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|u|r−2ut −

n∑

i=1

(|u|γi−2uxi
)xi

±
n∑

i=1

|u|si(x)−2uxi
± |u|q(x)−2u = f(x, t), (1)

u|∂Ω×[0,T ] = 0, |u|r−2u|t=0 = 0, (2)äå r, γ1, . . . , γn > 2 � äåÿêi ÷èñëà, si(x) > si0 > 0, q(x) > q0 > 1 � äåÿêi �óíêöi¨.Ïîêàæåìî iñíóâàííÿ ðîçâ'ÿçêó öi¹¨ çàäà÷i.Äëÿ äîâåäåííÿ òåîðåìè iñíóâàííÿ ðîçâ'ÿçêó âèêîðèñòàíî ìåòîä åëiïòè÷íî¨ ðå-ãóëÿðèçàöi¨. Òîáòî ðîçâ'ÿçîê (1)�(2) îòðèìà¹ìî ÿê ãðàíèöþ ñiì'¨ ðîçâ'ÿçêiâ òàêèõêðàéîâèõ çàäà÷ Äiðiõëå-Íåéìàíà äëÿ íåëiíiéíèõ ðiâíÿíü åëiïòè÷íîãî òèïó:
−ε(|u|r−2ut)t+ |u|r−2ut−

n∑

i=1

(|u|γi−2uxi
)xi

±
n∑

i=1

|u|si(x)−2uxi
±|u|q(x)−2u = f(x, t), (3)

u|∂Ω×[0,T ] = 0, |u|r−2u|t=0 = 0, |u|r−2ut|t=0 = 0, (4)äå ε > 0.Çàäà÷i (3), (4) ìàþòü ñàìîñòiéíèé iíòåðåñ, òîìó ðîçãëÿäàþòüñÿ îêðåìî i â çà-ãàëüíiøîìó, íiæ òðåáà äëÿ ðîçâ'ÿçíîñòi (1), (2) �îðìóëþâàííi.© Áîêàëî Ò., 2011



44 Òàðàñ ÁÎÊÀËÎISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2011. Âèïóñê 75Â [1℄ ðîçãëÿíóòî çàäà÷i, ÿêi â ìîäåëüíîìó âèïàäêó íàáóëè âèãëÿäó (1), (2) òà(3), (4) ç òi¹þ âiäìiííiñòþ, ùî ìîëîäøi äîäàíêè ðiâíÿíü íàÿâíi ç äîäàòíèìè êîå�i-öi¹íòàìè, ¨õíié ñòåïiíü íåëiíiéíîñòi sj(y) ≡ γj , j = 1, N , òà âiäñóòíié çâ'ÿçîê ìiæ
q(y) i γj â óìîâàõ iñíóâàííÿ ðîçâ'ÿçêó. Ïðàöÿ [2℄ ìiñòèòü ðiâíÿííÿ ç ìîíîòîííîþíåëiíiéíiñòþ â ãîëîâíié ÷àñòèíi. Äîñëiäæåííþ ðiçíèõ çàäà÷ äëÿ iíøèõ ïîäâiéíî íå-ëiíiéíèõ ïàðàáîëi÷íèõ ðiâíÿíü ïðèñâÿ÷åíi ïðàöi [3℄-[7℄ (äèâ. òàêîæ áiáëiîãðà�iþ âñòàòòi [1℄). Äåÿêi âàðiàöiéíi íåðiâíîñòi, àñîöiéîâàíi ç ïîäiáíèìè íåëiíiéíèìè ïàðàáî-ëi÷íèìè ðiâíÿííÿìè çi çìiííèìè ïîêàçíèêàìè íåëiíiéíîñòi, âèâ÷åíî â [9℄, [10℄.2. Äåÿêi äîïîìiæíi �àêòè.Íîðìó áàíàõîâîãî ïðîñòîðó B ïîçíà÷èìî || · ;B||,à ñïðÿæåíèé äî B ïðîñòið � B∗. Äiþ g ∈ B∗ íà åëåìåíò y ∈ B ïîçíà÷àòèìåìî
〈g, y〉B. Äëÿ ñïðîùåííÿ çàìiñòü, íàïðèêëàä, u(·, t) ïèñàòèìåìî u(t). Íåõàé Ω ⊂ R

n� îáìåæåíà îáëàñòü ç ìåæåþ ∂Ω ⊂ C1, Qt1,t2 = Ω × (t1, t2), 0 ≤ t1 < t2 ≤ T ,
Ωτ = {(x, t) : x ∈ Ω, t = τ}, τ ∈ [0, T ],

L∞
+ (Ω) = {v ∈ L∞(Ω) : ess inf

x∈Ω
v(x) > 1}.Äëÿ êîæíî¨ �óíêöi¨ q ∈ L∞

+ (Ω) ÷åðåç q0 òà q0 ïîçíà÷àòèìåìî ÷èñëà q0 ≡ ess inf
x∈Ω

q(x)òà q0 ≡ ess sup
x∈Ω

q(x), à ÷åðåç q′ � òàêó �óíêöiþ, ùî 1
q(x) +

1
q′(x) = 1 äëÿ x ∈ Ω.Íåõàé X , Y � íîðìîâàíi ïðîñòîðè. Íàãàäà¹ìî, ùî X âêëàäà¹òüñÿ (íåïåðåðâíî)â Y , ó öüîìó ðàçi ïèñàòèìåìî X 	 Y , ÿêùî âèêîíóþòüñÿ òàêi óìîâè:(i) X ⊂ Y , (ii) ∃ γ > 0 ∀ x ∈ X : ||x||Y 6 γ||x||X ;

X êîìïàêòíî âêëàäà¹òüñÿ â Y , ó öüîìó ðàçi ïèñàòèìåìî X
K
	 Y , ÿêùî êîæíà îáìå-æåíà ïîñëiäîâíiñòü â X ìà¹ ñèëüíî çáiæíó â Y ïiäïîñëiäîâíiñòü.Ìè êîðèñòóâàòèìåìîñü òàêèìè òâåðäæåííÿìè.Ëåìà 1. Íåõàé p ∈ L∞

+ (Ω), u ∈ C1(Ω), p ∈ R, p > p0. Òîäi äëÿ êîæíîãî ε0 > 0 iñíó¹òàêà ñêàëà K(ε0) > 0, ùî∫

Ω

|u|p(x)dx 6 ε0

∫

Ω

|u|p−2|uxi
|2dx+ ε0

∫

∂Ω

|u|pdS +K(ε0), i = 1, n.Äîâåäåííÿ. Íåõàé p > p0, ε, ε0 > 0, δ > 0, i ∈ {1, . . . , n}. Òîäi ìàéæå äëÿ âñiõ x ∈ Ω:
p0+δ
p(x) > 1. Òîäi ç íåðiâíîñòi Þíãà

|u(x)|p(x) 6 ε|u(x)|p(x)
p0+δ
p(x) + Y p0+δ

p(x)

(ε)1

(
p0+δ
p(x)

)
′

= ε|u(x)|p0+δ + Y p0+δ
p(x)

(ε),äå Y p0+δ
p(x)

