
ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2011. Âèïóñê 75. Ñ. 28�42Visnyk of the Lviv Univ. Series Meh. Math. 2011. Issue 75. P. 28�42ÓÄÊ 517.95 ÊÎÅÔIÖI�ÍÒÍÀ ÎÁÅ�ÍÅÍÀ ÇÀÄÀ×ÀÄËß ÏÀ�ÀÁÎËI×ÍÎ�Î �IÂÍßÍÍßÇ ÄÎÂIËÜÍÈÌ ÑËÀÁÊÈÌ ÂÈ�ÎÄÆÅÍÍßÌÀííà ÁÎÄÍÀ�×ÓÊ, Íàäiÿ �ÓÇÈÊËüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà,âóë. Óíiâåðñèòåòñüêà, 1, Ëüâiâ, 79000e-mail: hryntsiv�ukr.netÇíàéäåíî óìîâè iñíóâàííÿ òà ¹äèíîñòi ðîçâ'ÿçêó îáåðíåíî¨ çàäà÷i âèçíà-÷åííÿ çàëåæíîãî âiä ÷àñó ñòàðøîãî êîå�iöi¹íòà ïàðàáîëi÷íîãî ðiâíÿííÿ çâèðîäæåííÿì. Âèðîäæåííÿ ðiâíÿííÿ ñïðè÷èíåíå �óíêöi¹þ ïðè ïîõiäíiéçà ÷àñîì, ÿêà ïåðåòâîðþ¹òüñÿ â íóëü ó ïî÷àòêîâèé ìîìåíò ÷àñó.Êëþ÷îâi ñëîâà: êîå�iöi¹íòíà îáåðíåíà çàäà÷à, ïàðàáîëi÷íå ðiâíÿííÿ,äîâiëüíå ñëàáêå âèðîäæåííÿ.1. Âñòóï. Îáåðíåíi çàäà÷i âèçíà÷åííÿ çàëåæíîãî âiä ÷àñó ñòàðøîãî êîå�iöi¹í-òà â ïàðàáîëi÷íîìó ðiâíÿííi äîñëiäæóâàëè â áàãàòüîõ ïðàöÿõ. Îäíi¹þ ç ïåðøèõââàæàþòü ïðàöþ Á.Ô. Äæîíñà [1℄, äå ðîçãëÿäàëè îáåðíåíó çàäà÷ó âèçíà÷åííÿ êîå-�iöi¹íòà òåìïåðàòóðîïðîâiäíîñòi ó íàïiâîáìåæåíîìó ñòåðæíi ïðè çàäàíîìó çíà÷åííiòåïëîâîãî ïîòîêó. Ñüîãîäíi öi çàäà÷i âèâ÷åíi äîñèòü  ðóíòîâíî [2℄-[5℄.Îáåðíåíèì çàäà÷àì äëÿ ïàðàáîëi÷íèõ ðiâíÿíü ç âèðîäæåííÿì ïðèñâÿ÷åíi ïðà-öi [6℄-[9℄. Ó íèõ ïðèïóñêàëè, ùî íåâiäîìèé çàëåæíèé âiä ÷àñó ñòàðøèé êîå�iöi¹íòðiâíÿííÿ ïðÿìó¹ äî íóëÿ ïðè t → 0 çà ñòåïåíåâèì çàêîíîì. Îáåðíåíi çàäà÷i äëÿïàðàáîëi÷íèõ ðiâíÿíü iç çàãàëüíèì âèðîäæåííÿì âèâ÷åíî ó [10℄, [11℄. Äîñëiäæåíîâèïàäêè ñëàáêîãî òà ñèëüíîãî âèðîäæåííÿ.Ìåòà íàøî¨ ïðàöi � çíàéòè óìîâè iñíóâàííÿ òà ¹äèíîñòi êëàñè÷íîãî ðîçâ'ÿçêóîáåðíåíî¨ çàäà÷i âèçíà÷åííÿ çàëåæíîãî âiä ÷àñó ñòàðøîãî êîå�iöi¹íòà ó ïàðàáîëi÷-íîìó ðiâíÿííi ç âèðîäæåííÿì. Íà âiäìiíó âiä [10℄, [11℄, âèðîäæåííÿ ðiâíÿííÿ ñïðè-÷èíåíå �óíêöi¹þ ïðè ïîõiäíié çà ÷àñîì. Äîñëiäæåííÿ ïðîâåäåíî ó âèïàäêó ñëàáêî-ãî âèðîäæåííÿ. Çàóâàæèìî, ùî îçíà÷åííÿ ñëàáêîãî âèðîäæåííÿ, âèêîðèñòàíå ó öiéïðàöi, âçÿòî ç [12℄.2. Ôîðìóëþâàííÿ çàäà÷i. Â îáëàñòi QT = {(x, t) : 0 < x < h, 0 < t < T }ðîçãëÿäà¹òüñÿ îáåðíåíà çàäà÷à âèçíà÷åííÿ êîå�iöi¹íòà a = a(t), a(t) > 0, t ∈ [0, T ]â ðiâíÿííi
ψ(t)ut = a(t)uxx + b(x, t)ux + c(x, t)u + f(x, t) (1)© Áîäíàð÷óê À., �óçèê Í., 2011
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u(x, 0) = ϕ(x), x ∈ [0, h], (2)êðàéîâèìè óìîâàìè

u(0, t) = µ1(t), u(h, t) = µ2(t), t ∈ [0, T ] (3)òà óìîâîþ ïåðåâèçíà÷åííÿ
a(t)ux(0, t) = µ3(t), t ∈ [0, T ]. (4)Âiäîìî, ùî ψ = ψ(t) � ìîíîòîííî çðîñòàþ÷à �óíêöiÿ òàêà, ùî ψ(t) > 0, t ∈ (0, T ] òà

