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(∂t + λ(x, t)∂x)u = p(x, t)u+ g(x, t), (x, t) ∈ Π, (1)

u|t=0 = ar(x) + δ(m)(x− x∗1), x ∈ [0, L), (2)
u|x=0 = (cr(t) + δ(j)(t− t1))

L
∫

0

(br(x) + δ(n)(x− x1))u dx, t ∈ [0,∞), (3)where x1 > 0, x∗1 > 0, t1 > 0, m, j, n ∈ N0, and
Π = {(x, t) ∈ R

2 | 0 < x < L, t > 0}.This problem an be easily generalized to the ase when the initial and the boundary datahave singular supports at �nitely many points. Without loss of generality we assume that
x∗1 < x1. The system (1)-(3) arises in the theory of population dynamis (see [1, 7, 9, 10℄),where u denotes the distribution of individuals having age x > 0 at time t > 0,
ar(x) + δ(m)(x − x∗1) is the initial distribution, −p(x, t) denotes the mortality rate,
br(x) + δ(n)(x − x1) denotes the age-dependent fertility rate, cr(t) + δ(j)(t − t1) is thespei� fertility rate of females, g(x, t) is the distribution of migrants, L is the maximumage attained by individuals.© Kmit I., 2011



138 Iryna KMITISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2011. Âèïóñê 75The evolution of u is governed by (1)-(3). Sine (1)-(3) is a ontinuous model ofa disrete struture, in many problems of suh a kind it is natural to onsider stronglysingular initial and boundary data (see [7℄).A partial ase of the problem (1)-(3) where λ ≡ 1 is investigated in [4℄. Here wedevelop our approah from [4℄ and onstrut a distributional solution to (1)-(3) in the aseof the variable oe�ient λ, what has meaning for appliations to problems of populationdynamis (see, e.g. [2℄).Initial-boundary semilinear hyperboli problems with distributional data were stu-died in [8, 5, 6℄, where the authors onstruted delta-wave solutions. In ontrast to thesepapers, we here show that the problem (1)-(3) is solvable in the distributional sense andonstrut the distributional solution by means of multipliation of distributions in thesense of H�ormander [3℄.We impose the following onditions for (1)-(3):A1. λ(x, t) > 0 for all (x, t) ∈ R
2.A2. a(i)r (0) = 0, c

(i)
r (0) = 0 for all i ∈ N0.A3. b(i)r (L) = 0 for all i ∈ N0 and there exists ε > 0 suh that br(x) = 0 for x ∈ [0, ε].A4. The funtions λ, p, and g are smooth in R

2, ar is smooth on [0, L), br is smoothon [0, L], and cr is smooth on [0,∞).These assumptions are not partiularly restritive from the pratial point of view.In partiular, Assumption A3 is a onsequene of the fat that [0, L] overs the fertilityperiod of females. Note that Assumption A2 ensures the arbitrary order ompatibilitybetween (2) and (3).It is well known that, under the assumptions A1 and A4, for every (x, t) ∈ R
2there exists a unique harateristi of (1) expressed in one of two forms ξ = ω(τ ;x, t) or

τ = ω̃(ξ;x, t), where ω and ω̃ are smooth funtions with respet to all their arguments.Below we will use both of the forms.De�nition 1. Let I+ =
⋃

n≥0

I+[n], where I+[n] are subsets of R2 de�ned by indution asfollows.
• I+[0] is the union of the harateristis ω(t;x∗1, 0) and ω(t; 0, t1).
• Let n ≥ 1. If I+[n− 1] inludes the harateristi ω(t;x1, t̃), then I+[n] inludesthe harateristi ω(t; 0, t̃).For harateristis ontributing into I+ denote their intersetion points with thepositive semiaxis x = 0 by t∗1, t∗2, . . . . We assume that t∗j < t∗j+1 for j ≥ 1. The union ofall singular harateristis of the initial problem, as it will be shown, is inluded into theset I+. In fat, we will show that sing suppu ⊂ I+. Assume thatA5. ω(0;x1, t1) 6= x∗1, ω̃(0;x1, t1) 6= t∗s for all t∗s < t1.Without this assumption the distributional solution does not exist, beause thereappears multipliation of the delta funtion onto itself.We proeed similarly to [4℄ and start with the distributional solution in the domainof in�uene (or determinay) of the problem (1)-(3):

Ω = {(x, t) ∈ R
2 | x < ω(t;L, 0)}.
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〈(∂t + λ(x, t)∂x − p(x, t))u, ϕ〉 = 〈g(x, t), ϕ〉.2. u is restritable to [0, L)× {0} in the sense of H�ormander [3℄.3. u|t=0 = ar(x) + δ(m)(x− x∗1), x ∈ [0, L).4. The produt [(br(x) + δ(n)(x − x1)) ⊗ 1(t)] · u(x, t) exists in D′(Π) in the sense ofH�ormander [3℄.5. L
∫

