
ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2011. Âèïóñê 75. Ñ. 181�225Visnyk of the Lviv Univ. Series Meh. Math. 2011. Issue 75. P. 181�225ÓÄÊ 517.9 IÍÒÅ��ÓÂÀÍÍß ÑÊÀËß�ÍÎ� I��À�ÕI�ÊÀÄÎÌÖÅÂÀ-ÏÅÒÂIÀØÂIËI ÌÅÒÎÄÎÌ IÍÒÅ��ÀËÜÍÈÕÏÅ�ÅÒÂÎ�ÅÍÜ ÒÈÏÓ ÄÀ�ÁÓÞðié ÑÈÄÎ�ÅÍÊÎ, Îëåêñàíäð ×ÂÀ�ÒÀÖÜÊÈÉËüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà,âóë. Óíiâåðñèòåòñüêà, 1, Ëüâiâ, 79000e-mail: alex.hvartatskyy�gmail.omÇàïðîïîíîâàíî êîíñòðóêòèâíèé ìåòîä ïîáóäîâè òî÷íèõ ðîçâ'ÿçêiâ äëÿäåÿêèõ íåëiíiéíèõ ñèñòåì ìàòåìàòè÷íî¨ �içèêè íà ïiäñòàâi ïåðåòâîðåíüòèïó Äàðáó. Âèêîðèñòîâóþ÷è öåé ïiäõiä, îòðèìàíî ðîçâ'ÿçêè íåëiíiéíîãîðiâíÿííÿ Øðåäiíãåðà, ìîäåëi ßäæèìè-Îéêàâè, Äðií�åëüäà-Ñîêîëîâà òàóçàãàëüíåííÿ ìîäåëi Áóñèíåñêà. Äîñëiäæåíî òàêîæ ¨õíi áàãàòîêîìïîíåíòíi(âåêòîðíi) óçàãàëüíåííÿ.Êëþ÷îâi ñëîâà: iíòåãðàëüíi ïåðåòâîðåííÿ, íåëiíiéíå ðiâíÿííÿ Øðåäií-ãåðà, ìîäåëü ßäæèìè-Îéêàâè, ìîäåëü Äðií�åëüäà-Ñîêîëîâà, óçàãàëüíåí-íÿ ìîäåëi Áóñèíåñêà.1. Âñòóï. Ó ñó÷àñíié òåîði¨ íåëiíiéíèõ iíòåãðîâíèõ ñèñòåì ìàòåìàòè÷íî¨ òàòåîðåòè÷íî¨ �içèêè çíà÷íó ðîëü âiäiãðàþòü àëãåáðè÷íi êîíñòðóêöi¨, ÿêi ¹ ðåçóëüòà-òîì ðîáîòè âåëèêî¨ ãðóïè äîñëiäíèêiâ, çîêðåìà ìîñêîâñüêî¨ òà ëåíiíãðàäñüêî¨ øêiëÑ.Ï. Íîâiêîâà i Ë.Ä. Ôàää¹¹âà, à òàêîæ Â.�. Çàõàðîâà, À.Á. Øàáàòà, I.Ì. �åëü�àí-äà, Ë.À. Äiêîãî, Þ.I. Ìàíiíà, Â.Ì. Äðií�åëüäà, M. Àäëåðà, �. Õiðîòè, Äæ. Âiëüñîíàòà áàãàòüîõ iíøèõ (äåòàëüíèé îãëÿä äèâ. â [1℄). Ïðè ïîáóäîâi òî÷íèõ ðîçâ'ÿçêiâ ñî-ëiòîííèõ ñèñòåì âèêîðèñòîâó¹òüñÿ ìåòîä îäÿãàííÿ Çàõàðîâà-Øàáàòà [2, 3, 4℄, ìåòîäÂ.À. Ìàð÷åíêà [5℄, à òàêîæ ìåòîä ïåðåòâîðåíü Äàðáó-Êðàìà-Ìàòâ¹¹âà [6, 7, 8, 9℄.Óçàãàëüíåííÿ ïåðåòâîðåíü Äàðáó êëàñè÷íîãî òèïó [6, 7, 8℄ òà áiíàðíîãî [9℄ ïðîâåäåíîâ [10℄ äëÿ ëiíiéíèõ åâîëþöiéíèõ îïåðàòîðiâ äîâiëüíî¨ ìàòðè÷íî¨ ðîçìiðíîñòi. Îãëÿäðiçíèõ âåðñié ïåðåòâîðåíü òèïó Äàðáó òà å�åêòèâíiñòü ¨õíüîãî âèêîðèñòàííÿ äëÿ ií-òåãðóâàííÿ íåëiíiéíèõ ìîäåëåé òåîði¨ ñîëiòîíiâ äîñëiäæó¹òüñÿ â [11℄. Àëãåáðèçîâàíiïiäõîäè äàþòü ïiäñòàâè óíèêàòè òîíêèõ àíàëiòè÷íèõ ïèòàíü, ÿêi âèíèêàþòü ó ðàçi�îðìóëþâàííÿ òà äîñëiäæåííÿ ïðÿìèõ i îáåðíåíèõ çàäà÷ ðîçñiÿííÿ äëÿ iíòåãðó-âàííÿ íåëiíiéíèõ ìîäåëåé ìàòåìàòè÷íî¨ �içèêè, çîêðåìà äîñëiäæåííÿ iíòåãðàëüíèõðiâíÿíü Ìàð÷åíêà-�åëü�àíäà-Ëåâiòàíà.Çíà÷íèé âíåñîê ó ðîçóìiííÿ àëãåáðè÷íèõ ìåòîäiâ iíòåãðóâàííÿ íåëiíiéíèõ ìî-äåëåé òåîði¨ ñîëiòîíiâ çðîáèëà Êiîòñüêà ãðóïà ÿïîíñüêèõ ìàòåìàòèêiâ (Ñàòî, Ìiâà,© Ñèäîðåíêî Þ., ×âàðòàöüêèé Î., 2011



182 Þðié ÑÈÄÎ�ÅÍÊÎ, Îëåêñàíäð ×ÂÀ�ÒÀÖÜÊÈÉISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2011. Âèïóñê 75Äæèìáî, Îõòà, Ñàòñóìà) [12, 13℄. Çîêðåìà, âîíè çàïðîïîíóâàëè êîíñòðóêöiþ ñêàëÿð-íèõ i ìàòðè÷íèõ íåñêií÷åííèõ i¹ðàðõié iíòåãðîâíèõ ðiâíÿíü òèïó Êàäîìöåâà-Ïåòâià-øâiëi (ÊÏ).I¹ðàðõiÿ ÊÏ ç íåëîêàëüíèìè â'ÿçÿìè, ùî ñòàíîâèòü íåñêií÷åííó ïîñëiäîâíiñòüíåëiíiéíèõ äè�åðåíöiàëüíèõ ðiâíÿíü ç ÷àñòèííèìè ïîõiäíèìè, äîñëiäæóâàëè â [14℄.Äëÿ âiäïîâiäíèõ iíòåãðîâíèõ ðiâíÿíü Ëàêñà�Çàõàðîâà�Øàáàòà òà ¨õíiõ (2+1)-âèìið-íèõ óçàãàëüíåíü (äèâ. òàêîæ [15℄) çíàéäåíî øèðîêi êëàñè òî÷íèõ ðîçâ'ÿçêiâ ìåòîäîìîäÿãàþ÷èõ ïåðåòâîðåíü. Ó öüîìó ðàçi ÿê îäÿãàþ÷èé îïåðàòîð âèêîðèñòîâóâàëè îïå-ðàòîð êëàñè÷íèõ ïåðåòâîðåíü Äàðáó. Âïåðøå i¹ðàðõiþ ÊÏ ç íåëîêàëüíèìè â'ÿçÿìèáóëî ââåäåíî â ïðàöÿõ [16, 17, 18, 19, 20℄, à ¨¨ áàãàòîêîìïîíåíòíå (âåêòîðíå) óçàãàëü-íåííÿ ó [21, 22℄. Ñåðåä iíòåãðîâíèõ ñèñòåì öi¹¨ i¹ðàðõi¨ ìiñòèòüñÿ âåëèêà ÷àñòèíàìîäåëåé, ÿêi áóëè âiäîìi ðàíiøå, à òàêîæ ¨õíi óçàãàëüíåííÿ. Íàêëàäàííÿ äîäàòêî-âèõ óìîâ (ðåäóêöié) òèïó åðìiòîâîãî ñïðÿæåííÿ äà¹ çìîãó îòðèìàòè ç i¹ðàðõi¨ ÊÏ içíåëîêàëüíèìè â'ÿçÿìè âiäîìi òà öiêàâi ç �içè÷íîãî ïîãëÿäó ñèñòåìè ðiâíÿíü òåîði¨ñîëiòîíiâ (íåëiíiéíi ðiâíÿííÿ Øðåäiíãåðà, ìîäè�iêîâàíi ðiâíÿííÿ Êîðòåâåãà-Âðiçà,ìîäåëü ßäæèìè-Îéêàâè òà iíøi) (äèâ. [11℄), à òàêîæ áóäóâàòè ¨õíi ðîçâ'ÿçêè çà äî-ïîìîãîþ ìåòîäó îäÿãàþ÷èõ ïåðåòâîðåíü ([23, 24℄).Ìåòà íàøî¨ ïðàöi � ïîáóäóâàòè òî÷íi ðîçâ'ÿçêè íåëiíiéíèõ iíòåãðîâíèõ ñèñòåìòåîði¨ ñîëiòîíiâ çà äîïîìîãîþ iíâàðiàíòíèõ ïåðåòâîðåíü iíòåãðî-äè�åðåíöiàëüíèõ òàåâîëþöiéíèõ îïåðàòîðiâ.Ñòàòòÿ íàïèñàíà òàê. Äðóãèé ðîçäië � âñòóïíèé, ó íüîìó ïîäàíî íåîáõiäíi ïî-íÿòòÿ òà ïîçíà÷åííÿ. Ó òðåòüîìó ðîçäiëi çàïðîïîíîâàíî ìåòîä ïîáóäîâè òî÷íèõðîçâ'ÿçêiâ äåÿêèõ íåëiíiéíèõ ìîäåëåé ìàòåìàòè÷íî¨ �içèêè, ÿêi ìiñòÿòüñÿ â i¹ðàðõi¨ÊÏ ç íåëîêàëüíèìè â'ÿçÿìè, çà äîïîìîãîþ iíâàðiàíòíèõ ïåðåòâîðåíü åâîëþöiéíèõ òàiíòåãðî-äè�åðåíöiàëüíèõ âèðàçiâ. Ó íàñòóïíèõ ÷îòèðüîõ ðîçäiëàõ âèêîíàíî ïîáóäî-âó òî÷íèõ ðîçâ'ÿçêiâ íåëiíiéíîãî ðiâíÿííÿ Øðåäiíãåðà, ñèñòåìè ßäæèìè-Îéêàâè òà¨õíiõ âåêòîðíèõ óçàãàëüíåíü, à òàêîæ ìîäåëåé Áóñèíåñêà òà Äðií�åëüäà-Ñîêîëîâà.Ó çàâåðøàëüíèõ çàóâàæåííÿõ ïiäñóìîâàíî îòðèìàíi ðåçóëüòàòè òà ðîçãëÿíóòîìîæëèâiñòü çàñòîñóâàííÿ ìåòîäó iíòåãðàëüíèõ ïåðåòâîðåíü äëÿ iíòåãðóâàííÿ iíøèõíåëiíiéíèõ ìîäåëåé ìàòåìàòè÷íî¨ �içèêè.2. Âèõiäíi ïîëîæåííÿ. �îçãëÿíåìî íàä ïîëåì Ñ ëiíiéíèé ïðîñòið ζ ìiêðîäè-�åðåíöiàëüíèõ îïåðàòîðiâ (ÌÄÎ) (�îðìàëüíèõ ñèìâîëiâ) [1, 13℄ âèãëÿäó
L ∈ ζ =

{ n(L)
∑

i=−∞

aiD
i : i, n(L) ∈ Z

}

, (1)äå êîå�iöi¹íòè ai � ìàòðè÷íi N ×N � �óíêöi¨ �ïðîñòîðîâî¨� çìiííî¨ x = t1 i åâîëþ-öiéíèõ ïàðàìåòðiâ t2, t3 . . . . Ìàòðè÷íi êîå�iöi¹íòè ai(t), t = (t1, t2, . . .) ââàæàþòüñÿãëàäêèìè �óíêöiÿìè âåêòîðíî¨ çìiííî¨ t, ÿêà ìà¹ ñêií÷åíó êiëüêiñòü êîìïîíåíò, i íà-ëåæàòü äåÿêîìó �óíêöiîíàëüíîìó ïðîñòîðó A, ÿêèé ¹ äè�åðåíöiàëüíîþ àëãåáðîþñòîñîâíî çâè÷àéíèõ àðè�ìåòè÷íèõ äié, à îïåðàòîð äè�åðåíöiþâàííÿ D := ∂
∂x
.Îïåðàöi¨ äîäàâàííÿ i ìíîæåííÿ îïåðàòîðiâ íà ñêàëÿðè (åëåìåíòè ïîëÿ C) ââî-äÿòüñÿ òàê:
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λ1L1±λ2L2 =

N1
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i=−∞

λ1a1iD
i±

N2
∑
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λ2a2iD
i =

max<N1,N2>
∑

i=−∞

(λ1a1i ± λ2a2i)D
i, λ1, λ2 ∈ C.Ñòðóêòóðà àëãåáðè Ëi íà ëiíiéíîìó ïðîñòîði ζ (1) âèçíà÷à¹òüñÿ êîìóòàòîðîì Ëi

[·, ·] : ζ× ζ → ζ , [L1, L2] = L1L2−L2L1, äå êîìïîçèöiÿ (îïåðàòîðíå ìíîæåííÿ) ÌÄÎ
L1 òà L2 iíäóêó¹òüñÿ çàãàëüíèì ïðàâèëîì Ëåéáíiöà

Dnf :=

∞
∑

j=0

(

n

j

)

f (j)Dn−j , (2)
n ∈ Z, f ∈ A ⊂ ζ, f (j) := ∂jf

∂xj ∈ A ⊂ ζ, DnDm = DmDn = Dn+m, n,m ∈ Z, äå
(

n
0

)

:= 1, (n
j

)

:= n(n−1)...(n−j+1)
j! . Ôîðìóëà (2) çàäà¹ êîìïîçèöiþ îïåðàòîðà Dn ∈ ζi îïåðàòîðà ìíîæåííÿ íà �óíêöiþ f ∈ A ⊂ ζ (ÿê îïåðàòîðà íóëüîâîãî ïîðÿäêó) íàâiäìiíó âiä ïîçíà÷åííÿ Dk{f} := ∂kf

∂xk ∈ A, k ∈ Z+. Ïîðÿäêîì îïåðàòîðà
L =

n(L)
∑

i=−∞

aiD
i, äå an(L) 6= 0, íàçèâà¹òüñÿ öiëå ÷èñëî n(L): ordL = n(L).Â òåîði¨ Ñàòî îäíèì iç âèõiäíèõ îá'¹êòiâ ¹ ìiêðîäè�åðåíöiàëüíèé îïåðàòîð Ëàê-ñà

L :=WDW−1 = D +

∞
∑

i=1

UiD
−i, (3)ÿêèé ïàðàìåòðèçó¹òüñÿ íåñêií÷åííîþ êiëüêiñòþ äèíàìi÷íèõ çìiííèõ ui = ui(t1, t2,

t3, ...), i ∈ N, ùî çàëåæàòü âiä äîâiëüíî¨ (ñêií÷åíî¨) êiëüêîñòi íåçàëåæíèõ çìiííèõ
t1 := x, t2, t3, ..., i äè�åðåíöiàëüíî âèðàæàþòüñÿ ÷åðåç �óíêöiîíàëüíi êîå�iöi¹íòè�îðìàëüíîãî îäÿãàþ÷îãî îïåðàòîðà (îïåðàòîðà ïåðåòâîðåííÿ) Çàõàðîâà � Øàáàòà

W = I +

∞
∑

i=1

wiD
−i. (4)Îáåðíåíèé äî �îðìàëüíîãî îïåðàòîðà W ¹ îïåðàòîð âèãëÿäó

W−1 = I +

∞
∑

i=1

aiD
−i, (5)äå ïåðøi òðè êîå�iöi¹íòè íàáóëè òàêîãî âèãëÿäó:

a1 = −w1,

a2 = −w2 + w2
1 ,

a3 = −w3 − w1w1x + w1w2 + w2w1 − w3
1 .

(6)Ïåðøi êîå�iöi¹íòè Ui (3) â òåðìiíàõ êîå�iöi¹íòiâ wi îïåðàòîðàW âèðàæàþòüñÿ òàê:
U1 = −w1x, U2 = −w2x + w1xw1,

U3 = −w3x − (w1x)
2 + w1xw2 + w2xw1 + w2w1x − w1xw

2
1 − w2

1w1x.
(7)



184 Þðié ÑÈÄÎ�ÅÍÊÎ, Îëåêñàíäð ×ÂÀ�ÒÀÖÜÊÈÉISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2011. Âèïóñê 75Ó ñêàëÿðíîìó âèïàäêó i¹ðàðõiÿ Êàäîìöåâà-Ïåòâiàøâiëi � öå êîìóòàòèâíà ñiì'ÿ åâî-ëþöiéíèõ ðiâíÿíü Ëàêñà äëÿ îïåðàòîðà L (3)
αiLti = [Bi, L], (8)äå αi ∈ C, i ∈ N, à îïåðàòîð Bi := (Li)+ ¹ äè�åðåíöiàëüíîþ ÷àñòèíîþ i-ãî ñòåïåíÿìiêðîäè�åðåíöiàëüíîãî ñèìâîëó L. �iâíÿííÿ Çàõàðîâà-Øàáàòà âèíèêàþòü ó öüîìóïiäõîäi âíàñëiäîê êîìóòàòèâíîñòi äâîõ äîâiëüíèõ ïîòîêiâ (8) ïðè i = m òà i = n

Ltmtn = Ltntm ⇒ [αn∂tn −Bn, αm∂tm −Bm] = αmBntm −αnBmtn + [Bn, Bm] = 0. (9)Íàêëàäàþ÷è íà îïåðàòîð L (3) ðåäóêöiþ �åëü�àíäà � Äiêîãî
Lk = (Lk)+ := Bk, (10)ÿê íàñëiäîê ðiâíÿííÿ Ëàêñà (8), îòðèìà¹ìî òàêå ðiâíÿííÿ Ëàêñà äëÿ äè�åðåíöiàëü-íèõ îïåðàòîðiâ:
αiBkti = [Bi, Bk]. (11)Ïåðøi òðè îïåðàòîðè Bn = (Ln)+ â òåðìiíàõ êîå�iöi¹íòiâ Ui (3) íàáóëè òàêîãîâèãëÿäó:

B1 = D,

B2 = D2 + 2U1 =: D2 + 2u,
B3 = D3 + 3U1D + 3U2 + 3(U1)x =: D3 + 3uD + u0,

(12)àáî â òåðìiíàõ wi (äèâ. �îðìóëè (3), (7))
B1 = D, B2 = D2 − 2w1x, B3 = D3 − 3w1xD + 3(w1xw1 − w2x)− 3w1xx. (13)Ñèìåòðiéíi ðåäóêöi¨ Êîíîïåëü÷åíêà-Ñèäîðåíêà-Øòðàìïïà (ÊÑØ) [17, 18, 22℄ ¹íåëîêàëüíèìè óçàãàëüíåííÿìè k-ðåäóêöié �åëü�àíäà-Äiêîãî (10) i íà ðiâíi îïåðàòî-ðà Ëàêñà L (3) íàáóäóòü âèãëÿäó

(Lk)− := (Lk)<0 = qM0D
−1r⊤, (14)äåMatl×l(C) ∋ M0 ¹ ñòàëîþ ìàòðèöåþ, à âåêòîð-�óíêöi¨ q = (q1, ..., ql), r = (r1, ..., rl)¹ �iêñîâàíèìè ðîçâ'ÿçêàìè ñèñòåìè ëiíiéíèõ ðiâíÿíü

{

αnqtn = Bn{q},
αnrtn = −Bτ

n{r},
(15)äå n ∈ N.Ôóíêöi¨ q, r íàçèâàþòüñÿ âëàñíèìè òà ñïðÿæåíèìè âëàñíèìè �óíêöiÿìè i¹ðàð-õi¨ Êàäîìöåâà-Ïåòâiàøâiëi (8) i ¹ íåëîêàëüíèìè �óíêöiîíàëàìè âiä êîå�iöi¹íòiâ îïå-ðàòîðà Ëàêñà L. �åäóêöiéíi îáìåæåííÿ (14) íàêëàäàþòü íåëîêàëüíi â'ÿçi íà �óíê-öiîíàëüíi êîå�iöi¹íòè îïåðàòîðà L i ðîçâ'ÿçêè åâîëþöiéíèõ ðiâíÿíü (15), ñóìiñíi çäèíàìiêîþ íà ïiäñòàâi ðiâíÿíü Ëàêñà (8). �åäóêîâàíi ïîòîêè (8), (14), (15) äîïóñ-êàþòü îïåðàòîðíå çîáðàæåííÿ Ëàêñà âèãëÿäó

[Lk,Mn] = 0, äå Lk = Bk + qM0D
−1r⊤, Mn = αn∂tn −Bn, (16)
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Uitn = Pin[U1, U2, ..., Uk−1,q, r],
qtn = Bn[Ui,q, r]{q},
rtn = −Bτ

n[Ui,q, r]{r},
(17)äå i = 1, k − 1, Pin, Bn � äè�åðåíöiàëüíi ïîëiíîìè ñòîñîâíî äèíàìi÷íèõ çìiííèõ, ÿêiçàçíà÷åíi â êâàäðàòíèõ äóæêàõ.�îçãëÿíåìî ïðèêëàäè ðiâíÿíü (16)-(17) äëÿ äåÿêèõ k òà n.1. k = 1, n = 2 : L1 = D + qM0D

−1r⊤, M2 = α2∂t2 −D2 − 2v,






v = qM0r
⊤,

M2{q} = 0,
M τ

2 {r} = 0.
(18)Ïðè íàêëàäàííi íà îïåðàòîðè L1 òàM2 äîäàòêîâèõ îáìåæåíü (ðåäóêöié) âèãëÿ-äó L∗

1 = −L1 (r = q̄, M∗
0 = M0); M∗

2 =M2 (α ∈ iR) ñèñòåìà (18) íàáóâà¹ âèãëÿäó
{

v = qM0q
∗,

α2qt2 = qxx + 2 (qM0q
∗)q.

