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1Øëüîíñüêèé ïîëiòåõíi÷íèé óíiâåðñèòåò,âóë. Êàøóáñüêà, 23, �ëiâiöå, 44-100
2Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà,âóë. Óíiâåðñèòåòñüêà 1, Ëüâiâ, 79000e-mail: yu_zhernovyi�yahoo.omÄëÿ ñèñòåìè Mθ/G/1/m áëîêóâàííÿ âõiäíîãî ïîòîêó ïî÷èíà¹òüñÿ, ÿêùîâ ìîìåíò ïî÷àòêó îáñëóãîâóâàííÿ ÷åðãîâîãî çàìîâëåííÿ êiëüêiñòü çàìîâ-ëåíü ó ñèñòåìi ξ(t) çàäîâîëüíÿ¹ óìîâó ξ(t) > h2 i ïðèïèíÿ¹òüñÿ, ÿêùî

ξ(t) ≤ h1, äå h1 ≤ h2. Çíàéäåíî ïåðåòâîðåííÿ Ëàïëàñà äëÿ ðîçïîäiëó êiëü-êîñòi çàìîâëåíü ó ñèñòåìi ïiä ÷àñ ïåðiîäó çàéíÿòîñòi òà äëÿ �óíêöi¨ ðîçïî-äiëó ïåðiîäó çàéíÿòîñòi, âèçíà÷åíà ñåðåäíÿ òðèâàëiñòü ïåðiîäó çàéíÿòîñòi.Îòðèìàíî �îðìóëè äëÿ ñòàöiîíàðíîãî ðîçïîäiëó êiëüêîñòi çàìîâëåíü óñèñòåìi òà ñòàöiîíàðíèõ õàðàêòåðèñòèê. �îçãëÿíóòî ïðèêëàä ðîçâ'ÿçàííÿçàäà÷i îïòèìàëüíîãî âèáîðó ïàðàìåòðiâ h1 i h2.Êëþ÷îâi ñëîâà: ñèñòåìà Mθ/G/1/m, äâîïîðîãîâå áëîêóâàííÿ âõiäíîãîïîòîêó, ïåðiîä çàéíÿòîñòi, ñòàöiîíàðíi õàðàêòåðèñòèêè.1. Âñòóï. Çàñòîñóâàííÿ ïîðîãîâèõ ñòðàòåãié âõiäíîãî ïîòîêó â ñèñòåìàõ îáñëó-ãîâóâàííÿ çàâäÿêè îïòèìàëüíîìó âèáîðó ïîðîãiâ áëîêóâàííÿ äà¹ çìîãó ïiäâèùèòèå�åêòèâíiñòü ðîáîòè ñèñòåìè, çîêðåìà, çìåíøèòè äîâæèíó ÷åðãè, ñóòò¹âî íå ïîãið-øóþ÷è iíøèõ âàæëèâèõ ïîêàçíèêiâ å�åêòèâíîñòi ñèñòåìè.�îçãëÿíåìî ñèñòåìó îáñëóãîâóâàííÿ Mθ/G/1/m, ÿêó �îðìàëüíî îïèøåìî ïî-ñëiäîâíîñòÿìè íåçàëåæíèõ âèïàäêîâèõ âåëè÷èí {αn}, {θn}, {βn} (n > 1 ), äå αn � ÷àñìiæ íàäõîäæåííÿì (n− 1)-¨ òà n-¨ ãðóïè çàìîâëåíü, θn � êiëüêiñòü çàìîâëåíü â n-éãðóïi, à βn � ÷àñ îáñëóãîâóâàííÿ n-ãî çàìîâëåííÿ, ïðè÷îìó P{αn < x} = 1 − e−λx

(λ > 0 ), P{θn = i} = ai ( i > 1 ), i P{βn < x} = F (x) (x > 0 ), F (0) = 0. ßêùî
P{θn = 1} = a1 = 1, òî çàìîâëåííÿ â ñèñòåìó íàäõîäÿòü ïî îäíîìó.Çàìîâëåííÿ îáñëóãîâóþòüñÿ ïî îäíîìó, îáñëóæåíå çàìîâëåííÿ ïîêèäà¹ ñèñòåìó,à îáñëóãîâóþ÷èé ïðèñòðié íåãàéíî ïî÷èíà¹ îáñëóãîâóâàòè çàìîâëåííÿ ç ÷åðãè çà ¨¨íàÿâíîñòi àáî ÷åêà¹ íàäõîäæåííÿ ÷åðãîâî¨ ãðóïè çàìîâëåíü. Çàñòîñîâó¹òüñÿ äèñ-öèïëiíà îáñëóãîâóâàííÿ FIFO. ×åðãà âñåðåäèíi îäíi¹¨ ãðóïè çàìîâëåíü ìîæå áóòèîðãàíiçîâàíà äîâiëüíî.© Áðàòié÷óê Ì., Æåðíîâèé Þ., 2011



60 Ìèêîëà Á�ÀÒIÉ×ÓÊ, Þðié ÆÅ�ÍÎÂÈÉISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2011. Âèïóñê 75Íåõàém � ìàêñèìàëüíà êiëüêiñòü çàìîâëåíü, ÿêi îäíî÷àñíî ìîæóòü ïåðåáóâàòèó ÷åðçi. Îòæå, ÿêùî â ñèñòåìó, â ÿêié âæå ¹ k ∈ [0, m+1] çàìîâëåíü, íàäõîäèòü ãðóïàêiëüêiñòþ θn çàìîâëåíü, òî ëèøå min {θn, m+ 1 − k} ç íèõ ïðè¹äíóþòüñÿ äî ÷åðãè,à ðåøòà âòðà÷àþòüñÿ.Ïîçíà÷èìî ÷åðåç ξ(t) êiëüêiñòü çàìîâëåíü ó ñèñòåìi â ìîìåíò ÷àñó t i ââåäåìîäëÿ íàøî¨ ñèñòåìè Mθ/G/1/m äâà ïîðîãè: h1 ≤ h2. ßêùî t � ìîìåíò ïî÷àòêó îáñëó-ãîâóâàííÿ ÷åðãîâîãî çàìîâëåííÿ i ξ(t) > h2 (h2 = 1, m− 1 ), òî ïiä ÷àñ îáñëóãîâó-âàííÿ öüîãî çàìîâëåííÿ âiäáóâà¹òüñÿ áëîêóâàííÿ âõiäíîãî ïîòîêó çàìîâëåíü (âîíèíå äîïóñêàþòüñÿ íà âõiä ñèñòåìè). Ïðîöåñ íàäõîäæåííÿ çàìîâëåíü âiäíîâëþ¹òü-ñÿ â ìîìåíò t ïî÷àòêó îáñëóãîâóâàííÿ ÷åðãîâîãî çàìîâëåííÿ, äëÿ ÿêîãî ξ(t) ≤ h1