0

[(br(x)+ δ
(n)(x−x1))⊗ 1(t)]u dx for t > 0 is a distribution v(t) ∈ D′(R+) de�ned by

〈v(t), ψ(t)〉 = 〈[(br(x) + δ(n)(x− x1))⊗ 1(t)] · u(x, t), 1(x)⊗ ψ(t)〉, ψ(t) ∈ D(R+),where br(x) = 0, x /∈ [0, L].6. There exists ε > 0 suh that v(t) restrited to (t1 − ε, t1 + ε) is a smooth funtion.7. u is restritable to {0} × [0,∞) in the sense of H�ormander [3℄.8. u|x=0 = (cr(t) + δ(j)(t− t1)) · v(t), t ∈ [0,∞).9. sing suppu ⊂ Ω \ {(x, t) |x = ω(t; 0, 0)}.Our next objetive is to de�ne the solution onept for (1)-(3) on Π. To de�-ne the restrition of u ∈ D′(Π) to the boundary of Π so that the initial and theboundary onditions are meaningful, let us make the following observation: Note that
Π \ {(L, 0)} ⊂ Ω. Let Ω0 ⊂ Ω be a domain suh that Π \ {(L, 0)} ⊂ Ω0 and u be a
D′(Ω)-solution to the problem (1)-(3) in the sense of De�nition 2. Then u restrited to
Ω0 is a D′(Ω0)-solution to the problem (1)-(3) in the sense of the same de�nition. Thissuggests the following de�nition.De�nition 3. Let u be a D′(Ω)-solution to the problem (1)-(3) in the sense of De�niti-on 2. Then u restrited to Π is alled a D′(Π)-solution to the problem (1)-(3).Set

Ω+ = {(x, t) ∈ Ω |x > 0, t > 0}.We are now prepared to state the existene result.Theorem 1. 1. Let Assumptions A1�A5 hold. Then there exists a D′(Ω)-solution u tothe problem (1)-(3) in the sense of De�nition 2 suh that:the restrition of u to any domain Ω′
+ ⊃ Ω+ suh that any harateristiof (1) intersets ∂Ω′

+ at a single point does not depend on the values ofthe funtions λ, p and g on Ω \ Ω′
+. (4)2. Let Assumptions A1�A5 hold. Then there exists a D′(Π)-solution to the problem (1)-(3) in the sense of De�nition 3.2. Constrution of the D′-solution. It is su�ient to solve the problem in thedomain

ΩT = {(x, t) ∈ Ω | ω(t; 0, T ) < x, −T < t < T }



140 Iryna KMITISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2011. Âèïóñê 75for an arbitrary �xed T > 0. Observe that ΩT is the intersetion of the strip R× (−T, T )with the domain of determinay of (1) with respet to the set ([0, L)×{0})∪({0}×[0, T )).Fix T > 0 and start with a subdomain
ΩT

0 = {(x, t) ∈ ΩT | ω(t; 0, 0) < x < ω(t;L, 0)}.In the ase that the initial data are funtions, a unique solution to the problem(1)-(2) on ΩT
0 an be written in the form

u(x, t) = S(x, t)ar(ω(0;x, t)) + S1(x, t) + S(x, t)δ(m)(ω(0;x, t)− x∗1), (5)where
S(x, t) = exp











t
∫

θ(x,t)

p(τ + x− t, τ) dτ











, (6)
θ(x, t) = ω̃(0;x, t), and

S1(x, t) =

t
∫

θ(x,t)

g(ω(τ ;x, t), τ) dτ+

+

t
∫

θ(x,t)

p(ω(τ ;x, t), τ) dτ

τ
∫

θ(x,t)

g(ω(τ1;ω(τ ;x, t), τ), τ1) dτ1 + . . . .

(7)Observe that S and S1 are smooth and the equalities
S(x, t) = 1 +

t
∫

θ(x,t)

p(ω(τ ;x, t), τ)S(ω(τ ;x, t), τ) dτ,

S1(x, t) =

t
∫

θ(x,t)

g(ω(τ ;x, t), τ) dτ +

t
∫

θ(x,t)

p(ω(τ ;x, t), τ)S1(ω(τ ;x, t), τ) dτ

(8)hold. Let Ai(x, t) = δ(i)(x)⊗1(t) and Bi(x, t) = 1(x)⊗δ(i)(t) be the distributions de�nedby the equalities
〈Ai(x, t), ϕ(x, t)〉 = (−1)i