(19)2. k = 1, n = 3 : L1 = D + qM0D
−1r⊤, M3 = α3∂t3 −D3 − 3v1D − v0,















v1 = qM0r
⊤,

v0 = 3qxM0r
⊤,

M3{q} = 0,
M τ

3 {r} = 0.

(20)ßêùî ðåäóêöiÿ L∗
1 = −L1 (r = q̄,M∗

0 = M0); M∗
3 = −M3 (α3 ∈ R), òî îòðèìà¹ìî







v1 = qM0q
∗,

v0 = 3qxM0q
∗,

α3qt3 = qxxx + 3 (qM0q
∗)qx + 3 (qxM0q

∗)q.
(21)3. k = 2, n = 2 : L2 = D2 + 2u+ qM0D

−1r⊤, M2 = α2∂t2 −D2 − 2v,














v = u,

α2ut2 = (qM0r
⊤)x,

M2{q} = 0,
M τ

2 {r} = 0.

(22)Ïðè ðåäóêöi¨ L∗
2 = L2 ( r = q̄, M∗

0 = −M0, u = u∗); M∗
2 = M2 (α2 ∈ iR)îòðèìà¹ìî







v = u

α2ut2 = (qM0q
∗)x,

α2qt2 = qxx + 2uq.
(23)4. k = 2, n = 3 : L2 = D2 + 2u+ qM0D

−1r⊤, M3 = α3∂t3 −D3 − 3v1D − v0,
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v1 = u,

v0 = 3
2 (ux + qM0r

⊤),
α3ut3 = 1

4uxxx + 3uux +
3
4 (qxM0r

⊤ − qM0r
⊤
x )x,

M3{q} = 0,
M τ

3 {r} = 0.

(24)�åäóêöiÿ åðìiòîâîãî ñïðÿæåííÿ L∗
2 = L2 (r = q̄, M∗

0 = −M0, u � äiéñíà �óíê-öiÿ); M∗
3 = −M3 (α3 ∈ R), ïðèâîäèòü ñèñòåìó (24) äî âèãëÿäó















v1 = u,

v0 = 3
2 (ux + qM0q

∗),
αqt3 = qxxx + 3uqx +

3
2uxq+ 3

2qM0q
∗q,

α3ut3 = 1
4uxxx + 3uux +

3
4 (qxM0q

∗ − qM0q
∗
x)x .

(25)5. k = 3, n = 2 : L3 = D3 + 3uD + u0 + qM0D
−1r⊤, M2 = α2∂t2 −D2 − 2v.























u = v,

3α2ut2 = −3uxx + 2u0x,
α2u0t2 = −2uxxx − 6uux + u0xx + 2(qM0r

⊤)x,
M2{q} = 0,
M τ

2 {r} = 0.

(26)ßêùî ðåäóêöiÿ L∗
3 = −L3 (r = q̄, M∗

0 = M0, u � äiéñíà �óíêöiÿ, Reu0 = 3
2ux,

Imu0 =: p), M∗
2 =M2 (α2 ∈ iR), òî ñèñòåìó (26) ïåðåïèøåìî òàê:















u = v,

−3iα2ut2 = 2px,
iα2pt2 = − 1

2uxxx − 6uux + 2(qM0q
∗)x,

α2qt2 − qxx − 2uq = 0.

(27)Äè�åðåíöiàëüíèì íàñëiäêîì ñèñòåìè (27) ¹ íåëiíiéíà ìîäåëü âèãëÿäó
{

3α2
2ut2t2 = (−uxx − 6u2 + 4(qM0q

∗))xx,
α2qt2 − qxx − 2uq = 0,

(28)ÿêà ¹ óçàãàëüíåííÿì ìîäåëi Áóñèíåñêà.6. k = 3, n = 3 : L3 = D3+3uD+u0+qM0D
−1r⊤, M3 = α3∂t3 −D3− 3v1D− v0,































v1 = u,

v0 = u0,

α3u0t3 = 3(qxM0r
⊤)x,

α3ut3 = (qM0r
⊤)x,

M3{q} = 0,
M τ

3 {r} = 0.

(29)Ïðè äîïóñòèìié ðåäóêöi¨ L∗
3 = −L3 (r = q̄, M∗

0 = M0, Reu0 = 3
2ux, Imu0 =: p,

u � äiéñíà �óíêöiÿ); M∗
3 = −M3 (α3 ∈ R) ñèñòåìó (29) çàïèøåìî òàê:
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v1 = u,

v0 = u0,

α3qt3 = qxxx + 3uqx +
(

3
2ux + ip

)

q,

α3pt3 = 3
2 i(qM0q

∗
x − qxM0q

∗)x,
α3ut3 = (qM0q

∗)x,

(30)ßêùî ðåäóêöiÿ q = q̄, p = 0 äiéñíà, òî ñèñòåìà (30) íàáóäå âèãëÿäó
{

α3qt3 = qxxx + 3uqx + 3
2uxq,

α3ut3 = (qM0q
⊤)x.

(31)Ñèñòåìà (31) ¹ âåêòîðíèì óçàãàëüíåííÿì ñèñòåìè Äðií�åëüäà-Ñîêîëîâà.3. Iíâàðiàíòíi ïåðåòâîðåííÿ ëiíiéíèõ iíòåãðî-äè�åðåíöiàëüíèõ òà åâî-ëþöiéíèõ ðiâíÿíü. Ó [24℄ ðîçãëÿäàëè ïåðåòâîðåííÿ ëiíiéíèõ äè�åðåíöiàëüíèõ âè-ðàçiâ çà äîïîìîãîþ �îðìàëüíèõ iíòåãðî-äè�åðåíöiàëüíèõ ñèìâîëiâ. Íàøà ìåòà �çíàéòè çâ'ÿçîê ìiæ àëãåáðîþ �îðìàëüíèõ ñèìâîëiâ i ïîáóäîâîþ òî÷íèõ ðîçâ'ÿçêiâïåâíèõ êëàñiâ íåëiíiéíèõ ðiâíÿíü ìàòåìàòè÷íî¨ �içèêè.Òâåðäæåííÿ 1. Íåõàé �óíêöi¨ ϕ òà ψ ¹ �iêñîâàíèìè (1 × K)- ìàòðè÷íèìèðîçâ'ÿçêàìè ëiíiéíèõ åâîëþöiéíèõ ðiâíÿíü: M2{ϕ} = 0, M τ
2 {ψ} = 0, äå

M2 = α2∂t2 −D2 − 2v, M τ
2 = −α2∂t2 −D2 − 2v, α2 ∈ R ∪ iR; (32)

v = v(x, t2) � ñêàëÿðíi êîå�iöi¹íòè, à �óíêöi¨ f(x, t2), g(x, t2) ¹ äîâiëüíèìè ñêàëÿð-íèìè ðîçâ'ÿçêàìè ðiâíÿíü: M2{f} = 0, M τ
2 {g} = 0.Òîäi �óíêöi¨ F := f − ϕ∆2

−1Ω2[ψ, f ], Φ := ϕ∆2
−1, G := g − ψ∆2

−1,⊤(Ω[g, ϕ])
⊤,

Ψ := ψ∆2
−1,⊤, äå

∆2 = C +Ω2[ψ, ϕ], Ω2[g, f ] =
(x,t2)
∫

(x0,t
0
2)

P2dx +Q2dt2,

P2 = g⊤f, Q2 = α2
−1(g⊤fx − g⊤x f), (P2)t2 = (Q2)x,

(33)C � äîâiëüíà ñòàëà ìàòðèöÿ ðîçìiðíîñòi (K ×K), çàäîâîëüíÿþòü ëiíiéíi åâîëþ-öiéíi ðiâíÿííÿ
M̂2{F} = 0, M̂2{Φ} = 0, M̂ τ

2 {G} = 0, M̂ τ
2 {Ψ} = 0,

M̂2 = α2∂t2 −D2 − 2((ϕ∆2
−1ψ⊤)x + v) =: α2∂t2 −D2 − 2v̂,

M̂ τ
2 = −α2∂t2 −D2 − 2((ϕ∆2

−1ψ⊤)x + v) = −α2∂t2 −D2 − 2v̂.

(34)Ïîäiáíå òâåðäæåííÿ ïðàâèëüíå äëÿ îïåðàòîðà M̂3 òðåòüîãî ïîðÿäêó.Òâåðäæåííÿ 2. Íåõàé �óíêöi¨ ϕ òà ψ ¹ �iêñîâàíèìè (1 × K)- ìàòðè÷íèìèðîçâ'ÿçêàìè ëiíiéíèõ åâîëþöiéíèõ ðiâíÿíü: M3{ϕ} = 0, M τ
3 {ψ} = 0, äå

M3 = α3∂t3 −D3 − 3v1D − v0, M τ
3 = −α3∂t3 +D3 + 3Dv1 − v0; (35)

v = v(x, t3) � ñêàëÿðíi êîå�iöi¹íòè, à �óíêöi¨ f(x, t3), g(x, t3) ¹ äîâiëüíèìè ñêàëÿð-íèìè ðîçâ'ÿçêàìè ðiâíÿíü: M3{f} = 0, M τ
3 {g} = 0.
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3 Ω[ψ, f ], Φ := ϕ∆−1

3 , G := g − ψ∆3
−1,⊤(Ω[g, ϕ])

⊤,
Ψ := ψ∆3

−1,⊤, äå
∆3 = C +Ω3[ψ, ϕ], Ω3[g, f ] =

(x,t3)
∫

(x0,t
0
3)

P3dx+Q3dt3,

P3 = g⊤f, Q3 = α3
−1(g⊤xxf + g⊤fxx − g⊤x fx + 3g⊤v1f),

(36)
C � äîâiëüíà ñòàëà ìàòðèöÿ ðîçìiðíîñòi (K ×K), çàäîâîëüíÿþòü ëiíiéíi åâîëþ-öiéíi ðiâíÿííÿ

M̂3{F} = 0, M̂3{Φ} = 0, M̂ τ
3 {G} = 0, M̂ τ

3 {Ψ} = 0,äå
M̂3 = α3∂t3 −D3 − 3v̂1D − v̂0, M̂ τ

3 = −α3∂t3 +D3 + 3Dv̂1 − v̂0; (37)
v̂1 = v1 + (ϕ∆−1

3 ψ⊤)x, v̂0 = 3
2{(ϕ∆3

−1ψ⊤)xx + ϕxxΨ
⊤ − Φψ⊤

xx+

+Φ(ψ⊤
x ϕ− ψ⊤ϕx)Ψ

⊤}+ v0.
(38)�îçãëÿíåìî ïàðè îïåðàòîðiâ Lk,Mn, k = 1, 3; n = 2, 3. Íåõàé

L1 = D + qM0Ω2[r, ·], M2 = α2∂t2 −D2 − 2v, (39)äå �óíêöi¨ v, q, r çàäîâîëüíÿþòü ñèñòåìó (18). Îïåðàòîð L1 äi¹ ó ïðîñòîði ðîçâ'ÿçêiâðiâíÿííÿ M2{f} = 0: L1{f} = fx + qM0Ω2[r, f ] , äå
Ω2[r, f ] =

(x,t2)
∫

(x0,t
0
2)

r⊤fdx+ α2
−1(r⊤fx − r⊤x f)dt2 = C +

(x,t2)
∫

(x0,t
0
2)

P2dx+Q2dt2,((P2)t2 = (Q2)x). Ïðàâèëüíå òàêå òâåðäæåííÿ.Òâåðäæåííÿ 3. Íåõàé1. Ôóíêöi¨ ϕ, ψ ¹ �iêñîâàíèìè ðîçâ'ÿçêàìè ðiâíÿíü: M2{ϕ} = 0, M τ
2 {ψ} = 0,

L1{ϕ} = ϕΛ1, L
τ
1{ψ} = ψΛ̃1, äå îïåðàòîðè L1, M2 ìàþòü âèãëÿä (39) i êîå�iöi¹íòèÿêèõ çàäîâîëüíÿþòü ñèñòåìó (18), Λ1, Λ̃1 ¹ ñòàëèìè (K ×K) ìàòðèöÿìè.2. Ôóíêöi¨ f , g ¹ äîâiëüíèìè ðîçâ'ÿçêàìè ðiâíÿíü M2{f} = 0, M τ

2 {g} = 0,
L1{f} = fλ, Lτ

1{g} = gλ̃, äå λ, λ̃ ∈ C.Òîäi1. Ôóíêöi¨ F := f − ϕ∆−1
2 Ω2[ψ, f ], Φ := ϕ∆−1

2 , G := g − ψ∆2
−1,⊤(Ω2[g, ϕ])

⊤,
Ψ := ψ∆2

−1,⊤, äå ∆2 òà ïîòåíöiàë Ω2[·, ·] âèçíà÷àþòüñÿ �îðìóëîþ (33), çàäîâîëü-íÿþòü ðiâíÿííÿ
Φx = ΦM∆−1

2 − q̂M0Ω2[r, ϕ]∆
−1
2 +ΦΛ̃⊤

1 ,

Ψ⊤
x = ∆−1

2 MΨ⊤ −∆−1
2 Ω2[ψ,q]M0r

⊤ − ΛΨ⊤. (40)
Fx = Fλ− q̂M0Ω2[r̂, F ]− ΦMΩ2[Ψ, F ]− Φ[(ψ⊤f)(x0, t

0
2)],

G⊤
x = −λ̃⊤G⊤ − Ω2[G, q̂]M0r̂

⊤ − Ω2[G,Φ]MΨ− [(g⊤ψ)(x0, t
0
2)]Ψ

⊤,
(41)

M̂2{F} = 0, M̂2{Φ} = 0, M̂ τ
2 {G} = 0, M̂ τ

2 {Ψ} = 0.äå ìàòðèöÿ M òà �óíêöi¨ q̂, r̂ ìàþòü òàêèé âèãëÿä:
M = CΛ1 − Λ̃⊤

1 C − ψ⊤ϕ(x0, t
0
2), q̂ = q− ϕ∆−1

2 Ω2[ψ,q],

r̂ := r− ψ∆−1,⊤
2 (Ω2[r, ϕ])

⊤
, (42)à îïåðàòîðè M̂2, M̂

τ
2 ìàþòü âèãëÿä (34).
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M̂2{Φ} = 0, M̂ τ

2 {Ψ} = 0, M̂2{q̂} = 0, M̂ τ
2 {r̂} = 0, v̂ = ΦMΨ⊤ + q̂M0r̂

⊤. (43)Çà óìîâ ψ = ϕ̄, r = q̄, M∗
0 = M0, M = M∗, α3 ∈ R, ùî âiäïîâiäà¹ ðåäóêöi¨

L∗
1 = −L1, M∗

3 = −M3, îòðèìà¹ìî ÿê íàñëiäîê òàêi ðiâíÿííÿ:
α2q̂t2 = q̂xx + 2 (q̂M0q̂

∗ +ΦMΦ∗)q,
α2Φt2 = Φxx + 2 (q̂M0q̂

∗ +ΦMΦ∗)Φ,
(44)ÿêi ïðè ïîçíà÷åííÿõ Φ̃ := (Φ, q̂), M̃ :=

(

M 0
0 M0

) çàïèøåìî òàê:
α2Φ̃t2 = Φ̃xx + 2

(

Φ̃MΦ̃∗
)

Φ̃. (45)�iâíÿííÿ (45) ¹ âåêòîðíèì óçàãàëüíåííÿì íåëiíiéíîãî ðiâíÿííÿ Øðåäiíãåðà.Çàóâàæåííÿ 1. �iâíÿííÿ (41) âiäïîâiäàþòü ðiâíÿííÿì L̂1{F} = Fλ, L̂τ
1{G} = Gλ̃, àñïiââiäíîøåííÿ (43) âiäïîâiäàþòü ðiâíÿííþ Ëàêñà [L̂1, M̂2] = 0 â àëãåáði �îðìàëü-íèõ ñèìâîëiâ (äèâ. [24℄).Òåïåð ñ�îðìóëþ¹ìî çàãàëüíå òâåðäæåííÿ äëÿ ðåøòè âèïàäêiâ.�îçãëÿíåìî ïàðè îïåðàòîðiâ Lk, Mn, ÿêi âiäïîâiäàþòü �îðìàëüíèì ñèìâîëàì1.-6. çi âñòóïó:1) k = 1, n = 3 :

L1 = D + qM0Ω3[r, ·], M3 = α3∂t3 −D3 − 3v1D − v0; (46)2) k = 2, n = 2 :

L2 = D2 + 2u+ qM0Ω2[r, ·], M2 = α2∂t2 −D2 − 2v; (47)3) k = 2, n = 3 :

L2 = D2 + 2u+ qM0Ω3[r, ·], M3 = α3∂t3 −D3 − 3v1D − v0; (48)4) k = 3, n = 2 :

L3 = D3 + 3uD+ u0 + qM0Ω2[r, ·], M2 = α2∂t2 −D2 − 2v; (49)5) k = 3, n = 3 :

L3 = D3 + 3uD+ u0 + qM0Ω3[r, ·], M3 = α3∂t3 −D3 − 3v1D − v0. (50)Îïåðàòîðè Lk äiþòü ó ïðîñòîði ðîçâ'ÿçêiâ ðiâíÿííÿ Mn{f} = 0. Ïðàâèëüíå òàêåòâåðäæåííÿ.Òâåðäæåííÿ 4. Íåõàé1. Ôóíêöi¨ ϕ, ψ ¹ �iêñîâàíèìè ðîçâ'ÿçêàìè ðiâíÿíü: Mn{ϕ} = 0, M τ
n{ψ} = 0,

Lk{ϕ} = ϕΛk, Lτ
k{ψ} = ψΛ̃k, äå îïåðàòîðè Lk, Mn ìàþòü âiäïîâiäíèé âèãëÿä (46)-(50), çàëåæíî âiä âèáîðó k òà n, i êîå�iöi¹íòè ÿêèõ çàäîâîëüíÿþòü âiäïîâiäíó çñèñòåì (20), (22), (24), (26), (29), Λk, Λ̃k ¹ ñòàëèìè (K ×K) ìàòðèöÿìè.2. Ôóíêöi¨ f , g ¹ äîâiëüíèìè ðîçâ'ÿçêàìè ðiâíÿíü Mn{f} = 0, M τ

n{g} = 0,
Lk{f} = fλ, Lτ

k{g} = gλ̃.
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n Ωn[ψ, f ], Φ := ϕ∆−1

n , G := g − ψ∆n
−1,⊤(Ωn[g, ϕ])

⊤,
Ψ := ψ∆n

−1,⊤, äå ∆n, Ωn[·, ·] âèçíà÷à¹ìî �îðìóëîþ (33) àáî (36) (çàëåæíî âiä n),çàäîâîëüíÿþòü ðiâíÿííÿ:1) k = 1, n = 3 :

Φx = ΦΛ̃⊤
1 +ΦM∆−1

3 − q̂M0Ω3[r, ϕ]∆
−1
2 ,

Ψ⊤
x = −Λ1Ψ

⊤ +∆−1
3 MΨ⊤ −∆−1

3 Ω3[ψ,q]M0r
⊤.