(ε) � ñòàëà, çàëåæíà ëèøå âiä p0, p
0, δ, ε.Òîìó, âèêîðèñòîâóþ÷è ëåìó 2.2 [1, ñ. 441℄ ç α1 = 2, α0 = p0+δ−2 > 1−2 = 1−α1,îäåðæèìî ∫

Ω

|u|p(x)dx 6 ε

∫

Ω

|u|p0+δ−2+2dx+K(ε) 6

6 εM0

∫

Ω

|u|p0+δ−2|uxi
|2dx + εM0

∫

∂Ω

|u|p0+δdS +K(ε).Òåïåð âèáåðåìî ε = ε0
M0

, δ = p− p0 > 0 é îòðèìà¹ìî ïîòðiáíó íåðiâíiñòü. �
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0 (Ω) òà γ > max{1, s0} âèêîíó¹òüñÿ îöiíêà

∫

Ω

|u|s(x)dx 6 ε1

∫

Ω

|u|γ−2|uxi
|2dx+ C1(ε1), (5)äå ε1 > 0 � äîâiëüíå ÷èñëî.Äîâåäåííÿ. ßêùî s0 > 1, òî (5) äëÿ γ > s0 âèïëèâà¹ ç ëåìè 1. Êîëè s0 6 1, òîâèêîðèñòàòè ëåìó 2.2 â äîâåäåííi ëåìè 1 äëÿ äîâiëüíîãî δ > 0 íå ìîæíà. Òðåáàâèìàãàòè âèêîðèñòàííÿ óìîâ δ = p − p0 > 0 òà p0 + δ > 1, òîáòî p > 1. Â íàøîìóâèïàäêó öå ïðèçâîäèòü äî óìîâ γ > 1 òà γ > s0. �Ëåìà 2. . Íåõàé γ > 1 � äåÿêå ÷èñëî, s : Ω → R � âèìiðíà �óíêöiÿ òàêà, ùî

γ−2
2 < s0 6 s(x) 6 s0 < γ − 1. Òîäi äëÿ âñiõ u ∈ C1

0 (Ω) âèêîíó¹òüñÿ îöiíêà
∫

Ω

|u|s(x)|uxi
|dx 6 η1

∫

Ω

|u|γ−2|uxi
|2dx+ C2(η1) äëÿ âñiõ i = 1, n, (6)äå η1 > 0 äîâiëüíå ÷èñëî.Äîâåäåííÿ. Íåõàé p � äåÿêå ÷èñëî. Ç íåðiâíîñòi Þíãà çi ñòåïåíåì β > 1 îòðèìà¹ìî

|u|s(x)|uxi
| = |u|p|uxi

| · |u|s(x)−p 6 ε|u|pβ|uxi
|β + C3(ε)|u|(s(x)−p)β′

. (7)Ïåðøèé äîäàíîê îöiíèìî ç ëåìè 2.3 [1, ñ. 443℄ äëÿ âñiõ β ∈ (1, 2], γ > 1, p = γ−β
β

∫

Ω

|u|pβ |uxi
|βdx =

∫

Ω

|u|α0+α1 |uxi
|α2dx 6

6 M1

∫

Ω

|u|α0 |uxi
|α1+α2dx = M1

∫

Ω

|u|γ−2|uxi
|2dx, (8)äå α0 = γ − 2, α1 = 2− β, α2 = β.Äî äðóãîãî äîäàíêà ç (7) âèêîðèñòà¹ìî íàñëiäîê 1. Îäåðæèìî, ùî äëÿ âñiõ γ > 1,

β ∈ (1, 2], p = γ−β
β

òà s ç óìîâè ëåìè âèêîíó¹òüñÿ
∫

Ω

|u|(s(x)−p)β′

dx 6 ε1

∫

Ω

|u|γ−2|uxi
|2dx+ C4(ε1). (9)Îòîæ, âðàõîâóþ÷è óìîâè ëåìè, ìîæíà âèáðàòè òàêi ÷èñëà β òà p, ùî ïðàâèëü-íèìè áóäóòü îöiíêè (7)�(9). Ç íèõ îäåðæèìî

∫

Ω

|u|s(x)|uxi
|dx 6 εM1

∫

Ω

|u|γ−2|uxi
|2dx+ C4(ε)ε1 ∫

Ω

|u|γ−2|uxi
|2dx+ C4(ε)C5(ε1).Çâiäñè, âèáèðàþ÷è ìàëèì ñïåðøó ε = η1

M1
, à ïîòiì ε1 = η1

C4(ε) , îäåðæèìî îöiíêó (6)äëÿ ÿê çàâãîäíî ìàëîãî η1 > 0. �



46 Òàðàñ ÁÎÊÀËÎISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2011. Âèïóñê 75Íåõàé ε > 0 � äîâiëüíå ÷èñëî, à w ∈ L1(0, T ;B). �îçãëÿíåìî çàäà÷ó: çíàéòè�óíêöiþ wε ∈ W 1,1(0, T ;B) òàêó, ùî
−εw′

ε(t) + wε(t) = w(t), wε(T ) = 0, t ∈ (0, T ). (10)Çðîçóìiëî, ùî ¹äèíèì ðîçâ'ÿçêîì öi¹¨ çàäà÷i ¹ �óíêöiÿ wε(t) = 1
ε

∫ T

t
e−

τ−t
ε w(τ)dτ ,

t ∈ [0, T ].Ëåìà 3. Íåõàé w ∈ Lp(0, T ;B), p > 1. Òîäi wε ∈ W 1,p(0, T ;B) i
||wε;L

p(0, T ;B)|| 6 ||w;Lp(0, T ;B)||, ε > 0, (11)

wε −→
ε→0+

w â Lp(0, T ;B). (12)Äîâåäåííÿ. Òâåðäæåííÿ ëåìè áåç îöiíêè (11) ïîäàíî â [13℄. Òîìó äîâåäåìî ëèøå(11). Íåõàé ñïåðøó p = 1. Òîäi îòðèìà¹ìî
||wε;L

1(0, T ;B)|| =
T∫

0

∥∥∥1
ε

T∫

t

e−
τ−t
ε w(τ)dτ

∥∥∥dt 6

6
1

ε

T∫

0

T∫

t

e−
τ−t
ε ||w(τ)||dτdt = 1

ε

T∫

0

||w(τ)||
( τ∫

0

e−
τ−t
ε dt

)
dτ =

=

T∫

0

(1− e−
τ
ε )||w(τ)||dτ 6

T∫

0

||w(τ)||dτ = ||w;L1(0, T ;B)||. (13)Íåõàé òåïåð p > 1. Ïîçíà÷àòèìåìî p′ � ñïðÿæåíå äî p ÷èñëî ( 1
p
+ 1

p′ = 1), à B′� ñïðÿæåíèé äî B ïðîñòið. Âiäîìî, ùî Lp′

(0, T ;B′) îòîòîæíþ¹òüñÿ çi ñïðÿæåíèì äî
Lp(0, T ;B) ïðîñòîðîì. Òîìó íàì äîñòàòíüî äîâåñòè, ùî

〈v, wε〉Lp(0,T ;B) =

T∫

0

〈v(t), wε(t)〉Bdt 6 ||v;Lp′

(0, T ;B′)|| ||w;Lp(0, T ;B)|| (14)äëÿ äîâiëüíèõ v ∈ Lp′

(0, T ;B′), äå 〈·, ·〉B � ïîçíà÷åííÿ äi¨ åëåìåíòà ç B′ íà åëåìåíòç B. Îòîæ, íåõàé v ÿêà-íåáóäü �óíêöiÿ ç Lp′