∫

ϕ(i)
x (0, t) dt,

〈Bi(x, t), ϕ(x, t)〉 = (−1)i
∫

ϕ
(i)
t (x, 0) dxfor all ϕ ∈ D(R2).Let f be the smooth map

f : (x, t) → (x, ω(0;x, t)− x∗1).The inverse
f−1 : (x, t) → (x, r(x, t))
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τ = r(x, t), is a smooth funtion for whih we have t ≡ ω(0;x, r(x, t))−x∗1 . Furthermore,

f ′(x, t) =

(

1 0
ω′
x(0;x, t) ω′

t(0;x, t)

)with
ω′
x(0;x, t) = exp





0
∫

t

λ′ξ(ξ(τ), τ) dτ



 ,

ω′
t(0;x, t) = −λ(x, t) exp





0
∫

t

λ′ξ(ξ(τ), τ) dτ



 .

(9)By A1, λ(x, t) 6= 0 for all (x, t) ∈ R
2. Hene

J(f) = |f ′| = ω′
t(0;x, t) 6= 0,where J(f) is the Jaobian of f . Hene f∗Bm = δ(m)(ω(0;x, t)−x∗1), the pullbak of Bmby f (see [3℄), is well de�ned. Similarly, f∗Bm is the m-th derivative of the delta funtionsupported along the urve t = r(x, 0).De�nition 4. A distribution u is alled a D′(ΩT

0 )-solution to the problem (1), (2) ifItems 1�3 of De�nition 2 with Ω replaed by ΩT
0 hold.Lemma 1. u(x, t) given by the formula (5) is a D′(ΩT

0 )-solution to the problem (1)-(2).Proof. From the lassial theory of �rst-order linear partial di�erential operators it followsthat the sum of the �rst two summands in (5) is a unique smooth solution to the problem(1)-(2) with the singular part of the initial ondition (2) identially equal to 0. It is obviousthat this solution satis�es the latter problem in a distributional sense. Our goal is nowto prove that the third summand in (5) is a distributional solution to the homogeneousequation (1) with singular initial ondition δ(m)(x − x∗1). Indeed, for all ϕ ∈ D(ΩT
0 ), wehave

〈(∂t + λ∂x)(Sδ
(m)(ω(0;x, t)− x∗1)), ϕ〉 = −〈Sδ(m)(ω(0;x, t)− x∗1), ϕt + (λϕ)x〉 =

= −〈δ(m)(ω(0;x, t)− x∗1), Sϕt + S(λϕ)x〉 =

= −〈δ(m)(ω(0;x, t)− x∗1), (Sϕ)t + (λSϕ)x − Stϕ− λSxϕ〉.Sine w = δ(m)(ω(0;x, t) − x∗1) is a distribution in ω(0;x, t), this is a weak solution tothe equation (∂t + λ∂x)w = 0. Note that Sϕ ∈ D(ΩT
0 ). Therefore

〈δ(m)(ω(0;x, t)− x∗1), (Sϕ)t + (λSϕ)x〉 = 0.Using (8) and (9), we obtain
St + λSx = pS +

t
∫

0

(

∂ω(τ ;x, t)

∂t
+ λ(x, t)

∂ω(τ ;x, t)

∂x

)

(pxS + pSx) dτ = pS,as desired.
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0 is a di�eomorphism. We haveto hek the ondition (see [3℄)

WF(Sf∗Bm) ∩N(X) = ∅, (10)where the normal bundle N(X) to X is de�ned by the formula
N(X) = {(x, t, ξ, η) | (x, t) ∈ X, 〈T(x,t)(X), (ξ, η)〉 = 0}and T(x,t)(X) is the spae of all tangent vetors to X at (x, t). It is lear that in our ase

N(X) = {(x, 0, 0, η), η 6= 0}.Let us now look at WF(Sf∗Bm). By Proposition 2, we have
WF(Sf∗Bm) ⊂ WF(f∗Bm).Reall that by de�nition

WF(f∗Bm) = {(x, t, df t
x · (ξ, η)) : (f(x, t), ξ, η) ∈ WF(Bm)}.Moreover,

WF(Bm) ⊂ WF(B0) = {(x, 0, 0, η), η 6= 0}.It follows that f(x, t) is equal to (x, 0). Therefore (x, t) = (x, r(x, 0)). Furthermore,
df t

x =

(

1 ω′
x(0;x, t)|t=r(x,0)

0 ω′
t(0;x, t)|t=r(x,0)

)

, df t
x · (0, η) =

(

ω′
x(0;x, t)|t=r(x,0)η
ω′
t(0;x, t)|t=r(x,0)η

)

