
ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2011. Âèïóñê 75. Ñ. 151�157Visnyk of the Lviv Univ. Series Meh. Math. 2011. Issue 75. P. 151�157ÓÄÊ 515.12 ON SPACE OF OPEN MAPS OF THE CIRCLEKateryna KOPORKHVasyl' Stefanyk National Pre-Carpathian University,Shevhenka Str., 57, Ivano-Frankivsk, 76025e-mail: katerynka.k�gmail.omThe set Ψ(S1) of the equivalene lasses of open onto maps of the unit irleis endowed with the topology generated by the Vietoris topology. The mainresults of this note onsists in desription of the onnetedness omponents ofthe spae Ψ(S1).Key words: hyperspae, open map, irle.1. Introdution. Every open map f : X −→ Y of ompat Hausdor� spaesgenerates a deomposition of X into the �bers of f . We say that two maps de�ned on Xare equivalent if the orresponding deompositions oinide. One an de�ne a topologyon the set Ψ(X) of open maps on X by using the embedding f 7→ {f−1(f(x)) | x ∈ X}into the double hyperspae exp2(X) = exp(expX) of X and onsidering the Vietoristopology on exp2X (see, e.g. [4℄).In the previous papers the ases X = ω + 1 (onvergent sequene) and X = I (thesegment) are onsidered.In this note we deal with the unit irle S1. The main result is a desription of theomponents of the spae Ψ(S1).2. Preliminaries. A map f : X −→ Y is alled a loal homeomorphism if for anypoint x ∈ X there exists a neighborhood U ⊂ X suh that f(U) is an open subset in Yand f |U : U −→ f(U) is a homeomorphism.The symbol Bd denotes the boundary.Let n be a natural number. Let p ∈ X . The spae X has the order 6 n at the point
p, we write ordpX 6 n, if for every ε > 0 there exists an open set U suh that

p ∈ U, diam U < ε i |Fr(U)| 6 n.Reall that X [n] = {p ∈ X | ordpX 6 n}.The points of order < ω are alled regular (that are the points, for whih the set
|Bd(U)| is �nite). The points of order 1 are alled endpoints.The spae X is alled regular, aording to the order theory, if every point x ∈ X isa regular point. The spae X is alled rational , aording to the order theory, if everypoint x ∈ X is rational point (see [6℄, �51, p. 274).© Koporkh K., 2011



152 Kateryna KOPORKHISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2011. Âèïóñê 75A map of topologial spaes is alled open if the image of every open set is open.We will use the following result (see [7℄).Theorem 1. The order of a point is never inreased under an open mapping.Let X and Y be two topologial spaes. Two maps f, g : X −→ Y are alledhomotopi (notation f ≃ g) if there is a map F : X×[0, 1] −→ Y suh that F (x, 0) = f(x)and F (x, 1) = g(x).Two spaes X and Y are alled homotopy equivalent (X ≃ Y ) if there are maps
f : X −→ Y and g : Y −→ X suh that f ◦ g ≃ idY and g ◦ f ≃ idX .The symmetri group Sn ats on the n-th power of a topologial spae Xn of atopologial spae X by permutation of oordinates. The n-th symmetri produt or the
n-th symmetri power of the spae X is the orbit spae SPn = Xn/Sn.By S1 we denote the unit irle, S1 = {z ∈ C | |z| = 1}.The following result holds (see [8℄):Theorem 2. For n odd, SPn(S1) ∼= S1 × In−1, the trivial (n− 1)-dis bundle over S1.For n even, SPn(S1) ∼= S1×In−1 non-orientable (n− 1)-dis bundle over S1.Reall that maps f : S1 −→ S1 and g : S1 −→ S1 are topologially equivalent (write
f ∼ g), if there exist homeomorphisms h1 : S1 −→ S1 and h2 : S1 −→ S1 suh that thediagram