ψ(0) = 0.Îçíà÷åííÿ 1. �îçâ'ÿçêîì çàäà÷i (1)-(4) íàçâåìî ïàðó �óíêöié (a, u) ç êëàñó
C[0, T ] × C2,1(QT ) ∩ C1,0(QT ), a(t) > 0, t ∈ [0, T ], ùî çàäîâîëüíÿ¹ ðiâíÿííÿ (1) òàóìîâè (2)-(4).Äîñëiäæó¹òüñÿ âèïàäîê ñëàáêîãî âèðîäæåííÿ, êîëè lim

t→+0

t
∫

0

dτ

ψ(τ)
= 0.3. Iñíóâàííÿ ðîçâ'ÿçêó.Óìîâè iñíóâàííÿ ðîçâ'ÿçêó çàäà÷i (1)-(4) ïîäàíî ó òàêié òåîðåìi.Òåîðåìà 1. Íåõàé âèêîíóþòüñÿ óìîâè:1) ϕ ∈ C2[0, h], µi ∈ C1[0, T ], i = 1, 2, µ3 ∈ C[0, T ], b, c, f ∈ C(QT )òà çàäîâîëüíÿþòü óìîâó �åëüäåðà çà çìiííîþ x ç ïîêàçíèêîì α, 0 < α < 1;2) ϕ′(x) > 0, x ∈ [0, h], µ3(t) > 0, t ∈ [0, T ];3) ψ ∈ C[0, T ] � ìîíîòîííî çðîñòàþ÷à �óíêöiÿ, ψ(t) > 0, t ∈ (0, T ], ψ(0) = 0,

lim
t→+0

t
∫

0

dτ

ψ(τ)
= 0;4) µ1(0) = ϕ(0), µ2(0) = ϕ(h).Òîäi ìîæíà çàçíà÷èòè òàêå ÷èñëî T0, 0 < T0 6 T , ÿêå âèçíà÷à¹òüñÿ âèõiäíè-ìè äàíèìè, ùî iñíó¹ ðîçâ'ÿçîê çàäà÷i (1)-(4) ïðè x ∈ [0, h], t ∈ [0, T0].Äîâåäåííÿ. Çâåäåìî çàäà÷ó (1)-(4) äî ñèñòåìè ðiâíÿíü. Äëÿ ïî÷àòêó â çàäà÷i (1)-(3)ïðîâåäåìî çàìiíó çìiííèõ

u(x, t) = v(x, t) + ϕ(x) − ϕ(0) + µ1(t) +
x

h

(

µ2(t)− µ1(t)− µ2(0) + µ1(0)

)

. (5)Ó ïiäñóìêó ñòîñîâíî �óíêöi¨ v = v(x, t) îòðèìà¹ìî ðiâíÿííÿ
ψ(t)vt = a(t)vxx + b(x, t)vx + c(x, t)v + f(x, t)− ψ(t)µ′

1(t)−
ψ(t)x

h
(µ′

2(t)− µ′
1(t))+

+ a(t)ϕ′′(x) + b(x, t)

(

ϕ′(x) +
1

h
(µ2(t)− µ1(t)− µ2(0) + µ1(0))

)

+ c(x, t)

(

ϕ(x)−

− ϕ(0) + µ1(t) +
x

h
(µ2(t)− µ1(t)− µ2(0) + µ1(0))

) (6)òà îäíîðiäíi ïî÷àòêîâó i êðàéîâi óìîâè
v(x, 0) = 0, x ∈ [0, h], (7)
v(0, t) = v(h, t) = 0, t ∈ [0, T ]. (8)
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v(x, t) =

t
∫

0

h
∫

0

G1(x, t, ξ, τ)

ψ(τ)

(

b(ξ, τ)vξ + c(ξ, τ)v + f(ξ, τ)− ψ(τ)µ′
1(τ) + a(τ)ϕ′′(ξ)−

− ψ(τ)ξ

h
(µ′

2(τ)− µ′
1(τ)) + b(ξ, τ)(ϕ′(ξ) +

1

h
(µ2(τ) − µ1(τ) − µ2(0) + µ1(0)))+

+ c(ξ, τ)(ϕ(ξ) − ϕ(0) + µ1(τ) +
ξ

h
(µ2(τ) − µ1(τ) − µ2(0) + µ1(0)))

)

dξ dτ, (9)äå ÷åðåç G1 = G1(x, t, ξ, τ) ïîçíà÷åíî �óíêöiþ �ðiíà ïåðøî¨ êðàéîâî¨ çàäà÷i äëÿðiâíÿííÿ òåïëîïðîâiäíîñòi
ut =

a(t)

ψ(t)
uxx.Âîíà âèçíà÷à¹òüñÿ �îðìóëîþ

G1(x, t, ξ, τ) =
1

2
√

π(θ(t) − θ(τ))

+∞
∑

n=−∞

(

exp

(

− (x− ξ + 2nh)2

4(θ(t)− θ(τ))

)

−

− exp

(

− (x+ ξ + 2nh)2

4(θ(t)− θ(τ))

))

. (10)Òóò θ(t) = t
∫

0

a(τ)

ψ(τ)
dτ .Ïîçíà÷èìî w(x, t) ≡ ux(x, t). Âèêîðèñòîâóþ÷è (5), (9), ïðÿìó çàäà÷ó (1)-(3)çàìiíèìî ñèñòåìîþ iíòåãðàëüíèõ ðiâíÿíü ñòîñîâíî �óíêöié u = u(x, t), w = w(x, t)

u(x, t) =

t
∫

0

h
∫

0

G1(x, t, ξ, τ)

ψ(τ)

(

b(ξ, τ)w(ξ, τ) + c(ξ, τ)u(ξ, τ) + f(ξ, τ)− ψ(τ)µ′
1(τ)−

− ψ(t)ξ

h
(µ′

2(τ) − µ′
1(τ)) + a(τ)ϕ′′(ξ)

)

dξ dτ + ϕ(x) − ϕ(0) + µ1(t)+

+
x

h
(µ2(t)− µ1(t)− µ2(0) + µ1(0)), (x, t) ∈ QT . (11)

w(x, t) =

t
∫

0

h
∫

0

G1x(x, t, ξ, τ)

ψ(τ)

(

b(ξ, τ)w(ξ, τ) + c(ξ, τ)u(ξ, τ) + f(ξ, τ)− ψ(τ)µ′
1(τ)−

− ψ(τ)ξ

h
(µ′

2(τ) − µ′
1(τ)) + a(τ)ϕ′′(ξ)