(0, T ;B′). Îöiíèìî
〈v, wε〉Lp(0,T ;B) =

T∫

0

(1
ε

T∫

t

e−
τ−t
ε 〈v(t), w(τ)〉Bdτ

)
dt 6

6

T∫

0

(1
ε

T∫

t

e−
τ−t
ε ||v(t)||B′ ||w(τ)||Bdτ

)
dt =

1

ε

T∫

0

dt

T−t∫

0

e−
s
ε ||v(t)||B′ ||w(s+ t)||Bds =

=
1

ε

T∫

0

( T−s∫

0

||v(t)||B′ ||w(s+ t)||Bdt
)
e−

s
ε ds 6

1

ε

T∫

0

e−
s
ε ||v(t);Lp′

(0, T − s;B′)|| ×

× ||w(s + t);Lp(0, T − s;B)||ds 6 ||v;Lp′

(0, T ;B′)|| ||w;Lp(0, T ;B)||.Ó ïiäñóìêó îòðèìà¹ìî (14). �
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N > n, γ1, . . . , γN > 2 � äåÿêi ÷èñëà, G = Ω× (0, ln+1)× . . .× (0, lN ), ln+1, . . . , lN > 0� �iêñîâàíi ÷èñëà,

Π0 = {u ∈ C1(G) : u|∂Ω×[0,ln+1]×...×[0,lN ] = 0, u|yn+1=0 = 0, . . . , u|yN=0 = 0}.�îçãëÿíåìî êðàéîâó çàäà÷ó Äiðiõëå-Íåéìàíà
−

N∑

j=1

(aj(y)|u|γj−2uyj
)yj

+

N∑

j=1

bj(y, u)uyj
+ g(y, u) = f(y), y ∈ G, (15)

u|∂Ω×[0,ln+1]×...×[0,lN ] = 0, (16)

u|yj=0 = 0, uyj
|yj=lj = 0, j = n+ 1, N. (17)Íåõàé k, l ∈ {1, . . . , N} � òàêi iíäåêñè, ùî

γl = min
16j6N

γj , γk = max
16j6N

γj . (18)Ïðèïóñêàòèìåìî, ùî âèêîíóþòüñÿ óìîâè:(A1): äëÿ âñiõ j ∈ {1, . . . , N} aj ∈ L∞(G) òà aj(y) > a0 > 0 äëÿ ìàéæå âñiõ y ∈ G;(B1): äëÿ âñiõ j ∈ {1, . . . , N} bj çàäîâîëüíÿ¹ óìîâè Êàðàòåîäîði òà óìîâè1) äëÿ j ∈ {1, . . . , n} |bj(y, ξ)ξ| 6 b0|ξ|sj(y) äëÿ ìàéæå âñiõ y ∈ G òà äëÿ âñiõ
ξ ∈ R, b0 > 0, sj ∈ L∞(G), 0 < sj0 6 sj(y) 6 s0j < +∞ ìàéæå äëÿ âñiõ y ∈ G;2) äëÿ j ∈ {n+ 1, . . . , N} bj(y, ξ) = b0|ξ|γj−2 äëÿ ìàéæå âñiõ y ∈ G òà äëÿ âñiõ
ξ ∈ R, äå b0 > 0;(G1): g ∈ L∞(G) çàäîâîëüíÿ¹ óìîâè Êàðàòåîäîði òà |g(y, ξ)ξ| 6 g0|ξ|q(y) äëÿ ìàéæåâñiõ y ∈ G òà äëÿ âñiõ ξ ∈ R, äå g0 > 0, q ∈ L∞(G), 0 < qj0 6 qj(y) 6 q0j < +∞ìàéæå äëÿ âñiõ y ∈ G;(F1): f ∈ Lγ′

k(G), äå 1
γk

+ 1
γ′

k

= 1, k òàêå ÿê â (18).Íåõàé [z, v]G
def
=

∫
G
z(y)v(y)dy.Îçíà÷åííÿ 1. �îçâ'ÿçêîì çàäà÷i (15)-(17) íàçèâà¹òüñÿ �óíêöiÿ u òàêà, ùî

u ∈ Lγk(G), |u|
γj
2 −1u, (|u|

γj
2 −1u)yj

∈ L2(G), j = 1, N,ÿêà çàäîâîëüíÿ¹ (16), (17) òà äëÿ âñiõ z ∈ Π0 çàäîâîëüíÿ¹
[ N∑

j=1

2aj(y)

γj
|u|

γj
2 −1(|u|

γj
2 −1u)yj

, zyj

]
G
+

N∑

j=1

[
bj(y, u)uyj

, z
]
G
+ [g(y, u), z]G = [f, z]GÏåðø íiæ äîâîäèòè iñíóâàííÿ ðîçâ'ÿçêó íàâåäåìî äåÿêi äîïîìiæíi òâåðäæåííÿ,ÿêi ïîòiì âèêîðèñòà¹ìî â äîâåäåííi.Ëåìà 4. Íåõàé u ∈ C1(G), u|∂Ω×[0,ln+1]×...×[0,lN ] = 0 òà âèêîíó¹òüñÿ îäíà ç óìîâ

u|yj=0 = 0 àáî u|yj=lj = 0, äå j ∈ {n+1, . . . , N}. ßêùî γ > 1 � äåÿêå ÷èñëî, s : G → R� âèìiðíà �óíêöiÿ òàêà, ùî 0 < s0 6 s(y) 6 s0 < γ ìàéæå äëÿ âñiõ y ∈ G, òî äëÿêîæíîãî j ∈ {1, . . . , N} âèêîíó¹òüñÿ îöiíêà
∫

G

|u|s(y)dy 6 η1

∫

G

|u|γ−2|uyj
|2dy + C6(η1), (19)



48 Òàðàñ ÁÎÊÀËÎISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2011. Âèïóñê 75äå η1 > 0 äîâiëüíå ÷èñëî, ñòàëà C6 íå çàëåæèòü âiä u.Äîâåäåííÿ. Òóò àíàëîãi÷íi ìiðêóâàííÿ ÿê â ëåìi 1 òà íàñëiäêó 1, ç òi¹þ âiäìiííiñòþ,ùî çàìiñòü ëåìè 2.2 [1, ñ. 441℄ âèêîðèñòîâó¹ìî ëåìó 2.4 [1, . 444℄. �Ëåìà 5. Íåõàé u òàêå ÿê â ëåìi 4. ßêùî γ > 1 � äåÿêå ÷èñëî, s : G → R � âèìiðíà�óíêöiÿ òàêà, ùî γ−2
2 < s0 6 s(y) 6 s0 < γ − 1 ìàéæå äëÿ âñiõ y ∈ G, òî äëÿêîæíîãî j ∈ {1, . . . , N} âèêîíó¹òüñÿ îöiíêà