(h1 = 1, m− 1 ). Îïèñàíó ñèñòåìó ïîçíà÷èìî ÷åðåç Mθ
h1,h2

/G/1/m.ßêùî h1 = h2 = h, òî îòðèìà¹ìî ñèñòåìó îáñëóãîâóâàííÿ Mθ
h/G/1/m ç îäíèìïîðîãîì áëîêóâàííÿ, ÿêó âèâ÷åíî â [1℄. Ñèñòåìó Mθ/G/1/m, äëÿ ÿêî¨ h1 < h2 = m−1,ðîçãëÿíóòî ó [2℄. Àâòîð íàçâàâ ¨¨ ñèñòåìîþ ç âiäíîâëþþ÷èì ðiâíåì âõiäíîãî ïîòîêó.ßêùî æ h1 = h2 = m, òî îäåðæèìî ñèñòåìó ç îáìåæåíîþ ÷åðãîþ Mθ/G/1/m.Ìåòà íàøî¨ ïðàöi � çà äîïîìîãîþ ìåòîäó ïîòåíöiàëó Â.Ñ. Êîðîëþêà [3℄ âèâ÷è-òè ãîëîâíi �óíêöiîíàëè âiä ïðîöåñó îáñëóãîâóâàííÿ ñèñòåìè Mθ

h1,h2
/G/1/m (ïåðiîäçàéíÿòîñòi, ðîçïîäië êiëüêîñòi çàìîâëåíü ó ñèñòåìi) i îòðèìà¹ìî �îðìóëè äëÿ ñòà-öiîíàðíèõ õàðàêòåðèñòèê ñèñòåì Mθ

h1,h2
/G/1/m i Mθ

h1,h2
/G/1/∞.2. �îçïîäië êiëüêîñòi çàìîâëåíü ó ñèñòåìi ïiä ÷àñ ïåðiîäó çàéíÿòîñòi.Âèêîðèñòîâóâàòèìåìî âñi ïîçíà÷åííÿ òà äîïîìiæíi ðåçóëüòàòè, íàâåäåíi ó ï. 2 [1℄.Çîêðåìà, íàãàäà¹ìî, ùî ρ = λm1b1, a(s, z) = s + λ

(
1 − α(z)

); η(x) � êiëüêiñòüçàìîâëåíü, ÿêi íàäiéøëè çà ÷àñ x; ak∗i � k-êðàòíà çãîðòêà ïîñëiäîâíîñòi ai;
f(s) =

∞∫

0

e−sxdF (x), m1 =

∞∫

0

xdF (x) < ∞, b1 =

∞∑

k=1

kak < ∞, α(z) =

∞∑

k=1

zkak;

pi(s) =
1

f(s)

i+1∑

k=0

ak∗i+1

∞∫

0

e−(λ+s)x (λx)
k

k!
dF (x) ( i ≥ −1);

qi(s) =

∞∫

0

e−sx
P{η(x) = i }F (x) dx =

i∑

k=0

ak∗i

∞∫

0

e−(λ+s)x (λx)
k

k!
F (x) dx (i ≥ 0);

F (x) = 1− F (x), an =

∞∑

k=n

ak, pn(s) =

∞∑

k=n

pk(s), qn(s) =

∞∑

k=n

qk(s).Íåõàé τ(m) = inf{ t ≥ 0 : ξ(t) = 0 } ïîçíà÷à¹ ïåðøèé ïåðiîä çàéíÿòîñòi äëÿñèñòåìè Mθ
h1,h2

/G/1/m, i
ϕn(t, k) = Pn{ ξ(t) = k, τ(m) > t } ( 1 ≤ n, k ≤ m+ 1 ),

Φn(s, k) =

∞∫

0

e−stϕn(t, k) dt, Re s > 0,äå Pn � óìîâíà éìîâiðíiñòü çà óìîâè, ùî â ïî÷àòêîâèé ìîìåíò ÷àñó â ñèñòåìi ïåðå-áóâà¹ n ≥ 0 çàìîâëåíü.
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ϕn(t, k) =

m−n∑

j=0

t∫

0

P{η(x) = j }ϕn+j−1(t− x, k) dF (x)+

+

t∫

0

P{η(x) ≥ m+ 1− n }ϕm(t− x, k) dF (x) +
(
P{η(t) = k − n }+

+ I{k = m+ 1}P{η(t) ≥ m+ 2− n }
)
F (t), 1 ≤ n ≤ h2;

(1)
ϕn(t, k) =

t∫

0

P

{n−h1∑

i=1

βi ∈ dx

}
ϕh1

(t− x, k) + I{h1 + 1 ≤ k ≤ n− 1}×

×

t∫

0

P

{n−k∑

i=1

βi ∈ dx

}
F (t− x) + I{k = n}F (t), h2 + 1 ≤ n ≤ m+ 1.

(2)Òóò I{A} äîðiâíþ¹ 1 àáî 0, çàëåæíî âiä òîãî âiäáóëàñü ïîäiÿ A ÷è íi.Ïåðåéäåìî â (1) i (2) äî ïåðåòâîðåíü Ëàïëàñà. Âðàõîâóþ÷è ñïiââiäíîøåííÿ (2)[1℄, îäåðæèìî ðiâíÿííÿ äëÿ âèçíà÷åííÿ �óíêöié Φn(s, k)

Φn(s, k) = f(s)

m−n∑

j=0

pj−1(s)Φn+j−1(s, k) + f(s)pm−n(s)Φm(s, k)+

+ qk−n(s) + I{k = m+ 1}qm+2−n(s), 1 ≤ n ≤ h2,

(3)
Φn(s, k) = fn−h1(s)Φh1

(s, k)+

+ I{h1 + 1 ≤ k ≤ n}fn−k(s)
1− f(s)

s
, h2 + 1 ≤ n ≤ m+ 1,

(4)ç ãðàíè÷íîþ óìîâîþ
Φ0(s, k) = 0. (5)Âèðàçèâøè ç (4) âñi Φn(s, k) äëÿ h2 + 1 ≤ n ≤ m i ïiäñòàâèâøè ¨õ ó ñïiââiäíî-øåííÿ (3), îòðèìà¹ìî ðiâíÿííÿ

Φn(s, k)− f(s)

h2−n−1∑

j=−1

pj(s)Φn+j(s, k) =

= f(s)Ln(s)Φh1
(s, k) + f(s)ph2−n(s)Φh2

(s, k) +Mn(s, k), 1 ≤ n ≤ h2.

