(1 + ε)−m

)

1 +Qm+1(ŝ, θ̂) + o
(
(1 + ε)−m

) . (21)Òàê ñàìî ÿê ó [3, . 125℄ ìîæíà äîâåñòè, ùî
1 +Qm(1−β)+1(ŝ, θ̂) −−−−→

m→∞

1

1− ρ
e

sm1 + µ

1− ρ
(1−β)

;

1 +Qm+1(ŝ, θ̂) −−−−→
m→∞

1

1− ρ
e

sm1 + µ

1− ρ .Çà äîïîìîãîþ öèõ ñïiââiäíîøåíü ç �îpìóëè (21) îòðèìó¹ìî (16).2) Íåõàé ρ = 1. Ïðèéìåìî: ŝ = s/m2, θ̂ = exp{−µ/m2}, äå s, µ ≥ 0 � äåÿêi�iêñîâàíi ÷èñëà. Çàïèøåìî �îðìóëó (14) òàê:
Mβm

{
e
−

sτ(m) + µN(τ(m))

m2

}
=

1

∆(ŝ, θ̂)

(
1+Qm(1−β)+1(ŝ, θ̂)+

+ θ̂f(ŝ)
(
θ̂f̃(ŝ)

)(1−α)m
((

1−θ̂f(ŝ)
)
∆(1−β)m

(
(1− α)m, ŝ, θ̂

)
+

+R(1−β)m

(
(1− α)m, ŝ, θ̂

)))
.

(22)
Òåïåð θ̂ = e−µ/m2

= 1− µ/m2 + o(m−2) = 1− µ
s ŝ+ o(ŝ), òîìó çàìiñòü (19) îäåðæèìî

θ̂f(ŝ)
(
θ̂f̃(ŝ)

)(1−α)m
=

(
1−

µ+m1s

m2
+ o

(
m−1

))
×

×
(
1−

µ+ m̃1s

m2
+ o

(
m−1

))m(1−α)

−−−−→
m→∞

1.

(23)Ó [3, . 127℄ îòðèìàíî îöiíêè
(
1−θ̂f(ŝ)

)
∆(1−β)m((1− α)m, ŝ, θ̂) +R(1−β)m((1 − α)m, ŝ, θ̂) =

= −q1(s, µ)
(
e−(β−α)q(s,µ) − e(β−α)q(s,µ)

)
m+ o(m);

1 +Qm(1−β)+1(ŝ, θ̂) = q1(s, µ)(e
q(s,µ)(1−β) − e−q(s,µ)(1−β))m+ o(m);

1 +Qm+1(ŝ, θ̂) = q1(s, µ)(e
q(s,µ) − e−q(s,µ))m+ o(m),

(24)äå
q1(s, µ) =

1√
2
(
m1λb2 + (λb1)2m2

)
(m1s+ µ)

.
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Mβm

{
e
−

sτ(m) + µN(τ(m))

m2

}
=

=
q1(s, µ)(e

q(s,µ)(1−β)−e−q(s,µ)(1−β))m−q1(s, µ)
(
e−(β−α)q(s,µ)−e(β−α)q(s,µ)

)
m+o(m)

q1(s, µ)(eq(s,µ) − e−q(s,µ))m− q1(s, µ)
(
eαq(s,µ) − e−αq(s,µ)

)
m+ o(m)

−−−−→
m→∞

eq(s,µ)(1−β) − e−q(s,µ)(1−β) − e−(β−α)q(s,µ) + e(β−α)q(s,µ)

eq(s,µ) − e−q(s,µ) − eαq(s,µ) + e−αq(s,µ)
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