∫

G

|u|s(y)|uyj
|dy 6 η2

∫

G

|u|γ−2|uyj
|2dy + C7(η2), (20)äå η2 > 0 äîâiëüíå ÷èñëî, ñòàëà C7 íå çàëåæèòü âiä u.Äîâåäåííÿ. �îçãëÿíåìî äâà âèïàäêè:à) Íåõàé j ∈ {1, . . . , n}. Òîäi ç ëåìè 2 îòðèìà¹ìî (20) äëÿ G = Ω y = x. Iíòåã-ðóþ÷è öþ íåðiâíiñòü çà yn+1 ∈ (0, ln+1), . . . , yN ∈ (0, lN), îòðèìó¹ìî (20) äëÿ G.á) Íåõàé j ∈ {n + 1, . . . , N}. Òîäi âèêîðèñòîâóþ÷è ëåìó 2.4 ç [1, . 444℄ çà-ìiñòü ëåì 2.2, 2.3 [1, ñ. 441, 443℄ îòðèìà¹ìî (20) äëÿ G = (0, lj). Çiíòåãðóâàâøè ¨¨ çà

(y1, . . . , yn) ∈ Ω, yn+1 ∈ (0, ln+1), . . . , yj−1 ∈ (0, lj−1), yj+1 ∈ (0, lj+1), . . . , yN ∈ (0, lN ),îäåðæèìî (20) äëÿ G. �Äëÿ �óíêöié w, v : G → R âèçíà÷èìî âèðàç
L(w, v) =

∫

G

[ N∑

j=1

aj(y)|w|γj−2wyj
vyj

+

N∑

j=1

bj(y, w)wyj
v + g(y, w)v

]
dy. (21)Òàêîæ ââåäåìî ïîçíà÷åííÿ: Gj = Ω × (0, ln+1) × . . . × (0, lj−1) × (0, lj+1) × (0, lN ),

y′j = (y1, . . . , yj−1, yj+1, . . . , yN ), dy′j = dy1 . . . dyj−1dyj+1 . . . dyN , äå j ∈ {n+1, . . . , N}.Ëåìà 6. . ßêùî γ1, . . . , γN > 1 � äåÿêi ÷èñëà, sj , q : G → R � âèìiðíi �óíêöi¨ òàêi,ùî γj−2
2 < sj0 6 sj(y) 6 s0j < γj − 1, 1 < q0 6 q(y) 6 q0 < γ äëÿ ìàéæå âñiõ y ∈ G,âèêîíóþòüñÿ óìîâè (A1), (B1), (G1), òî äëÿ âñiõ u ∈ Π0 îòðèìà¹ìî

L(u, u) >

∫

G

(a0 − η3)

N∑

j=1

|u|γj−2|uyj
|2dy +

1

γl

N∑

j=n+1

∫

Gj

|u|γj |yj=ljdy
′
j − C8(η3), (22)äå η3 > 0 äîñòàòíüî ìàëå, l òàêå ÿê â (18).Äîâåäåííÿ. Îöiíèìî êîæåí äîäàíîê (21) çàïèñàíèé äëÿ w = v

def
= u. Ç óìîâ (A1)îäåðæèìî

∫

G

N∑

j=1

aj(y)|u|γj−2|uyj
|2dy > a0

∫

G

N∑

j=1

|u|γj−2|uyj
|2dy. (23)Äàëi äëÿ j ∈ {1, . . . , n} ç óìîâè (B1) 1) òà ç ëåìè 5 âèïëèâà¹ îöiíêà

∫

G

bj(y, u)uyj
udy 6 b0

∫

G

|u|sj(y)|uyj
|dy 6 b0η1

∫

G

|u|γj−2|uyj
|2dy + b0C7(η1), (24)
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∫

G

bj(y, u)uyj
udy = b0

∫

G

|u|γj−2uyj
udy = b0

∫

G

1

γj

∂

∂yj

(
|u|γj

)
dy =

= b0

∫

Gj

1

γj
|u|γjdy′j

∣∣∣
yj=lj

yj=0
= b0

∫

Gj

1

γj
|u|γj |yj=ljdy

′
j >

b0

γl

∫

Gj

|u|γj |yj=ljdy
′
j . (25)Âèêîðèñòîâóþ÷è óìîâó (G1) òà ëåìó 4, îäåðæèìî

∫

G

g(y, u)udy 6 g0
∫

G

|u|q(y)dy 6 g0η2

∫

G

|u|γk−2|uyk
|2dy + g0C6(η2), (26)äå k òàêå ÿê â (18).Îòîæ, ç (23)-(26) îòðèìà¹ìî

L(u, u) >

∫

G

[
(a0 − b0η1)

n∑

j=1, j 6=k

|u|γj−2|uyj
|2dy + a0

N∑

j=n+1, j 6=k

|u|γj−2|uyj
|2 +

+(a0− θk− g0η2)|u|γk−2|uyk
|2
]
dy+

b0

γl

N∑

j=n+1

∫

Gj

|u|γj |yj=ljdy
′
j −

n∑

j=1

b0C7(η1)− g0C6(η2),äå θk =

{
b0η1, k 6 n,

0, k > n.
Çâiäñè îäåðæèìî íåîáõiäíå, âèáèðàþ÷è η1, η2 > 0 äîñèòüìàëèìè. �Òåîðåìà 1. Íåõàé k, l òàêi ÿê â (18). ßêùî âèêîíóþòüñÿ óìîâè (A1)-(F1),

γ1, . . . , γN > 2, γk

2 6 γl, 0 < q0 6 q0 < γk, γj−2
2 < sj0 6 s0j < γj − 1, òî çàäà÷à(15)-(17) ìà¹ ðîçâ'ÿçîê.Äîâåäåííÿ. Âèêîðèñòà¹ìî ìåòîä �àëüîðêiíà. Íåõàé w1, w2, . . . , wm, . . . � áàçà â ïðîñ-òîði Π0. Íàáëèæåíi ðîçâ'ÿçêè çàäà÷i (15)-(17) áóäåìî øóêàòè ó âèãëÿäi

um(y) =

m∑

µ=1

zmµ wµ(y), y ∈ G,äå íåâiäîìi ñòàëi zm1 , zm2 , . . . , zmm âèáèðà¹ìî òàê, ùîá
L(um, wµ) = [f, wµ]G, µ = 1,m. (27)Ç ëåìè Âiøèêà (ëåìà 4.3 [11, ñ. 66℄) òàêi ñòàëi iñíóþòü.Çðîáèìî äåÿêi ïåðåòâîðåííÿ. Äîìíîæèìî (27) íà zmµ i ïiäñóìó¹ìî ïî µ âiä 1 äî

m. Îòðèìà¹ìî L(um, um) = [f, um]G.Ç íåðiâíîñòi Þíãà òà ëåìè 2.4 [1, ñ. 444℄ îäåðæèìî
[f, um]G 6 η4

∫

G

|um|γkdy + C9(η4)