.As a onsequene,
WF(Sf∗Bm) ⊂ {(x, r(x, 0), ωx(0;x, t)|t=r(x,0)η, ωt(0;x, t)|t=r(x,0)η), η 6= 0}.This means that S(x, t)δ(m)(ω(0;x, t) − x∗1) is restritable to X . Considering the distri-bution δ(m)(ω(0;x, t)− x∗1) to be smooth in t with distributional values in x, the initialondition (10) follows from (5). This �nishes the proof.We have proved that u de�ned by (5) satis�es Items 1�3 of De�nition 2 with Ωreplaed by ΩT

0 . Items 5�9 on ΩT
0 do not need any proof. Item 4 will be given by Lemma 3below.Now we extend the solution over

ΩT
1 = {(x, t) ∈ ΩT | ω(t; 0, T ) < x < ω(t; 0, 0)}.We use the fat that any u satisfying Item 9 of De�nition 2 on ΩT is representable as

u(x, t) = u0(x, t) + u1(x, t), (11)where u0 = u in D′(ΩT
0 ), u0 is identially equal to 0 on ΩT

1 , u1 = u in D′(ΩT
1 ), and

u1 is identially equal to 0 on ΩT
0 . Indeed, Item 9 implies that the solution is smoothin a neighborhood of {(x, t) |x = ω(t; 0, 0)}. For an arbitrary ϕ ∈ D(ΩT ) onsider arepresentation

ϕ(x, t) = ϕ1(x, t) + ϕ2(x, t) + ϕ3(x, t)suh that ϕi(x, t) ∈ D(ΩT ), suppϕ1 ⊂ ΩT
0 , suppϕ2 ∩ sing suppu = ∅, and suppϕ3 ⊂ ΩT

1 .Then
〈u0 + u1, ϕ〉 = 〈u0, ϕ1 + ϕ2〉+ 〈u1, ϕ2 + ϕ3〉 =

= 〈u, ϕ1〉+ 〈u0, ϕ2〉+ 〈u1, ϕ2〉+ 〈u, ϕ3〉 = 〈u, ϕ1 + ϕ2 + ϕ3〉 = 〈u, ϕ〉.
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v(t) =

L
∫

0

b(x)u0(x, t) dx +

L
∫

0

b(x)u1(x, t) dx.Our task now is to ompute the �rst integral
I0(t) =

L
∫

0

b(x)u0(x, t) dx, 0 < t < T, (12)that will be used in the onstrution. We have to takle the multipliation of distributionsinvolved in the integrand. For tehnial reasons we extend ar(x) and br(x) over all Rde�ning them to be 0 outside [0, L]. Using (5), we rewrite (12) as follows
I0(t) =

L
∫

ω(t;0,0)

br(x)(S(x, t)ar(ω(0;x, t)) + S1(x, t)) dx+

+

L
∫

0

δ(n)(x− x1)(S(x, t)ar(ω(0;x, t)) + S1(x, t)) dx+

+

L
∫

0

br(x)S(x, t)δ
(m)(ω(0;x, t))− x∗1) dx+

+

L
∫

0

δ(n)(x− x1)S(x, t)δ
(m)(ω(0;x, t)− x∗1) dx.To ompute the seond integral we take a test funtion ψ(t) ∈ D(0, T ) and onsider theation (see De�nition 2, Item 5)

〈δ(n)(x− x1)(S(x, t)ar(ω(0;x, t)) + S1(x, t)), 1(x) ⊗ ψ(t)〉 =

= 〈δ(n)(x − x1)⊗ 1(t), (S(x, t)ar(ω(0;x, t)) + S1(x, t))ψ(t)〉 =

= (−1)n〈1(t), (S(x, t)ar(ω(0;x, t)) + S1(x, t))
(n)
x |x=x1

ψ(t)〉 =

= (−1)n〈(S(x, t)ar(ω(0;x, t)) + S1(x, t))
(n)
x |x=x1

, ψ(t)〉.To ompute the third integral, onsider the bijetive map
q : (x, t) → (ω(0;x, t)− x∗1, t)that is smooth both in x and t. The inverse of q is unique and has form
q−1 : (x, t) → (̺(x, t), t),where η = ̺(x, t) is a smooth funtion, for whih it holds x ≡ ω(0; ̺(x, t), t)− x∗1. Hene

〈S(x, t)br(x)δ
(m)(ω(0;x, t)− x∗1), 1(x) ⊗ ψ(t)〉 = 〈q∗δ(m)(x), S(x, t)br(x)ψ(t)〉 =

=

〈

δ(m)(x),
S(x, t)br(x)ψ(t)

ω′
x(0;x, t)

◦ q−1

〉

=
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= (−1)m

〈

1(t),

(

S(̺(x, t), t)br(̺(x, t))