(6)
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Ln(s) = fm−h1(s)pm−n(s) +

m−1∑

j=h2+1

pj−n(s)f
j−h1(s);

Mn(s, k) = qk−n(s) + I{k = m+ 1}qm+2−n(s) +

(
I{h1 + 1 ≤ k ≤ m}pm−n(s)×

× fm+1−k(s) +
m−1∑

j=h2+1

pj−n(s)f
j+1−k(s)I{h1 + 1 ≤ k ≤ j}

)
1− f(s)

s
.Øóêàþ÷è ðîçâ'ÿçêè ñèñòåìè ðiâíÿíü (6) òàê, ÿê ó [1℄, îòðèìà¹ìî

Φn(s, k) = rh2−n(s)Φh2
(s, k)− f(s)

h2−n∑

i=1

Ri(s)Ln+i(s)Φh1
(s, k)−

−

h2−n∑

i=1

Ri(s)Mn+i(s, k), 1 ≤ n ≤ h2,

(7)äå
rn(s) = Rn(s)− f(s)

n∑

i=1

Ri(s)pn−i(s);à �óíêöi¨ Rk(s) âèçíà÷åíî çà äîïîìîãîþ ðiâíîñòi
∞∑

k=1

zkRk(s) =
z

f
(
a(s, z)

)
− z

, |z| < ν−(s).Òóò ν−(s) � ¹äèíèé êîðiíü ðiâíÿííÿ f
(
a(s, z)

)
= z íà ïðîìiæêó [0; 1]; R0(s) ≡ 1.Ïðèéíÿâøè â (7) ñïî÷àòêó n = h1, ïîòiì n = 0, âðàõîâóþ÷è ãðàíè÷íó óìîâó(5), îäåðæèìî ñèñòåìó äâîõ ëiíiéíèõ ðiâíÿíü ñòîñîâíî Φh1

(s, k) i Φh2
(s, k)

∆1(s)Φh1
(s, k)− rh2−h1

(s)Φh2
(s, k) = −

h2−h1∑

i=1

Ri(s)Mh1+i(s, k);

− f(s)

h2∑

i=1

Ri(s)Li(s)Φh1
(s, k) + rh2

(s)Φh2
(s, k) =

h2∑

i=1

Ri(s)Mi(s, k),

(8)äå
∆1(s) = 1 + f(s)

h2−h1∑

i=1

Ri(s)Lh1+i(s).�îçâ'ÿçàâøè ñèñòåìó (8), çíàéäåìî
Φh1

(s, k) =
1

∆(s)

(
rh2−h1

(s)

h2∑

i=1

Ri(s)Mi(s, k)− rh2
(s)

h2−h1∑

i=1

Ri(s)Mh1+i(s, k)

)
;

Φh2
(s, k) =

1

∆(s)

h2∑

i=1

Ri(s)

(
∆1(s)Mi(s, k)− f(s)Li(s)

h2−h1∑

j=1

Rj(s)Mh1+j(s, k)

)
,

(9)
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∆(s) = ∆1(s)rh2

(s)− f(s)rh2−h1
(s)

h2∑

i=1

Ri(s)Li(s).Îòæå, ìè äîâåëè òàêå òâåðäæåííÿ.Òåîðåìà 1. Äëÿ ñèñòåìè îáñëóãîâóâàííÿ Mθ
h1,h2

/G/1/m âèêîíóþòüñÿ òàêi ñïiâ-âiäíîøåííÿ:
∞∫

0

e−st
Pn{ ξ(t) = k, τ(m) > t } dt = rh2−n(s)Φh2

(s, k)−

− f(s)

h2−n∑

i=1

Ri(s)Ln+i(s)Φh1
(s, k)−

h2−n∑

i=1

Ri(s)Mn+i(s, k), 1 ≤ n ≤ h2 − 1;

∞∫

0

e−st
Pn{ ξ(t) = k, τ(m) > t } dt = fn−h1(s)Φh1

(s, k)+

+ I{h1 + 1 ≤ k ≤ n}fn−k(s)
1 − f(s)

s
, h2 + 1 ≤ n ≤ m+ 1,äå 1 ≤ k ≤ m+ 1, Re s > 0, à �óíêöi¨ Φh1

(s, k) i Φh2
(s, k) âèçíà÷åíi â (9).3. Ïåðiîä çàéíÿòîñòi òà ñòàöiîíàðíèé ðîçïîäië äëÿ ñèñòåì

M
θ
h1,h2

/G/1/m iMθ
h1,h2

/G/1/∞. ßêùî ñèñòåìàMθ
h1,h2

/G/1/m ïî÷èíà¹ ïðàöþâàòèâ ìîìåíò íàäõîäæåííÿ ïåðøî¨ ãðóïè çàìîâëåíü, òî
∞∫

0

e−st
P{ ξ(t) = k, τ(m) > t } dt =

m∑

n=1

anΦn(s, k) + am+1Φm+1(s, k) =

=

h2∑

n=1

anrh2−n(s)Φh2
(s, k)− Φh1

(s, k)

(
f(s)

h2−1∑

n=1

an

h2−n∑

i=1

Ri(s)Ln+i(s)−

−

m∑

n=h2+1

anf
n−h1(s)− am+1f

m+1−h1(s)

)
−

h2−1∑

n=1

an

h2−n∑

i=1

Ri(s)Mn+i(s, k)+

+

( m∑

n=h2+1

anf
n−k(s)I{h1 + 1 ≤ k ≤ n}+

+ am+1f
m−k+1(s)I{h1 + 1 ≤ k ≤ m+ 1}

)
1− f(s)

s
.