∫

G

|f |γ′

kdy 6 η4M1

∫

G

|um|γk−2|um
yk
|2dy + C10(η4),äå k âçÿòî ç (18). Äàëi, âèêîðèñòîâóþ÷è ùîéíî îòðèìàíó îöiíêó, îöiíêó (22) òàâèáèðàþ÷è ÷èñëà η3, η4 äîñòàòíüî ìàëèìè, îòðèìà¹ìî
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0 = L(um, um)− [f, um]G >

a0

2

∫

G

N∑

j=1

|um|γj−2|um
yj
|2dy +

+
b0

γl

N∑

j=n+1

∫

Gj

|u|γj |yj=ljdy
′
j − C11. (28)Òîáòî

N∑

j=n+1

∫

Gj

|u|γj |yj=ljdy
′
j +

∫

G

N∑

j=1

|um|γj−2|um
yj
|2dy 6 C12, (29)äå ñòàëà C12 > 0 íå çàëåæèòü âiä m.Ç òåîðåìè 2.1 [1, ñ. 445℄ îòðèìà¹ìî, ùî

|| |um|β−2um;W 1,
γl

β−1 (G)|| 6 C13, (30)äå l ç (18), ñòàëà C13 > 0 íå çàëåæèòü âiä m òà ÷èñëî β > 2 ñïðàâäæó¹ îöiíêó
γk

2
+ 1 6 β 6 γl + 1. (31)Çðîçóìiëî, ùî ||um|

γj
2 −1um|2 = |um|γj . Îñêiëüêè um � ãëàäêà �óíêöiÿ, òî âèêî-íó¹òüñÿ |um|

γj
2 −1um

yj
= 2

γj
(|um|

γj
2 −1um)yj

, òîìó çâiäñè îäåðæèìî, ùî
|um|γj−2|um

yj
|2 = [|um|

γj
2 −1um

yj
]2 = 4

γ2
j

[(|um|
γj
2 −1um)yj

]2.Òîäi ç íåðiâíîñòi Ôðiäðiõñà (äèâ. ëåìà 1.36 [12, ñ. 50℄) òà îöiíêè (29) îòðèìà¹ìî
∫

G

[
| |um|

γj
2 −1um|2 + | (|um|

γj
2 −1um)yj

|2
]
dy 6 C14, (32)äå ñòàëà C14 íå çàëåæèòü âiä m.Íà ïiäñòàâi îòðèìàíèõ îöiíîê âèïëèâà¹, ùî iñíó¹ ïiäïîñëiäîâíiñòü {umk}k∈N ⊂

⊂ {um}m∈N òàêà, ùî
|umk |

γj
2 −1umk −→

k→∞
χ
j
0 � ñëàáêî â L2(G), (33)

(|umk |
γj
2 −1umk)yj

−→
k→∞

χj � ñëàáêî â L2(G). (34)Âèêîðèñòîâóþ÷è îöiíêó (30), òåîðåìó �åëiõà-Êîíäðàøîâà (äèâ. ëåìà 1.28 [12, ñ. 47℄)òà ëåìó 1.18 (äèâ. [12, . 47, 39℄), îäåðæèìî, ùî (ìîæëèâî ïðè ïåðåõîäi äî ïiäïîñëi-äîâíîñòi)
|umk |β−2umk −→

k→∞
|u|β−2u � ñèëüíî â L

γl
β−1 (G) òà ì.ñ. â G.Òîìó umk → u ì.ñ. â G i òîäi χj

0 = |u|
γj
2 −1u, χj = (χj

0)yj
, j = 1, N .Âèêîíà¹ìî ãðàíè÷íèé ïåðåõiä â (27) ç m = mk, k ∈ N, µ = 1,mk. Íåõàé

j ∈ {1, . . . , N}. �îçãëÿíåìî ñïî÷àòêó âèðàç
J1
k =

∫

Q0,T

aj(y)|umk |γj−2umk
yj

ωµ
yj
dy.
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umk
yj

−→
k→∞

uyj
� ñëàáêî â L2(G), (35)òîìó

J1
k =

∫

G

aj(y)u
mk
yj

ωµ
yj
dy −→

k→∞

∫

G

aj(y)uyj
ωµ
yj
dy.Íåõàé γj > 2. Òîäi îòðèìà¹ìî aj |umk |γj−2umk

yj
= Z1(y, u

mk)|umk |
γj
2 −1umk

yj
, äå

Z1(y, u
mk) = aj(y)|umk |

γj
2 −1. Ïðè íàøîìó âèáîði γj �óíêöiÿ Z1 çàäîâîëüíÿ¹ óìîâóÊàðàòåîäîði. ßêùî s =
2γj

γj−2 = 2 + 4
γj−2 > 2, òî ç (32) îòðèìà¹ìî, ùî

∫

G

|Z1(y, u
mk)|sdy =

∫

G

asj |umk |γjdy 6 C15.Òîìó ç ëåìè Äóáiíñüêîãî ([16, . 471℄) îäåðæèìî, ùî
J1
k =

∫

G

Z1(y, u
mk)|umk |

γj
2 −1umk

yj
ωµ
yj
dy −→

k→∞

∫

G

aj(y)|u|
γj
2 −1 2

γj
(|u|

γj
2 −1u)yj

ωµ
yj
dy.Òåïåð ïåðåéäåìî äî ãðàíèöi â ìîëîäøèõ äîäàíêàõ. Ïîêàæåìî çáiæíîñòi

J2
k

def
=

∫

G

bj(y, u
mk)umk

yj
ωµdy −→

k→∞

∫

G

bj(y, u)uyj
ωµdy, (36)

J3
k

def
=

∫

G

g(y, umk)ωµdy −→
k→∞

∫

G

g(y, u)ωµdy. (37)Â îáèäâîõ âèïàäêàõ ñêîðèñòà¹ìîñÿ ëåìîþ Äóáiíñüêîãî ([16, . 471℄). ßêùî
j ∈ {n+ 1, . . . , N}, òî bj(y, u

mk) = b0|umk |gaj−2. Òîäi àíàëîãi÷íî ÿê ç iíòåãðàëîì J1
k ,îòðèìà¹ìî òàêå:

J2
k = b0

∫

G

|umk |γj−2umk
yj

ωµdy −→
k→∞

b0

∫

G

|u|
γj
2 −1 2

γj
(|u|

γj
2 −1u)yj

ωµdy.Ó âèïàäêó j ∈ {1, . . . , n} òðåáà îòðèìàòè äåÿêi äîäàòêîâi îöiíêè. Ñïåðøó ðîçãëÿíåìîâèðàç
bj(y, u

mk)umk
yj

=
bj(y, u

mk)

|umk |
γj
2 −1

· |umk |
γj
2 −1umk

yj
= Z2(y, u

mk) · |umk |
γj
2 −1umk

yj
,äå Z2(y, u

mk) =
bj(y,u

mk )

|umk |
γj
2

−1
. Ïðè íàøîìó âèáîði γj �óíêöiÿ Z2 çàäîâîëüíÿ¹ óìîâóÊàðàòåîäîði. Äàëi äëÿ s̃ =

2γj

2(s0j+δ)−γj
= 2 + 4

γj−s0j−δ

2(s0j+δ)−γj
> 2, äå δ > 0 � äîñèòü ìàëå,îäåðæèìî ∫

G

|Z2(y, u
mk)|s̃dy 6 |b0|s̃

∫

G

|umk |
(sj(y)−

γj
2 )·

2γj

2(s0
j
+δ)−γj dy. (38)Òåïåð çàñòîñó¹ìî ëåìó 4, ïðè s(y) = (sj(y) − γj

2 )
2γj

2s0j−γj
i Ω = G, äî iíòåãðàëàâ ïðàâié ÷àñòèíi ïîïåðåäíüî¨ íåðiâíîñòi. Çðîçóìiëî, ùî äëÿ òîãî, àáè âèêîðèñòàòè
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(sj(y) − γj