)

dξ dτ + ϕ′(x)+

+
1

h
(µ2(t)− µ1(t)− µ2(0) + µ1(0)), (x, t) ∈ QT . (12)Çàóâàæèìî, ùî ðiâíÿííÿ (12) îòðèìàíå ç ðiâíÿííÿ (11) øëÿõîì äè�åðåíöiþâàííÿçà ïðîñòîðîâîþ çìiííîþ. Óìîâó (4) ïåðåïèøåìî ó âèãëÿäi

a(t)w(0, t) = µ3(t), t ∈ [0, T ]. (13)Îòîæ, îáåðíåíó çàäà÷ó (1)-(4) çâåäåíî äî åêâiâàëåíòíî¨ ñèñòåìè ðiâíÿíü (11)-(13).Åêâiâàëåíòíiñòü ðîçóìi¹ìî â òàêîìó ñåíñi: ÿêùî ïàðà �óíêöié (a, u) ¹ ðîçâ'ÿçêîì



ÊÎÅÔIÖI�ÍÒÍÀ ÎÁÅ�ÍÅÍÀ ÇÀÄÀ×À ÄËß ÏÀ�ÀÁÎËI×ÍÎ�Î ...ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2011. Âèïóñê 75 31çàäà÷i (1)-(4), òî (a, u, w) ¹ íåïåðåðâíèì ðîçâ'ÿçêîì ñèñòåìè (11)-(13), i, íàâïà-êè, ÿêùî (a, u, w) ∈ C[0, T ] × (C(QT ))
2 ¹ ðîçâ'ÿçêîì ñèñòåìè ðiâíÿíü (11)-(13), òî

(a, u) � ðîçâ'ÿçîê çàäà÷i (1)-(4) ó ñåíñi íàâåäåíîãî âèùå îçíà÷åííÿ. Ïåðøà ÷àñòèíàòâåðäæåííÿ âèïëèâà¹ çi ñïîñîáó îòðèìàííÿ ñèñòåìè ðiâíÿíü (11)-(13). Äëÿ òîãî, ùîáäîâåñòè çâîðîòíå òâåðäæåííÿ, òðåáà ïîêàçàòè, ùî �óíêöi¨ (a, u) íàëåæàòü äî êëàñó
C[0, T ]× C2,1(QT ) ∩C1,0(QT ) i çàäîâîëüíÿþòü óìîâè (1)-(4).Íåõàé (a, u, w) ¹ íåïåðåðâíèì ðîçâ'ÿçêîì ñèñòåìè (11)-(13). Ïðèïóùåííÿ òåîðå-ìè äàþòü ïiäñòàâè ïðîäè�åðåíöiþâàòè (11) ïî x. Îòðèìà¹ìî
ux(x, t) =

t
∫

0

h
∫

0

G1x(x, t, ξ, τ)

ψ(τ)

[

b(ξ, τ)w(ξ, τ) + c(ξ, τ)u(ξ, τ) + f(ξ, τ)− ψ(τ)µ′
1(τ)−

− ψ(t)ξ

h
(µ′

2(τ) − µ′
1(τ)) + a(τ)ϕ′′(ξ)

]

dξ dτ + ϕ′(x) +
1

h
(µ2(t)− µ1(t)− µ2(0) + µ1(0)).Ïðàâi ÷àñòèíè öi¹¨ ðiâíîñòi òà (12) çáiãàþòüñÿ, òîìó w(x, t) ≡ ux(x, t). Âèêîðèñòîâóþ-÷è öå â (11), ðîáèìî âèñíîâîê, ùî u = u(x, t) ìà¹ ïîòðiáíó ãëàäêiñòü i çàäîâîëüíÿ¹ðiâíÿííÿ (1) é óìîâè (2), (3) äëÿ äîâiëüíî¨ íåïåðåðâíî¨ íà [0, T ] �óíêöi¨ a = a(t).Ïiäñòàâëÿþ÷è â (13) çàìiñòü w(x, t) �óíêöiþ ux(x, t), ïðèõîäèìî äî óìîâè (4),ùî é çàâåðøó¹ äîâåäåííÿ åêâiâàëåíòíîñòi çàäà÷i (1)-(4) òà ñèñòåìè ðiâíÿíü (11)-(13).Îñêiëüêè w(x, t) ≡ ux(x, t), òî, âðàõîâóþ÷è (3), ðîáèìî âèñíîâîê, ùî ïðàâèëü-íîþ ¹ �îðìóëà

u(x, t) = µ1(t) +

x
∫

0

w(σ, t)dσ, (x, t) ∈ QT .Òîäi ðiâíÿííÿ (12) ìîæåìî ïåðåïèñàòè ó âèãëÿäi
w(x, t) =

t
∫

0

h
∫

0

G1x(x, t, ξ, τ)

ψ(τ)

(

b(ξ, τ)w(ξ, τ) + c(ξ, τ)

(

µ1(τ) +

ξ
∫

0

w(σ, τ)dσ

)

+ f(ξ, τ)−

− ψ(τ)µ′
1(τ) −

ψ(τ)ξ

h
(µ′

2(τ)− µ′
1(τ)) + a(τ)ϕ′′(ξ)

)

dξ dτ + ϕ′(x)+

+
1

h
(µ2(t)− µ1(t)− µ2(0) + µ1(0)), (x, t) ∈ QT . (14)Çíàéäåìî àïðiîðíi îöiíêè ðîçâ'ÿçêiâ ñèñòåìè ðiâíÿíü (13), (14). Äëÿ òîãî, ùîáîöiíèòè �óíêöiþ w = w(x, t) çíèçó, äîñëiäèìî ïîâåäiíêó iíòåãðàëiâ, ÿêi âõîäÿòü äîïðàâî¨ ÷àñòèíè ðiâíîñòi (14), ïðè t→ 0. Âèêîðèñòîâóþ÷è îöiíêó

h
∫

0

|G1x(x, t, ξ, τ)| dξ 6
C1

√

θ(t)− θ(τ)
, (15)ðîáèìî âèñíîâîê, ùî iíòåãðàë ó ïðàâié ÷àñòèíi �îðìóëè (14) ìà¹ òàêó ñàìó ïîâå-äiíêó ïðè t→ 0, ÿê i âèðàç

t
∫

0

dτ
√

θ(t) − θ(τ)
+

t
∫

0

dτ

ψ(τ)
√

θ(t)− θ(τ)
≡ J1 + J2.