(51)
Fx = Fλ− ΦMΩ3[Ψ, F ]− q̂M0Ω3[r̂, F ]− (ψ⊤f)(x0, t

0
3)),

G⊤
x = −λ̃⊤G⊤ − Ω3[G, q̂]M0r̂

⊤ +Ω3[G,Φ]MΨ⊤ − (g⊤ϕ)(x0, t
0
3)Ψ

⊤,
(52)äå ìàòðèöÿ M òà �óíêöi¨ q̂, r̂, ìàþòü òàêèé âèãëÿä:

M = CΛ1 − Λ̃⊤
1 C − (ψ⊤ϕ)(x0, t

0
3),

q̂ = q− ϕ∆−1
2 Ω2[ψ,q], r̂ := r− ψ∆−1,⊤

2 (Ω2[r, ϕ])
⊤
.à îïåðàòîðè M̂3, M̂ τ

3 âèãëÿäàþòü ÿê (37);2) k = 2, n = 2 :

Φxx = ΦM∆−1
2 − q̂M0Ω2[r, ϕ]∆

−1
2 − 2ûΦ+ ΦΛ̃⊤

2 ,

Ψ⊤
xx = −∆−1

2 MΨ⊤ −∆−1
2 Ω2[ψ,q]M0r

⊤ − 2Ψ⊤û− Λ2Ψ
⊤.

(53)
Fxx = Fλ− ûF − ΦMΩ2[Ψ, F ]− q̂M0Ω2[r̂, F ]− Φ[(ψ⊤fx − ψ⊤

x f)(x0, t
0
2)],

G⊤
xx = λ̃⊤G⊤ −G⊤û+Ω2[G, q̂]M0r̂

⊤ +Ω2[G,Φ]MΨ⊤ + [(g⊤ϕx − g⊤x ϕ)(x0, t
0
2)]Ψ

⊤,(54)äå ìàòðèöÿ M òà �óíêöi¨ q̂, r̂ òà û ìàþòü òàêèé âèãëÿä:
M = CΛ2 − Λ̃⊤

2 C − (ψ⊤ϕx − ψ⊤
x ϕ)(x0, t

0
2),

q̂ = q− ϕ∆−1
2 Ω2[ψ,q], r̂ := r− ψ∆−1,⊤

2 (Ω2[r, ϕ])
⊤
,

û = ((ϕ∆−1
2 ψ⊤)x + u),

(55)à îïåðàòîðè M̂2, M̂ τ
2 âèãëÿäàþòü ÿê (34);3) k = 2, n = 3 :

Φxx = ΦΛ̃⊤
2 +ΦM∆−1

3 − q̂M0Ω3[r, ϕ]∆
−1
3 − 2ûΦ,

Ψ⊤
xx = Λ2Ψ

⊤ −∆−1
3 MΨ⊤ +∆−1

3 Ω3[ψ,q]M0r̂
⊤ − 2Ψ⊤û.

(56)
Fxx = Fλ− 2ûF − ΦMΩ3[Ψ, F ]− q̂M0Ω3[r̂, F ]− ΦK1,

G⊤
xx = λ̃⊤G⊤ − 2G⊤û+Ω3[G, q̂]M0r̂

⊤ +Ω3[G,Φ]MΨ⊤ +K2Ψ
⊤,

(57)äå ìàòðèöÿ K1, K2, M, û òà �óíêöi¨ q̂, r̂ ìàþòü òàêèé âèãëÿä:
K1 = (ψ⊤fx − ψ⊤

x f)(x0, t
0
3),

K2 = (g⊤ϕx − g⊤x ϕ)(x0, t
0
3),

M = CΛ2 − Λ̃⊤
2 C − (ψ⊤ϕx − ψ⊤

x ϕ)(x0, t
0
2),

q̂ = q− ϕ∆−1
3 Ω3[ψ,q], r̂ := r− ψ∆−1,⊤

3 (Ω3[r, ϕ])
⊤
,

û = (ϕ∆−1
3 ψ)x + u.à îïåðàòîðè M̂3, M̂ τ

3 âèãëÿäàþòü ÿê (37);
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Φxxx = ΦΛ̃⊤
3 +ΦM∆−1

2 − q̂M0Ω2[r, ϕ]∆
−1
2 − 3ûΦx − û0Φ,

Ψ⊤
xxx = −Λ3Ψ

⊤ +∆−1
2 MΨ⊤ −∆−1

2 Ω2[ψ,q]M0r
⊤ − 3(Ψ⊤û)x +Ψ⊤û0.

(58)
Fxxx = Fλ− 3ûFx − û0F − ΦMΩ2[Ψ, F ]− q̂M0Ω2[r̂, F ]− ΦK1,

G⊤
xxx = λ̃⊤G⊤ − 3(G⊤û)x +G⊤û0 +Ω2[G, q̂]M0r̂

⊤ +Ω2[G,Φ]MΨ⊤ +K2Ψ
⊤,

(59)äå ìàòðèöÿ K1, K2, M òà �óíêöi¨ q̂, r̂, û, û0 ìàþòü òàêèé âèãëÿä:
K1 = (ψ⊤

xxf + ψ⊤fxx − ψ⊤
x fx + ψ⊤u1f)(x0, t

0
2),

K2 = (g⊤xxϕ+ g⊤ϕxx − g⊤x ϕx + g⊤u1ϕ)(x0, t
0
2),

M = CΛ3 − Λ̃⊤
3 C − (ψ⊤

xxϕ+ ψ⊤ϕxx − ψ⊤
x ϕx + ψ⊤u1ϕ)(x0, t

0
2),

q̂ = q− ϕ∆−1
2 Ω2[ψ,q], r̂ := r− ψ∆−1,⊤

2 (Ω2[r, ϕ])
⊤
,

û = u+ (ϕ∆−1
2 ψ⊤)x, û0 = 3

2{(ϕ∆2
−1ψ⊤)xx + ϕxxΨ

⊤ − Φψ⊤
xx+

+Φ(ψ⊤
x ϕ− ψ⊤ϕx)Ψ

⊤}+ u0.

(60)à îïåðàòîðè M̂2, M̂ τ
2 âèãëÿäàþòü ÿê (34).5) k = 3, n = 3 :

Φxxx = ΦΛ̃⊤
3 +ΦM∆−1

3 − q̂M0Ω3[r, ϕ]∆
−1
3 − 3ûΦx − û0Φ,

Ψ⊤
xxx = −Λ3Ψ

⊤ +∆−1
3 MΨ⊤ −∆−1

3 Ω3[ψ,q]M0r̂
⊤ − 3(Ψ⊤û)x +Ψ⊤û0.

(61)
Fxxx = Fλ− 3ûFx − û0F − ΦMΩ3[Ψ, F ]− q̂M0Ω3[r̂, F ]− ΦK1,

G⊤
xxx = λ̃⊤G⊤ − 3(G⊤û)x +G⊤û0 +Ω3[G, q̂]M0r̂

⊤ +Ω3[G,Φ]MΨ−K2Ψ
⊤,

(62)äå ìàòðèöÿ K1, K2, M òà �óíêöi¨ q̂, r̂, û1, û0 ìàþòü òàêèé âèãëÿä:
K1 = (ψ⊤

xxf + ψ⊤fxx − ψ⊤
x fx + ψ⊤u1f)(x0, t

0
3),

K2 = (g⊤xxϕ+ g⊤ϕxx − g⊤x ϕx + g⊤u1ϕ)(x0, t
0
3),

M = CΛ3 − Λ̃⊤
3 C − (ψ⊤

xxϕ+ ψ⊤ϕxx − ψ⊤
x ϕx + ψ⊤u1ϕ)(x0, t

0
2),

q̂ = q− ϕ∆−1
3 Ω3[ψ,q], r̂ := r− ψ∆−1,⊤

3 (Ω2[r, ϕ])
⊤
,

3û = u+ (ϕ∆−1
3 ψ⊤)x, û0 = 3

2{(ϕ∆3
−1ψ⊤)xx + ϕxxΨ

⊤ − Φψ⊤
xx+

+Φ(ψ⊤
x ϕ− ψ⊤ϕx)Ψ

⊤}+ u0.

(63)à îïåðàòîðè M̂3, M̂ τ
3 âèãëÿäàþòü ÿê (37).II. Ââåäåìî ïîçíà÷åííÿ Φ̃ := (Φ, q̂), Ψ̃ := (Ψ, r̂), M̃ :=

(

M 0
0 M0

).Äëÿ �óíêöié Φ̃, Ψ̃, ìàòðèöi M̃, êîå�iöi¹íòiâ îïåðàòîðiâ M̂n òà äëÿ êîå�iöi¹í-òiâ û, û0 âèêîíóþòüñÿ ðiâíîñòi.1. k = 1, n = 3:














v̂1 = Φ̃M̃Ψ̃⊤,

v̂0 = 3(Φ̃xM̃Ψ̃⊤),

M̂3{Φ̃} = 0,

M̂ τ
3 {Ψ̃} = 0.

(64)Çà äîäàòêîâèõ óìîâ ψ = ϕ̄, r = q̄,M̃ = M̃∗, α3 ∈ R, ùî ó �îðìàëüíèõ ñèìâî-ëàõ âiäïîâiäà¹ ðåäóêöi¨ L̂∗
1 = −L̂1, M̂∗

3 = −M̂3, íàñëiäêîì ñèñòåìè (64) ¹ íåëiíiéíåðiâíÿííÿ:



192 Þðié ÑÈÄÎ�ÅÍÊÎ, Îëåêñàíäð ×ÂÀ�ÒÀÖÜÊÈÉISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2011. Âèïóñê 75
α3Φ̃t3 = Φ̃xxx + 3

(

Φ̃M̃Φ̃∗
)

Φ̃x + 3
(

Φ̃xM̃Φ̃∗
)

Φ̃, (65)ÿêå ¹ âåêòîðíèì óçàãàëüíåííÿì ìîäè�iêîâàíîãî ðiâíÿííÿ Êîðòåâåãà-äå Âðiçà(mKdV).2. k = 2, n = 2:






M̂2{Φ̃} = 0, M̂ τ
2 {Ψ̃

⊤} = 0,
v̂ = û,

α2ût2 = (Φ̃M̃Ψ̃⊤)x.

(66)Çà óìîâ ψ = ϕ̄, r = q̄, M̃∗ = −M̃, u = u∗, α2 ∈ iR, ùî âiäïîâiäàþòü ðåäóêöi¨
M̂2 = M̂∗

2 , L̂2 = L̂∗
2, ÿê íàñëiäîê ñèñòåìè (66), îòðèìà¹ìî âåêòîðíå óçàãàëüíåííÿìîäåëi ßäæèìè-Îéêàâè

{

α2ût2 = (Φ̃M̃Φ̃∗)x;

α2Φ̃t2 = Φ̃xx + 2ûΦ̃.
(67)3. k = 2, n = 3:























v̂1 = û

v̂0 = 3
2 (ûx + Φ̃M̃Ψ̃⊤),

α3(û)t3 = 1
4 ûxxx + 3ûûx + 3

4 (Φ̃xM̃Ψ̃⊤ − Φ̃M̃Ψ̃⊤
x ),

M̂3{Φ̃} = 0,

M̂ τ
3 {Ψ̃} = 0.

(68)Ïðè äîäàòêîâèõ ïðèïóùåííÿõ ψ = ϕ̄, r = q̄, M̃∗ = −M̃, u = u∗, α3 ∈ R, ùîâiäïîâiäàþòü ðåäóêöi¨ L̂∗
1 = −L̂1, M̂∗

3 = −M̂3, ç ðiâíÿíü (68) ÿê íàñëiäîê îòðèìà¹ìîñèñòåìó Ìåëüíèêîâà
{

α3Φ̃t3 = Φ̃xxx + 3uΦ̃x +
3
2uxΦ̃ + 3

2 Φ̃M̃Φ̃∗Φ̃

α3ut3 = 1
4uxxx + 3uux +

3
4

(

Φ̃xM̃Φ̃∗ − Φ̃M̃Φ̃∗
x

)

x
,

(69)ÿêà ¹ âèùèì ïîòîêîì ßäæèìè-Îéêàâè.4. k = 3, n = 2:






















û = v̂

3α2ût2 = −3ûxx + 2û0x;

α2(û0)t2 = −2ûxxx − 6ûûx + û0xx + 2(Φ̃M̃Ψ̃⊤)x;

M̂2{Φ̃} = 0;

M̂ τ
2 {Ψ̃} = 0.

(70)Çà óìîâ ψ = ϕ̄, r = q̄, M̃∗ = M̃, u = u∗, Reu0 = 3
2ux, ùî âiäïîâiäàþòü ðåäóêöi¨

L̂∗
3 = −L̂3 M̂

∗
2 = M̂2 (α2 ∈ iR), ÿê íàñëiäîê ñèñòåìè (70) îòðèìà¹ìî ðiâíÿííÿ






−3iα2ût2 = 2p̂x;

iα2p̂t2 = − 1
2 ûxxx − 6ûûx + 2(Φ̃M̃Φ̃∗)x;

α2Φ̃t2 − Φ̃xx − 2ûΦ̃ = 0.

(Im û0 =: p̂) (71)
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{

3α2
2ût2t2 = (−ûxx − 6û2 + 4(Φ̃M̃Φ̃∗))xx;

α2Φ̃t2 − Φ̃xx − 2ûΦ̃ = 0,
(72)ÿêà ¹ óçàãàëüíåííÿì ìîäåëi Áóñèíåñêà.5. k = 3, n = 3:































v̂1 = û

v̂0 = û0,

α3û0t3 = 3(Φ̃xM̃Ψ̃⊤)x,

α3ût3 = (Φ̃M̃Ψ̃⊤)x,

M̂3{Φ̃} = 0,

M̂ τ
3 {Ψ̃} = 0.

(73)Ïðè äîäàòêîâèõ ïðèïóùåííÿõ r = q̄, M̃∗ = M̃, Reu0 = 3
2ux, u = u∗,

α3 ∈ R, ùî âiäïîâiäàþòü ðåäóêöi¨ L∗
3 = −L3 M

∗
3 = −M3, íàñëiäêîì ñèñòåìè (73)áóäå ðiâíÿííÿ







α3Φ̃t3 = Φ̃xxx + 3ûΦ̃x +
(

3
2 ûx + ip̂

)

Φ̃

α3p̂t3 = 3
2 i(Φ̃M̃Φ̃∗

x − Φ̃xM̃Φ̃∗)x,

α3ut3 = (Φ̃M̃Φ̃∗)x,

(Im û0 =: p̂). (74)Ó äiéñíîìó âèïàäêó (p̂ = 0, Φ̃ = ¯̃Φ) ñèñòåìà (74) íàáóäå âèãëÿäó
{

α3Φ̃t3 = Φ̃xxx + 3ûΦ̃x + 3
2 ûxΦ̃

α3ut3 = (Φ̃M̃ Φ̃⊤)x,
(75)Òâåðäæåííÿ 5. Íåõàé1. Ôóíêöi¨ ϕ, ψ ¹ �iêñîâàíèìè ðîçâ'ÿçêàìè ðiâíÿíü: Mn{ϕ} = 0, M τ

n{ψ} = 0,
n = 2, 3; L1{ϕ} = ϕΛ1, Lτ

1{ψ} = ψΛ̃1, äå îïåðàòîðè L1, Mn ìàþòü âèãëÿä (39)òà (46) âiäïîâiäíî, i êîå�iöi¹íòè ÿêèõ çàäîâîëüíÿþòü ñèñòåìè (18), (20); Λ1, Λ̃1¹ ñòàëèìè (K ×K) ìàòðèöÿìè.2. Ôóíêöi¨ f , g ¹ äîâiëüíèìè ðîçâ'ÿçêàìè ðiâíÿíü Mn{f} = 0, M τ
n{g} = 0,

L1{f} = fλ, Lτ
1{g} = gλ̃.ÒîäiÔóíêöi¨ F := f − ϕ∆−1

23 Ω23[ψ, f ], Φ := ϕ∆−1
23 , G := g − ψ∆23

−1,⊤(Ω23[g, ϕ])
⊤,

Ψ := ψ∆23
−1,⊤, äå

∆23 = C +Ω23[ψ, ϕ], Ω23[g, f ] =
(x,t2,t3)
∫

(x0,t
0
2,t

0
3)

Pdx+Qdt2 +Rdt3,

P = g⊤f, Q = α2
−1(g⊤fx − g⊤x f), R = α3

−1(g⊤xxf + g⊤fxx − g⊤x fx + 3g⊤v1f),

(76)çàäîâîëüíÿþòü ðiâíÿííÿ (40), (41), (51), (52), à ïåðåòâîðåíi îïåðàòîðè M̂2 òà
M̂3 (äèâ. òâåðäæåííÿ 2.1, 2.2) ìàþòü âèãëÿä

M3 = α3∂t3 −D3 − 3v̂1D − v̂0, M2 = α2∂t2 −D2 − 2v̂, (77)
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v̂ = v + (ϕ∆23

−1ψ⊤)x,
v̂1 = v1 + (ϕ∆−1

23 ψ
⊤)x,

v̂0 = 3
2{(ϕ∆23

−1ψ⊤)xx + ϕxxΨ
⊤ − Φψ⊤

xx +Φ(ψ⊤
x ϕ− ψ⊤ϕx)Ψ

⊤}+ v0.