2 )
2γj

2(s0j+δ)−γj
< γj , òîáòî γj

2sj(y)−γj

2(s0j+δ)−γj
< γj , 2sj(y)−γj

2(s0j+δ)−γj
< 1, ÿêà âèêîíó¹òüñÿáî δ > 0, sj(y) 6 s0j òà 2s0j − γj > 0. Â íàøîìó âèïàäêó çàâäÿêè âèáîðó sj0, s0j òà γjç óìîâè òåîðåìè âîíè âèêîíóþòüñÿ.Îòæå, ïiñëÿ çàñòîñóâàííÿ ëåìè 4 îòðèìà¹ìî

∫

G

|Z2|s̃dy 6

∫

G

|umk |
(sj(y)−

γj
2 )·

2γj

2s0
j
−γj dy 6 C16

∫

G

|umk |γj−2|umk
yj

|2dy + C17 6 C18. (39)Òîìó ç ëåìè Äóáiíñüêîãî îäåðæèìî, ùî
J2
k −→

k→∞

∫

G

bj(y, u)

|u|
γj
2 −1

· 2

γj
(|u|

γj
2 −1u)yj

ωµdy.Äàëi çðîáèìî ïîòðiáíi îöiíêè ùîäî J3
k . Îñêiëüêè (q(y) − 1) γk

q0+δ−1 < γk, òî çëåìè 4 îäåðæèìî
∫

G

|g(y, umk)|
γk

q0+δ−1 dy6 |g0|
γk

q0+δ−1

∫

G

|umk |(q(x)−1)
γk

q0+δ−1 dy 6 C19

∫

G

|umk |γk−2|umk
yj

|2dy +

+ C20 6 C21.

∫

G

|umk |(q(x)−1)
γk

q0+δ−1 dy 6 C22.Òîìó ïîñëiäîâíiñòü �óíêöié {g(y, umk)}k∈N îáìåæåíà â L
γk

q0+δ−1 (G). Çâiäñè
g(y, umk) −→

k→∞
g(y, u) ñëàáêî â L

γk
q0+δ−1 (G).Âíàñëiäîê ãðàíè÷íîãî ïåðåõîäó ç (27) îòðèìà¹ìî ïîòðiáíó iíòåãðàëüíó òîòîæ-íiñòü ç çàìiíîþ v íà ωµ. Çà äîïîìîãîþ ñòàíäàðòíîãî çàìèêàííÿ îòðèìó¹ìî ií-òåãðàëüíó ðiâíiñòü ç îçíà÷åííÿ ðîçâ'ÿçêó. �4. Ìiøàíi çàäà÷i äëÿ ïîäâiéíî íåëiíiéíèõ ïàðàáîëi÷íèõ ðiâíÿíü.Íåõàé

r > 2, γ1, . . . , γn > 2 � äåÿêi ÷èñëà. Íå çìåíøóþ÷è çàãàëüíîñòi, ââàæàòèìåìî, ùî
2 6 γ1 6 γ2 6 . . . 6 γn. Ïîçíà÷àòèìåìî

W
1,γ
0 (Ω) = {u ∈ W

1,1
0 (Ω) | uxi

∈ Lγi(Ω), i = 1, n}, Z = W
1,γ
0 (Ω) ∩ Lγn(Ω),

Z(Q0,T ) = {u : Q0,T → Z | ||v;Z(Q0,T )|| < +∞},äå ||v;Z(Q0,T )|| =
∑n

i=1 ||vxi
;Lγi(Q0,T )||+ ||v;Lγn(Q0,T )||. ×åðåç U(Q0,T ) ïîçíà÷èìîìíîæèíó �óíêöié u ∈ Lmax{r,γn}(Q0,T ) òàêó, ùî

(Ru)t ∈ [Z(Q0,T )]
∗, |u|

γi
2 −1, (|u|

γi
2 −1u)xi

∈ L2(Q0,T ),

|u|
γi
2 −1(|u|

γi
2 −1u)xi

∈ Lγ′

i(Q0,T ), i = 1, n.
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(Ru)t −

n∑

i=1

(ai(x, t)|u|γi−2uxi
)xi

+

n∑

i=1

bi(x, t, u)uxi
+ g(x, t, u) = f(x, t), (40)

u|∂Ω×[0,T ] = 0, (41)

Ru|t=0 = 0, (42)äå Ru = 1
r−1 |u|r−2u òà âèêîíóþòüñÿ óìîâè:(A2): äëÿ âñiõ i ∈ {1, . . . , n} ai ∈ L∞(Q0,T ), ai(x, t) > a0 > 0 äëÿ ìàéæå âñiõ

(x, t) ∈ Q0,T ;(B2): äëÿ âñiõ i ∈ {1, . . . , n} bi çàäîâîëüíÿ¹ óìîâè Êàðàòåîäîði òà |bi(x, t, ξ)ξ| 6
6 b0|ξ|si(x) äëÿ ìàéæå âñiõ (x, t) ∈ Q0,T i äëÿ âñiõ ξ ∈ R, äå si ∈ L∞(Ω),ìàéæå äëÿ âñiõ x ∈ Ω, 0 < si0 6 si(x) 6 s0i < +∞, b0 > 0;(G2): g çàäîâîëüíÿ¹ óìîâè Êàðàòåîäîði òà |g(x, t, ξ)ξ| 6 g0|ξ|q(x) äëÿ ìàéæå âñiõ
(x, t) ∈ Q0,T i äëÿ âñiõ ξ ∈ R, äå q ∈ L∞(Ω), ìàéæå äëÿ âñiõ x ∈ Ω, 0 < q0 6

6 q(x) 6 q0 < +∞, g0 > 0;(F2): f ∈ Lγ′

n(Q0,T ), äå 1
γn

+ 1
γ′
n
= 1.Ïîçíà÷èìî (u, v)Ω =

∫
Ω

u(x)v(x)dx, [z, y]Q =
∫

Q0,T

z(x, t)y(x, t)dxdt.Îçíà÷åííÿ 2. �îçâ'ÿçêîì çàäà÷i (40)-(42) íàçèâà¹òüñÿ �óíêöiÿ u ∈ U(Q0,T )∩
∩L1(0, T ;W 1,1

0 (Ω)), |u|r−2u ∈ C([0, T ];Z∗), ÿêà çàäîâîëüíÿ¹ ïî÷àòêîâó óìîâó (42)òà iíòåãðàëüíó òîòîæíiñòü
2

r
[|u| r2−1(|u| r2−1u)t, ϕz]Q +

n∑

i=1

[
ai(x, t)|u|

γi
2 −1(|u|

γi
2 −1u)xi

, ϕzxi

]
Q
+

+

n∑

i=1

[
bi(x, t, u)uxi

, ϕz
]
Q
+ [g(x, t, u), ϕz]Q = [f, ϕz]Q,äëÿ âñiõ z ∈ Z, ϕ ∈ C∞([0, T ]), ϕ(0) = 0.Òåîðåìà 2. Íåõàé âèêîíóþòüñÿ óìîâè (A2)-(F2) òà r > 2, 2 6 γ1 6 γ2 6 . . . 6 γn,