S1 f
//

h1

��

S1

h2

��

S1
g

// S1is ommutative.A separable metrizable spae is an l2-manifold, if every its point has a neighborhoodhomeomorphi to the open subset of an separable Hilbert spae l2.Theorem 3. Let M and N be l2-manifolds. The spaes M and N are homeomorphi ifthey are homotopy equivalent.See [10℄ for the proof.3. Topologial type of the spae Ψ(S1). Let us onsider the struture of thespae
Ψ(S1) = {〈f〉 | f : S1 −→ X},where f is a ontinuous open map of the irle onto a metri ompat spae X . ByTheorem 1 we obtain the following ases:(1) If for every z ∈ S1 we have ordf(z)X = 2 then the image of the irle is a simplelosed urve and a map f is a loal homeomorphism. Let Ψlh(X) be the set ofall loal homeomorphisms of the spae X .(2) If there exist a, b ∈ S1 suh that ordf(a)X = ordf(b)X = 1 and for every

z ∈ S1 \ {a, b} we have ordf(z)X = 2 then the image of the irle is an ar



ON SPACE OF OPEN MAPS OF THE CIRCLEISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2011. Âèïóñê 75 153(an interval) and f is alled an osillating map. Let Ψosc(X) be the set of allosillating maps of the spae X .(3) If for every z ∈ S1 we have ordf(z)X = 0 then X = {∗} is the one point spaeand f is a onstant map. By 〈c〉 we denote the set of all onstant maps.Then Ψ(X) = Ψlh(X) ∪Ψosc(X) ∪ 〈c〉.Let us onsider the set of loal homeomorphisms of the irle. Let f : S1 −→ S1 bea loal homeomorphism. It is well-known that f is topologially equivalent to the map
zn : S1 −→ S1, for some n ∈ Z (see [9℄). We denote by Ψn

lh(S
1) the set of all elements

〈f〉 ∈ Ψ(S1) suh that f ∼ zn. Then from 〈f〉 ∈ Ψn
lh(S

1) we will have |f−1(f(s))| = n,for every s ∈ S1.Then the set Ψlh(S
1) of all loal homeomorphisms is de�ned as the union

∞⋃
n=1

Ψn
lh(S

1).Proposition 1. The set Ψn
lh(S

1) is an open and losed subset of the spae Ψlh(S
1), forall n ∈ N.Proof. Let us onsider 〈f〉 ∈ Ψlh(S

1) \ Ψn
lh(S

1). Then there exists m ∈ N suh that
〈f〉 ∈ Ψm

lh(S
1). Than the proof splits into two ases:1. Let n < m. Let s1 ∈ S1 and onsider f−1(f(s1)) = {s1, s2, . . . , sm}. Let ushoose open disjoint subsets Ui ⊂ S1 suh, that si ∈ Ui for all i = 1, 2, . . .m. Then

〈U1, . . . , Um〉 is an open subset in expS1, and 〈f〉 ∩ 〈U1, . . . , Um〉 6= ∅. From this itfollows that 〈f〉 ∈ 〈expS1, 〈U1, . . . , Um〉〉 = O(〈f〉). The set O(〈f〉) is an open subset ofthe spae exp2 S1, i.e., is a neighborhood of the element 〈f〉 ∈ exp2 S1.Let 〈g〉 ∈ O(〈f〉). Then 〈g〉 ∩ 〈U1, . . . , Um〉 6= ∅, and there exists x ∈ S1 suh that
g−1(x) ∈ 〈U1, . . . , Um〉. From this it follows that g−1(x)∩Ui 6= ∅, for every i = 1, 2, . . . ,m.Sine, as the sets U1, U2 . . . , Um are disjoint, we an draw a onlusion that |g−1(x)| >
> m > n. Therefore 〈g〉 does not belong to the set Ψn

lh(S
1).2. Let n > m and 〈f〉 ∈ Ψm

lh(S
1). Let x, y ∈ f(S1), x 6= y and

ε = min{d(a, b) | a, b ∈ f−1({x, y}), a 6= b}.Let 〈g〉 ∈ Ψn
lh(S

1) be suh that dHH(〈f〉, 〈g〉) < ε/3. There exists ξ ∈ g(S1) suh that
dH(g−1(ξ), f−1(x)) < ε/3. Aording to the pigeon-hole priniple there exists a ∈ f−1(x)suh that Oε/3(a) ontains at least two di�erent points of the set g−1(ξ). The map g is aloal homeomorphism so it is homeomorphi to the map z 7→ zn, where n ∈ N. Whene,for every η ∈ g(S1) the set g−1(η) intersets the interval between two points of the set
g−1(ξ). Therefore g−1(η)∩Oε/3(a) 6= ∅, for every η ∈ g(S1). Then there exists η̃ ∈ g(S1)suh that dH(g−1(η̃), f−1(y)) < ε/3 and g−1(η̃) ∩Oε/3(a) 6= ∅.Let Oε/3(f