(78)Êîå�iöi¹íòè ïåðåòâîðåíèõ îïåðàòîðiâ M̂2 òà M̂3 çàäîâîëüíÿòèìóòü ñèñòåìó:






v̂ = v̂1,

2v̂0x = 3(α2v̂t2 + v̂xx),
(2α3v̂t3 −

1
2 v̂xxx − 6v̂v̂x) =

1
2α2 (2v̂0t2 − 3v̂xt2) ;

(79)íàñëiäêîì ÿêî¨ ¹ ðiâíÿííÿ Êàäîìöåâà-Ïåòâiàøâiëi (ÊÏ)
(2α3v̂t3 −

1

2
v̂xxx − 6v̂v̂x)x =

3

2
α2
2v̂t2t2 . (80)Çðîáèìî çàìiíó V = −2v̂ òà ïiäñòàâèìî α3 = − 1

4 . Öå çâåäå ðiâíÿííÿ ÊÏ (80) äîâèãëÿäó
(Vt3 + Vxxx − 6V Vx)x = −3α2

2Vt2t2 . (81)Äîâåäåííÿ. Ç òâåðäæåíü 2.3 òà 2.4 (ñèñòåìè (43) òà (64)) âèïëèâà¹, ùî äëÿ êîå�iöi¹í-òiâ îïåðàòîðiâ M̂2 òà M̂3 âèêîíóþòüñÿ ðiâíîñòi: v̂ = v̂1 = Φ̃M̃Ψ̃⊤, v̂0 = 3(Φ̃xM̃Ψ̃⊤).Êðiì òîãî, ç òâåðäæåíü 2.1-2.4 âèïëèâà¹, ùî M̂2{Φ̃} = 0, M̂ τ
2 {Ψ̃} = 0, äå Φ̃ = (Φ̂, q̂),

Ψ̃ = (Ψ̂, r̂). Âiäïîâiäíî,
2v̂0x − 3(α2v̂t2 + v̂xx) = 2v̂0x − 3v̂xx − 3α2v̂t2 =

= 6(Φ̃xM̃Ψ̃⊤)x − 3(Φ̃M̃Ψ̃⊤)xx − 3α2(Φ̃M̃Ψ̃⊤)t2 =

= 3(Φ̃xx − α2Φ̃t2)M̃Ψ̃⊤ + 3Φ̃M̃(α2Ψ̃
⊤
t2
− Ψ̃⊤

xx) =

= 6(−Φ̃M̃Ψ̃⊤Φ̃M̃Ψ̃⊤ + Φ̃M̃Ψ̃⊤Φ̃M̃Ψ̃⊤) = 0. (82)Òåïåð ðîçãëÿíåìî êîìóòàòîð: [M̂2, M̂3] := M̂2M̂3 − M̂3M̂2 = 6(v̂1x − v̂x)D
2 + (2v̂0x−

−3(α2v̂t2 + v̂xx))D + (2α3v̂t3 − 2v̂xxx − 6v̂v̂x + v̂0xx − α2v̂0t2) = 0D2 + 0D + (2α3v̂t3−
−2v̂xxx − 6v̂v̂x + v̂0xx − α2v̂0t2).Îñêiëüêè çà òâåðäæåííÿìè 2.1-2.4 �óíêöiÿ Φ̃ ¹ â ÿäði îïåðàòîðiâMn, n = 2, 3,òî âèêîíó¹òüñÿ ðiâíiñòü [M̂2, M̂3]{Φ̃} = 0. Ç iíøîãî áîêó, [M̂2, M̂3]{Φ̃} = (2α3v̂t3−

−2v̂xxx − 6v̂v̂x + v̂0xx − α2v̂0t2)Φ̃. Îòîæ, ÿêùî õî÷à á îäíà êîìïîíåíòà âåêòîðà Φ̃íå ¹ òîòîæíèì íóëåì, òî (2α3v̂t3 − 2v̂xxx − 6v̂v̂x + v̂0xx − α2v̂0t2) = 0. Äî òîãî æ
Φ̃ ≡ 0 ⇐⇒ v̂ = Φ̃M̃Ψ̃⊤ ≡ 0. Îòîæ,

(2α3v̂t3 − 2v̂xxx − 6v̂v̂x + v̂0xx − α2v̂0t2) = 0. (83)Âèêîðèñòàâøè ðiâíîñòi (82) òà (83), îòðèìà¹ìî ñèñòåìó (79), ùî é òðåáà áóëî äîâåñ-òè. �Àíàëîãi÷íi òâåðäæåííÿ ïðàâèëüíi äëÿ ïàð (L2,M2), (L2,M3) i äëÿ ïàð (L3,M2),
(L3,M3).
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n{ψ} = 0,

n = 2, 3; Lk{ϕ} = ϕΛk, Lτ
k{ψ} = ψΛ̃k, äå îïåðàòîðè Lk, Mn, n = 2, 3, ìàþòü âèãëÿä(47) òà (48) äëÿ k = 2 ((49) òà (50) äëÿ k = 3), i êîå�iöi¹íòè ÿêèõ çàäîâîëüíÿþòüñèñòåìè (66), (68) äëÿ k = 2 ((70), (73) äëÿ k = 3). Λk, Λ̃k ¹ ñòàëèìè (K ×K)ìàòðèöÿìè.2. Ôóíêöi¨ f , g ¹ äîâiëüíèìè ðîçâ'ÿçêàìè ðiâíÿíü Mn{f} = 0, M τ

n{g} = 0,
n = 2, 3; Lk{f} = fλ, Lτ

k{g} = gλ̃k.ÒîäiÔóíêöi¨ F := f − ϕ∆−1
23 Ω23[ψ, f ], Φ := ϕ∆−1

23 , G := g − ψ∆23
−1,⊤(Ω23[g, ϕ])

⊤,
Ψ := ψ∆23

−1,⊤, äå ïîòåíöiàë ∆23 âèãëÿäà¹ ÿê (76), çàäîâîëüíÿþòü ðiâíÿííÿ (53),(54),(56), (57) äëÿ k = 2 ( (58), (59),(61), (62) äëÿ k = 3), à ïåðåòâîðåíi îïåðà-òîðè M̂2 òà M̂3 òà ¨õíi êîå�iöi¹íòè ìàþòü âèãëÿä (77), (78) òà çàäîâîëüíÿþòüñèñòåìó (79), íàñëiäêîì ÿêî¨ ¹ ðiâíÿííÿ ÊÏ (80).4. Ïîáóäîâà òî÷íèõ ðîçâ'ÿçêiâ íåëiíiéíîãî ðiâíÿííÿ Øðåäiíãåðà. �îç-ãëÿíåìî ïîáóäîâó ðîçâ'ÿçêiâ íåëiíiéíîãî ðiâíÿííÿ Øðåäiíãåðà (Í�Ø) òà éîãî âåê-òîðíîãî óçàãàëüíåííÿ. Äëÿ öüîãî ïðèéìåìî ó òâåðäæåííi 2.3 α2 = i, q = r̄ = 0,
ψ = ϕ̄.Ó öüîìó ðàçi ðiâíÿííÿ (44) íàáóäå âèãëÿäó

iΦt2 = Φxx + 2 (ΦMΦ∗)Φ. (84)4.1. Ñêàëÿðíèé âèïàäîê òâåðäæåííÿ 2.3 (K = 1). Ïðè K = 1 �óíêöiÿ
Φ := ϕ∆−1

2 áóäå ðîçâ'ÿçêîì Í�Ø (84)
iΦt2 = Φxx + 2µ|Φ|2Φ (µ := M ∈ R), (85)äå ϕ � ðîçâ'ÿçîê ðiâíÿíü

{

ϕx = ϕΛ1, Λ1 ∈ C

iϕy = ϕxx.
(86)Ó ïîòåíöiàëi ∆2 (33) ïðèéìåìî (x0, t

0
2) = (0, 0), à ðîçâ'ÿçîê ñèñòåìè (86) âèáåðåìîòàê: ϕ = eλ1x−iλ2

1t2 = e(λ11+iλ12)x−i(λ11+iλ12)
2t2 (λ11 = ReΛ1, λ12 = ImΛ1). �îçãëÿíå-ìî äâà ìîæëèâi âèïàäêè: λ11 = 0 òà λ11 6= 0.1. λ11 6= 0.Ôóíêöiÿ q = Φ òà ñêàëÿð µ íàáóäóòü, âiäïîâiäíî, âèãëÿäó

q = Φ =
2λ11e

λ11x+2λ11λ12t2

2Cλ11 − 1 + e2λ11x+4λ11λ12t2
ei(λ12x+(λ2

12−λ2
11)t2), µ = 2Cλ11 − 1, C ∈ R, (87)

(λ11 6= 0). Ïðèéìåìî C = 1
λ11

ó �îðìóëi (87). Òîäi �óíêöiÿ q (87) âèãëÿäàòèìå òàê:
q =

λ11

ch(λ11x+ 2λ11λ12t2)
ei(λ12x+(λ2

12−λ2
11)t2) (88)i çàäîâîëüíÿòèìå íåëiíiéíå ðiâíÿííÿ Øðåäiíãåðà (85) ç µ = 1.Íà ðèñ. 1 çîáðàæåíî ãðà�iêè �óíêöié |q| òà Req ïðè Λ1 = 1 + i òà

t := t2 = −5, 0, 5, âiäïîâiäíî.
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a á â�èñ. 1Ôóíêöiÿ q îïèñó¹ ïîøèðåííÿ ïàêåòà êîðîòêèõ õâèëü, à |q| ¹ îáâiäíîþ õâèëüî-âîãî ïàêåòà. Ïàðàìåòð λ11 äîðiâíþ¹ âèñîòi õâèëi |q|, à ïàðàìåòð λ12 âiäïîâiäà¹ çàøâèäêiñòü v ðóõó õâèëi |q| ç ÷àñîì (v = 2λ12).Îêðåìî âèäiëèìî ñòàöiîíàðíèé ñòàí, êîëè |q| íå çàëåæèòü âiä ÷àñó. Öå áóäå óâèïàäêó, êîëè λ12 = 0 i �óíêöiÿ |q| íàáóäå âèãëÿäó
|q| =

|λ11|

ch(λ11x)
. (89)ßêùî ó �îðìóëi (87) ïðèéíÿòè C = 0, òî q áóäå ñèíãóëÿðíèì ðîçâ'ÿçêîì ðiâ-íÿííÿ Øðåäiíãåðà (85) ç µ = −1 i íàáóäå òàêîãî âèãëÿäó:

q =
λ11

sh(λ11x+ 2λ11λ12t2)
ei(λ12x+(λ2

12−λ2
11)t2). (90)�ðà�iêè �óíêöié |q| òà Req (90) çîáðàæåíi íà ðèñ. 2 ïðè Λ1 = 1 + i,

t := t2 = −5, 0, 5, âiäïîâiäíî.

a á â�èñ. 2Ôóíêöiÿ |q| ìàòèìå ðîçðèâ äðóãîãî ðîäó ó òî÷öi x = −2λ12t2. Ïàðàìåòð λ12âiäïîâiäà¹ çà øâèäêiñòü ðóõó õâèëi.
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|q| =

|λ11|

sh(λ11x)
. (91)2. λ11 = 0.Ôóíêöiÿ q ó öüîìó âèïàäêó íàáóäå âèãëÿäó

q =
ei(λ12x+λ2

12t2)

(C + x+ 2λ12t2)
, C ∈ R, (92)i áóäå ðîçâ'ÿçêîì Í�Ø ç µ = −1.�ðà�iêè �óíêöié |q| òà Req (92) çîáðàæåíi íà ðèñ. 3 ïðè C = 1, Λ1 = i,

t := t2 = −5, 0, 5, âiäïîâiäíî.

a á â�èñ. 3Ôóíêöiÿ |q| ìà¹ îñîáëèâiñòü ó òî÷öi x = −2λ12t2. Ïàðàìåòð λ12 õàðàêòåðèçó¹øâèäêiñòü ðóõó õâèëi.Ïðè λ12 = 0 �óíêöiÿ |q| íàáóäå âèãëÿäó
|q| =

1

|C + x|
, C ∈ R. (93)4.2. Âåêòîðíèé âèïàäîê òâåðäæåííÿ 2.3 (K > 1). Ìàòðèöÿ Λ1 � äiàãîíàëüíà.Äëÿ ïîáóäîâè ðîçâ'ÿçêiâ Í�Ø ó âèïàäêó K > 1 âèêîðèñòîâóâàòèìåìî òàêi òâåðä-æåííÿ ç òåîði¨ ìàòðèöü [25℄.Òâåðäæåííÿ 7. Åðìiòîâà ìàòðèöÿ A ðîçìiðíîñòi (K ×K) óíiòàðíî ïîäiáíà äîäiàãîíàëüíî¨ ìàòðèöi ¨¨ âëàñíèõ çíà÷åíü. Òîáòî, iñíó¹ óíiòàðíà (îðòîãîíàëüíà)(K ×K) ìàòðèöÿ U òàêà, ùî A = UBU−1 = UBU∗, äå B = diag(λ1, ..., λK).Òâåðäæåííÿ 8. Äiéñíà ñèìåòðè÷íà ìàòðèöÿ îðòîãîíàëüíî ïîäiáíà äî äiàãîíàëü-íî¨ ìàòðèöi ¨¨ âëàñíèõ çíà÷åíü.Ç òâåðäæåííÿ 3.1. îòðèìó¹ìî òàêèé íàñëiäîê.Íàñëiäîê 1. Íåõàé åðìiòîâà (K × K) ìàòðèöÿ A ìà¹ ðàíã l 6 K. Òîäi iñíó¹ìàòðèöÿ Ũ ðîçìiðíîñòi (K × l) òàêà, ùî A = ŨBlŨ

∗, äå Bl = diag(λ1, . . . , λl) �äiàãîíàëüíà ìàòðèöÿ íåíóëüîâèõ âëàñíèõ çíà÷åíü ìàòðèöi A. Çîêðåìà, ÿêùî l = 1,òî A = ±ŨŨ∗, çàëåæíî âiä çíàêà ¹äèíîãî íåíóëüîâîãî âëàñíîãî çíà÷åííÿ.
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B =





Bl | Ol,K−l

− − −
OK−l,l | OK−l



 , (94)äå Bl � äiàãîíàëüíà ìàòðèöÿ íåíóëüîâèõ âëàñíèõ çíà÷åíü, à OK−l, Ol,K−l, OK−l,l� íóëüîâi ìàòðèöi âiäïîâiäíèõ ðîçìiðíîñòåé. Çà òâåðäæåííÿì 3.1. A = UBU∗, äå
U � óíiòàðíà (K × K)-ìàòðèöÿ. �îçiá'¹ìî U íà áëîêè òàê: U = (U1

K,l|U
2
K,K−l) =:

=: (Ũ |U2
K,K−l). Âiäïîâiäíî,

A = UBU∗ = (Ũ |U2
K,K−l)





Bl | Ol,K−l

− − −
OK−l,l | OK−l





(

Ũ∗

(U2
K,K−l)

∗

)

= ŨBlŨ
∗. (95)

�Äëÿ ïîáóäîâè ðîçâ'ÿçêiâ Í�Ø êîðèñíèì òàêîæ áóäå çàóâàæåííÿ, ÿêå âèïëèâà¹áåçïîñåðåäíüî ç íàñëiäêó 1.Çàóâàæåííÿ 2. Íåõàé ó ðiâíÿííi (84) ìàòðèöÿ M ìà¹ ðàíã l 6 K i âñi ¨¨ âëàñíiçíà÷åííÿ íåâiä'¹ìíi. Òîäi M äîïóñêà¹ çîáðàæåííÿ M = AA∗, äå A � ìàòðèöÿ ðîç-ìiðíîñòi (K×l), à âåêòîð-�óíêöiÿ q := ΦA áóäå ðîçâ'ÿçêîì âåêòîðíîãî óçàãàëüíåííÿÍ�Ø
iqt2 = qxx + 2 (qq∗)q. (96)Çîêðåìà, ïðè l = 1 îòðèìà¹ìî ñêàëÿðíå Í�Ø
iqt2 = qxx + 2|q|2q. (97)Äëÿ ðîáîòè ç ìàòðè÷íèìè �óíêöiÿìè áóäå ïîòðiáíèé òàêèé �àêò ç àëãåáðè.Òâåðäæåííÿ 9. Íåõàé α � äîâiëüíå êîìïëåêñíå ÷èñëî, ϕ, ψ � âåêòîð-ñòði÷êè äîâ-æèíè K. ∆ � íåâèðîäæåíà (K ×K) ìàòðèöÿ. Òîäi ïðàâèëüíà �îðìóëà

α− ϕ∆−1ψ⊤ =

det

(

∆ ψ⊤

ϕ α

)

det∆
. (98)ßê áåçïîñåðåäíié íàñëiäîê òâåðäæåííÿ 9 îòðèìó¹ìî.Òâåðäæåííÿ 10. Íåõàé ϕ := ϕ(x, t), ψ := ψ(x, t) � âåêòîðíi �óíêöi¨ ðîçìiðíîñòi

(1×K); ∆ � (K ×K) ìàòðè÷íà �óíêöiÿ òàêà, ùî (∆)x = ψ⊤ϕ; Φ := ϕ∆−1. Òîäi
Φi = −

det

(

∆ e⊤i
ϕ 0

)

det(∆)
, i = 1,K; q :=

K
∑

i=1

Φi = −

det

(

∆ 1⊤

ϕ 0

)

det∆
, (99)

u := (ϕ∆−1ψ⊤)x = −

[

det

(

∆ ψ⊤

ϕ 0

)

(det∆)−1

]

x

= −
∂2

∂x2
ln det∆, (100)äå ei � âåêòîð-ñòði÷êà äîâæèíè K ç îäèíèöåþ íà i-ìó ìiñöi òà íóëÿìè íàðåøòi ìiñöü.
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1 := (1, . . . , 1). (101)Äëÿ ïîáóäîâè ðîçâ'ÿçêó Í�Ø âèáåðåìî ìàòðèöþ Λ1 ∈ MatK×K(C) òà ðîçâ'ÿçîê

ϕ ðîçìiðíîñòi (1×K) ñèñòåìè
{

ϕx = ϕΛ1,

iϕt2 = ϕxx,
(102)ó òàêîìó âèãëÿäi:

Λ1 = diag(λ1, . . . , λK), λj1 := Reλj , λj2 := Imλj , j = 1,K. (103)
ϕj = γje

λj1x+2λj1λj2t2+i(λj2x−(λ2
j1−λ2

j2)t2), γj = ekj+iθj , kj , θj ∈ R, j = 1,K. (104)Ç �îðìóëè (42) äëÿ ìàòðèöi M îòðèìó¹ìî
M = CΛ1 + Λ∗

1C − ϕ∗ϕ(x0, t
0
2), C = C∗. (105)Ïî÷èíàþ÷è ç �îðìóëè (105), ïðèéìåìî (x0, t

0
2) = (0, 0).Ââàæàòèìåìî, ùî (λj1 6=0) òà ((|λj1| 6= |λs1|)∨(λj2 6= λs2)), äëÿ âñiõ j, s = 1, j 6= s.�îçãëÿíåìî äâà õàðàêòåðíi âèïàäêè.1. Çàäàìî ñòàëó ìàòðèöþ C òàê, ùîá M = 1⊤1.Òîáòî ìàòðèöÿ C âèðàæàòèìåòüñÿ ÷åðåç ìàòðèöþ Λ1 òàê:

C =

(

γ̄jγs + 1

λs + λ̄j

)K

j,s=1

=

(

γ̄jγs + 1

λs1 + λj1 + i(λs2 − λj2)

)K

j,s=1

. (106)Âiäïîâiäíî, ç �îðìóë (33) òà (106) îòðèìó¹ìî
∆2 = C +Ω2[ϕ̄, ϕ] =

(

1

λs + λ̄j
(ϕ̄jϕs + 1)

)K

j,s=1

. (107)Òîäi
Φ = ϕ∆−1

2 , q = Φ1⊤ =

K
∑

i=0

Φi = −

det

(

∆2 1

ϕ 0

)

det(∆2)
. (108)�åãóëÿðíà ñêàëÿðíà �óíêöiÿ q (108) áóäå ðîçâ'ÿçêîì íåëiíiéíîãî ðiâíÿííÿ Øðåäií-ãåðà (97).2. Ïðèéìåìî

C =

(

γ̄jγs − 1

λs + λ̄j

)K

j,s=1

=

(

γ̄jγs − 1

λs1 + λj1 + i(λs2 − λj2)