32 Àííà ÁÎÄÍÀ�×ÓÊ, Íàäiÿ �ÓÇÈÊISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2011. Âèïóñê 75Îñêiëüêè ψ = ψ(t) � ìîíîòîííî çðîñòàþ÷à �óíêöiÿ, a(t) > 0, t ∈ [0, T ] � íåïåðåðâíàíà [0, T ], òî, âðàõîâóþ÷è îçíà÷åííÿ �óíêöi¨ θ = θ(t), äëÿ J1, J2 îòðèìà¹ìî îöiíêè
J1 =

t
∫

0

ψ(τ)dθ(τ)

a(τ)
√

θ(t) − θ(τ)
6 C2ψ(t)

(

t
∫

0

dσ

ψ(σ)

)
1
2

, (16)
J2 6 C3

t
∫

0

dθ(τ)
√

θ(t)− θ(τ)
= C4

(

t
∫

0

dσ

ψ(σ)

)
1
2

. (17)Ç îòðèìàíèõ îöiíîê, âðàõîâóþ÷è îçíà÷åííÿ ñëàáêîãî âèðîäæåííÿ, âèïëèâà¹, ùîiíòåãðàëè J1, J2 ïðÿìóþòü äî íóëÿ ïðè t → 0. Çãiäíî ç óìîâàìè òåîðåìè ó ïðà-âié ÷àñòèíi �îðìóëè (14) âiäìiííèì âiä íóëÿ ¹ ëèøå äðóãèé äîäàíîê. Ñóìà âñiõiíøèõ ïðÿìó¹ äî íóëÿ ïðè t→ 0. Îòæå, ìîæíà çàçíà÷èòè òàêå ÷èñëî t1, 0 < t1 6 T ,ùî ïðàâèëüíîþ áóäå íåðiâíiñòü
1

2
ϕ′(x) +

1

h
(µ2(t)− µ1(t)− µ2(0) + µ1(0)) +

t
∫

0

h
∫

0

G1x(x, t, ξ, τ)

ψ(τ)

(

b(ξ, τ)w(ξ, τ)+

+c(ξ, τ)

(

µ1(τ) +

ξ
∫

0

w(σ, τ)dσ

)

+ f(ξ, τ) − ψ(τ)µ′
1(τ) −

ψ(τ)ξ

h
(µ′

2(τ) − µ′
1(τ))+

+a(τ)ϕ′′(ξ)

)

dξ dτ > 0, (x, t) ∈ [0, h]× [0, t1].Çâiäñè òà ç (14) îòðèìà¹ìî îöiíêó w = w(x, t) çíèçó
w(x, t) >

1

2
min
[0,h]

ϕ′(x) ≡M1 > 0, (x, t) ∈ [0, h]× [0, t1]. (18)Ç (13), âðàõîâóþ÷è (18), îäåðæó¹ìî
a(t) 6

max
[0,T ]

µ3(t)

M1
≡ A1 <∞, t ∈ [0, t1]. (19)Äàëi îöiíèìî �óíêöiþ w(x, t) çâåðõó. Ïîçíà÷èìî V (t) = max

x∈[0,h]
|w(x, t)|. Íà ïiäñòàâiðiâíÿííÿ (14) òà âèêîðèñòîâóþ÷è îöiíêè (15), (19), äëÿ �óíêöi¨ V = V (t) îòðèìà¹ìîíåðiâíiñòü

V (t) 6 C5

t
∫

0

V (τ)dτ

ψ(τ)
√

θ(t)− θ(τ)
+ C6

t
∫

0

dτ

ψ(τ)
√

θ(t)− θ(τ)
+

+C7

t
∫

0

dτ
√

θ(t)− θ(τ)
+ C8, t ∈ [0, T ]. (20)
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V1(t) 6 C9 + C10

t
∫

0

V1(τ)dτ

ψ(τ)
√

θ(t) − θ(τ)
. (21)Âðàõîâóþ÷è óìîâó ïåðåâèçíà÷åííÿ (13), çíàõîäèìî

1

a(τ)
6
V1(t)

µ3(t)
. (22)Òîäi íåðiâíiñòü (21) ìîæíà ïåðåïèñàòè ó âèãëÿäi

V1(t) 6 C9 + C11

t
∫

0

a(τ)V 2
1 (τ)dτ

ψ(τ)
√

θ(t) − θ(τ)
. (23)Âèêîðèñòîâóþ÷è íåðiâíiñòü Êîøi, ïiäíåñåìî îáèäâi ÷àñòèíè íåðiâíîñòi (23) äî êâàä-ðàòà

V 2
1 (t) 6 2C2

9 + 2C2
11

(

t
∫

0

a(τ)V 2
1 (τ)dτ

ψ(τ)
√

θ(t) − θ(τ)

)2

. (24)Äî iíòåãðàëà ïðàâî¨ ÷àñòèíè íåðiâíîñòi (24) çàñòîñó¹ìî íåðiâíiñòü Êîøi-Áóíÿêîâñü-êîãî
(

t
∫

0

a(τ)V 2
1 (τ)dτ

ψ(τ)
√

θ(t)− θ(τ)

)2

6

t
∫

0

a(τ)V 4
1 (τ)dτ

ψ(τ)
√

θ(t) − θ(τ)

t
∫

0

a(τ)dτ

ψ(τ)
√

θ(t)− θ(τ)
.�îçãëÿíåìî iíòåãðàë

t
∫

0

a(τ) dτ

ψ(τ)
√

θ(t) − θ(τ)
=

t
∫

0

dθ(τ)
√

θ(t)− θ(τ)
= 2

(

t
∫

0

a(σ)dσ

ψ(σ)

)
1
2

6 C12.Âèêîðèñòîâóþ÷è îòðèìàíèé ðåçóëüòàò ó íåðiâíîñòi (24), îäåðæèìî
V 2
1 (t) 6 C13 + C14

t
∫

0

a(τ)V 4
1 (τ)dτ

ψ(τ)
√

θ(t)− θ(τ)
, t ∈ [0, T ]. (25)Ó íåðiâíîñòi (25) çìiíèìî t íà σ, äîìíîæèìî ¨¨ íà a(σ)

ψ(σ)
√

θ(t)− θ(σ)
òà ïðîiíòåãðó¹ìîïî σ âiä 0 äî t

t
∫

0

a(σ)V 2
1 (σ)dτ

ψ(σ)
√

θ(t)− θ(σ)
6 C15 + C16

t
∫

0

a(σ)dσ

ψ(σ)
√

θ(t) − θ(σ)