−1(y)) be a neighborhood of the set f−1(y). Aording to the hoie of ε,
Oε/3(a)∩Oε/3(f

−1(y)) = ∅. However, g−1(η̃)∩Oε/3(a) 6= ∅ and we have a ontradition.Let 〈f〉 ∈ Ψlh(S
1) then there exist n ∈ Z\{0} suh that f ∼ zn. Every 〈f〉 ∈ Ψn

lh(S
1)an be identi�ed with some element of the spae (0, 1)n−1 × (C([0, 1], [0, 1]))n−1.Let z0 = 1 and f−1(f(1)) = {z0, z1, . . . zn−1}.We onsider the points z0, z1, . . . zn−1 to be situated in the order ounterlokwiseon the irle. There exists t1 ∈ (0, 1) suh that the ratio of the lengths of the ars (z0, z1)and (z1, z0) is t1 : (1− t1). Next, we de�ne ti ∈ (0, 1) suh that the ratio of the lengths of



154 Kateryna KOPORKHISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2011. Âèïóñê 75the ars (zi−1, zi) and (zi, z0) is ti : (1−ti). In this way, we obtain a one-to-one ontinuousmap {z0, z1, . . . zn−1} 7→ (t1, t2, . . . tn−1).Let us onsider the following maps:
h0 : [0, 1] → [z0, z1] suh that h0(t) = ect, where c = Ln(z1),

hk : [0, 1] → [zk, zk+1] suh that hk(t) = eckt+akwhere ck = Ln

(
zk+1

zk

)
, ak = Ln(zk),

ψk : [z0, z1] → [zk, zk+1] suh that ψk(z) = f−1(f(z)) ∩ (zk, zk+1),where 1 6 k 6 n− 1.Let us onsider the map ϕk = h−1
k ◦ ψk ◦ h0, then ϕk : [0, 1] → [0, 1] suh that

ϕk(0) = 0 i ϕk(1) = 1, for all k ∈ {1, 2, . . . , n− 1}.As usual, C(S1) denotes the set of all ontinuous real funtions on S1, endowed withthe uniform onvergene topology. We denote by C0(I) the set of all f ∈ C(I) suh that
f preserves the endpoints of the segment. Then the map

〈f〉 7−→ (t1, t2, . . . tn−1;ϕ1, ϕ2, . . . ϕn−1) ∈ In−1 × (C0(I))
n−1is an embedding.The image of this embedding is the set

K = {(t1, t2, . . . , tn) ∈ In−1 | 0 < t1 < · · · < tn−1 < 1} × (C0(I))
n−1.The set K is an open onvex subset of In−1× (C0(I))

n−1 and therefore is homeomorphito l2. It is well known that every n ∈ N the spae In−1 × (C0(I))
n−1 is homeomorphito the Hilbert spae l2 (see [10℄).Theorem 4. Ψlh(S

1) ∼=
∞⊕

n=1
(l2)n.Let us onsider the set of osillating maps of the irle. Let 〈g〉 ∈ Ψosc(X), then

g : S1 −→ I.Proposition 2. The sets Z = g−1(0) and W = g−1(1) are �nite.Proof. Let us onsider the set Z = g−1(0) = {z1, z2, . . . } ⊂ S1. Sine the map g : S1 −→ Iis open Int(Z) = ∅. Suppose that Z is an in�nite set. Then for every δ > 0 there existelements zi, zi+1 ∈ Z suh that ρ(zi, zi+1) < δ.Sine g : S1 −→ I is uniformly ontinuous, for every ε > 0 there exists δ > 0 suhthat for every x, y ∈ S1 with ρ(x, y) < δ, we have |g(x)− g(y)| < ε.Let ε = 1/3, then there exists δ0 > 0 suh that from ρ(x, y) < δ0 it follows that
|g(x)−g(y)|<1/3. In the set Z one an �nd elements zi and zi+1 suh that ρ(zi, zi+1)<δ0.Let us onsider the ar ωi = (zi, zi+1) ⊂ S1. For any elements x, y ∈ ωi we have
|g(x) − g(y)| < 1/3, then g(ωi) = [0, a] ⊂ [0, 1/3], and this ontradits the opennessof the map g : S1 −→ I. Thus Z is a �nite subset in S1. Similarly, we an prove that Wis a �nite set.Thus, |Z| = |W | = n, where n ∈ N. Let z1 ∈ Z. Then we will move along the irlein the diretion ounterlokwise. Denote by z2 the element z ∈ Z \ {z1} whih is the