1 < q0 6 q0 < γn, γi−2
2 < si0 6 s0i < γi − 1, i = 1, n,

max{r, γn}
2

< min{r, γ1}, γn >
γ1

γ1 − (r − 1)
, 1 <

γ1

r − 1
6

γn

r − 1
6 2.Òîäi çàäà÷à (40)-(42) ìà¹ ðîçâ'ÿçîê.Äîâåäåííÿ. ßê ìè âæå çàçíà÷àëè, âèêîðèñòà¹ìî ìåòîä åëiïòè÷íî¨ ðåãóëÿðèçàöi¨.�îçâ'ÿçîê çàäà÷i (40)-(42) íàáëèæà¹ìî ðîçâ'ÿçêàìè êðàéîâèõ çàäà÷ äëÿ ðiâíÿííÿåëiïòè÷íîãî òèïó

−ε(Ruε)tt + (Ruε)t −
n∑

i=1

(ai(x, t)|uε|γi−2uε
xi
)xi

+

+

n∑

i=1

bi(x, t, u
ε)uε

xi
+ g(x, t, uε) = f(x, t), (43)

uε|∂Ω×[0,T ] = 0, uε|t=0 = 0, uε
t |t=T = 0. (44)



54 Òàðàñ ÁÎÊÀËÎISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2011. Âèïóñê 75Îñêiëüêè âèêîíóþòüñÿ óìîâè òåîðåìè 1, òî äëÿ êîæíîãî ε > 0 iñíó¹ uε � óçàãàëüíå-íèé ðîçâ'ÿçîê öi¹¨ çàäà÷i. Öÿ �óíêöiÿ äëÿ êîæíîãî z ∈ V òà ϕ ∈ C∞([0, T ]), ϕ(0) = 0çàäîâîëüíÿ¹ ðiâíiñòü
[
ε|uε| r2−1 2

r
(|uε| r2−1uε)t, ϕ

′z
]
Q
+
[
|uε| r2−1 2

r
(|uε| r2−1uε)t, ϕz

]
Q
= 〈Fuε, ϕz〉Z(Q0,T ), (45)äå

〈Fuε, w〉Z(Q0,T ) =

T∫

0

〈F (t)uε(t), w(t)〉Zdt,

〈F (t)uε(t), z〉Z = (f(t), z)Ω −
n∑

i=1

(
ai(t)|uε|

γi
2 −1 2

γi
(|uε|

γi
2 −1uε)xi

, zxi

)
Ω
−

−
n∑

i=1

(
bi(t, u

ε)uε
xi
, z
)
Ω
− (g(t, uε), z)Ω, t ∈ (0, T ).Ç îöiíêè (32) âèïëèâà¹, ùî

∫

Q0,T

[ n∑

i=1

|(|uε|
γi
2 −1uε)xi

|2 +
n∑

i=1

|uε|γi

]
dxdt 6 C23, (46)

∫

Q0,T

|
√
ε(|uε| r2−1uε)t|2dxdt 6 C24, (47)äå C23, C24 > 0 íå çàëåæàòü âiä ε > 0. Çâiäñè òà ç íåðiâíîñòi Ôðiäðiõñà îòðèìà¹ìî

ε

∫

Q0,T

|uε|rdxdt = ε

∫

Q0,T

||uε| r2−1uε|2dxdt 6 εC25

∫

Q0,T

|(|uε| r2−1uε)t|2dxdt 6 C26,äå ñòàëà C26 > 0 íå çàëåæèòü âiä ε > 0, ÿêùî, íàïðèêëàä, ε 6 1.Ç îòðèìàíèõ îöiíîê âèïëèâà¹ iñíóâàííÿ ïîñëiäîâíîñòi {uεm}m∈N ⊂ {uε}ε>0 òà-êî¨, ùî
|uεm | γi2 −1uεm −→

εm→0
χ γi

2
− ñëàáêî â L2(0, T ;H1

0 (Ω)),
√
εm(|uεm | r2−1uεm)t −→

εm→0
χ0

r
2

− ñëàáêî â L2(Q0,T ).Öèõ çáiæíîñòåé áóäå íåäîñòàòíüî äëÿ ãðàíè÷íîãî ïåðåõîäó. Òîìó îòðèìà¹ìî äîäàò-êîâi îöiíêè íà �óíêöi¨ uε.Ç íåðiâíîñòi �åëüäåðà îäåðæèìî, ùî
∫

Ωt

f(t)zdx 6

(∫

Ωt

|f(t)|γ′

ndx
) 1

γ′
n

(∫

Ωt

|z|γndx
) 1

γn
. (48)Íåõàé γi > 2, i ∈ {1, . . . , n}. Îñêiëüêè

1
2γi

(γi−2)γ′

i

+
1
2
γ′

i

=
(γi − 2)γ′

i

2γi
+

γ′
i

2
=

γ′
i

2

(γi − 2

γi
+ 1

)
=

γ′
i

2

(2γi − 2

γi

)
= γ′

i

γi − 1

γi
= 1,òî ç íåðiâíîñòi Þíãà çi ñòåïåíÿìè 2γi

(γi−2)γ′

i
> 1, 2

γ′

i
> 1 îäåðæèìî

||uε|
γi
2 −1(|uε|

γi
2 −1uε)xi

|γ′

i = |uε|
(γi−2)γ′

i
2 |(|uε|

γi
2 −1uε)xi

|γ′

i 6



ÍÅËIÍIÉÍI ÀÍIÇÎÒ�ÎÏÍI �IÂÍßÍÍß ...ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2011. Âèïóñê 75 55
6 C27(|uε|γi + |(|uε|

γi
2 −1uε)xi

|2).ßêùî γi = 2, òî öÿ îöiíêà î÷åâèäíà.Íåõàé äëÿ êîæíîãî i ∈ {1, . . . , n} 1 < βi 6
2
γ′

i
. Òîäi, âèêîðèñòîâóþ÷è íåðiâíiñòüÞíãà çi ñòåïåíåì βi, îòðèìà¹ìî∫

Q0,T

|b(x, t, uε)uε
xi
|γ′

idxdt 6 b0
∫

Q0,T

|uε|(si(x)−1)γ′

i |uε
xi
|γ′

idxdt =

= b0
∫

Q0,T

|uε|(si(x)−1)γ′

i−δi |uε|δi |uε
xi
|γ′

idxdt 6 C28J
1
i + C29J

2
i ,äå δi =

γi−γ′

iβi

βi
,

J1
i =

∫

Q0,T

|uε|((si(x)−1)γ′

i−δi)β
′

idxdt, J2
i =

∫

Q0,T

|uε|γi−γ′

iβi |uε
xi
|γ′

iβidxdt.Âèêîðèñòîâóþ÷è äî J1
i íàñëiäîê 1 ç s(x) = ((si(x) − 1)γ′

i − δi)β
′
i òà ëåìó 2.3 ç [1,ñ. 443℄ äî J2

i , ç α0 = γi − 2, α1 = 2− γ′
iβi, α2 = γ′

iβi, âiäïîâiäíî, îäåðæèìî∫

Q0,T

|b(x, t, uε)uε
xi
|γ′

idxdt 6 C30

∫

Q0,T

|uε|γi−2|uε
xi
|2dxdt+ C31.Êðiì òîãî, çà äîïîìîãîþ íåðiâíîñòi Þíãà çi ñòåïåíåì γn