(10)
Äëÿ îòðèìàííÿ çîáðàæåííÿ äëÿ ∞∫

0

e−st
P{ τ(m) > t } dt íàì òðåáà ïåðåéòè â ðiâíîñòi(10) äî ïiäñóìîâóâàííÿ ïî k âiä 1 äî m+ 1.Áåçïîñåðåäíiì îá÷èñëåííÿì ìîæíà ïåðåêîíàòèñü, ùî

m+1∑

k=1

(
qk−n(s) + I{k = m+ 1}qm−n+2(s)

)
=

∞∑

k=0

qk(s) =
1− f(s)

s
.
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k=1

Mn(s, k) ÷åðåç Mn(s). Òîäi
Mn(s) =

1− f(s)

s
+ f(s)

(
1− fm−h1(s)

s
pm−n(s) +

m−1∑

j=h2+1

pj−n(s)
1− f j−h1(s)

s

)
;

m+1∑

k=1

Φh1
(s, k) =

Dh1
(s)

∆(s)
,

m+1∑

k=1

Φh2
(s, k) =

Dh2
(s)

∆(s)
,äå

Dh1
(s) = rh2−h1

(s)

h2∑

i=1

Ri(s)Mi(s)− rh2
(s)

h2−h1∑

i=1

Ri(s)Mh1+i(s);

Dh2
(s) =

h2∑

i=1

Ri(s)

(
∆1(s)Mi(s)− f(s)Li(s)

h2−h1∑

j=1

Rj(s)Mh1+j(s)

)
,i ç (10) îòðèìó¹ìî

∞∫

0

e−st
P{ τ(m) > t } dt =

1

∆(s)

( h2∑

n=1

anrh2−n(s)Dh2
(s)−Dh1

(s)×

×

(
f(s)

h2−1∑

n=1

an

h2−n∑

i=1

Ri(s)Ln+i(s)−

m∑

n=h2+1

anf
n−h1(s)−

− am+1f
m+1−h1(s)

))
−

h2−1∑

n=1

an

h2−n∑

i=1

Ri(s)Mn+i(s)+

+

m∑

n=h2+1

an
1− fn−h1(s)

s
+ am+1

1− fm+1−h1(s)

s
.

(11)
Âèêîíà¹ìî îá÷èñëåííÿ, ïîòðiáíi äëÿ ïåðåõîäó â (11) äî ãðàíèöi ïðè s → +0.Âèêîðèñòîâóâàòèìåìî ïîñëiäîâíîñòi

pi = lim
s→+0

pi(s), Ri = lim
s→+0

Ri(s), qi = lim
s→+0

qi(s).Îñêiëüêè
f(0) = 1, lim

s→+0

1− f j(s)

s
= jm1,òî

Ln(0) = ph2+1−n, Mn(0) = m1

(
1 +

m−1∑

j=h2+1

(j − h1)pj−n + (m− h1)pm−n

)
.Âèêîðèñòîâóþ÷è ðiâíîñòi [1℄

n∑

i=1

Ripn−i = Rn − 1 (n ≥ 1), (12)
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R1 =

1

p−1
, Rk+1 =

Rk −
k−1∑
i=0

piRk−i

p−1
( k ≥ 1 ), (13)îòðèìó¹ìî

rn(0) = p−1Rn+1, ∆1(0) = ∆(0) = p−1Rh2+1−h1
.Ââåäåìî ïîçíà÷åííÿ

R(h1, h2) =
1

Rh2+1−h1

(
Rh2+1 −

h2∑

n=1

anRh2+1−n

)
.Ïiñëÿ ïåðåõîäó â ðiâíîñòi (11) äî ãðàíèöi ïðè s → +0 îäåðæèìî òàêå òâåðäæåííÿ.Òåîðåìà 2. Ñåðåäíÿ òðèâàëiñòü ïåðiîäó çàéíÿòîñòi M τ(m) äëÿ ñèñòåìè îáñëó-ãîâóâàííÿ Mθ

h1,h2
/G/1/m âèçíà÷à¹òüñÿ ç ðiâíîñòi

M τ(m)

m1
=

h2∑

i=1

Ri

(
1 +

m−1∑

j=h2+1

(j − h1)pj−i + (m− h1)pm−i

)
−

−

h2−1∑

n=1

an

h2−n∑

i=1

Ri

(
1 +

m−1∑

j=h2+1

(j − h1)pj−n−i + (m− h1)pm−n−i

)
+

+

m∑

n=h2+1

(n− h1)an + (m+ 1− h1)am+1−

−R(h1, h2)

h2−h1∑

i=1

Ri

(
1 +

m−1∑

n=h2+1

(j − h1)pj−h1−i + (m− h1)pm−h1−i

)
.

(14)
Ïðèéíÿâøè â (10) s = 0 i âðàõîâóþ÷è ðiâíiñòü

h2∑

n=1

anrh2−n(0)−

h2−1∑

n=1

an

h2−n∑

i=1

Riph2+1−n−i + ah2+1 = 1,îäåðæèìî ñïiââiäíîøåííÿ
∞∫

0

P{ ξ(t) = k, τ(m) > t } dt =

h2∑

i=1

RiMi(k)−

h2−1∑

n=1

an

h2−n∑

i=1

RiMn+i(k)+

+m1

( m∑

n=h2+1

anI{h1 + 1 ≤ k ≤ n}+ am+1I{h1 + 1 ≤ k ≤ m+ 1}

)
−

− R(h1, h2)

h2−h1∑

i=1

RiMh1+i(k),

(15)äå
Mn(k) = Mn(0, k) = qk−n + I{k = m+ 1}qm+2−n+

+m1

( m−1∑

j=h2+1

I{h1 + 1 ≤ k ≤ j}pj−n + I{h1 + 1 ≤ k ≤ m}pm−n

)
.
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Mθ

h1,h2
/G/1/m âèçíà÷à¹òüñÿ �îðìóëàìè

ρ0(m) =
1

1 + λM τ(m)
;

ρk(m) =
λ

1 + λM τ(m)

( k∑

i=1

Riqk−i −

h2−1∑

n=1

an

k−n∑

i=1

Riqk−n−i

)
( k = 1, h1 );

ρk(m) =
λ

1 + λM τ(m)

( k∑

i=1

Riqk−i −

h2−1∑

n=1

an

k−n∑

i=1

Riqk−n−i−

−R(h1, h2)

(k−h1∑

i=1

Riqk−h1−i −m1

))
( k = h1 + 1, h2 );

ρk(m) =
λ

1 + λM τ(m)

( h2∑

i=1

Ri

(
qk−i +m1pk−i

)
−

−

h2−1∑

n=1

an

h2−n∑

i=1

Ri

(
qk−n−i +m1pk−n−i

)
+m1ak−

−R(h1, h2)

h2−h1∑

i=1

Ri

(
qk−h1−i +m1pk−h1−i

))
( k = h2 + 1, m );

ρm+1(m) =
λ

1 + λM τ(m)

( h2∑

i=1

Riqm+1−i −

h2−1∑

n=1

an

h−n∑

i=1

Riqm+1−n−i+

+m1am+1 −R(h1, h2)

h2−h1∑

i=1

Riqm+1−h1−i

)
.