)K

j,s=1

. (109)Òîäi M = CΛ1 + Λ∗
1C − ϕ∗ϕ(0, 0) = −1⊤1.Ç �îðìóë (33) òà (106) îòðèìó¹ìî
∆2 = C +Ω2[ϕ̄, ϕ] =

(

1

λs + λ̄j
(ϕ̄jϕs − 1)

)K

j,s=1

. (110)
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Φ = ϕ∆−1

2 , q = Φ1⊤ =

K
∑

i=0

Φi = −

det

(

∆2 1⊤

ϕ 0

)

det(∆2)
. (111)Ñèíãóëÿðíà ñêàëÿðíà �óíêöiÿ q (111) áóäå ðîçâ'ÿçêîì Í�Ø (85) ç µ = −1

iqt2 = qxx − 2|q|2q. (112)4.3. Âåêòîðíèé âèïàäîê òâåðäæåííÿ 2.3 (K = 2). Ìàòðèöÿ Λ1 � äiàãîíàëüíà.Íåõàé Λ1 ¹ äiàãîíàëüíîþ ìàòðèöåþ âèãëÿäó (103), �óíêöiÿ ϕ âèãëÿäà¹ ÿê (104).�îçãëÿíåìî äâà õàðàêòåðíi âèïàäêè, çàëåæíî âiä âèáîðó ìàòðèöi C.I. Ìàòðèöþ C âèçíà÷à¹ìî �îðìóëîþ (106) ïðè K = 2.Ìîæëèâi òàêi ñèòóàöi¨, çàëåæíî âiä çíà÷åíü λj , j=1,2.1. λ11 6= 0, λ21 6= 0.1.1. ((|λ11| 6= |λ21|) ∨ (λ12 6= λ22)).Ç �îðìóë (107) òà (108) ïðè K = 2 îòðèìó¹ìî
∆2 = C +Ω2[ϕ̄, ϕ] =

(

1
2λ11

(|ϕ2
1|+ 1|) 1

λ11+λ21+i(λ22−λ12)
(ϕ̄1ϕ2 + 1)

1
λ11+λ21−i(λ22−λ12)

(ϕ̄2ϕ1 + 1) 1
2λ21

(|ϕ2
2|+ 1|)

)

;(113)
Φ(x, t2, λ11, λ12, λ21, λ22) = ϕ∆−1

2 , q(x, t2, λ11, λ12, λ21, λ22) = Φ

(

1
1

)

= Φ1 +Φ2.(114)Íà ðèñ. 4 çîáðàæåíî ãðà�iêè �óíêöié |q| òà Req ïðè γ1 = e4+i,
γ2 = e2iλ1 = 2 + i, λ2 = 1 + 1.5i òà t := t2 = −6, 2, 12, âiäïîâiäíî.

a á â�èñ. 4Ôóíêöiÿ q îïèñó¹ ïîøèðåííÿ òà âçà¹ìîäiþ äâîõ ïàêåòiâ êîðîòêèõ õâèëü, à |q|¹ îáâiäíîþ öèõ ïàêåòiâ, ÿêà çîáðàæà¹ ïîøèðåííÿ òà âçà¹ìîäiþ äâîõ äîâãèõ õâèëü.Ïàðàìåòðè λ11 òà λ21 âiäïîâiäàþòü çà âèñîòè êîæíî¨ ç äîâãèõ õâèëü, à ïàðàìåòðè
λ12, λ22 âiäïîâiäàþòü çà øâèäêîñòi ðóõó (äîâãà õâèëÿ ç âèñîòîþ λ11 ðóõà¹òüñÿ çiøâèäêiñòþ 2λ12, à äîâãà õâèëÿ ç âèñîòîþ λ21 � çi øâèäêiñòþ 2λ22).1.2 λ11 = −λ21, λ12 = λ22.
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q(x, t2, λ11, λ12, λ11, λ12) := lim

λ21→−λ11

lim
λ22→λ12

q(x, t2, λ11, λ12, λ21, λ22) =

= lim
λ22→λ12

lim
λ21→−λ11

q(x, t2, λ11, λ12, λ21, λ22) = 0. (115)1.3 λ11 = λ21, λ12 = λ22.Ó öüîìó âèïàäêó ∆2 ≡ 0 i �îðìóëà äëÿ ðîçâ'ÿçêó (108) ñòà¹ íåêîðåêòíîþ.Çàäàìî �óíêöi¨ Φ(x, t2, λ11, λ12, λ11, λ12) i q(x, t2, λ11, λ12, λ11, λ12) ïîäiáíî, ÿê ió âèïàäêó 1.2
Φj(x, t2, λ11, λ12, λ11, λ12) := lim

λ22→λ12

lim
λ21→λ11

Φj(x, t2, λ11, λ12, λ21, λ22) =

= lim
λ21→λ11

lim
λ22→λ12

Φj(x, t2, λ11, λ12, λ21, λ22), j = 1, 2.
(116)

q(x, t2, λ11, λ12, λ11, λ12) := lim
λ22→λ12

lim
λ21→λ11

q(x, t2, λ11, λ12, λ21, λ22) =

= lim
λ21→λ11

lim
λ22→λ12

q(x, t2, λ11, λ12, λ21, λ22), j = 1, 2.
(117)Çàóâàæèìî, ùî ïðè γ1 6= γ2 îòðèìà¹ìî Φj = 0 i, âiäïîâiäíî, q = 0. Òîìó ðîçãëÿíåìîâèïàäîê, êîëè γ1 = γ2.Íà ðèñ. 5 çîáðàæåíî ãðà�iêè �óíêöié |q| òà Req ïðè γ1 = γ2 = e4, λ11 = 1,

λ12 = 1.5 òà t := t2 = −100, 0, 100 âiäïîâiäíî.

a á â�èñ. 5Ôóíêöiÿ Req îïèñó¹ ïîøèðåííÿ òà âçà¹ìîäiþ äâîõ ïàêåòiâ êîðîòêèõ õâèëü,ÿêi ðóõàþòüñÿ ïîðó÷. �ðà�iê |q| çîáðàæà¹ îáâiäíó äâîõ ïàêåòiâ ó �îðìi äîâãèõõâèëü, ÿêi ðóõàþòüñÿ îäíà çà äðóãîþ. Öå òàê çâàíèé çâ'ÿçàíèé ñòàí. Ïàðàìåòð λ11âiäïîâiäà¹ çà âèñîòó êîæíî¨ ç äîâãèõ õâèëü, à ïàðàìåòð λ12 � çà ¨õíþ øâèäêiñòü. Óìîìåíò ÷àñó t2 = 0 âiäáóâà¹òüñÿ âçà¹ìîäiÿ õâèëüîâèõ ïàêåòiâ.2. λ11 = 0, λ21 6= 0.Ó öüîìó âèïàäêó ïðèéìåìî C = 0, γj = 1, j = 1, 2. Ôîðìóëà äëÿ ïîòåíöiàëó
∆2[ϕ̄, ϕ] íàáóäå âèãëÿäó

∆2[ϕ̄, ϕ] = Ω2[ϕ̄, ϕ] =

(

x+ 2λ12t2
1

λ21+i(λ22−λ12)
(ϕ̄1ϕ2 − 1)

1
λ21−i(λ22−λ12)

(ϕ̄2ϕ1 − 1) 1
2λ21

(|ϕ2
2| − 1|)

)

. (118)



202 Þðié ÑÈÄÎ�ÅÍÊÎ, Îëåêñàíäð ×ÂÀ�ÒÀÖÜÊÈÉISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2011. Âèïóñê 75Ñêàëÿðíà �óíêöiÿ q âèçíà÷àòèìåòüñÿ �îðìóëîþ (111) i áóäå ñèíãóëÿðíèì ðîçâ'ÿç-êîì ðiâíÿííÿ Øðåäiíãåðà ç µ = −1 (112).3. λ11 = 0, λ21 = 0.Ïðèéìåìî C = 0, γj = 1, j = 1, 2. Ïîòåíöiàë ∆2[ϕ̄, ϕ] íàáóäå âèãëÿäó
∆2[ϕ̄, ϕ] = Ω2[ϕ̄, ϕ] =

(

x+ 2λ12t2
−i

(λ22−λ12)
(ϕ̄1ϕ2 − 1)

i
(λ22−λ12)

(ϕ̄2ϕ1 − 1) x+ 2λ22t2

)

. (119)Ñêàëÿðíà �óíêöiÿ q âèçíà÷àòèìåòüñÿ �îðìóëîþ (111) i áóäå ñèíãóëÿðíèì ðîçâ'ÿç-êîì ðiâíÿííÿ Øðåäiíãåðà ç µ = −1 (112). Çàóâàæèìî, ùî �óíêöiÿ |q| ó öüîìó ðàçiáóäå ðàöiîíàëüíîþ.4.4. Âåêòîðíèé âèïàäîê òâåðäæåííÿ 2.3 (K = 2). Ìàòðèöÿ Λ1 � âåðõíÿ òðè-êóòíà. Íåõàé Λ1 =

(

λ 1
0 λ

), à âåêòîð-�óíêöiÿ ϕ ðîçìiðíîñòi (1 × 2) çàäîâîëüíÿ¹ðiâíÿííÿ (102). Âèáåðåìî ðîçâ'ÿçîê ϕ ðiâíÿííÿ (102) òàê:
ϕ1 = γ1e

λx−iλ2t2 ; ϕ2 = (ϕ1)λ = γ1(x− 2iλt2)e
λx−iλ2t2 , γ1 = ek1+iθ1 , k1, θ1 ∈ R. (120)�îçãëÿíåìî äâà õàðàêòåðíi âèïàäêè.1. λ11 = Reλ 6= 0.Ìàòðèöþ C çàäà¹ìî ÷åðåç Λ1 òàê, ùîá M = 1⊤1. Òîáòî,

C =





e2k1+1
λ11

λ11−e2k1−1
2λ2

11

λ11−e2k1−1
2λ2

11

e2k1+λ2
11−λ11+1

2λ3
11



 . (121)Âiäïîâiäíî, ∆2 = C +Ω[ϕ̄, ϕ].Ôóíêöiÿ Φ i ðîçâ'ÿçîê q Í�Ø (84) íàáóäóòü âèãëÿäó
Φ = ϕ∆−1

2 , q = Φ1⊤ = Φ1 +Φ2. (122)Ôóíêöiÿ q ¹ ðåãóëÿðíèì ðîçâ'ÿçêîì Í�Ø (97).Íà ðèñ. 6 çîáðàæåíî ãðà�iêè �óíêöié |q| òà Req ïðè γ1 = e−10 λ = 1 − i, òà
t := t2 = −115, 0, 115, âiäïîâiäíî.

a á â�èñ. 6



IÍÒÅ��ÓÂÀÍÍß ÑÊÀËß�ÍÎ� I��À�ÕI� ÊÀÄÎÌÖÅÂÀ-ÏÅÒÂIÀØÂIËI ...ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2011. Âèïóñê 75 203Ïîâåäiíêà ãðà�iêiâ �óíêöié ïîäiáíà äî ðèñ. 5. Ôóíêöiÿ q îïèñó¹ çâ'ÿçàíèé ñòàí.Ïàðàìåòð λ11 âiäïîâiäà¹ çà âèñîòó äîâãèõ õâèëü, ÿêi õàðàêòåðèçóþòüñÿ îáâiäíîþ |q|,à ïàðàìåòð λ12 � çà ¨õíþ øâèäêiñòü. Ó ìîìåíò ÷àñó t2 = 0 âiäáóâà¹òüñÿ âçà¹ìîäiÿõâèëüîâèõ ïàêåòiâ.2. λ11 = Reλ = 0.Ïðèéìåìî C = 0.
Φ = ϕ∆−1

2 = ϕΩ2[ϕ̄, ϕ]
−1, q = Φ

(

1
1

)

= Φ1 +Φ2. (123)Ñèíãóëÿðíà �óíêöiÿ q áóäå ðîçâ'ÿçêîì Í�Ø (112).4.5. Âåêòîðíèé âèïàäîê òâåðäæåííÿ 2.3 (K = 3). Ìàòðèöÿ Λ1 � äiàãîíàëüíà.Ôîðìóëè äëÿ öüîãî âèïàäêó ìîæíà îòðèìàòè, ïiäñòàâèâøè K = 3 â çàãàëüíîìóâèïàäêó äëÿ K > 1. Çîêðåìà, êîëè M = 1⊤1, òî îòðèìà¹ìî ðåãóëÿðíèé ðîçâ'ÿçîê qÍ�Ø (97), Íà ðèñ. 7 çîáðàæåíî ãðà�iêè �óíêöi¨ |q| ïðè γ1 = e13, γ2 = e10, γ3 = e5,
λ1 = 1.5 + i, λ2 = 1 + 2i, λ3 = 2.5 + 2.5i òà t := t2 = −9, t := t2 = −1, t := t2 = 2,
t := t2 = 4, t := t2 = 8, t := t2 = 15, âiäïîâiäíî.

�èñ. 7�ðà�iê �óíêöi¨ |q| çîáðàæà¹ ïîøèðåííÿ òà âçà¹ìîäiþ òðüîõ äîâãèõ õâèëü. Ïà-ðàìåòðè γj , j = 1, 3 âiäïîâiäàòü çà ïî÷àòêîâå ðîçòàøóâàííÿ õâèëü. Äiéñíi ÷àñòèíè
Reλj âiäïîâiäàþòü çà âèñîòó õâèëi ç íîìåðîì j, à óÿâíi Reλj âiäïîâiäàþòü çà øâèä-êiñòü õâèëi ç íîìåðîì j. Íà ðèñ. 7 çîáðàæåíî ïîøèðåííÿ òà âçà¹ìîäiþ äîâãèõ õâèëüç ÷àñîì.



204 Þðié ÑÈÄÎ�ÅÍÊÎ, Îëåêñàíäð ×ÂÀ�ÒÀÖÜÊÈÉISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2011. Âèïóñê 75Ó âèïàäêó, êîëè ñòàëà ìàòðèöÿ C âèçíà÷à¹òüñÿ �îðìóëîþ (109), M = −1⊤1, i,âiäïîâiäíî, ìè îòðèìà¹ìî ñèíãóëÿðíèé ðîçâ'ÿçîê q Í�Ø (112).ßê i ó âèïàäêó K = 2, êîëè ìàòðèöÿ Λ1 � äiàãîíàëüíà, ðîçãëÿíåìî îêðåìîñèòóàöiþ, êîëè λ1 = λ2 = λ3 = 0.Ïðèéìåìî C = 0, γj = 1, j = 1, 3. Îòæå,
Φ = ϕ∆−1

2 = ϕΩ2[ϕ̄, ϕ]
−1, q = Φ1⊤ = Φ1 +Φ2 +Φ3. (124)Ôóíêöiÿ q ¹ ñèíãóëÿðíèì ðîçâ'ÿçêîì Í�Ø (112). Îñîáëèâiñòü öüîãî âèïàäêó ïîëÿãà¹ó òîìó, ùî �óíêöiÿ |q| � ðàöiîíàëüíà.4.6. Âåêòîðíèé âèïàäîê òâåðäæåííÿ 2.3 (K = 3). Ìàòðèöÿ Λ1 � âåðõíÿ òðè-êóòíà. 1. Íåõàé

Λ1 =





λ 1 0
0 λ 1
0 0 λ



 . (125)Âèáåðåìî ðîçâ'ÿçîê ϕ ðiâíÿííÿ (102) òàê:
ϕ1 = γ1e

λx−iλ2t2 , ϕ2 = γ1(x− 2iλt2)e
λx−iλ2t2 ,

ϕ3 = γ1(
x2

2 − 2iλ1xt2 − 2λ2t22 − it2)e
λx−iλ2t2 ,

Reλ := λ11, Imλ := λ12, γ1 = ek1+iθ1 , k1, θ1 ∈ R.

(126)Åëåìåíòè åðìiòîâî¨ ìàòðèöi C çàäàìî òàê:
c11 = 1

2
1+e2k1

λ11
; c12 = 1

4
−1+2λ11−e2k1

λ2
11

;

c13 = 1
8
1−2λ11+4λ2

11+e2k1

λ3
11

; c22 = 1
4
2λ2

11+1−2λ11+e2k1

λ3
11

; c21 = c̄12

c23 = 1
16

−8λ2
11−3+6λ11−3e2k1+8λ3

11

λ4
11

; c31 = c̄13, c32 = c̄23,

c33 = 1
16

8λ4
11+8λ2

11+3−6λ11+3e2k1−8λ3
11

λ5
11

,

(127)âiäïîâiäíî, M = CΛ1 + Λ∗
1C − ϕ∗ϕ(0, 0) = 1⊤1 ç �îðìóëè (42), à �óíêöiÿ Φ òàðîçâ'ÿçîê q Í�Ø (84) âèçíà÷àòèìóòü òàê:

Φ = ϕ∆−1
2 , q = Φ1⊤ = Φ1 +Φ2 +Φ3. (128)Íà ðèñ. 8 çîáðàæåíî ãðà�iêè �óíêöi¨ |q| ïðè γ1 = e30 λ = 1+i òà t := t2 = −230,

t := t2 = 0, t := t2 = 230, âiäïîâiäíî.

a á â�èñ. 8



IÍÒÅ��ÓÂÀÍÍß ÑÊÀËß�ÍÎ� I��À�ÕI� ÊÀÄÎÌÖÅÂÀ-ÏÅÒÂIÀØÂIËI ...ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2011. Âèïóñê 75 205�ðà�iê �óíêöi¨ |q| âiäîáðàæà¹ çâ'ÿçàíi ñòàíè, ÿêi óòâîðåíi òðüîìà äîâãèìè õâè-ëÿìè. Íà ðèñ. 8 çîáðàæåíî ïîâåäiíêó |q| ïðè äîñèòü âåëèêèõ çà ìîäóëåì çíà÷åííÿõ
t, à òàêîæ ìîìåíò âçà¹ìîäi¨ õâèëü. Ïàðàìåòð λ âiäïîâiäà¹ çà âèñîòó (Reλ) òà øâèä-êiñòü (Imλ) êîæíî¨ õâèëi.2.

Λ1 =





λ1 1 0
0 λ1 0
0 0 λ2



 . (129)Âèáåðåìî ðîçâ'ÿçîê ϕ ðiâíÿííÿ (102) òàê:
ϕ1 = γ1e

λ1x−iλ2
1t2 , ϕ2 = γ1(x− 2iλ1t2)e

λ1x−iλ2
1t2 ,

ϕ3 = γ3(
x2

2 − 2iλ3xt2 − 2λ23t
2
2 − it2)e

λ3x−iλ2
3t2 ,

Reλj := λj1, Imλj := λj2; γj = ekj+iθj , kj , θj ∈ R.