ω′
̺(0; ̺(x, t), t)

)(m)

x

∣

∣

∣

∣

x=0

ψ(t)

〉

=

= (−1)m

〈

(

S(̺(x, t), t)br(̺(x, t))

ω′
̺(0; ̺(x, t), t)

)(m)

x

∣

∣

∣

∣

x=0

, ψ(t)

〉

.To ompute the last integral in the expression for I0(t) we need the following fat.Lemma 2. The produt of two distributions v = δ(n)(x − x1)⊗ 1(t) and
w = δ(m)(ω(0;x, t)− x∗1) exists in the sense of H�ormander [3℄.Proof. By [3℄, it su�es to reall that

WF(v) = {(x1, t, ξ1, 0), ξ1 6= 0},

WF(w) ⊂ {x, r(x, 0), ω
′

x(0;x, t)|t=r(x,0)ξ2, ω
′

t(0;x, t)|t=r(x,0)ξ2, ξ2 6= 0},where ω′

t(0;x, t)|t=r(x,0) 6= 0.We have proved the following lemma.Lemma 3. A distribution u de�ned by (5) satis�es Item 4 of De�nition 2 with Π replaedby Π ∩ ΩT
0 .Turning bak to omputing the last integral in I0(t), onsider the map

H : (x, t) → (x− x1, ω(0;x, t)− x∗1)and the inverse map
H−1 : (x, t) → (x+ x1, r(x + x1, t)).Then de�ne H∗An = δ(n)(x− x1)⊗ 1(t) and H∗Bm = δ(m)(ω(0;x, t)− x∗1).We are now in a position to de�ne the produt of two distributions δ(n)(x−x1) and

δ(m)(ω(0;x, t)− x∗1). For all ϕ ∈ D(R2) we ompute the ation
〈

S(x, t)δ(n)(x − x1)δ
(m)(ω(0;x, t)− x∗1), ϕ(x, t)

〉

= 〈H∗AnH
∗Bm, S(x, t)ϕ(x, t)〉 =

= 〈H∗(AnBm), S(x, t)ϕ(x, t)〉 =

〈

AnBm,
(Sϕ)(x + x1, r(x + x1, t))

ω′

r(0;x+ x1, r(x + x1, t))

〉

=

=

〈

δ(n)(x)⊗ δ(m)(t),
(Sϕ)(x + x1, r(x + x1, t))

ω′

r(0;x+ x1, r(x + x1, t))

〉

=

= (−1)n+m

(

(Sϕ)(x + x1, r(x + x1, t))

ω′

r(0;x+ x1, r(x + x1, t))

)(n+m)

x,t

∣

∣

∣

∣

x=0,t=0

=

=

n
∑

j=0

n+m
∑

i=0

Fji(x, t)ϕ
(j+i)
x,t (x+ x1, r(x + x1, t))

∣

∣

∣

∣

x=0,t=0

=

n
∑

j=0

n+m
∑

i=0

Fji(0, 0)ϕ
(j+i)
x,t (x1, t

∗
1) =

=

n
∑

j=0

n+m
∑

i=0

Fji(0, 0)
〈

δ(j)(x− x1)⊗ δ(i)(t− t∗1), ϕ(x, t)
〉

.
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〈 L
∫

0

δ(n)(x − x1)S(x, t)δ
(m)(ω(0;x, t)− x∗1) dx, ψ(t)

〉

=

=

n
∑

j=0

n+m
∑

i=0

Fji(0, 0)

〈 L
∫

0

δ(j)(x− x1)⊗ δ(i)(t− t∗1) dx, ψ(t)

〉

=

=

n
∑

j=0

n+m
∑

i=0

Fji(0, 0)
〈

δ(i)(t− t∗1)⊗ δ(j)(x− x1), 1(x)⊗ ψ(t)
〉

=

=

n+m
∑

i=0

F0i(0, 0)〈δ
(i)(t− t∗1), ψ(t)〉.As a onsequene,

I0(t) =

L
∫

ω(t;0,0)

br(x)(S(x, t)ar(ω(0;x, t)) + S1(x, t)) dx+

+(−1)n(S(x, t)ar(ω(0;x, t)) + S1(x, t))
(n)
x |x=x1

+

+(−1)m
(

S(̺(x, t), t)br(̺(x, t))

ω′
̺(0; ̺(x, t), t)

)(m)

x

∣

∣

∣

∣

x=0

+

n+m
∑

i=0

F0i(0, 0)δ
(i)(t− t∗1).