(16)
Ëåìà 1. Äëÿ ïîñëiäîâíîñòåé {pi}, {Ri} âèêîíóþòüñÿ òàêi ðiâíîñòi:

∞∑

j=0

pj = ρ;

k∑

i=1

Ri

k−i∑

j=0

pj =

k∑

i=1

Ri − k. (17)Äîâåäåííÿ. Âðàõîâóþ÷è, ùî çãiäíî ç îçíà÷åííÿì ïîñëiäîâíîñòi éìîâiðíîñòåé {pi}(i ≥ −1)
∞∑

i=−1

(i+ 1)pi = ρ,îäåðæèìî
∞∑

i=−1

(i+ 1)pi =

∞∑

j=0

(j + 1)pj =

∞∑

j=0

pj = ρ.
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k∑

i=1

Ri

k−i∑

j=0

pj =

k−1∑

j=0

k−j∑

i=1

Ripk−j−i =

k−1∑

j=0

(Rk−j − 1) =

k∑

i=1

Ri − k.Ëåìó äîâåäåíî. �Òåîðåìà 4. Ñåðåäíÿ òðèâàëiñòü ïåðiîäó çàéíÿòîñòi òà ñòàöiîíàðíèé ðîçïîäiëêiëüêîñòi çàìîâëåíü äëÿ ñèñòåìè îáñëóãîâóâàííÿ Mθ
h1,h2

/G/1/∞ âèçíà÷àþòüñÿ�îðìóëàìè
M τ(∞) = m1

(
b1 + ρ

h2∑

i=1

Riah2+1−i − ρR(h1, h2)

h2−h1∑

i=1

Ri

)
; (18)

ρ0(∞) =
1

1 + λM τ(∞)
;

ρk(∞) =
λ

1 + λM τ(∞)

( k∑

i=1

Riqk−i −

h2−1∑

n=1

an

k−n∑

i=1

Riqk−n−i

)
( k = 1, h1 );

ρk(∞) =
λ

1 + λM τ(∞)

( k∑

i=1

Riqk−i −

h2−1∑

n=1

an

k−n∑

i=1

Riqk−n−i−

−R(h1, h2)

(k−h1∑

i=1

Riqk−h1−i −m1

))
( k = h1 + 1, h2 );

ρk(∞) =
λ

1 + λM τ(∞)

( h2∑

i=1

Ri

(
qk−i +m1pk−i

)
−

−

h2−1∑

n=1

an

h2−n∑

i=1

Ri

(
qk−n−i +m1pk−n−i

)
+m1ak−

−R(h1, h2)

h2−h1∑

i=1

Ri

(
qk−h1−i +m1pk−h1−i

))
( k ≥ h2 + 1 ).

(19)
Äîâåäåííÿ. Ïðèéíÿâøè m → ∞ ó ðiâíîñòi (14), îäåðæèìî

M τ(∞)

m1
=

h2∑

i=1

Ri

(
1 +

∞∑

j=h2+1

(j − h1)pj−i

)
−

h2−1∑

n=1

an

h2−n∑

i=1

Ri

(
1+

+

∞∑

j=h2+1

(j − h1)pj−n−i

)
+

∞∑

n=h2+1

(n− h1)an−

−R(h1, h2)

h2−h1∑

i=1

Ri

(
1 +

∞∑

n=h2+1

(j − h1)pj−h1−i

)
.

(20)
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∞∑

j=h2+1

(j − h1)pj−i = (h2 − h1 + 1)ph2+1−i +
∞∑

j=h2+2−i

pj =

= (h2 − h1)ph2+1−i + ρ−

h2−i∑

j=0

pj ;

h2∑

i=1

Ri

(
1 +

∞∑

j=h2+1

(j − h1)pj−i

)
=

h2∑

i=1

Ri

(
1 + ρ−

h2−i∑

j=0

pj+

+(h2 − h1)(ph2−i − ph2−i)

)
= h2 + (h2 − h1)(Rh2

− 1)+

+

h2∑

i=1

Ri

(
ρ− (h2 − h1)ph2−i

)
= h1 + (h2 − h1)Rh2

+

+

h2∑

i=1

Ri

(
ρ− (h2 − h1)ph2−i

)
= h1 + (h2 − h1)Rh2+1p−1 + ρ

h2∑

i=1

Ri. (21)Ïiñëÿ àíàëîãi÷íèõ äî âèêîíàíèõ ó (21) ïåðåòâîðåíü âèðàçiâ
h2−n∑

i=1

Ri

(
1 +

∞∑

j=h2+1

(j − h1)pj−n−i

)
;

h2−h1∑

i=1

Ri

(
1 +

∞∑

n=h2+1

(j − h1)pj−h1−i

)
,âðàõîâóþ÷è ðiâíîñòi

∞∑

n=h2+1

(n− h)an = b1 −

h2∑

n=1

nan − h1ah2+1;

h2∑

i=1

Ri −

h2−1∑

n=1

an

h2−n∑

i=1

Ri =

h2∑

i=1

Riah2+1−i,ç (20) îòðèìà¹ìî ñïiââiäíîøåííÿ (18). Ïðèéíÿâøè m → ∞ ó ðiâíîñòÿõ (16), îäåð-æèìî �îðìóëè (19). Òåîðåìó äîâåäåíî. �4. Âèçíà÷åííÿ ñòàöiîíàðíèõ õàðàêòåðèñòèê. Ó âèïàäêó ãðóïîâîãî íàä-õîäæåííÿ çàìîâëåíü (a1 < 1) äëÿ ñèñòåìè ç îáìåæåíîþ ÷åðãîþ Mθ
h1,h2