σ
∫

0

a(τ)V 4
1 (τ)dτ

ψ(τ)
√

θ(σ) − θ(τ)
.Çìiíèâøè ìåæi iíòåãðóâàííÿ òà âèêîðèñòàâøè ðiâíiñòü

t
∫

τ

a(σ)dσ

ψ(σ)
√

(θ(t) − θ(σ))(θ(σ) − θ(τ))
= π,
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t

∫

0

a(σ)V 2
1 (σ)dτ

ψ(σ)
√

θ(t) − θ(σ)
6 C15 + C17

t
∫

0

V 4
1 (τ)dτ

ψ(τ)
. (26)Íåðiâíiñòü (26) âèêîðèñòà¹ìî ó (23). Ó ïiäñóìêó íåðiâíiñòü (23) íàáóäå âèãëÿäó

V1(t) 6 C18 + C19

t
∫

0

V 4
1 (τ)dτ

ψ(τ)
. (27)�îçâ'ÿçóþ÷è (27) ÿê â [13℄, îòðèìà¹ìî

V1(t) 6
C18

3

√

√

√

√

√1− 3C3
18C19

t
∫

0

dτ

ψ(τ)

≡M2, t ∈ [0, t2],äå ÷èñëî t2, 0 < t2 6 T âèçíà÷à¹òüñÿ ç íåðiâíîñòi
1− 3C3

18C19

t2
∫

0

dτ

ψ(τ)
> 0.Ïîâåðòàþ÷èñü äî ââåäåíèõ ïîçíà÷åíü, îäåðæèìî

|w(x, t)| 6M2, (x, t) ∈ [0, h]× [0, t2]. (28)Îöiíêà (28) äîïîìîãà¹ îöiíèòè a = a(t) çíèçó
a(t) >

min
[0,T ]

µ3(t)

M3
≡ A2 > 0 t ∈ [0, t2].Îòæå, àïðiîðíi îöiíêè ðîçâ'ÿçêiâ ñèñòåìè ðiâíÿíü (13), (14) äîâåäåíî.�îçãëÿíåìî ñèñòåìó ðiâíÿíü (13), (14) ÿê îïåðàòîðíå ðiâíÿííÿ

W = PW,äå W = (a, w), à îïåðàòîð P âèçíà÷à¹òüñÿ ïðàâèìè ÷àñòèíàìè ðiâíîñòåé (13), (14),âiäïîâiäíî.Ó áàíàõîâîìó ïðîñòîði B = C[0, T0]× C(QT0
) âèáåðåìî ìíîæèíó

N = {(a, w) ∈ B : A2 6 a(t) 6 A1, M1 6 w(x, t) 6 M2, (x, t) ∈ [0, h] × [0, T0]},äå T0 = min{t1, t2}. Ç ïîáóäîâè ìíîæèíè N ðîáèìî âèñíîâîê, ùî âîíà çàìêíåíàé îïóêëà, à îïåðàòîð P ïåðåâîäèòü ¨¨ â ñåáå. Äëÿ òîãî, ùîá çàñòîñóâàòè òåîðåìóØàóäåðà ïðî íåðóõîìó òî÷êó öiëêîì íåïåðåðâíîãî îïåðàòîðà äî ñèñòåìè ðiâíÿíü(13), (14), çàëèøèëîñü ïîêàçàòè, ùî îïåðàòîð P öiëêîì íåïåðåðâíèé. Íà ïiäñòàâiðiâíÿíü (13), (14) äîñòàòíüî äîâåñòè êîìïàêòíiñòü òàêèõ iíòåãðàëüíèõ îïåðàòîðiâ:
P1 : ω(x, t) →

t
∫

0

h
∫

0

G1x(x, t, ξ, τ)ω(ξ, τ) dξ dτ,
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P2 : ω(x, t) →

t
∫

0

h
∫

0

G1x(x, t, ξ, τ)

ψ(τ)
ω(ξ, τ) dξ dτ.Äîâåäåìî, ùî îïåðàòîð P2 öiëêîì íåïåðåðâíèé. Äëÿ öüîãî, âèêîðèñòîâóþ÷èòåîðåìó Àðöåëà-Àñêîëëi, ïîêàæåìî ðiâíîìiðíó îáìåæåíiñòü òà îäíîñòàéíó íåïåðåðâ-íiñòü ìíîæèíè P2ω.Âèêîðèñòàâøè îöiíêè (15), (17), îòðèìà¹ìî

|P2ω(x, t)| =
∣

∣

∣

∣

t
∫

0

h
∫

0

G1x(x, t, ξ, τ)

ψ(τ)
ω(ξ, τ) dξ dτ

∣

∣

∣

∣

6

6 max
N

|ω(x, t)|
∣

∣

∣

∣

t
∫

0

dτ

ψ(τ)
√

θ(t)− θ(τ)

∣

∣

∣

∣

6 C20.Äàëi äîâåäåìî îäíîñòàéíó íåïåðåðâíiñòü ìíîæèíè P2ω. �îçãëÿíåìî ðiçíèöþ
∆ = |P2ω(x1, t1)− P2ω(x2, t2)| 6

6

∣

∣

∣

∣

t1
∫

0

h
∫

0

(

G1x(x1, t1, ξ, τ) −G1x(x1, t2, ξ, τ)

)

ω(ξ, τ)

ψ(τ)
dξ dτ

∣

∣

∣

∣

+

+

∣

∣

∣

∣

t1
∫

0

h
∫

0

G1x(x1, t2, ξ, τ)

ψ(τ)
ω(ξ, τ) dξ dτ −

t2
∫

0

h
∫

0

G1x(x2, t2, ξ, τ)

ψ(τ)
ω(ξ, τ) dξ dτ

∣

∣

∣

∣

≡ ∆1 +∆2.Îñêiëüêè lim
t→0

t
∫

0

h
∫

0

G1x(x,t,ξ,τ)
ψ(τ) ω(ξ, τ) dξ dτ = 0, òî

∣

∣

∣

∣

t
∫

0

h
∫

0

G1x(x, t, ξ, τ)

ψ(τ)
ω(ξ, τ) dξ dτ

∣

∣

∣

∣

<
ε

8
, ÿêùî t < δ1, x ∈ [0, h]. (29)Òîäi

∆1 <
ε

4
, êîëè t1, t2 < δ1.Äàëi ïðèïóñòèìî, ùî t1, t2 > δ1, òà, äëÿ âèçíà÷åíîñòi, t2 > t1. Âèêîðèñòîâóþ÷èçîáðàæåííÿ ïîõiäíî¨ ïî x âiä �óíêöi¨ �ðiíà G1(x, t, ξ, τ), îöiíèìî ∆1