(q(x)−1)γ′
n
> 1 (òóò çàâäÿ-êè óìîâi òåîðåìè, à ñàìå òîãî, ùî q(x) < γn) îòðèìà¹ìî

|g(x, t, uε)|γ′

n 6 g0|uε|(q(x)−1)γ′

n 6 C32|uε|γn + C33.Âèêîðèñòîâóþ÷è öi îöiíêè òà (46), îòðèìà¹ìî, ùî F (t)uε(t) ∈ Z∗. Òîìó äëÿ âñiõ
z ∈ Z(Q0,T ) îäåðæèìî íåðiâíiñòü

〈Fuε, z〉Z(Q0,T ) 6 C34

{ n∑

i=1

( ∫

Q0,T

|zxi
|γidxdt

) 1
γi

+

n∑

i=1

( ∫

Q0,T

|z|γidxdt
) 1

γi

}
,äå ñòàëà C34 > 0 � íå çàëåæèòü âiä ε > 0. Îòæå, ||Fuε; [Z(Q0,T )]

∗|| 6 C35. Îñêiëüêè
Lγn(0, T ;W 1,γn

0 (Ω)) 	 Z(Q0,T ), òî [Z(Q0,T )]
∗ 	 Lγ′

n(0, T ;W−1,γ′

n(Ω)), òîìó
||Fuε;Lγ′

n(0, T ;W−1,γ′

n(Ω))|| 6 C36, (49)äå ñòàëà C36 > 0 � íå çàëåæèòü âiä ε > 0.Íåõàé ûε = |uε| r2−1 2
r
(|uε| r2−1uε)t. Òîäi ç ðiâíîñòi (45) àíàëîãi÷íî ÿê â [1℄ îäåð-æèìî, ùî â ñåíñi ïðîñòîðó V ∗ âèêîíóþòüñÿ ðiâíîñòi

−εûε
t(t) + ûε(t) = F (t)uε(t), t ∈ (0, T ), (50)

ûε(T ) = 0. (51)Çàäà÷à (50), (51) òàêà ñàìà ÿê i çàäà÷à (10), òîìó ç ëåìè 6 îòðèìà¹ìî îöiíêó (11).Âðàõîâóþ÷è (49) òà òå, ùî
ûε = |uε| r2−1 2

r
(|uε| r2−1uε)t =

1

r − 1
(Ruε)t
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||(Ruε)t;L

γ′

n(0, T ;W−1,γ′

n(Ω))|| 6 C37, (52)äå C37 > 0 � íå çàëåæèòü âiä ε > 0.Îòðèìà¹ìî äîäàòêîâi îöiíêè íà åëåìåíòè ìíîæèíè {Ruε}ε>0. Ïðèïóñòèìî, ùî
i ∈ {1, . . . , n}. Ç óìîâè òåîðåìè âèïëèâà¹, ùî γi

r−1 > 1. Òîìó ç ëåìè 2.3 ç [1, ñ. 443℄äëÿ G = Q0,T , α0 = (r − 2) γi

r−1 − 2 + γi

r−1 = γi − 2, α1 = 2− γi

r−1 , α2 = γi

r−1 îäåðæèìî,ùî ∫

Q0,T

∣∣∣ 1

r − 1
(|uε|r−2uε)xi

∣∣∣
γi

r−1

dxdt =

∫

Q0,T

|uε|α0+α1 |uε
xi
|α2dxdt 6

6 M1

∫

Q0,T

|uε|α0 |uε
xi
|α1+α2dxdt = M1

∫

Q0,T

|uε|γ−2|uε
xi
|2dxdt 6 C38,äå C38 > 0 íå çàëåæèòü âiä ε > 0, i ∈ {1, . . . , n}. Çâiäñè îòðèìà¹ìî, ùî

||Ruε;L
γ1
r−1 (0, T ;W

1,
γ1
r−1

0 (Ω))|| 6 C39. (53)Òóò C39 > 0 íå çàëåæèòü âiä ε > 0.Âiäîìî òàêå: ÿêùî s1 6 s2, òî W
1,s2
0 (Ω)	W

1,s1
0 (Ω). Òîìó W−1,s′1(Ω)	W−1,s′2(Ω)(òóò 1

s2
6 1

s1
, òîáòî 1− 1

s′2
6 1− 1

s′1
, 1

s′1
6 1

s′2
, s′2 6 s′1). Ó íàñ

Ruε ∈ L
γ1
r−1 (0, T ;W

γ1
r−1

0 (Ω)) 	 L
γ1
r−1 (Q0,T ).Îñêiëüêè

γn >
γ1

γ1 − (r − 1)
,òî γ′

n 6
γ1

r−1 . Òîìó L
γ1
r−1 (Ω)	Lγ′

n(Ω)	W−1,γ′

n(Ω). Ïiäñóìó¹ìî íàøi ðåçóëüòàòè. Ìèìà¹ìî òðiéêó ïðîñòîðiâ
W

1,
γ1
r−1

0 (Ω)
K
	 L

γ1
r−1 (Ω) 	 W−1,γ′

n(Ω) (54)òà îöiíêè (52), (53). Òîäi ç ëåìè IV.1 [15, .393℄ òà ëåìè 1.18 [12, .39℄ âèïëèâà¹, ùî
Ruεm −→

m→∞
Ru � ñèëüíî â L

γ1
r−1 (Q0,T ) òà ì.ñ. â Q0,T . (55)Îòæå, χ γ

2
= |u| γi2 −1u, χ0

r
2
= 0. Òîìó, çàïèñàâøè (45) äëÿ ε = εm òà ñïðÿìóâàâøè

m → ∞, îòðèìà¹ìî iíòåãðàëüíó òîòîæíiñòü, ÿêà îçíà÷à¹, ùî u � ðîçâ'ÿçîê (40)-(42).Ç (54) âèïëèâà¹, ùî W
γ1
r−1

0 (Ω)
K
	 W−1,γ′

n(Ω).Ñïðàâäi, ÿêùî {zm} � îáìåæåíà ïîñëiäîâíiñòü â ïðîñòîðiW γ1
r−1

0 (Ω), òî, ìîæëèâîïðè ïåðåõîäi äî ïiäïîñëiäîâíîñòi, {zm} � ñèëüíî çáiæíà â L
γ1
r−1 (Ω) äî äåÿêîãî z. Òîäi

||z − zm;W−1,γ′

n(Ω)|| 6 C40||z − zm;L
γ1
r−1 (Ω)|| −→

m→∞
0.Îòæå, çàñòîñóâàâøè ïóíêò 3 [16, ëåìà 2, òåîðåìè 1,2℄ äëÿ S0 = W

1,
γ1
r−1

0 (Ω) (íîð-ìîâàíèé ïðîñòið ¹ ïiâíîðìîâàíîþ ìíîæèíîþ), A1 = W−1,γ′

n(Ω), îòðèìà¹ìî, ùî
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Y

K
	 C([0, T ];A1). Òîìó Ru ∈ C([0, T ];W−1,γ′
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