/G/1/m äåÿêiçàìîâëåííÿ, ÿêi ïðèáóâàþòü íà âõiä ñèñòåìè â ìîìåíò, êîëè âõiäíèé ïîòiê íå áëî-êó¹òüñÿ, ìîæóòü áóòè âòðà÷åíi. Ôîðìóëó äëÿ éìîâiðíîñòi îáñëóãîâóâàííÿ Psv(m)äëÿ öi¹¨ ñèñòåìè ìîæíà îòðèìàòè ÿê ãðàíèöþ ïðè T → ∞ âiäíîøåííÿ êiëüêîñòiîáñëóæåíèõ çàìîâëåíü äî êiëüêîñòi âñiõ, ùî íàäiéøëè çà ÷àñ T . Ñåðåäíÿ êiëüêiñòüçàìîâëåíü, ÿêi ïðèáóëè íà âõiä ñèñòåìè çà ÷àñ T , äîðiâíþ¹ λb1T , à ñåðåäíÿ êiëüêiñòüîáñëóæåíèõ çà òîé ñàìèé ÷àñ ñòàíîâèòü (1−ρ0(m)
)
T/m1. Ó ïiäñóìêó îäåðæèìî òàêó�îðìóëó äëÿ éìîâiðíîñòi îáñëóãîâóâàííÿ:

Psv(m) =
M τ(m)

m1b1
(
1 + λM τ(m)

) =
ρ0(m)M τ(m)

m1b1
. (22)
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h1,h2

/G/1/∞ �îðìóëà (22) íàáóâà¹ âèãëÿäó
Psv(∞) =

M τ(∞)

m1b1
(
1 + λM τ(∞)

) =
ρ0(∞)M τ(∞)

m1b1
.�îçãëÿíåìî ñòàöiîíàðíi õàðàêòåðèñòèêè ÷åðãè: ñåðåäíþ äîâæèíó ÷åðãèMQ(m)òà ñåðåäíié ÷àñ î÷iêóâàííÿ Mw(m). Äëÿ ñèñòåìè ç îáìåæåíîþ ÷åðãîþ ¨õ çíàõîäèìîçà �îðìóëàìè

MQ(m) =

m∑

k=1

kρk+1(m); Mw(m) =
MQ(m)

λb1Psv(m)
. (23)Ñïiââiäíîøåííÿ äëÿ Mw(m) âèïëèâà¹ ç �îðìóëè Ëiòòëà äëÿ ñèñòåìè îáñëóãîâó-âàííÿ ç âòðàòàìè çàìîâëåíü.Ó âèïàäêó ñèñòåìè ç íåîáìåæåíîþ ÷åðãîþ ç (23) îòðèìà¹ìî ðiâíîñòi

MQ(∞) =
∞∑

k=1

kρk+1(∞); Mw(∞) =
MQ(∞)

λb1Psv(∞)
.5. Ïðèêëàäè îá÷èñëåííÿ ñòàöiîíàðíîãî ðîçïîäiëó. Ïåðåä òèì, ÿê ñêîðèñ-òàòèñÿ ðiâíîñòÿìè (13), (14), (16), (18) i (19), òðåáà îá÷èñëèòè pi òà qi çà �îðìóëà-ìè [1℄

pi =

i+1∑

k=0

ak∗i+1

∞∫

0

e−λx (λx)
k

k!
dF (x) ( i = −1, 0, 1, ... ); (24)

q0 =
1− f(λ)

λ
, qk =

k∑

i=1

aiqk−i −
pk−1

λ
(k ≥ 1).Ïðèïóñòèìî, ùî çàìîâëåííÿ ìîæóòü íàäõîäèòè ëèøå ïî îäíîìó àáî ïî äâî¹(a1+a2 = 1), ÷àñ îáñëóãîâóâàííÿ ðîçïîäiëåíèé çà çàêîíîì Åðëàíãà äðóãîãî ïîðÿäêóç ïàðàìåòðîì µ, òîáòî F (x) = 1 − (1 + µx)e−µx, x ≥ 0, i ñåðåäí¹ çíà÷åííÿ ÷àñóîáñëóãîâóâàííÿ ñòàíîâèòü m1 = 2/µ. Çà �îðìóëàìè (24) îòðèìó¹ìî

p−1 =
µ2

(λ + µ)2
; p0 =

2a1µ
2λ

(λ+ µ)3
; p1 =

3a21µ
2λ2

(λ+ µ)4
+

2a2µ
2λ

(λ+ µ)3
;

p2 =
4a31µ

2λ3

(λ + µ)5
+

6a1a2µ
2λ2

(λ+ µ)4
; p3 =

5a41µ
2λ4

(λ+ µ)6
+

12a21a2µ
2λ3

(λ+ µ)5
+

3a22µ
2λ2

(λ + µ)4
;

p4 =
6a51µ

2λ5

(λ + µ)7
+

20a31a2µ
2λ4

(λ+ µ)6
+

12a1a
2
2µ

2λ3

(λ + µ)5
;

p5 =
7a61µ

2λ6

(λ + µ)8
+

30a41a2µ
2λ5

(λ+ µ)7
+

30a21a
2
2µ

2λ4

(λ + µ)6
+

4a32µ
2λ3

(λ+ µ)5
, . . . .�îçãëÿíåìî ïðèêëàä ç òàêèìè ÷èñëîâèìè äàíèìè: h1 = 2; h2 = 4;

a1 = 0, 75; a2 = 0, 25; m = 6; λ = 2; µ = 3. (25)Òîäi m1 = 2/3, b1 = 1, 25, i ñåðåäíi òðèâàëîñòi ïåðiîäiâ çàéíÿòîñòi M τ(m) i M τ(∞),çíàéäåíi çà �îðìóëàìè (14) i (18), âiäïîâiäíî, ñòàíîâëÿòü 10,62157 i 11,51445.
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h1,h2

/G/1/mÊ-ñòü çàìîâëåíü (k) 0 1 2 3 4 5 6 7
ρk(m) 0,0450 0,0799 0,1471 0,2264 0,2054 0,1600 0,0947 0,0416

ρk(m) (GPSS World) 0,0455 0,0796 0,1460 0,2274 0,2046 0,1599 0,0956 0,0414Òàáëèöÿ 2Ñòàöiîíàðíèé ðîçïîäië êiëüêîñòi çàìîâëåíü ó ñèñòåìi Mθ
h1,h2

/G/1/∞Ê-ñòü çàìîâëåíü (k) 0 1 2 3 4 5 6 7 . . .