(13)
Observe that, by Assumption A2 and Assumption A3, the �rst three summands in (13)are smooth for t > 0.Further onstrution is based on the splitting of ΩT

1 into subdomains
Ω(i) = {(x, t) ∈ ΩT

1 | ω(t; 0, t∗i ) < x < ω(t; 0, t∗i−1)}and onstruting the solution separately in eah Ω(i) and in a neighborhood of eahborder between Ω(i) and Ω(i + 1). Here t∗0 = 0, 1 ≤ i ≤ k(T ), where k(T ) is de�ned byinequalities t∗
k(T ) < T and t∗

k(T )+1 ≥ T . The �niteness of k(T ) is ensured by A1 and A4for λ.Lemma 4. There exists a smooth solution to the problem (1)-(3) on Ω(1).Proof. Under the assumption that x∗1 < x1, we have ω(t∗1; 0, 0) < L. Hene (x1, t
∗
1) ∈ Ω0.Therefore any solution whih is given by (5) on ΩT

0 and is smooth on Ω(1), by Item 9 ofDe�nition 2 satis�es the integral equation
u(x, t) = S3(x, t) + S2(x, t)

ω(θ(x,t);0,0)
∫

0

br(ξ)u(ξ, θ(x, t)) dξ, (14)where
S2(x, t) = S(x, t)cr(θ(x, t))
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S3(x, t) = S2(x, t)I0(θ(x, t)) + S1(x, t)are known by (13). The smoothness of I0(θ(x, t)) if (x, t) ∈ Ω(1) follows from the fatsthat θ(x, t) < t∗1 and that I0(t) restrited to the interval (0, t∗1) is smooth. Therefore S2and S3 are smooth. Observe that

ω(θ(x, t); 0, 0) ≤ θ(x, t) max
(x,t)∈Ω(1)

λ ≤ t max
(x,t)∈Ω(1)

λ.Hene (14) is the Volterra integral equation of the seond kind.The existene follows from the proof of Theorem 3 in [6℄.From the formulas (5) and (14), Lemma 4, and Assumption A2 it follows that u issmooth in a neighborhood of the harateristi urve x = ω(t; 0, 0). This ensures that uwe onstrut satis�es Item 9 of De�nition 2.Under the assumption that Ω(2) is nonempty, below we give the formula of thesolution on
Ωε(1) = Ω(1) ∪ {(x, t) ∈ Ω(2) | x > ω(t; 0, t∗1 + ε)}for a �xed ε > 0 suh that t∗1 − ε > 0 and

br(x) = 0, x ∈ [0, ω(t∗1 + ε; 0, t∗1 − ε)]. (15)Suh ε exists by A3.Write now
v(t) =

L
∫

0

(br(x) + δ(n)(x− x1))u dx = vr(t) + vs(t), (16)where vr(t) and vs(t) are, respetively, regular (smooth) and singular parts of v(t). Onthe aount of (11), (13), (15), and the fat that x∗1 < x1, we have on [0, t∗1 + ε]:
vr(t) =

ω(t;0,0)
∫

ω(t;0,t∗
1
−ε)

br(x)u(x, t) dx +

L
∫

ω(t;0,0)

br(x)[S(x, t)ar(ω(0;x, t)) + S1(x, t)] dx+

+(−1)n(S(x, t)ar(ω(0;x, t)) + S1(x, t))
(n)
x |x=x1

+

+(−1)m
(

S(̺(x, t), t)br(̺(x, t))

ω′
̺(0; ̺(x, t), t)

)(m)

x

∣

∣

∣

∣

x=0 (17)and
vs(t) =

n+m
∑

i=0

F0i(0, 0)δ
(i)(t− t∗1). (18)Note that the �rst summand in (17) is a known smooth funtion. This follows from theinlusion [ω(t; 0, t∗1 − ε), ω(t; 0, 0)] × {t} ⊂ Ω(1) ∪ {(x, t) |x = ω(t; 0, 0)}, Lemma 4 andAssumption A2. Hene u(x, t) is smooth on Ω(1) ∪ {(x, t) |x = ω(t; 0, 0)}.We onsider two ases.



CLASSICAL SOLVABILITY OF A SINGULAR HYPERBOLIC PROBLEM ...ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2011. Âèïóñê 75 147Case 1. t∗1 = t1. As easily seen from (16), (17), and (18), v(t) = vr(t) on [0, t∗1 + ε].As a onsequene, Item 6 of De�nition 2 for u we onstrut is ful�lled. Furthermore
u(0, t) = (δ(j)(t− t∗1) + cr(t))vr(t) =

j
∑

i=0

Ciδ
(i)(t− t∗1) + cr(t)vr(t) (19)for t ∈ (0, t∗1 + ε). Here Ci are onstants depending on v

(k)
r (t∗1) for 0 ≤ k ≤ j. Theseonstants are known due to (17).Case 2. t∗1 6= t1. Then ω̃(x1;x