∆1 6 C21

t1
∫

0

h
∫

0

∣

∣

∣

∣

1

4
√
π(θ(t1)− θ(τ))

3
2

+∞
∑

n=−∞

(

exp

(

− (x1 − ξ + 2nh)2

θ(t1)− θ(τ)

)

(x1 − ξ + 2nh)+

+ exp

(

− (x1 + ξ + 2nh)2

θ(t1)− θ(τ)

)

(x1 + ξ + 2nh)

)

− 1

4
√
π(θ(t2)− θ(τ))

3
2

×

×
+∞
∑

n=−∞

(

exp

(

− (x1 − ξ + 2nh)2

θ(t2)− θ(τ)

)

(x1 − ξ + 2nh) + exp

(

− (x1 + ξ + 2nh)2

θ(t2)− θ(τ)

)

×

×(x1 + ξ + 2nh)

)∣

∣

∣

∣

1

ψ(τ)
dξ dτ.
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−θ(τ) = σ. Îñêiëüêè θ(t1) 6 A2t1, òî, ðîçáèâàþ÷è ïðîìiæîê iíòåãðóâàííÿ íà äâà,äëÿ ∆1 îòðèìà¹ìî

∆1 6 C22

δ1
∫

0

h
∫

0

∣

∣

∣

∣

1

4
√
πσ

3
2

+∞
∑

n=−∞

(

exp

(

− (x1 − ξ + 2nh)2

σ

)

(x1 − ξ + 2nh)+

+ exp

(

− (x1 + ξ + 2nh)2

σ

)

(x1 + ξ + 2nh)

)

− 1

4
√
π(θ(t2)− θ(t1) + σ)

3
2

×

×
+∞
∑

n=−∞

(

exp

(

− (x1 − ξ + 2nh)2

θ(t2)− θ(t1) + σ

)

(x1 − ξ + 2nh) + exp

(

− (x1 + ξ + 2nh)2

θ(t2)− θ(t1) + σ

)

×

×(x1 + ξ + 2nh)

)∣

∣

∣

∣

dξ dσ + C22

A2t1
∫

δ1

∣

∣

∣

∣

θ(t2)−θ(t1)+σ
∫

σ

∂

∂s

(

h
∫

0

1

s
3
2

+∞
∑

n=−∞

(

(x1 − ξ + 2nh)×

× exp

(

− (x1 − ξ + 2nh)2

4s

)

+ (x1 + ξ + 2nh) exp

(

− (x1 + ξ + 2nh)2

4s

))

dξ

)

ds

∣

∣

∣

∣

dσ ≡

≡ ∆1,1 +∆1,2.Âðàõîâóþ÷è (29), äëÿ ∆1,1 îäåðæèìî îöiíêó
∆1,1 <

ε

4
.Äëÿ îöiíêè ∆1,2 îá÷èñëèìî ïîõiäíi òà ïðîâåäåìî çàìiíè çìiííèõ x1 − ξ + 2nh

2
√
s

= z,

x1 + ξ + 2nh

2
√
s

= z â îòðèìàíèõ iíòåãðàëàõ, âiäïîâiäíî. Ó ïiäñóìêó îäåðæèìî
∆1,2 6 C23

A2t1
∫

δ1

θ(t2)−θ(t1)+σ
∫

σ

1

s
3
2

ds dσ = 2C23

A2t1
∫

δ1

(

1√
σ
− 1

√

θ(t2)− θ(t1) + σ

)

dσ 6

6 C24

A2t1
∫

δ1

θ(t2)− θ(t1)

σ
3
2

dσ 6 C25|t2 − t1| <
ε

4
, êîëè |t2 − t1| <

ε

4C25
.Îñòàòî÷íî îòðèìàëè

∆1 <
ε

2
, êîëè |t2 − t1| <

ε

4C25
.Äàëi ðîçãëÿíåìî ∆2. Âðàõîâóþ÷è (29), îòðèìà¹ìî

∆2 <
ε

4
, êîëè t1, t2 < δ1.Îöiíèìî ∆2 ïðè t1, t2 > δ1 i t2 > t1.

∆2 6

∣

∣

∣

∣

t1
∫

0

h
∫

0

(

G1x(x1, t2, ξ, τ)−G1x(x2, t2, ξ, τ)

)

ω(ξ, τ)

ψ(τ)
dξ dτ

∣

∣

∣

∣

+
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+

∣

∣

∣

∣

t2
∫

t1

h
∫

0

G1x(x2, t2, ξ, τ)

ψ(τ)
ω(ξ, τ) dξ dτ

∣

∣

∣

∣

= ∆2,1 +∆2,2.Âðàõîâóþ÷è (15) òà (17), äëÿ äðóãîãî äîäàíêà ∆2 îäåðæèìî
∆2,2 6 C26

t2
∫

t1

dτ

ψ(τ)
√

θ(t2)− θ(τ)
6 C27|t2 − t1| <

ε

4
,êîëè |t2 − t1| <

ε

4C27
. Äàëi îöiíèìî ∆2,1.

∆2,1 6

∣

∣

∣

∣

δ1
∫

0

h
∫

0

(

G1x(x1, t2, ξ, τ) −G1x(x2, t2, ξ, τ)

)

ω(ξ, τ)

ψ(τ)
dξ dτ

∣

∣

∣

∣

+

+

∣

∣

∣

∣

t1
∫

δ1

h
∫

0

(

x2
∫

x1

G1xx(x, t2, ξ, τ)dx

)

ω(ξ, τ)

ψ(τ)
dξ dτ

∣

∣

∣

∣

.Äëÿ îöiíêè ïåðøîãî äîäàíêà îñòàííüî¨ íåðiâíîñòi âèêîðèñòà¹ìî (29), ïðè îöiíþâàííiäðóãîãî � çîáðàæåííÿ ïîõiäíî¨ �óíêöi¨ �ðiíà. Ó ïiäñóìêó îòðèìà¹ìî
∆2,1 6