ρk(∞) 0,0416 0,0740 0,1362 0,2096 0,1901 0,1481 0,0876 0,0500 . . .

ρk(∞) (GPSS World) 0,0421 0,0737 0,1361 0,2092 0,1906 0,1480 0,0879 0,0496 . . .Ó äðóãîìó ðÿäêó òàáë. 1 çàïèñàíi éìîâiðíîñòi ρk(m), îá÷èñëåíi çà �îðìóëà-ìè (16). Ó öié æå òàáëèöi äëÿ ïîðiâíÿííÿ íàâåäåíî çíà÷åííÿ âiäïîâiäíèõ iìîâiðíîñ-òåé, ÿêi îòðèìàëè çà äîïîìîãîþ ñèñòåìè iìiòàöiéíîãî ìîäåëþâàííÿ GPSS World [4,5℄ äëÿ ÷àñó ìîäåëþâàííÿ t = 500 000. Çíà÷åííÿ ñòàöiîíàðíèõ iìîâiðíîñòåé ρk(∞),çíàéäåíi çà �îðìóëàìè (19), à òàêîæ çà äîïîìîãîþ GPSS World (t = 500 000), íàâå-äåíî ó òàáë. 2.6. Ïðèêëàäè îïòèìàëüíîãî âèáîðó ïîðîãiâ áëîêóâàííÿ. Ó òàáë. 3 ïîäà-íî çíà÷åííÿ ñòàöiîíàðíèõ õàðàêòåðèñòèê ñèñòåìè Mθ
h1,h2

/G/1/m, ÿêi îòðèìàëè äëÿäàíèõ (25) i ðiçíèõ çíà÷åíü ïîðîãiâ áëîêóâàííÿ h1, h2 çà �îðìóëàìè (14), (16), (22)i (23). Âèïàäîê, êîëè h1 = h2 = 6, âiäïîâiäà¹ ñèñòåìi Mθ/G/1/m, òîáòî ñèñòåìi çîáìåæåíîþ ÷åðãîþ, â ÿêié íå çàñòîñîâó¹òüñÿ ïîðîãîâå áëîêóâàííÿ âõiäíîãî ïîòîêó.Òàáëèöÿ 3Ñòàöiîíàðíi õàðàêòåðèñòèêè ñèñòåìè Mθ
h1,h2