(130)

�èñ. 9Çàäàâøè ìàòðèöþ C òàê:
c11 = 1

λ11
; c12 = −1+λ11

2λ2
11

;

c13 = 2(λ11−iλ12+λ31+iλ32)
λ2
11+2iλ11λ32+2λ31λ11−2iλ12λ31−2iλ11λ12−λ2

12+2iλ31λ32+2λ32λ12+λ2
31−λ2

32
,

c22 =
λ2
11+1−λ11

2λ3
11

;

c23 = −2+λ31+iλ32+λ11−iλ12

λ2
11+2iλ11λ32+2λ31λ11−2iλ12λ31−2iλ11λ12−λ2

12+2iλ31λ32+2λ32λ12+λ2
31−λ2

32
;

c33 = 1
λ31

;

(131)
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1C − ϕ∗ϕ(0, 0) = 1⊤1. Ôóíêöiÿ Φ òàðîçâ'ÿçîê q Í�Ø (84) íàáóäóòü âèãëÿäó:

Φ = ϕ∆−1
2 , q = Φ1⊤ = Φ1 +Φ2 +Φ3. (132)Íà ðèñ. 9 çîáðàæåíî ãðà�iêè �óíêöi¨ |q| ïðè γ1 = e15, γ3 = 1, λ1 = 1 + i,

λ3 = 1.5 + 2i òà t := t2 = −11, âiäïîâiäíî.�ðà�iê �óíêöi¨ |q| âiäîáðàæà¹ âçà¹ìîäiþ çâ'ÿçàíîãî ñòàíó, óòâîðåíîãî äâîìàäîâãèìè õâèëÿìè, òà âiäîêðåìëåíî¨ äîâãî¨ õâèëi. Ïàðàìåòð λ1 õàðàêòåðèçó¹ âèñîòóòà øâèäêiñòü çâ'ÿçàíîãî ñòàíó, à ïàðàìåòð λ3 � âèñîòó òà øâèäêiñòü îäèíè÷íî¨ õâèëi.5. Ïîáóäîâà ðîçâ'ÿçêiâ âåêòîðíîãî óçàãàëüíåííÿ íåëiíiéíîãî ðiâíÿí-íÿ Øðåäiíãåðà. Ó öüîìó ðîçäiëi áóäóâàòèìåìî òî÷íi ðîçâ'ÿçêè âåêòîðíîãî óçà-ãàëüíåííÿ Í�Ø (84) ó âèïàäêó, êîëè q = (q1, . . . , ql), M ∈ Matl×l(C), l > 1. Äëÿïîáóäîâè ñêîðèñòà¹ìîñü òàêèì òâåðäæåííÿì.Òâåðäæåííÿ 11. Íåõàé ó ðiâíÿííi (84) ìàòðèöÿ M ìà¹ ðàíã l 6 K. Òîäi Mäîïóñêà¹ çîáðàæåííÿ M = AUA∗, äå A = (ak,s)
K,l
k=1,s=1 � ìàòðèöÿ ðîçìiðíîñòi

(K × l), U = diag(µ1 . . . , µl) � äiàãîíàëüíà ìàòðèöÿ íåíóëüîâèõ âëàñíèõ çíà÷åíüìàòðèöi M. Âåêòîð-�óíêöiÿ q := ΦA áóäå ðîçâ'ÿçêîì âåêòîðíîãî óçàãàëüíåííÿÍ�Ø
iqt2 = qxx + 2 (qUq∗)q, (133)ÿêå ìîæíà ïåðåïèñàòè â òàêîìó âèãëÿäi:

i(qj)t2 = (qj)xx + 2

( l
∑

s=1

µs|qs|
2

)

qj , j = 1, l, (134)äå qj = K
∑

k=1

ak,jΦk.Òåïåð ðîçãëÿíåìî ðåàëiçàöiþ öüîãî òâåðäæåííÿ äëÿ âèïàäêó l = 2, çîêðåìà ïðè
K = 2 òà K = 3.5.1. Âèïàäîê l = 2,K = 2. Çàäàìî ìàòðèöþ Λ1 òà �óíêöiþ ϕ = (ϕ1, ϕ2) òàê, ÿêó âèïàäêó K = 2 äëÿ ñêàëÿðíîãî Í�Ø

Λ1 = diag(λ1, λ2), λj1 := Reλj , λj2 := Imλj , j = 1, 2. (135)
ϕj = γje

λj1x+2λj1λj2t2+i(λj2x−(λ2
j1−λ2

j2)t2), γj = ekj+iθj , kj , θj ∈ R, j = 1, 2. (136)Ìàòðèöþ C çàäàìî òàê, ùîá M = CΛ1 + Λ∗
1C − ϕ∗ϕ(0, 0) =

(

1 0
0 1

)

=: I.Òîáòî
C =





|γ1|
2+1

λ1+λ1

γ2γ1

λ1+λ2
,

γ1γ2

λ2+λ1
,

|γ2|
2+1

λ2+λ2
,



 . (137)Ôóíêöiÿ
q = (q1, q2) = Φ = ϕ∆−1

2 (138)¹ ðîçâ'ÿçêîì ñèñòåìè (134) ç µ1 = µ2 = 1. Ó öüîìó ðàçi �óíêöi¨ q1 òà q2 ¹ ðåãóëÿð-íèìè.Íà ðèñ. 10 çîáðàæåíî ãðà�iêè �óíêöié |q1| òà |q2| ïðè γ1 = e, γ2 = e10+13i,
λ1 = 2 + 3i, λ2 = 1 + 2i òà t := t2 = −2, 5, 10, âiäïîâiäíî.
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a á â�èñ. 10Íà ðèñ. 10 çîáðàæåíî ïîøèðåííÿ òà âçà¹ìîäiþ äâîõ äîâãèõ õâèëü, ÿêi âiäïî-âiäàþòü �óíêöiÿì |q1| òà |q2|. Ïàðàìåòð λ1 âiäïîâiäà¹ çà øâèäêiñòü (óÿâíà ÷àñòèíà)òà âèñîòó (äiéñíà ÷àñòèíà) äîâãî¨ õâèëi, ùî çîáðàæà¹òüñÿ ãðà�iêîì �óíêöi¨ |q1|, àïàðàìåòð λ2 � çà øâèäêiñòü òà âèñîòó õâèëi, ÿêà âiäïîâiäà¹ ãðà�iêó |q2|.Òåïåð çàäàìî ìàòðèöþ C òàê, ùîá âëàñíi çíà÷åííÿ M áóëè ïðîòèëåæíi çàçíàêîì
C =





|γ1|
2+1

λ1+λ1

γ2γ1

λ1+λ2
,

γ1γ2

λ2+λ1
,

|γ2|
2−1

λ2+λ2
,



 =⇒ M = CΛ1 + Λ∗
1C − ϕ∗ϕ(0, 0) =

(

1 0
0 −1

)

. (139)Ó öié ñèòóàöi¨ ðîçâ'ÿçîê Í�Ø q áóäå ñèíãóëÿðíèì. Íà ðèñ. 11 çîáðàæåíî ãðà�iêè�óíêöié |q1| òà |q2| ïðè γ1 = 1, γ2 = e10+13i, λ1 = 2 + 3i, λ2 = 1 + 2i òà t := t2 = −1,
5, 11, âiäïîâiäíî.

a á â�èñ. 115.2. Âèïàäîê l = 2, K = 3. Çàäàìî ìàòðèöþ Λ1 òà �óíêöiþ ϕ = (ϕ1, ϕ2) òàê, ÿêó âèïàäêó K = 3 äëÿ ñêàëÿðíîãî Í�Ø
Λ1 = diag(λ1, λ2, λ3), λj1 := Reλj , λj2 := Imλj , j = 1, 3, (140)



208 Þðié ÑÈÄÎ�ÅÍÊÎ, Îëåêñàíäð ×ÂÀ�ÒÀÖÜÊÈÉISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2011. Âèïóñê 75
ϕj = γje

λj1x+2λj1λj2t2+i(λj2x−(λ2
j1−λ2

j2)t2), γj = ekj+iθj , kj , θj ∈ R, j = 1, 3. (141)Ìàòðèöþ C çàäàìî òàê, ùîá
M = CΛ1 + Λ∗

1C − ϕ∗ϕ(0, 0) =





1 1 0
1 1 0
0 0 1



 =





1 0
1 0
0 1





(

1 1 0
0 0 1

)

.Òîáòî,
C =









|γ1|
2+1

λ1+λ1

γ2γ1+1

λ1+λ2

γ3γ1

λ1+λ3
γ1γ2+1

λ2+λ1

|γ2|
2+1

λ2+λ2

γ2γ3

λ3+λ2
γ1γ3

λ3+λ1

γ3γ2

λ2+λ3

|γ3|
2

λ3+λ3









. (142)Ôóíêöiÿ q = (q1, q2) = (Φ1 + Φ2,Φ3), äå Φ = ϕ∆−1
2 , ¹ ðîçâ'ÿçêîì ñèñòåìè (134)ç µ1 = µ2 = 1. Ó öüîìó ðàçi �óíêöi¨ q1 òà q2 ¹ ðåãóëÿðíèìè.6. Ïîáóäîâà òî÷íèõ ðîçâ'ÿçêiâ ðiâíÿííÿ ßäæèìè-Îéêàâè.Ïåðåéäåìî äîïîáóäîâè òî÷íèõ ðîçâ'ÿçêiâ ìîäåëi ßäæèìè-Îéêàâè òà éîãî âåêòîðíîãî óçàãàëüíåí-íÿ. Äëÿ öüîãî ïðèéìåìî ó òâåðäæåííi 2.4 (âèïàäîê k = 2, n = 2) α2 = i, q = r̄ = 0,

ψ = ϕ̄. Çà òàêèõ óìîâ ñèñòåìà (67) íàáóäå âèãëÿäó
{

iΦt2 = Φxx + 2ûΦ;
iût2 = (ΦMΦ∗)x.

(143)6.1. Ñêàëÿðíèé âèïàäîê òâåðäæåííÿ 2.4 (K = 1). Ïðè K = 1 ïàðà �óíêöié
Φ := ϕ∆−1

2 òà u := û = (ϕ∆−1
2 ϕ∗)x áóäå ðîçâ'ÿçêîì ìîäåëi ßäæèìè-Îéêàâè (143)

{

iΦt2 = Φxx + 2uΦ;
iut2 = (µ|Φ|2)x,

(144)äå �óíêöiÿ ϕ ¹ ðîçâ'ÿçêîì ðiâíÿíü
{

ϕxx = ϕΛ2,

iϕt2 = ϕxx,
Λ2 ∈ C, (145)à µ = M = CΛ2 − Λ̄2C − (ϕ∗ϕx − ϕ∗

xϕ)(x0, t
0
2), C ∈ R.Ïðèéìåìî (x0, t

0
2) = (0, 0), Λ2 := λ21, à ðîçâ'ÿçîê ñèñòåìè (145) âèáåðåìî òàê:

ϕ = eλ1x−iλ2
1t2 = e(λ11+iλ12)x−i(λ11+iλ12)

2t2 (λ11 = Reλ1, λ12 = Imλ1). �îçãëÿíåìî äâàìîæëèâi âèïàäêè: λ11 = 0 òà λ11 6= 0.1. λ11 6= 0.Ôóíêöiÿ q := Φ, µ ∈ iR òà u íàáóäóòü âèãëÿäó
q := Φ = 2λ11e

λ11x+2λ11λ12t2

2Cλ11−1+e2λ11x+4λ11λ12t2
ei(λ12x+(λ2

12−λ2
11)t2),

µ = Cλ22 − Cλ̄22 − (ϕ∗ϕx − ϕ∗
xϕ)(0, 0) = 4iCλ11λ12 − 2iλ12,

(146)
u = (ϕ∆−1

2 ϕ∗)x =

(

2λ11e
2λ11x+4λ11λ12t2

2Cλ11 − 1 + e2λ11x+4λ11λ12t2

)

x

= |q|2(2Cλ11 − 1). (147)Çðîçóìiëî, ùî â òàêîìó âèïàäêó �óíêöiÿ q (146) áóäå òàêîæ ðîçâ'ÿçêîì Í�Ø (84)ç µ = (2Cλ11 − 1).
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λ11

ó �îðìóëàõ (146), (147). Òîäi �óíêöi¨ q := Φ, u òà ñêàëÿð µâèãëÿäàòèìóòü òàê:
Φ =

λ11

ch(λ11x+ 2λ11λ12t2)
ei(λ12x+(λ2

12−λ2
11)t2), (148)

u =
λ211

ch2(λ11x+ 2λ11λ12t2)
, µ = 2iλ12 (149)i çàäîâîëüíÿòèìóòü ñèñòåìó ßäæèìè-Îéêàâè (144):

{

iqt2 = qxx + 2uq;
iut2 = (µ|q|2)x,

(150)äå µ := M = 1
2λ12

. Çàóâàæèìî, ùî â öüîìó âèïàäêó u = |q|2 i, âiäïîâiäíî, �óíê-öiÿ q := Φ çàäîâîëüíÿòèìå Í�Ø (84) ç µ = 1. Äî òîãî æ �óíêöiÿ q ïîâíiñòþçáiãàòèìåòüñÿ ç ðîçâ'ÿçêîì Í�Ø (88).ßêùî ó �îðìóëàõ (146) òà (147) ïðèéíÿòè C = 0, òî �óíêöi¨ q := Φ, u (147) òàñêàëÿð µ i íàáóäóòü òàêîãî âèãëÿä:
Φ =

λ11

sh(λ11x+ 2λ11λ12t2)
ei(λ12x+(λ2

12−λ2
11)t2), (151)

u = −
λ211

sh2(λ11x+ 2λ11λ12t2)
, µ = −2iλ12. (152)2. λ11 = 0.Ó öüîìó âèïàäêó �óíêöi¨ q := Φ, u òà ñêàëÿð µ íàáóäóòü âèãëÿäó

Φ =
ei(λ12x+λ2

12t2)

(C + x+ 2λ12t2)
, C ∈ R (153)

u = −
1

(C + x+ 2λ12t2)2
, µ = −2iλ12. (154)6.2. Âåêòîðíèé âèïàäîê òâåðäæåííÿ 2.3 (K > 1). Ìàòðèöÿ Λ2 � äiàãîíàëüíà.Äëÿ ïîáóäîâè ðîçâ'ÿçêó ñèñòåìè ßäæèìè-Îéêàâè (150) âèáåðåìî ìàòðèöþ

Λ2 ∈ MatK×K(C) òà ðîçâ'ÿçîê ϕ ðîìiðíîñòi (1×K) ñèñòåìè
{

ϕxx = ϕΛ2,

iϕt2 = ϕxx
(155)â òàêîìó âèãëÿäi:

Λ2 := Λ̃2
2 = diag(λ21, . . . , λ

2
K), λj1 := Reλj , λj2 := Imλj , j = 1,K. (156)

ϕj = γje
λj1x+2λj1λj2t2+i(λj2x−(λ2

j1−λ2
j2)t2), γj = ekj+iθj , kj , θj ∈ R, j = 1,K. (157)Ç �îðìóëè (55) äëÿ ìàòðèöi M îòðèìó¹ìî

M = CΛ̃2
2 − (Λ̃2

2)
∗C − (ϕ∗ϕx(x0, t

0
2)− ϕ∗

xϕ(x0, t
0
2)), C = C∗. (158)Ââàæàòèìåìî, ùî (λj1 6=0) òà ((|λj1| 6= |λs1|)∨(λj2 6= λs2)), äëÿ âñiõ j, s = 1, j 6= s.Ïðèéìåìî, ïî÷èíàþ÷è ç �îðìóëè (158) (x0, t02) = (0, 0).�îçãëÿíåìî äâà õàðàêòåðíi âèïàäêè.



210 Þðié ÑÈÄÎ�ÅÍÊÎ, Îëåêñàíäð ×ÂÀ�ÒÀÖÜÊÈÉISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2011. Âèïóñê 751. Çàäàìî ñòàëó ìàòðèöþ C òàê, ùîá M = i(1⊤1). Òîáòî ìàòðèöÿ C âèðàæàòè-ìåòüñÿ ÷åðåç ìàòðèöþ Λ̃2
2 òàê:

C=

(

(λs − λ̄j)γ̄jγs + i

λ2s − λ̄2j

)K

j,s=1

=

(

(λs1 − λj1 + i(λs2 + λj2))γ̄jγs + i

λ2s1 − λ2s2 − λ2j1 + λ2j2 + 2i(λs1λs2 + λj1λj2)

)K

j,s=1

. (159)Âiäïîâiäíî, ç �îðìóë (33) òà (159) îòðèìó¹ìî
∆2 = C +Ω2[ϕ̄, ϕ] =

(

1

λ2s − λ̄2j
((λs − λ̄j)ϕ̄jϕs + i)

)K

j,s=1

. (160)Òîäi
Φ = ϕ∆−1

2 , q = Φ1⊤ =

K
∑

i=0

Φi = −

det

(

∆2 1⊤

ϕ 0

)

det(∆2)
; (161)

u := (ϕ∆−1ϕ∗)x = −

[

det

(

∆2 ϕ∗

ϕ 0

)

(det∆2)
−1

]

x

= −
∂2

∂x2
ln det∆2. (162)Ñêàëÿðíi �óíêöi¨ q (161) òà u (162) áóäóòü ðîçâ'ÿçêàìè ñèñòåìè ßäæèìè-Îé-êàâè (150) ç µ = i.2. Ïðèéìåìî

C=

(

(λs − λ̄j)γ̄jγs − i

λ2s − λ̄2j

)K

j,s=1

=

(

(λs1 − λj1 + i(λs2 + λj2))γ̄jγs − i

λ2s1 − λ2s2 − λ2j1 + λ2j2 + 2i(λs1λs2 + λj1λj2)

)K

j,s=1

. (163)Òîäi M = CΛ̃2
2 − (Λ̃2

2)
∗C − (ϕ∗ϕx(0, 0)− ϕ∗

xϕ(0, 0)) = −i1⊤1.Ç �îðìóë (33) òà (163) îäåðæó¹ìî
∆2 = C +Ω2[ϕ̄, ϕ] =

(

1

λ2s − λ̄2j
((λs − λ̄j)ϕ̄jϕs − i)

)K

j,s=1

. (164)Âiäïîâiäíî,
Φ = ϕ∆−1

2 , q = Φ1⊤ =
K
∑

i=0

Φi = −

det

(

∆2 1⊤

ϕ 0

)

det(∆2)
; (165)

u := (ϕ∆−1ϕ∗)x = −

[

det

(

∆2 ϕ∗

ϕ 0

)

(det∆2)
−1

]

x

= −
∂2

∂x2
ln det∆2. (166)Ñèíãóëÿðíi ñêàëÿðíi �óíêöi¨ q (165) òà u (166) áóäóòü ðîçâ'ÿçêàìè ñèñòåìèßäæèìè-Îéêàâè (150) ç µ = −i.6.3. Âåêòîðíèé âèïàäîê òâåðäæåííÿ 2.4 (K = 2). Ìàòðèöÿ Λ2 � äiàãîíàëüíà.Íåõàé Λ2 ¹ äiàãîíàëüíîþ ìàòðèöåþ âèãëÿäó (156), �óíêöiÿ ϕ âèãëÿäà¹ ÿê (157).�îçãëÿíåìî äâà õàðàêòåðíi âèïàäêè, çàëåæíî âiä âèáîðó ìàòðèöi C.I. Ìàòðèöÿ C âèçíà÷à¹òüñÿ �îðìóëîþ (159) ïðè K = 2.Ìîæëèâi òàêi ñèòóàöi¨, çàëåæíî âiä çíà÷åíü λj , j=1,2.1. λ11 6= 0, λ21 6= 0.1.1. ((|λ11| 6= |λ21|) ∨ (λ12 6= λ22)).
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∆2 = C +Ω2[ϕ̄, ϕ] =

(

1
λ2
1−λ̄2

1
((λ1 − λ̄1)|ϕ1|

2 + i) 1
λ2
2−λ̄2

1
((λ2 − λ̄1)ϕ̄1ϕ2 + i)

1
λ2
1−λ̄2

2
((λ1 − λ̄2)ϕ̄2ϕ1 + i) 1

λ2
2−λ̄2

2
((λ2 − λ̄2)|ϕ2|

2 + i)

)

;(167)
Φ(x, t2, λ11, λ12, λ21, λ22) = ϕ∆−1

2 , q(x, t2, λ11, λ12, λ21, λ22) = Φ

(

1
1

)

= Φ1 +Φ2.(168)Ïåðåâiðèìî, ÷è ¹ �óíêöi¨ q òà u ðåãóëÿðíèìè. Äëÿ öüîãî äîñòàòíüî äîñëiäèòè÷è ïåðåòâîðþ¹òüñÿ â íóëü âèçíà÷íèê det(∆2). �îçiá'¹ìî ìàòðèöþ ∆2 íà ñóìó òàê:
∆2 = ∆̃2 + C̃, (169)äå

∆̃2 =

(

|ϕ1|
2

λ1+λ̄1

ϕ̄1ϕ2

λ2+λ̄1

ϕ̄2ϕ1

λ1+λ̄2

|ϕ2|
2

λ2+λ̄2

)

, C̃ =

(

i
λ2
1−λ̄2

1

i
λ2
2−λ̄2

1
i

λ2
1−λ̄2

2

i
λ2
2−λ̄2

2

)

. (170)Îá÷èñëèìî ãîëîâíi ìiíîðè ìàòðèöü ∆̃2 òà C̃
(C̃)11 = 1

4λ11λ12
, det(C̃) =

|λ2
1−λ2

2|
2

4λ11λ12λ21λ22|λ2
1−λ̄2

2|
2 .