ε

8
+ C28|x2 − x1| <

ε

4
, êîëè |x2 − x1| <

ε

8C28
.Îòîæ, äëÿ ∆2 ïðàâèëüíà îöiíêà

∆2 <
ε

2
, |t2 − t1| <

ε

4C27
, |x2 − x1| <

ε

8C28
.ßê ïiäñóìîê îòðèìó¹ìî îöiíêó

∆ < ε,êîëè |t2−t1| < min

{

ε

4C25
,

ε

4C27

}

, |x2−x1| <
ε

8C28
, ùî çàâåðøó¹ äîâåäåííÿ êîìïàêò-íîñòi ìíîæèí P2N . Êîìïàêòíiñòü ìíîæèíè P1N äîâîäèòüñÿ çà òi¹þ ñàìîþ ñõåìîþ.Îòæå, âñi óìîâè òåîðåìè Øàóäåðà âèêîíóþòüñÿ, à öå îçíà÷à¹, ùî iñíó¹ ðîçâ'ÿçîê

(a, w) ñèñòåìè ðiâíÿíü (13), (14) ïðè x ∈ [0, h], t ∈ [0, T0]. Ïiñëÿ öüîãî �óíêöiþ
u = u(x, t) çíàõîäèìî, âðàõîâóþ÷è ðiâíÿííÿ (11). Âðàõîâóþ÷è åêâiâàëåíòíiñòü çà-äà÷i (1)-(4) òà ñèñòåìè (11)-(13), îòðèìó¹ìî iñíóâàííÿ ðîçâ'ÿçêó çàäà÷i (1)-(4) íàçâóæåíîìó ÷àñîâîìó ïðîìiæêó. Òåîðåìó 1 äîâåäåíî. �4. �äèíiñòü ðîçâ'ÿçêó. Çíàéäåìî óìîâè, çà ÿêèõ ðîçâ'ÿçîê çàäà÷i (1)-(4) ¹äè-íèé.Òåîðåìà 2. Íåõàé âèêîíóþòüñÿ óìîâè:1) ϕ ∈ C3[0, h], b, c, f ∈ C1,0(QT );2) µ3(t) 6= 0, t ∈ [0, T ].Òîäi ðîçâ'ÿçîê çàäà÷i (1)-(4) ¹äèíèé.
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ψ(t)ut = a1(t)uxx + b(x, t)ux + c(x, t)u + a(t)u2xx, (x, t) ∈ QT , (30)òà óìîâè

u(x, 0) = 0, x ∈ [0, h], (31)
u(0, t) = u(h, t) = 0, t ∈ [0, T ], (32)
a1(t)ux(0, t) + a(t)u2x(0, t) = 0, t ∈ [0, T ]. (33)Çà äîïîìîãîþ �óíêöi¨ �ðiíà G∗

1(x, t, ξ, τ) ïåðøî¨ êðàéîâî¨ çàäà÷i äëÿ ðiâíÿííÿ
ψ(t)ut = a1(t)uxx + b(x, t)ux + c(x, t)u,ðîçâ'ÿçîê çàäà÷i (30)-(32) ïîäàìî ó âèãëÿäi

u(x, t) =

t
∫

0

h
∫

0

G∗
1(x, t, ξ, τ)u2ξξ(ξ, τ)

a(τ)

ψ(τ)
dξ dτ. (34)Ïðîäè�åðåíöiþâàâøè (34) ïî x, îòðèìà¹ìî

ux(x, t) =

t
∫

0

h
∫

0

G∗
1x(x, t, ξ, τ)u2ξξ(ξ, τ)

a(τ)

ψ(τ)
dξ dτ. (35)Ç óìîâè ïåðåâèçíà÷åííÿ (4) òà ïðèïóùåíü òåîðåìè îäåðæó¹ìî

u2x(0, t) =
µ3(t)

a2(t)
6= 0, t ∈ [0, T ]. (36)Âðàõóâàâøè (36), (35), çíàõîäèìî ðiâíÿííÿ ñòîñîâíî �óíêöi¨ a = a(t)

a(t) =

t
∫

0

K(t, τ)a(τ) dτ, (37)äå
K(t, τ) = − a1(t)

u2x(0, t)

h
∫

0

G∗
1x(0, t, ξ, τ)

u2ξξ(ξ, τ)

ψ(τ)
dξ. (38)Äîâåäåìî, ùî ÿäðî K(t, τ) iíòåãðàëüíîãî ðiâíÿííÿ (37) ìà¹ iíòåãðîâíó îñîáëè-âiñòü. Äëÿ öüîãî îöiíèìî ñïî÷àòêó u2xx(x, t). Âèïèøåìî ðîçâ'ÿçîê u2(x, t) âiäïîâiä-íî¨ çàäà÷i (1)− (3) ó âèãëÿäi (11) òà ïðîäè�åðåíöiþ¹ìî éîãî äâi÷i ïî x. Âðàõîâóþ÷èâëàñòèâîñòi �óíêöié �ðiíà, çíàõîäèìî

u2xx(x, t) = ϕ′′(x) +

t
∫

0

G
(2)
1ξ (x, t, h, τ)

1

ψ(τ)

(

b(h, τ)u2ξ(h, τ) + c(h, τ)µ2(τ) + f(h, τ)−

−ψ(τ)µ′

2(τ) + a(τ)ϕ′′(h)

)

dτ −
t

∫

0

G
(2)
1ξ (x, t, 0, τ)

1

ψ(τ)

(

b(0, τ)u2ξ(0, τ) + c(0, τ)µ1(τ)+
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+f(0, τ)− ψ(τ)µ

′

1(τ) + a(τ)ϕ′′(0)

)

dτ −
t

∫

0

h
∫

0

G
(2)
1ξ (x, t, ξ, τ)

1

ψ(τ)

(

b(ξ, τ)u2ξξ(ξ, τ)+

+(bξ(ξ, τ) + c(ξ, τ))u2ξ(ξ, τ) + cξ(ξ, τ)u2(ξ, τ) + a(τ)ϕ′′′(ξ)− ψ(τ)

h
(µ

′

2(τ) − µ
′

1(τ))+

+fξ(ξ, τ)

)

dξ dτ = ϕ′′(x)+

3
∑

i=1

Li+

t
∫

0

h
∫

0

G
(2)
1ξ (x, t, ξ, τ)b(ξ, τ)u2ξξ(ξ, τ)

1

ψ(τ)
dξ dτ. (39)×åðåç G(2)

1 (x, t, ξ, τ) ïîçíà÷åíî �óíêöiþ �ðiíà äëÿ ðiâíÿííÿ
u2t =

a2(t)