∗
1, 0) = t∗1. Using (16) and (17), we derive a similarformula for u(0, t) on (0, t∗1 + ε):

u(0, t) = cr(t)

n+m
∑

i=0

F0i(0, 0)δ
(i)(t− t∗1)+ cr(t)vr(t) =

n+m
∑

i=0

Eiδ
(i)(t− t∗1)+ cr(t)vr(t), (20)where Ei are onstants depending on F0,k(0, 0) and c(k)r (t∗1) for 0 ≤ k ≤ n+m.Set

Q(t) =

j
∑

i=0

Ciδ
(i)(t− t∗1) if t∗1 = t1and

Q(t) =
n+m
∑

i=0

Eiδ
(i)(t− t∗1) if t∗1 6= t1.Lemma 5. u(x, t) given by the formula

u(x, t) = S(x, t)cr(θ(x, t))vr(θ(x, t)) + S1(x, t) + S(x, t)Q(θ(x, t)), (21)where vr(t) is determined by (17), is a D′(Ω)-solution to the problem (1)-(3) restritedto Ωε(1).Proof. On the aount of (19), (20), and the onstrution of the solution on Ω(1), it isenough to prove that the restrition of S(x, t)Q(θ(x, t)) to Y = {0} × (0, t∗1 + ε) is wellde�ned and that S(x, t)Q(θ(x, t)) satis�es (1) with g(x, t) ≡ 0 on Ωε(1) in a distributionalsense.Consider the smooth bijetive map
Φ : (x, t) → (x, ω̃(0;x, t)− t∗1)with Φ−1 : (x, t) → (x, π(x, t)),where t ≡ ω(0;x, π(x, t)) − t∗1. Observe that Φ restrited to Ωε(1) is a di�eomorphism.Sine

WF(Φ∗Bi) ⊂ {(0, π(0, t), ω̃x(0; 0, π(0, t))η, ω̃π(0; 0, π(0, t))η), η 6= 0}and
N(Y ) = {(0, t, ξ, 0)},we have

WF(Φ∗Bi) ∩N(Y ) = ∅ for all 0 ≤ i ≤ n+m.This means that the restrition of S(x, t)Q(θ(x, t)) to Y is well de�ned.Similarly to the proof of Lemma 1, one an show that S(x, t)Q(θ(x, t)) satis�es (1)with g(x, t) ≡ 0 in a distributional sense. This �nishes the proof.
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maxΩT

1 ∩ {(x, t) |x = 0} ≥ t∗2.Lemma 6. There exists a smooth solution to the problem (1)-(3) on Ω(2).Proof. We start from the general formula of a smooth solution on Ω(2):
u(x, t) = S(x, t)u(0, θ(x, t)) + S1(x, t). (22)Sine S and S1 are smooth, our task is to prove that there exists a smooth funtionidentially equal to u(0, θ(x, t)) on Ω(2). Sine θ(x, t) is smooth, t∗1 < θ(x, t) < t∗2 if

(x, t) ∈ Ω(2), and c(t) = cr(t) if t ∈ (t∗1, t
∗
2), it su�es to show the existene of a smoothfuntion vr(t) identially equal to v(t) on (t∗1, t

∗
2). From the formula (18) for vs(t) on

(0, t∗1 + ε) it follows that v(t) = vr(t) if t ∈ (t∗1, t
∗
1 + ε), where ε is as above and vr(t) isknown and determined by (17). To prove the lemma, it is su�ient to show that thereexists a smooth extension of vr(t) from (0, t∗1 + ε) to [t∗1 + ε, t∗2) suh that vr(t) = v(t) if

t ∈ [t∗1 + ε, t∗2). If a suh extension exists, then by (21) it satis�es the following integralequation on [t∗1 + ε, t∗2):
vr(t) =

ω(t;0,t∗
1
+ε)

∫

0

br(x)S(x, t)cr(θ(x, t))vr(θ(x, t)) dx +R(t), (23)where
R(t) =

P (t)
∫

ω(t;0,t∗
1
+ε)

br(x)S(x, t)cr(θ(x, t))vr(θ(x, t)) dx +

P (t)
∫

0

br(x)S1(x, t) dx

+I0(t) +

L
∫

0

br(x)S(x, t)Q(θ(x, t)) dx,

(24)
P (t) =

{

ω(t; 0, 0) if ω̃(L; 0, 0) ≤ t,
L if ω̃(L; 0, 0) ≥ t,

br(x) is de�ned to be 0 outside [0, L], and vr in the formula (24) is known and de�nedby (17). One an easily see that the �rst three summands in (24) are smooth funtionson [t∗1 + ε, t∗2). We now show that the last summand is a C∞[t∗1 + ε, t∗2)-funtion as well.Let us onsider the smooth map
h : (x, t) → (θ(x, t) − t∗1, t)that is bijetive and therefore has the inverse map
h−1 : (x, t) → (ζ(x, t), t),for whih it holds θ(ζ(x, t), t) − t∗1 ≡ x. The funtion ζ(x, t) is smooth with respet to xand t, what is lear from (9).Sine θ(x, t) = ω̃(0;x, t), for ψ(t) ∈ D(t∗1 + ε/2, t∗1) we have