(∆̃2)11 = |ϕ1|
2

2λ11
, det(∆̃2) =

|ϕ1|
2|ϕ2|

2|λ1−λ2|
2

2λ11λ21|λ2+λ̄1|2
.Ó âèïàäêó, êîëè λ12 > 0, λ22 > 0, çíàêè ãîëîâíèõ ìiíîðiâ ìàòðèöü C̃ òà ∆̃2çáiãàþòüñÿ i áåçïîñåðäíüî ç êðèòåðiþ Ñiëüâåñòðà âèçíà÷åíîñòi ìàòðèöü âèïëèâà¹,ùî âèçíà÷íèê det(∆2) = det(∆̃2 + C̃) 6= 0 äëÿ äîâiëüíèõ x, t2.Íà ðèñ. 12 çîáðàæåíî ãðà�iêè ðåãóëÿðíèõ �óíêöié |q|, Req òà u ïðè γ1 = e6+i,

γ2 = e2i λ1 = 3
2 + 1

4 i, λ2 = 1 + 2i òà t := t2 = −3, 1, 5, âiäïîâiäíî.

a á â�èñ. 12Ôóíêöiÿ q îïèñó¹ ïîøèðåííÿ òà âçà¹ìîäiþ äâîõ ïàêåòiâ êîðîòêèõ õâèëü, à |q| ¹îáâiäíîþ õâèëüîâèõ ïàêåòiâ. Ôóíêöi¨ |q| òà u çîáðàæàþòü ïîøèðåííÿ òà âçà¹ìîäiþäâîõ äîâãèõ õâèëü. Óÿâíi ÷àñòèíè λj âiäïîâiäàþòü çà øâèäêîñòi äîâãèõ õâèëü. Äiéñíi÷àñòèíè λj âiäïîâiäàþòü çà âèñîòè õâèëü äëÿ ãðà�iêà |q|.Ïðè γ1 = e6+i, γ2 = e2i λ1 = 3
2 − 1

4 i, λ2 = 1 + 2i �óíêöi¨ |q|, Req òà u áóäóòüñèíãóëÿðíèìè. Íà ðèñ. 13 çîáðàæåíî ¨õíi ãðà�iêè ïðè t := t2 = −3, 1, 3, âiäïîâiäíî.
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a á â�èñ. 13Ôóíêöiÿ q îïèñó¹ ïîøèðåííÿ òà âçà¹ìîäiþ äâîõ ïàêåòiâ êîðîòêèõ õâèëü. �ðà-�iêè |q| òà u çîáðàæàþòü âçà¹ìîäiþ i ïîøèðåííÿ äâîõ äîâãèõ õâèëü. Ïàðàìåòðè λ12,
λ22 âiäïîâiäàþòü çà øâèäêîñòi ðóõó êîæíî¨ ç õâèëü, à ñòàëi γj âiäïîâiäàþòü çà ¨õí¹ðîçòàøóâàííÿ.1.2 λ11 = −λ21, λ12 = λ22.Ó öüîìó âèïàäêó �îðìóëà äëÿ âèçíà÷íèêà det(∆2) (167) ñòà¹ íåêîðåêòíîþ.Çãiäíî ç �îðìóëîþ (168) ïðèéìåìî

q(x, t2, λ11, λ12, λ11, λ12) := lim
λ21→−λ11

lim
λ22→λ12

q(x, t2, λ11, λ12, λ21, λ22) =

= lim
λ22→λ12

lim
λ21→−λ11

q(x, t2, λ11, λ12, λ21, λ22) = 0. (171)Àíàëîãi÷íî,
u(x, t2, λ11, λ12, λ11, λ12) := lim

λ21→−λ11

lim
λ22→λ12

u(x, t2, λ11, λ12, λ21, λ22) =

= lim
λ22→λ12

lim
λ21→−λ11

u(x, t2, λ11, λ12, λ21, λ22) = 0. (172)1.3 λ11 = λ21, λ12 = λ22.Ó öüîìó âèïàäêó ∆2 ≡ 0 i �îðìóëà äëÿ ðîçâ'ÿçêó (168) ñòà¹ íåêîðåêòíîþ.Çàäàìî �óíêöi¨ Φ(x, t2, λ11, λ12, λ11, λ12) i q(x, t2, λ11, λ12, λ11, λ12) ïîäiáíî, ÿê ió âèïàäêó 1.2
Φj(x, t2, λ11, λ12, λ11, λ12) := lim

λ21→λ11

lim
λ22→λ12

Φj(x, t2, λ11, λ12, λ21, λ22) =

= lim
λ22→λ12

lim
λ21→λ11

Φj(x, t2, λ11, λ12, λ21, λ22), j = 1, 2.
(173)

q(x, t2, λ11, λ12, λ11, λ12) := lim
λ21→λ11

lim
λ22→λ12

q(x, t2, λ11, λ12, λ21, λ22) =

= lim
λ22→λ12

lim
λ21→λ11

q(x, t2, λ11, λ12, λ21, λ22), j = 1, 2.
(174)

u(x, t2, λ11, λ12, λ11, λ12) := lim
λ21→λ11

lim
λ22→λ12

u(x, t2, λ11, λ12, λ21, λ22) =

= lim
λ22→λ12

lim
λ21→λ11

u(x, t2, λ11, λ12, λ21, λ22), j = 1, 2.
(175)Çàóâàæèìî, ùî ïðè γ1 6= γ2 îòðèìà¹ìî Φj = 0 i, âiäïîâiäíî, q = 0, à òàêîæ u = 0.Òîìó ðîçãëÿíåìî âèïàäîê, êîëè γ1 = γ2.
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λ12 = 2i òà t := t2 = −87, 0, 87, âiäïîâiäíî.

a á â�èñ. 14Ôóíêöiÿ Req îïèñó¹ ïîøèðåííÿ òà âçà¹ìîäiþ äâîõ ïàêåòiâ êîðîòêèõ õâèëü, ÿêiðóõàþòüñÿ ïîðó÷. �ðà�iêè |q| òà u çîáðàæàþòü äâi äîâãi õâèëi, ÿêi ðóõàþòüñÿ îäíàçà äðóãîþ. Öå òàê çâàíèé çâ'ÿçàíèé ñòàí. Ïàðàìåòð λ11 âiäïîâiäà¹ çà âèñîòó äîâãèõõâèëü äëÿ |q|, à ïàðàìåòð λ12 � çà øâèäêiñòü õâèëü äëÿ ãðà�iêiâ |q| òà u.2. λ11 = 0, λ21 6= 0.Ó öüîìó âèïàäêó ïðèéìåìî γj = 1, j = 1, 2;
C =

(

c11 c12
c̄12 c22

)

, (176)äå c11 = 0, c12 = −2iλ12+K12

λ2
2−λ̄2

1
, c22 = −2iλ12+K22

λ2
2−λ̄2

2
, àK = (ϕ∗ϕx−ϕ

∗
xϕ)(0, 0). Âiäïîâiäíî,

M = CΛ̃2
2 − (Λ̃2

2)
∗C −K = −2iλ12

(

1
1

)

(1 1).Ñêàëÿðíi �óíêöi¨ q òà u, ùî âèçíà÷àþòüñÿ �îðìóëàìè (165) òà (166), áóäóòüñèíãóëÿðíèìè ðîçâ'ÿçêàìè ñèñòåìè ßäæèìè-Îéêàâè ç µ = −2iλ12 (150).Íà ðèñ. 15 çîáðàæåíî ãðà�iêè �óíêöié |q|, Req òà u ïðè γ1 = γ2 = 1, λ1 = i,
λ2 = 1 + 2i òà t := t2 = −7, 0, 7, âiäïîâiäíî.

a á â�èñ. 15



214 Þðié ÑÈÄÎ�ÅÍÊÎ, Îëåêñàíäð ×ÂÀ�ÒÀÖÜÊÈÉISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2011. Âèïóñê 75�ðà�iêè |q| òà u âiäîáðàæàþòü ïîøèðåííÿ òà âçà¹ìîäiþ äâîõ ñèíãóëÿðíèõ äîâ-ãèõ õâèëü.3. λ11 = 0, λ21 = 0.Ó öüîìó âèïàäêó ïðèéìåìî γj = 1, j = 1, 2;
C =

(

c11 c12
c̄12 c22

)

, (177)äå c11 = 0, c12 = −2iλ12+K12

λ2
2−λ̄2

1
, c22 = 0, à K = (ϕ∗ϕx − ϕ∗

xϕ)(0, 0). Âiäïîâiäíî,
M = CΛ̃2

2 − (Λ̃2
2)

∗C −K = −2iλ12

(

1
1

)

(1 1).Ñêàëÿðíi �óíêöi¨ q òà u, ÿêi âèçíà÷àþòüñÿ �îðìóëàìè (165) òà (166), áóäóòüñèíãóëÿðíèìè ðîçâ'ÿçêàìè ñèñòåìè ßäæèìè-Îéêàâè ç µ = −2iλ12 (150).6.4. Âåêòîðíèé âèïàäîê òâåðäæåííÿ 2.4 (K = 2). Ìàòðèöÿ Λ2 � âåðõíÿ òðè-êóòíà. Íåõàé Λ2 =

(

λ2 1
0 λ2

), à âåêòîð-�óíêöiÿ ϕ ðîçìiðíîñòi (1×2) çàäîâîëüíÿ¹ñèñòåìó (155). Âèáåðåìî ðîçâ'ÿçîê ϕ ðiâíÿííÿ (155) òàê:
ϕ1 = γ1e

λx−iλ2t2 ; ϕ2 = (ϕ1)λ2 =
γ1(x− 2iλt2)

2λ
eλx−iλ2t2 ,

γj = ekj+iθj , kj , θj ∈ R. (178)�îçãëÿíåìî äâà õàðàêòåðíi âèïàäêè.1. λ11 = Reλ 6= 0.Ìàòðèöþ C çàäà¹ìî ÷åðåç Λ1 òàê, ùîá M = i(1, 1)

(

1
1

). Òîáòî,
C =

(

c11 c12
c̄12 c22

)

, (179)
c11 := 1+2e2k1λ12

4λ11λ12
, c12 :=

4λ11λ
2
12+λ11+iλ12+2iλ2

12e
2k1−4iλ2

11λ12

16λ11λ12(λ11λ
2
12−iλ2

11λ12)
,

c22 =
λ3
11λ12+λ11λ

3
12+8λ3

11λ
5
12+8λ5

11λ
3
12+2λ4

12e
2k1λ11

32λ2
11λ

2
12(λ

2
11λ

4
12+λ4

11λ
2
12)

.Âiäïîâiäíî, ∆2 = C +Ω[ϕ̄, ϕ].

a á â�èñ. 16
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Φ = ϕ∆−1

2 , q = Φ

(

1
1

)

= Φ1 +Φ2.

u := (ϕ∆−1
2 ϕ∗)x = −

[

det

(

∆2 ϕ∗

ϕ 0

)

(det∆2)
−1

]

x

= −
∂2

∂x2
ln det∆2. (180)Ïðè λ12 = Imλ > 0 îòðèìà¹ìî ðåãóëÿðíèé ðîçâ'ÿçîê ñèñòåìè ßäæèìè-Îéêàâè.Íà ðèñ. 16 çîáðàæåíî ãðà�iêè �óíêöié Req, |q| òà u ïðè γ1 = 5 + i, λ1 = 3 + i,òà t := t2 = −115, 0, 115, âiäïîâiäíî.�ðà�iêè |q| òà u âiäîáðàæàþòü ïîøèðåííÿ i âçà¹ìîäiþ çâ'ÿçàíîãî ñòàíó. Äiéñ-íà ÷àñòèíà λ1 âiäïîâiäà¹ âèñîòi õâèëü äëÿ |q|, à óÿâíà ÷àñòèíà λ1 âiäïîâiäà¹ çàøâèäêiñòü õâèëü.7. Ïîáóäîâà òî÷íèõ ðîçâ'ÿçêiâ óçàãàëüíåííÿ ìîäåëi Áóñèíåñêà. Ó öüî-ìó ðîçäiëi ðîçãëÿíåìî ñêàëÿðíèé âèïàäîê óçàãàëüíåíî¨ ìîäåëi Áóñèíåñêà. Ïðèéìåìîó òâåðäæåííi 2.4 (âèïàäîê k = 3, n = 2) α2 = i, q = r̄ = 0, ψ = ϕ̄. Çà òàêèõ óìîâñèñòåìà (72) íàáóäå âèãëÿäó

{

−3ût2t2 = (−ûxx − 6û2 + 4(ΦMΦ∗))xx,
iΦt2 − Φxx − 2ûΦ = 0.

(181)Äëÿ ïîáóäîâè ðîçâ'ÿçêiâ ñèñòåìè (181) âèêîðèñòà¹ìî òâåðäæåííÿ 2.4, âèïàäîê
k = 3, n = 2. Ïðèéìåìî q = r̄ = 0, ψ = ϕ̄.7.1. Ñêàëÿðíèé âèïàäîê òâåðäæåííÿ 2.4 (K = 1). Ïðè K = 1 �óíêöi¨
Φ := ϕ∆−1

2 , u := û = (ϕ∆−1
2 ϕ∗)x áóäóòü ðîçâ'ÿçêîì ìîäåëi (181), äå �óíêöiÿ ϕ¹ ðîçâ'ÿçêîì ðiâíÿíü
{

ϕxxx = ϕΛ3,

iϕt2 = ϕxx,
Λ3 ∈ C, (182)à µ = M = CΛ3 + Λ̄3C − (ϕ∗

xxϕ+ ϕ∗ϕxx − ϕ∗
xϕx)(x0, t

0
3), C ∈ R.Ïðèéìåìî (x0, t

0
2) = (0, 0), Λ3 := λ31, à ðîçâ'ÿçîê ñèñòåìè (182) âèáåðåìî òàê:

ϕ = eλ1x−iλ2
1t2 = e(λ11+iλ12)x−i(λ11+iλ12)

2t2 (λ11 = Reλ1, λ12 = Imλ1). �îçãëÿíåìî äâàìîæëèâi âèïàäêè: λ11 = 0 òà λ11 6= 0.1. λ11 6= 0.Ôóíêöi¨ q := Φ, u òà ñêàëÿð µ ∈ R íàáóäóòü âèãëÿäó
q := Φ = 2λ11e

λ11x+2λ11λ12t2

2Cλ11−1+e2λ11x+4λ11λ12t2
ei(λ12x+(λ2

12−λ2
11)t2),

µ = Cλ31 + Cλ̄31 − (ϕ∗
xxϕ+ ϕ∗ϕxx − ϕ∗

xϕx)(0, 0) = (λ31 + λ̄31)
(

C − 1
λ1+λ̄1

)

,
(183)

u = (ϕ∆−1
2 ϕ∗)x =

(

2λ11e
λ11x+2λ11λ12t2

2Cλ11 − 1 + e2λ11x+4λ11λ12t2

)

x

= |q|2(2λ11C − 1). (184)Ïðèéìåìî C = 1
λ11

ó �îðìóëàõ (183)-(184). Òîäi �óíêöi¨ q := Φ, u (183)-(184) iñêàëÿð µ âèãëÿäàòèìóòü òàê:
q := Φ = λ11

ch(λ11x+2λ11λ12t2)
ei(λ12x+(λ2

12−λ2
11)t2),

u = (ϕ∆−1
2 ϕ∗)x = |q|2, µ = λ211 − 3λ212,

(185)



216 Þðié ÑÈÄÎ�ÅÍÊÎ, Îëåêñàíäð ×ÂÀ�ÒÀÖÜÊÈÉISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2011. Âèïóñê 75i çàäîâîëüíÿòèìóòü óçàãàëüíåííÿ ìîäåëi Áóñèíåñêà (181). ßêùî ó �îðìóëàõ (183)-(184) ïðèéíÿòè C = 0, òî q := Φ, u (183)-(184) òà ñêàëÿð µ íàáóäóòü âèãëÿäó
q := Φ = λ11

sh(λ11x+2λ11λ12t2)
ei(λ12x+(λ2

12−λ2
11)t2),

u = (ϕ∆−1
2 ϕ∗)x = −|q|2, µ = −(λ211 − 3λ212).

(186)2. λ11 = 0.Ó öüîìó âèïàäêó q := Φ, u, p (183)-(184) i ñêàëÿð µ âèãëÿäàòèìóòü òàê:
q := Φ = ei(λ12x+λ2

12t2)

(C+x+2λ12t2)
, u = − 1

(C+x+2λ12t2)2
, µ = 3λ212. (187)7.2. Âåêòîðíèé âèïàäîê òâåðäæåííÿ 2.4 (K > 1). Ìàòðèöÿ Λ3 � äiàãîíàëüíà.Äëÿ ïîáóäîâè ðîçâ'ÿçêó ñèñòåìè Áóñèíåñêà (181) âèáåðåìî ìàòðèöþ

Λ3 ∈ MatK×K(C) i ðîçâ'ÿçîê ϕ ðîçìiðíîñòi (1×K) ñèñòåìè
{

ϕxxx = ϕΛ3,

iϕt2 = ϕxx,
(188)ó òàêîìó âèãëÿäi:

Λ3 := Λ̃3
3 = diag(λ31, . . . , λ

3
K), λj1 := Reλj , λj2 := Imλj , j = 1,K. (189)

ϕj = γje
λjx−iλ2

j t2 , γj = ekj+iθj , kj , θj ∈ R, j = 1,K. (190)Ç �îðìóëè (60) äëÿ ìàòðèöi M îòðèìó¹ìî
M = CΛ3 + Λ3

∗C − (ϕ∗
xxϕ+ ϕ∗ϕxx − ϕx

∗ϕx)(x0, t
0
2). (191)Ââàæàòèìåìî, ùî (λj1 6=0) òà ((|λj1| 6= |λs1|)∨(λj2 6= λs2)), äëÿ âñiõ j, s = 1, j 6= s.Ïðèéìåìî, ïî÷èíàþ÷è ç �îðìóëè (191), (x0, t02) = (0, 0).�îçãëÿíåìî äâà õàðàêòåðíi âèïàäêè.1. Çàäàìî ñòàëó ìàòðèöþ C òàê, ùîá M = 1⊤1. Òîáòî ìàòðèöÿ C âèðàæàòè-ìåòüñÿ ÷åðåç ìàòðèöþ Λ̃3

3 òàê:
C =

(

γ̄jγs

λs + λ̄j
+

1

λ3s + λ̄3j

)K

j,s=1

. (192)Âiäïîâiäíî, ç �îðìóë (33) òà (192) îäåðæó¹ìî
∆2 = C +Ω2[ϕ̄, ϕ] =

(

ϕ̄jϕs

λs + λ̄j
+

1

λ3s + λ̄3j

)K

j,s=1

. (193)Òîäi
Φ = ϕ∆−1

2 , q = Φ1⊤ =

K
∑

i=0

Φi =

det

(

∆2 1⊤

ϕ 0

)

det(∆2)
; (194)

u := (ϕ∆−1
2 ϕ∗)x = −

[

det

(

∆2 ϕ∗

ϕ 0

)

(det∆2)
−1

]

x

= − ∂2

∂x2 ln det∆2. (195)Ñêàëÿðíi �óíêöi¨ q (194), u(195) áóäóòü ðîçâ'ÿçêàìè óçàãàëüíåíî¨ ìîäåëi Áóñè-íåñêà ç µ = 1
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{

−3ut2t2 = (−uxx − 6u2 + 4µ|q|2)xx;
iqt2 − qxx − 2uq = 0,

(196)

a á â�èñ. 17Íà ðèñ. 17 ó âèïàäêó K = 2 çîáðàæåíî ïîâåäiíêó ãðà�iêiâ �óíêöié |q|, Req(194), u(195) ïðè γ1 = e2, γ2 = e3i, λ1 = 1.3+ 0.2i, λ2 = 2+ 0.5i òà ïðè t2 = −10, 1, 12,âiäïîâiäíî.2. Ïðèéìåìî
C =

(

γ̄jγs

λs + λ̄j
−

1

λ3s + λ̄3j

)K

j,s=1

. (197)Òîäi çà �îðìóëîþ (60) M = −1⊤1. Ç �îðìóë (33) òà (197) îòðèìó¹ìî
∆2 = C +Ω2[ϕ̄, ϕ] =

(

ϕ̄jϕs

λs + λ̄j
−

1

λ3s + λ̄3j

)K

j,s=1

. (198)Âiäïîâiäíî, �óíêöi¨ q òà u íàáóäóòü âèãëÿäó (194) òà (195) ç ïîòåíöiàëîì ∆2(198) i çàäîâîëüíÿòèìóòü óçàãàëüíåíó ìîäåëü Áóñèíåñêà (196) ç µ = −1.

a á â�èñ. 18



218 Þðié ÑÈÄÎ�ÅÍÊÎ, Îëåêñàíäð ×ÂÀ�ÒÀÖÜÊÈÉISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2011. Âèïóñê 75Íà ðèñ. 18 ó âèïàäêó K = 2 çîáðàæåíî ïîâåäiíêó ãðà�iêiâ �óíêöié |q|, Req(194), u(195) ïðè γ1 = e2, γ2 = e3i, λ1 = 1.3+ 0.2i, λ2 = 2+ 0.5i òà ïðè t2 = −10, 1, 12,âiäïîâiäíî.8. Ïîáóäîâà òî÷íèõ ðîçâ'ÿçêiâ ìîäåëi Äðií�åëüäà-Ñîêîëîâà. �îçãëÿ-íåìî ìîäåëü Äðií�åëüäà-Ñîêîëîâà, ÿêó îòðèìó¹ìî ç âåêòîðíîãî óçàãàëüíåííÿ (31)
(α3 = 1, M = µ ∈ R): {

qt3 = qxxx + 3uqx + 3
2uxq,

ut3 = µ(q2)x.
(199)À òàêîæ êîìïëåêñíå óçàãàëüíåííÿ ìîäåëi (199)







α3qt3 = qxxx + 3uqx +
(

3
2ux + ip

)

q,

α3pt3 = 3
2 iµ(qq

∗
x − qxq

∗)x,
α3ut3 = µ|q|2x.