ψ(t)
u2xx,ÿêà âèçíà÷à¹òüñÿ �îðìóëîþ (10) ç θ2(t) = ∫ t

0
a2(τ)
ψ(τ) dτ .Îöiíèìî êîæåí ç äîäàíêiâ (39). Îñêiëüêè

L2 6

∣

∣

∣

∣

t
∫

0

G
(2)
1ξ (x, t, 0, τ)µ

′

1(τ) dτ

∣

∣

∣

∣

+

∣

∣

∣

∣

t
∫

0

G
(2)
1ξ (x, t, 0, τ)

1

ψ(τ)
(b(0, τ)u2ξ(0, τ)+

+c(0, τ)µ1(τ) + f(0, τ)) dτ

∣

∣

∣

∣

≡ L2,1 + L2,2,òî îöiíèìî äëÿ ïî÷àòêó iíòåãðàë
I ≡

t
∫

0

G
(2)
1ξ (x, t, 0, τ)

a2(τ)

ψ(τ)
dτ =

t
∫

0

(

1

2
√

π(θ2(t)− θ2(τ))

+∞
∑

n=−∞

(x+ 2nh)

(θ2(t)− θ2(τ))
×

× exp

(

− (x+ 2nh)2

4(θ2(t)− θ2(τ))

))

a2(τ)

ψ(τ)
dτ.Â îòðèìàíîìó iíòåãðàëi ïî÷åðãîâî ïðîâåäåìî çàìiíè çìiííèõ θ2(t) − θ2(τ) = η,

σ = x+2nh
2
√
η
. Ó ïiäñóìêó îòðèìà¹ìî

I = − 2√
π

−1
∑

n=−∞

x+2nh

2
√

θ2(t)
∫

−∞

e−σ
2

dσ +
2√
π

+∞
∫

x

2
√

θ2(t)

e−σ
2

dσ +
2√
π

+∞
∑

n=1

+∞
∫

x+2nh

2
√

θ2(t)

e−σ
2

dσ =

=
2√
π

+∞
∫

x

2
√

θ2(t)

e−σ
2

dσ −
+∞
∑

n=1

x+2nh

2
√

θ2(t)
∫

− x+2nh

2
√

θ2(t)

e−σ
2

dσ 6
2√
π

+∞
∫

x

2
√

θ2(t)

e−σ
2

dσ 6 1.Òîäi äëÿ L2,2 ïðàâèëüíà îöiíêà L2,2 6 C29. Àíàëîãi÷íî L2,1 6 C30, çâiäêè L2 6 C31.
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L3 =

∣

∣

∣

∣

t
∫

0

h
∫

0

G
(2)
1ξ (x, t, ξ, τ)

1

ψ(τ)

(

(bξ(ξ, τ) + c(ξ, τ))u2ξ(ξ, τ) + cξ(ξ, τ)u2(ξ, τ)+

+fξ(ξ, τ)

)

dξ dτ

∣

∣

∣

∣

6 C33

t
∫

0

h
∫

0

G
(2)
1ξ (x, t, ξ, τ)

1

ψ(τ)
dξ dτ 6 C34.Ó ïiäñóìêó îäåðæàëè

|u2xx(x, t)| 6 C35 + C36

t
∫

0

h
∫

0

G
(2)
1ξ (x, t, ξ, τ)

u2ξξ(ξ, τ)

ψ(τ)
dξ dτ. (40)Ïîçíà÷èìî V2(t) = max

x∈[0,h]
|u2xx(x, t)|. Íà ïiäñòàâi (40), ñòîñîâíî �óíêöi¨ V2 = V2(t)îòðèìà¹ìî íåðiâíiñòü

V2(t) 6 C35 + C37

t
∫

0

V2(τ)dτ

ψ(τ)
√

θ(t)− θ(τ)
.Âèêîðèñòîâóþ÷è [14, ñ. 22℄, çíàõîäèìî V2(t) 6 C38, t ∈ [0, T ], àáî, ïîâåðòàþ÷èñü äîââåäåíèõ ïîçíà÷åíü,

|u2xx(x, t)| 6 C38, (x, t) ∈ QT .Âðàõîâóþ÷è âiäîìó îöiíêó �óíêöi¨ �ðiíà G∗
1(x, t, ξ, τ) [15, . 468℄, çíàéäåìî îöiíêóÿäðà iíòåãðàëüíîãî ðiâíÿííÿ (37)

|K(t, τ)| =
∣

∣

∣

∣

− a1(t)

ψ(τ)u2x(0, t)

h
∫

0

G∗
1x(0, t, ξ, τ)u2ξξ(ξ, τ) dξ

∣

∣

∣

∣

6

6
C39

ψ(τ)(θ(t) − θ(τ))

h
∫

0

exp

(

− C40
ξ2

θ(t) − θ(τ)

)

dξ 6
C41

ψ(t)
√

θ(t)− θ(τ)
.Çâiäñè ðîáèìî âèñíîâîê ïðî iíòåãðîâíiñòü ÿäðà K(t, τ). Öå îçíà÷à¹, ùî ií-òåãðàëüíå ðiâíÿííÿ Âîëüòåððà äðóãîãî ðîäó (37) ìà¹ òiëüêè òðèâiàëüíèé ðîçâ'ÿçîê

a(t) ≡ 0, t ∈ [0, T ]. Âèêîðèñòîâóþ÷è öå â çàäà÷i (30)-(32), çíàõîäèìî u(x, t) ≡ 0,
(x, t) ∈ QT . Òåîðåìó 2 äîâåäåíî. �Ñïèñîê âèêîðèñòàíî¨ ëiòåðàòóðè1. Jones B.F.The determination of a oe�ient in a paraboli di�erential equation. I. Existeneand uniqueness / Jones B.F. // J. Math. Meh. � 1962. � Vol. 11, �5. � �. 907-918.2. Cannon J.R. Reovering a time-dependent oe�ient in a paraboli di�erential equation/ Cannon J.R., Rundell W. // J. Math. Anal. Appl. � 1991 � Vol. 160. � P. 572-582.3. Azari H. Determination of an unknown oe�ient in a paraboli inverse problem / Aza-ri H., Li C., Nie Y., Shang S. //Dynamis of Continuos, Disrete and Impulsive Systems.Series A: Math. Analysis. � 2004. � Vol. 11. � P. 665-674.
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