ON SPACE OF OPEN MAPS OF THE CIRCLEISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2011. Âèïóñê 75 155losest to the element z1. Denote by z3 the element z ∈ Z \ {z1, z2} whih is the losestto the element z2. So on, unless we number all the elements from the set Z.Then there exists w ∈ W suh that z1 < w < z2, denote it by w1. Let us hoose
w2 ∈ W \ {w1} suh that z2 < w2 < z3. We proeed similarly, unless we number allthe elements from the set W . In suh a way all the elements from the sets Z and Ware situated on the irle (z1, w1, z2, w2, . . . zn, wn) ⊂ S1 in the order ounterlokwise.Therefore, 2n points are loated on the irle and they divide the irle into 2n ars.Denote by Jk = [zk, wk] and Jk′ = [wk, zk+1] where k ∈ {1, 2, . . . n}, k′ ∈ {1, 2, . . . n}and n ∈ N. Then the restrition of g : S1 −→ I to Jk or Jk′ is a homeomorphism, for all
k, k′ ∈ {1, 2, . . . n}.Let us onsider the following maps:

h1 : [0, 1] → J1 suh that h1(t) = ec1t+a1 where c1 = Ln

(
w1

z1

)
, a1 = Ln(z1),

hk : [0, 1] → Jk suh that hk(t) = eckt+ak where ck = Ln

(
wk

zk

)
, ak = Ln(zk),

hk′ : [0, 1] → Jk suh that hk′(t) = eckt+ak where ck = Ln

(
zk+1

wk

)
, ak = Ln(wk),

ψk : J1 → Jk is de�ned by the formula ψk(z) = g−1(g(z)) ∩ Jk,

ψk′ : J1 → Jk′ is de�ned by the formula ψk′ (z) = g−1(g(z)) ∩ Jk′ ,where k ∈ {1, 2, . . . n}, k′ ∈ {1, 2, . . . n} i n ∈ N.Let us onsider the map ϕk = h−1
k ◦ ψk ◦ h1, then ϕk : [0, 1] → [0, 1] is suhthat ϕk(0) = 0 and ϕk(1) = 1, for all k ∈ {1, 2, . . . , n}. Similarly, we obtain a map

ϕk′ = h−1
k′ ◦ ψk′ ◦ h1 suh that ϕk′ (0) = 1 i ϕk′(1) = 0, for all k′ ∈ {1, 2, . . . , n}.Therefore, every 〈g〉 ∈ Ψ2n

osc(X) an be identi�ed with the element
(z1, w1, z2, w2, . . . zn, wn, ϕ1, ϕ1′ , . . . , ϕn, ϕn′) ∈ SP 2(SP 2n(S1))× (C0(I))

2n.Sine SP 2n(S1) ∼= S1×I2n−1 ≃ S1 (see Theorem 3) and (C0(I))
2n ∼= l2, we see that

SP 2(SP 2n(S1))× (C0(I))
2n ∼= S1 × l2.Therefore Ψ2n

osc(X) ∼= S1 × l2, whih gives the following result:Theorem 5. Ψosc(X) ∼=
∞⊕

n=1
(S1 × l2)n.Theorems 1 and 2 give a desription of the topology of the onnetedness omponentsof the spae of open quotient maps of the irle.Remark. Similarly as in [5℄ one an show that the spae Ψ(S1) is not the one-pointompati�ation of the spae of its omponents.Referenes1. Ùåïèí Å.Â. Òîïîëîãèÿ ïðåäåëüíûõ ïðîñòðàíñòâ íåñ÷åòíûõ îáðàòíûõ ñïåêòðîâ / Ùå-ïèí Å.Â. //Óñïåõè ìàò. íàóê. � 1976. � Ò. 31 , Âûï. 5 (191). � 197 ñ.2. Êîïîðõ Ê. Òîïîëîãiçàöiÿ ìíîæèíè �àêòîðâiäîáðàæåíü êîìïàêòíîãî ãàóñäîð�îâîãîïðîñòîðó / Êîïîðõ Ê. //Ìàòåìàòè÷ííi ìåòîäè i �içèêî-ìåõàíi÷íi ïîëÿ (â äðóöi).
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