(200)Äëÿ ïîáóäîâè òî÷íèõ ðîçâ'ÿçêiâ ìîäåëi (199) òà ¨¨ êîìïëåêñíîãî óçàãàëüíåííÿ(200) âèêîðèñòà¹ìî òâåðäæåííÿ 2.4, âèïàäîê k = 3, n = 3. Ïðèéìåìî q = r̄ = 0,
ψ = ϕ̄. Òîäi ñèñòåìà (74) íàáóäå âèãëÿäó







Φt3 = Φxxx + 3ûΦx +
(

3
2 ûx + ip̂

)

Φ,
α3p̂t3 = 3

2 i(ΦMΦ∗
x − ΦxMΦ∗)x,

α3ut3 = (ΦMΦ∗)x,
(Im û0 =: p̂). (201)8.1. Ñêàëÿðíèé âèïàäîê òâåðäæåííÿ 2.4 (K = 1). Ïðè K = 1 òðiéêà �óíêöié

Φ := ϕ∆−1
3 , u := û = (ϕ∆−1

3 ϕ∗)x òà p := p̂ = − 3
2 i{(ϕ∆3

−1ϕ∗)xx + ϕxxΦ
∗ − Φϕ∗

xx+
+Φ(ϕ∗

xϕ−ϕ
∗ϕx)Φ

∗} áóäå ðîçâ'ÿçêîì ìîäåëi (201), äå �óíêöiÿ ϕ ¹ ðîçâ'ÿçêîì ðiâíÿíü
{

ϕxxx = ϕΛ3,

ϕt3 = ϕxxx,
Λ3 ∈ C, (202)à µ = M = CΛ3 + Λ̄3C − (ϕ∗

xxϕ+ ϕ∗ϕxx − ϕ∗
xϕx)(x0, t

0
3), C ∈ R.Ïðèéìåìî (x0, t

0
3) = (0, 0), Λ3 := λ31, à ðîçâ'ÿçîê ñèñòåìè (202) âèáåðåìî òàê:

ϕ = eλ1x+λ3
1t3 = e(λ11+iλ12)x+(λ11+iλ12)

3t3 (λ11 = Reλ1, λ12 = Imλ1). �îçãëÿíåìî äâàìîæëèâi âèïàäêè: λ11 = 0 òà λ11 6= 0.1. λ11 6= 0.Ôóíêöi¨ q := Φ, u, p i ñêàëÿð µ ∈ R íàáóäóòü âèãëÿäó:
q := Φ = 2λ11e

λ11x+Re(λ3
1)t3

2Cλ11−1+e2λ11x+2Re(λ3
1)t3

ei(λ12x+Im(λ3
1)t2),

µ = Cλ31 + Cλ̄31 − (ϕ∗
xxϕ+ ϕ∗ϕxx − ϕ∗

xϕx)(0, 0) = (λ31 + λ̄31)
(

C − 1
λ1+λ̄1

)

,
(203)

u = (ϕ∆−1
2 ϕ∗)x =

(

2λ11e
2λ11x+2Re(λ3

1)t3

2Cλ11 − 1 + e2λ11x+2Re(λ3
1)t3

)

x

= |q|2(2λ1C − 1), (204)
p = −

3

2
i{ϕxxΦ

∗ − Φϕ∗
xx +Φ(ϕ∗

xϕ− ϕ∗ϕx)Φ
∗}. (205)Ïðèéìåìî C = 1

λ11
ó �îðìóëàõ (203)-(205). Òîäi �óíêöi¨ q := Φ, u, p (203)-(205)i ñêàëÿð µ âèãëÿäàòèìóòü òàê:

q := Φ = λ11e
i(λ12x+Im(λ3

1)t2)

ch(λ11x+Re(λ3
1)t3)

, u = (ϕ∆−1
3 ϕ∗)x = |q|2,

p = − 3
2 i{ϕxxΦ

∗ − Φϕ∗
xx +Φ(ϕ∗

xϕ− ϕ∗ϕx)Φ
∗}, µ = λ211 − 3λ212,

(206)i çàäîâîëüíÿòèìóòü ìîäåëü (200).
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a á â�èñ. 19Íà ðèñ. 19 ó âèïàäêó K = 2 çîáðàæåíî ïîâåäiíêó ãðà�iêiâ �óíêöié |q|, u, p(206) ïðè λ1 = 1.5 + 1.2i òà ïðè t2 = −5, 0, 5, âiäïîâiäíî.Ïðè λ1 = Reλ1 = λ11 (äiéñíèé âèïàäîê) îòðèìà¹ìî ðîçâ'ÿçîê ìîäåëi Äðií�åëü-äà-Ñîêîëîâà (199)
q := Φ =

λ1

ch(λ1x+ λ31t3)
, u = (ϕ2∆−1

3 )x = |q|2, p = 0, µ = λ21. (207)ßêùî ó �îðìóëàõ (203)-(205) ïðèéíÿòè C = 0, òî q := Φ, u, p (203)-(205) òàñêàëÿð µ íàáóäóòü âèãëÿäó
q := Φ = λ11e

i(λ12x+Im(λ3
1)t2)

sh(λ11x+Re(λ3
1)t3)

, u = (ϕ∆−1
3 ϕ∗)x = −|q|2,

p = − 3
2 i{ϕxxΦ

∗ − Φϕ∗
xx +Φ(ϕ∗

xϕ− ϕ∗ϕx)Φ
∗}, µ = −(λ211 − 3λ212).

(208)Ïðè λ1 = Reλ1 = λ11 ðîçâ'ÿçîê ìîäåëi Äðií�åëüäà-Ñîêîëîâà íàáóäå âèãëÿäó
q := Φ =

λ1

sh(λ1x+ λ31t3)
, u = (ϕ2∆−1

3 )x = −|q|2, p = 0, µ = −λ21. (209)2. λ11 = 0.Ó öüîìó âèïàäêó q := Φ, u, p (203)-(205) i ñêàëÿð µ âèãëÿäàòèìóòü òàê:
q := Φ = λ11e

i(λ12x+Im(λ3
1)t2)

(C+x−3λ2
12t3)

, u = − 1
(C+x+3λ2

12t2)
2 ,

p = − 3
2 i{ϕxxΦ

∗ − Φϕ∗
xx +Φ(ϕ∗

xϕ− ϕ∗ϕx)Φ
∗}, µ = 3λ212.

(210)8.2. Âåêòîðíèé âèïàäîê òâåðäæåííÿ 2.4 (K > 1). Ìàòðèöÿ Λ3 � äiàãîíàëü-íà. Äëÿ ïîáóäîâè ðîçâ'ÿçêó ñèñòåìè (200) âèáåðåìî ìàòðèöþ Λ3 ∈ MatK×K(C) òàðîçâ'ÿçîê ϕ ðîçìiðíîñòi (1×K) ñèñòåìè
{

ϕxxx = ϕΛ3,

ϕt3 = ϕxxx,
(211)ó òàêîìó âèãëÿäi:

Λ3 := Λ̃3
3 = diag(λ31, . . . , λ

3
K), λj1 := Reλj , λj2 := Imλj , j = 1,K, (212)

ϕj = γje
λjx+λ3

j t3 , γj = ekj+iθj , kj , θj ∈ R, j = 1,K. (213)
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M = CΛ3 + Λ3

∗C − (ϕ∗
xxϕ+ ϕ∗ϕxx − ϕx

∗ϕx)(x0, t
0
3). (214)Ââàæàòèìåìî, ùî(λj1 6=0) òà ((|λj1| 6= |λs1|)∨(λj2 6= λs2)), äëÿ âñiõ j, s = 1, j 6= s.Ïðèéìåìî (x0, t

0
3) = (0, 0) i ðîçãëÿíåìî äâà õàðàêòåðíi âèïàäêè.1. Çàäàìî ñòàëó ìàòðèöþ C òàê, ùîá M = 1⊤1. Òîáòî ìàòðèöÿ C âèðàæàòè-ìåòüñÿ ÷åðåç ìàòðèöþ Λ̃3

3 òàê:
C =

(

γ̄jγs

λs + λ̄j
+

1

λ3s + λ̄3j

)K

j,s=1

. (215)Âiäïîâiäíî, ç �îðìóë (36) òà (215) îäåðæó¹ìî
∆3 = C +Ω3[ϕ̄, ϕ] =

(

ϕ̄jϕs

λs + λ̄j
+

1

λ3s + λ̄3j

)K

j,s=1

. (216)Òîäi
Φ = ϕ∆−1

3 , q = Φ1⊤ =
K
∑

i=0

Φi =

det

(

∆3 1⊤

ϕ 0

)

det(∆3)
; (217)

u := (ϕ∆−1
3 ϕ∗)x = −

[

det

(

∆3 ϕ∗

ϕ 0

)

(det∆3)
−1

]

x

= − ∂2

∂x2 ln det∆3.

p = − 3
2 i{ϕxxΦ

∗ − Φϕ∗
xx +Φ(ϕ∗

xϕ− ϕ∗ϕx)Φ
∗}

(218)Ñêàëÿðíi �óíêöi¨ q (217), u, p (218) áóäóòü ðîçâ'ÿçêàìè ñèñòåìè (200) ç
µ = 1. Ïðèéíÿâøè ó �îðìóëàõ (217)-(218) λ12 = 0, îòðèìà¹ìî ðîçâ'ÿçêè ñèñòåìèÄðií�åëüäà-Ñîêîëîâà (199). Ïîâåäiíêà ãðà�iêiâ �óíêöié |q| (217), u (218) äëÿâèïàäêó K = 2 ïðè λ1 = 1, λ2 = 1.5, γ1 = e2, γ2 = 1 çîáðàæåíà íà ðèñ. 20 ïðè
t3 = −5, 1, 6.

a á â�èñ. 20Âèãëÿä òðèñîëiòîííîãî ðîçâ'ÿçêó äëÿ K = 3 çîáðàæåíî íà ðèñ. 21 ïðè λ1 = 1,
λ2 = 1.5, λ3 = 2, γ1 = e10, γ2 = e2, γ3 = e5 20 òà ïðè t3 = −7,−1, 1, 2, 7, âiäïîâiäíî.
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�èñ. 21

a á â�èñ. 222. Ïðèéìåìî
C =

(

γ̄jγs

λs + λ̄j
−

1

λ3s + λ̄3j

)K

j,s=1

. (219)Òîäi çà �îðìóëîþ (63) M = −1⊤1. Ç �îðìóë (36) òà (219) îòðèìó¹ìî
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∆3 = C +Ω3[ϕ̄, ϕ] =

(

ϕ̄jϕs

λs + λ̄j
−

1

λ3s + λ̄3j

)K

j,s=1

. (220)Âiäïîâiäíî, �óíêöi¨ q (217), u òà p (218) ç ïîòåíöiàëîì ∆3 (220) çàäîâîëüíÿòè-ìóòü ñèñòåìó (200) ç µ = −1. Ïðèéíÿâøè ó �îðìóëàõ (217)-(218) λ12 = 0, îòðèìà¹ìîðîçâ'ÿçêè ñèñòåìè Äðií�åëüäà-Ñîêîëîâà (199) ç µ = −1.Ïîâåäiíêó ãðà�iêiâ �óíêöié |q| (217), u (218) äëÿ âèïàäêó K = 2 ïðè λ1 = 1,
λ2 = 1.5, γ1 = e2, γ2 = 1 çîáðàæåíî íà ðèñ. 22 ïðè t3 = −5, 1, 6.9. Çàêëþ÷íi çàóâàæåííÿ. Òåîðiþ îïåðàòîðiâ çàãàëüíèõ ïåðåòâîðåíü òèïóÄàðáó [10, 26, 27, 28℄ ðîçðîáëÿëè äëÿ iíòåãðóâàííÿ íåëiíiéíèõ ðiâíÿíü ìàòåìàòè÷-íî¨ �içèêè, ÿêi äîïóñêàþòü äè�åðåíöiàëüíi òà iíòåãðî-äè�åðåíöiàëüíi çîáðàæåííÿËàêñà-Çàõàðîâà-Øàáàòà.Ó öié ïðàöi ìåòîä, â îñíîâó ÿêîãî ïîêëàäåíî iíâàðiàíòíi ïåðåòâîðåííÿ ëiíié-íèõ iíòåãðî-äè�åðåíöiàëüíèõ òà åâîëþöiéíèõ âèðàçiâ, çàñòîñîâóþòü äëÿ iíòåãðó-âàííÿ íåëiíiéíîãî ðiâíÿííÿ Øðåäiíãåðà, ìîäåëåé ßäæèìè-Îéêàâè òà Äðií�åëüäà-Ñîêîëîâà, à òàêîæ óçàãàëüíåííÿ ìîäåëi Áóñèíåñêà. Çîêðåìà, â ðàìêàõ öüîãî ïiä-õîäó îòðèìàíî N -ñîëiòîííi ðîçâ'ÿçêè äëÿ çãàäàíèõ ìîäåëåé, à òàêîæ ðîçâ'ÿçêè óâèãëÿäi �çâ'ÿçàíèõ ñòàíiâ�. Êðiì òîãî, çà äîïîìîãîþ ìåòîäó áiíàðíèõ ïåðåòâîðåíüîòðèìàíî ñèíãóëÿðíi òà ðåãóëÿðíi ðîçâ'ÿçêè äëÿ âåêòîðíèõ óçàãàëüíåíü íåëiíiéíî-ãî ðiâíÿííÿ Øðåäiíãåðà òà ìîäåëi ßäæèìè-Îéêàâè. Çâàæàþ÷è íà âåëèêó êiëüêiñòüòåõíi÷íèõ ïåðåòâîðåíü, ÿêà õàðàêòåðíà äëÿ ïîáóäîâè òî÷íèõ ðîçâ'ÿçêiâ íåëiíiéíèõñèñòåì, çíà÷íà ÷àñòèíà îá÷èñëåíü, à òàêîæ ïîáóäîâà ãðà�iêiâ âèêîíóâàëàñü ó ïàêåòiñèìâîëüíî¨ ìàòåìàòèêè Maple.Çàóâàæèìî òàêîæ, ùî ìåòîäè iíòåãðóâàííÿ íåëiíiéíèõ ñèñòåì ç iíòåãðî-äè�å-ðåíöiàëüíèì îïåðàòîðîì Ëàêñà â ¨õíüîìó çîáðàæåííi áåç ñóòò¹âèõ çìií ïåðåíîñÿòüñÿi íà äîâiëüíó ìàòðè÷íó ðîçìiðíiñòü (â àëãåáði �îðìàëüíèõ ñèìâîëiâ öå áóëî çðîá-ëåíî â [28℄, à äëÿ (2+1)-âèìiðíèõ ñèñòåì ó [27℄). Äåÿêi ç (1+1)-âèìiðíèõ ñèñòåìäîïóñêàþòü ïðîñòîðîâî-äâîâèìiðíi óçàãàëüíåííÿ äîâiëüíî¨ ìàòðè÷íî¨ ðîçìiðíîñòi,â çîáðàæåííi Ëàêñà äëÿ ÿêèõ îáèäâà îïåðàòîðè ¹ iíòåãðî-äè�åðåíöiàëüíèìè. Ñåðåäíèõ, çîêðåìà, ìiñòÿòüñÿ âiäîìi ìîäåëi Äåâi-Ñòþàðòñîíà (DS-I,DS-II), ðiâíÿííÿ ×åíà-Ëi-Ëþ [29℄ òà ¨õíi âèùi ñèìåòði¨ (äèâ., íàïðèêëàä, [30℄).Iíòåãðóâàííþ öèõ ñèñòåì ó ðàìêàõ ¹äèíîãî àëãåáðè÷íîãî ïiäõîäó, ÿêèé  ðóí-òó¹òüñÿ íà iíâàðiàíòíèõ ïåðåòâîðåííÿõ ëiíiéíèõ iíòåãðî-äè�åðåíöiàëüíèõ îïåðàòî-ðiâ, áóäóòü ïðèñâÿ÷åíi íàøi ïîäàëüøi äîñëiäæåííÿ.Ñïèñîê âèêîðèñòàíî¨ ëiòåðàòóðè1. Dikey L.A. Soliton equations and Hamiltonian systems / Dikey L.A. //Adv. Math. Phys.� 1991. � Vol. 12. � P. 310.2. Çàõàðîâ Â.Å. Ñõåìà èíòåãðèðîâàíèÿ íåëèíåéíûõ óðàâíåíèé ìàòåìàòè÷åñêîé �èçèêèìåòîäîì îáðàòíîé çàäà÷è ðàññåÿíèÿ / Çàõàðîâ Â.Å., Øàáàò À.Á. //Ôóíêöèîí. àíàëèçè åãî ïðèë. � 1974. � Ò. 8, �3. � Ñ. 43-53.3. Çàõàðîâ Â.Å. Òåîðèÿ ñîëèòîíîâ. Ìåòîä îáðàòíîé çàäà÷è / Çàõàðîâ Â.Å., Ìàíàêîâ Ñ.Â.,Íîâèêîâ Ñ.Ï., Ïèòàåâñêèé Ë.Ï. � Ì.: Íàóêà, 1980.4. Ñîëèòîíû / Ïîä ðåä. �. Áóëëà�à, Ô. Êîäðè. � Ì.: Ìèð, 1983.
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