〈 L
∫

0

br(x)S(x, t)δ
(j)(θ(x, t) − t∗1) dx, ψ(t)

〉

=
〈

δ(j)(θ(x, t) − t∗1), br(x)S(x, t)ψ(t)
〉

=
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=

〈

h∗δ(j)(x), br(x)S(x, t)ψ(t) >=< δ(j)(x)⊗ 1(t),
br(ζ(x, t))S(ζ(x, t), t)ψ(t)

ω̃
′

ζ(0; ζ(x, t), t)

〉

=

= (−1)j

〈(

br(ζ(x, t))S(ζ(x, t), t)

ω̃
′

ζ(0; ζ(x, t), t)

)(j)

x

∣

∣

∣

∣

x=0

, ψ(t)

〉

.From this equality we onlude that, irrespetive of whether t1 = t∗1 or t1 6= t∗1, the lastsummand in (24) is a known smooth funtion. As follows from (15), the funtions vr(t)de�ned by (17) and (23) oinide at t = t∗1 + ε. The same is true with respet to all thederivatives of vr.Therefore our task is redued to show that there exists a C∞[t∗1 + ε, t∗2)-funtion
vr(t) satisfying the equation (23). This follows from the fat that (23) is the integralVolterra equation of the seond kind with respet to vr(t) (for details see the proof ofLemma 4). The proof is omplete.Continuing our onstrution in this fashion, we extend u over a neighborhood ofeah subsequent border between Ω(i − 1) and Ω(i) and over Ω(i) for all 3 ≤ i ≤ k(T ).Eventually we onstrut u on ΩT for any T > 0 in the sense of De�nition 2 with Ωreplaed by ΩT and Π replaed by ΠT = {(x, t) ∈ Π | t < T }. As easily seen from ouronstrution, the ondition (4) is ful�lled with Ω+ and Ω′

+ replaed by ΩT ∩ Ω+ and
ΩT ∩Ω′

+, respetively. Sine T is arbitrary, the proof of Item 1 of Theorem 1 is omplete.On the aount of De�nition 3 and the de�nition of the restrition u ∈ D′(Ω) to a subsetof Ω (see [3, Setion 5℄), Item 2 of Theorem 1 is a straightforward onsequene of Item 1.Theorem 1 is proved. Referenes1. Busenberg S. Separable models in age-dependent population dynamis / Busenberg S.,Iannelli M. // J. Math. Biol. � 1985. � Vol. 22. � P. 145-173.2. Hillen T. Hyperboli systems and transport equations in mathematial biology, in Analysisand Numeris for Conservation Laws / Hillen T., Hadeler K.P. � Springer, 2005.3. H�ormander L. The Analysis of Linear Partial Di�erential Operators / H�ormander L. �Springer-Verlag, Vol. I., Seond ed., 1990.4. Kmit I. A distributional solution to a hyperboli problem arising in population dynamis/ Kmit I. //Eletroni J. of Di�. Eq. � 2007. � �132 (2007). � P. 1-23.5. Kmit I.Delta waves for a strongly singular initial-boundary hyperboli problem with integralboundary ondition / Kmit I. // J. for Anal. and Appl. � 2005. � Vol. 24, �1. � P. 29-74.6. Kmit I. Semilinear hyperboli systems with singular non-loal boundary onditions: re�eti-on of singularities and delta waves / Kmit I., H�ormann G. // J. for Anal. and Appl. � 2004.� Vol. 20, �3. � P. 637-659.7. Metz J.A.J. The Dynamis of Physiologially Strutured Populations / Metz J.A.J., Diek-mann O. � Springer. Leture Notes in Biomathematis, 1968.8. Oberguggenberger M. Re�etion of delta-waves for nonlinear wave equations in one spaevariable / Oberguggenberger M., Wang Y.G. //Nonlinear Analysis. � 1994. � Vol. 22, �8 �P. 983-992.9. Sanhez D.A. Linear age-dependent population growth with harvesting / Sanhez D.A.//Bull. Math. Biol. � 1978. � Vol. 40. � P. 377-385.10. Webb G. Theory of nonlinear age-dependent population dynamis / Webb G. � MarelDekker, New York, 1985.
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