/G/1/m äëÿ ðiçíèõ çíà÷åíü h1 i h2

h1 h2 M τ(m) ρ0(m) λb1Psv(m) MQ(m) Mw(m)1 1 3,8074 0,1161 1,3259 1,4115 1,06461 2 4,7605 0,0950 1,3574 1,6764 1,23501 3 5,6749 0,0810 1,3785 1,9369 1,40501 4 6,6616 0,0698 1,3953 2,2216 1,59221 5 7,6003 0,0617 1,4074 2,4900 1,76922 2 7,9236 0,0594 1,4110 2,1258 1,50662 3 9,1223 0,0520 1,4221 2,3230 1,63362 4 10,6216 0,0450 1,4327 2,5789 1,80022 5 12,1264 0,0396 1,4406 2,8336 1,96703 3 14,4276 0,0335 1,4498 2,8155 1,94213 4 16,3483 0,0298 1,4555 3,0056 2,06503 5 18,5817 0,0262 1,4607 3,2313 2,21214 4 24,7936 0,0198 1,4703 3,4990 2,37974 5 27,5464 0,0178 1,4733 3,6649 2,48765 5 39,6322 0,0125 1,4813 4,1242 2,78416 6 55,4639 0,0089 1,4866 4,6018 3,0955
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ρ̃0 S0 w0 h1 opt h2 opt0,02 1,47 2,50 4 50,03 1,45 2,10 3 40,04 1,44 1,95 3 30,05 1,42 1,85 2 40,06 1,40 1,70 2 30,09 1,35 1,45 1 30,12 1,30 1,10 1 1Àíàëiçóþ÷è äàíi òàáë. 3, áà÷èìî, ùî çi çðîñòàííÿì çíà÷åíü h1 i h2 (çi çìåíøåí-íÿì áëîêóâàííÿ) ìîíîòîííî çðîñòàþòü ñåðåäí¹ çíà÷åííÿ ïåðiîäó çàéíÿòîñòi M τ(m)i ñåðåäíÿ êiëüêiñòü îáñëóæåíèõ çàìîâëåíü çà îäèíèöþ ÷àñó λb1Psv(m) i âîäíî÷àñìîíîòîííî ñïàäà¹ éìîâiðíiñòü ïðîñòîþâàííÿ ñèñòåìè ρ0(m). ßêùî çà�iêñóâàòè çíà-÷åííÿ h1, òî çi çðîñòàííÿì h2 ìîíîòîííî çðîñòàþòü ñåðåäíÿ äîâæèíà ÷åðãè MQ(m)i ñåðåäíié ÷àñ î÷iêóâàííÿ â ÷åðçi Mw(m).Ç äàíèõ òàáë. 3 âèäíî, ùî çàñòîñîâóþ÷è äâîïîðîãîâå áëîêóâàííÿ ïîòîêó çà-ìîâëåíü, ìîæíà ìàéæå óòðè÷i çìåíøèòè ñåðåäíié ÷àñ î÷iêóâàííÿ â ÷åðçi i áiëüø,íiæ ó 3 ðàçà � ñåðåäíþ äîâæèíó ÷åðãè. Ñåðåäíÿ êiëüêiñòü îáñëóæåíèõ çàìîâëåíü çàîäèíèöþ ÷àñó çìåíøó¹òüñÿ ó öüîìó ðàçi íå áiëüøå, íiæ â 1,12 ðàçà.Êîðèñòóþ÷èñü äàíèìè òàáë. 3, ìîæíà çíàéòè ðîçâ'ÿçêè çàäà÷ îïòèìàëüíîãîñèíòåçó ñèñòåìè îáñëóãîâóâàííÿ ç íàïåðåä çàäàíèìè õàðàêòåðèñòèêàìè. Ñ�îðìó-ëþ¹ìî çàäà÷ó îïòèìàëüíîãî ñèíòåçó òàê: äëÿ äàíèõ (25) çíàéòè òàêi íàéáiëü-øi çíà÷åííÿ ïîðîãiâ áëîêóâàííÿ h1 i h2 (ç íàéáiëüøîþ ñóìîþ h1 + h2), ïðè ÿêèõõàðàêòåðèñòèêè ñèñòåìè çàäîâîëüíÿþòü óìîâè: ρ0(m) ≤ ρ̃0; λb1Psv(m) ≥ S0;
Mw(m) ≤ w0, äå ρ̃0, S0, w0 � çàäàíi ÷èñëà. �îçâ'ÿçêè öi¹¨ çàäà÷i h1 opt, h2 opt, îòðè-ìàíi çà äîïîìîãîþ òàáë. 3 äëÿ ðiçíèõ çíà÷åíü ρ̃0, S0 i w0, íàâåäåíî ó òàáë. 4.7. Äîäàòîê. Ïðîãðàìà äëÿ GPSS World.Lam EQU 2 ; çíà÷åííÿ λMyu EQU 3 ; çíà÷åííÿ µAH1 EQU 2 ; çíà÷åííÿ h1AH2 EQU 4 ; çíà÷åííÿ h2Em EQU 6 ; çíà÷åííÿ mCHAS EQU 500000 ; ÷àñ ìîäåëþâàííÿImo VARIABLE N$MIT2/N$MIT1 ; iìîâiðíiñòü îáñëóãîâóâàííÿQCHE TABLE Q$CHER,0,1,7 ; ãiñòîãðàìà ðîçïîäiëó äîâæèíè ÷åðãèGENERATE 1TABULATE QCHE ; çà�iêñóâàòè äàíi äëÿ ãiñòîãðàìèTERMINATEGENERATE (Exponential(5,0,(1/Lam))) ; ïîêàçíèêîâèé ðîçïîäië ç ïàðàìåòðîì λTRANSFER 750½MIT1 ; íàäõîäæåííÿ çàìîâëåíü ïî îäíîìó (a1 = 0, 75)SPLIT 2,MIT1 ; íàäõîäæåííÿ çàìîâëåíü ïàðàìè (a2 = 0, 25)TRANSFER, OUTMIT1 GATE LS KLU,OUT ; ÷è çàáëîêîâàíî âõiä?QUEUE CHERASSIGN 1,Q$CHER
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ÑÈÑÒÅÌÀ Mθ/G/1/m Ç ÄÂÎÏÎ�Î�ÎÂÈÌ �Å�ÓËÞÂÀÍÍßÌ ×Å��ÈISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2011. Âèïóñê 75 73Universytets'ka Str., 1, Lviv, 79000e-mail: yu_zhernovyi�yahoo.omThe Mθ/G/1/m queue with threshold bloking strategy of an input �ow isinvestigated. If at the moment of beginning the servie of the next ustomerthe number of ustomers in the system exeeds some level h2, the input �owis bloked while servie proess goes its own way. The arrivals of the newustomers resume when the number of ustomers in the system dereases to thelevel h1 ≤ h2. Laplae transforms for distributions of the number of ustomersin the system on the busy period and for the busy time distribution funtionare found. Average duration of the busy time, and formulas for the ergodi dist-ribution of number of ustomers in the system and stationary harateristisof queue are obtained. An example of deision of problem of optimal hoie ofparameters h1 and h2 is onsidered.Key words: the Mθ/G/1/m queue, two threshold bloking of an input �ow,busy time, stationary harateristis.ÑÈÑÒÅÌÀ Mθ/G/1/m Ñ ÄÂÓÕÏÎ�Î�ÎÂÛÌ�Å�ÓËÈ�ÎÂÀÍÈÅÌ Î×Å�ÅÄÈÍèêîëàé Á�ÀÒÈÉ×ÓÊ1, Þðèé ÆÅ�ÍÎÂÛÉ2

1Øë¼íñêèé ïîëèòåõíè÷åñêèé óíèâåðñèòåò,óë. Êàøóáñêàÿ, 23, �ëèâèöå, 44-100
2Ëüâîâñêèé íàöèîíàëüíûé óíèâåðñèòåò èìåíè Èâàíà Ôðàíêî,óë. Óíèâåðñèòåòñêàÿ, 1, Ëüâîâ, 79000e-mail: yu_zhernovyi�yahoo.omÄëÿ ñèñòåìû Mθ/G/1/m áëîêèðîâêà âõîäíîãî ïîòîêà íà÷èíàåòñÿ, åñëèâ ìîìåíò íà÷àëà îáñëóæèâàíèÿ î÷åðåäíîé çàÿâêè ÷èñëî çàÿâîê â ñèñòåìå

ξ(t) óäîâëåòâîðÿåò óñëîâèå ξ(t) > h2 è ïðåêðàùàåòñÿ, åñëè ξ(t) ≤ h1, ãäå
h1 ≤ h2. Íàéäåíû ïðåîáðàçîâàíèÿ Ëàïëàñà äëÿ ðàñïðåäåëåíèÿ ÷èñëà çà-ÿâîê â ñèñòåìå íà ïåðèîäå çàíÿòîñòè è äëÿ �óíêöèè ðàñïðåäåëåíèÿ ïåðèî-äà çàíÿòîñòè, îïðåäåëåíà ñðåäíÿÿ ïðîäîëæèòåëüíîñòü ïåðèîäà çàíÿòîñòè,ïîëó÷åíû �îðìóëû äëÿ ñòàöèîíàðíîãî ðàñïðåäåëåíèÿ ÷èñëà çàÿâîê â ñèñ-òåìå è ñòàöèîíàðíûõ õàðàêòåðèñòèê. �àññìîòðåí ïðèìåð ðåøåíèÿ çàäà÷èîïòèìàëüíîãî âûáîðà ïàðàìåòðîâ h1 è h2.Êëþ÷åâûå ñëîâà: ñèñòåìà Mθ/G/1/m, äâóõïîðîãîâàÿ áëîêèðîâêà âõîä-íîãî ïîòîêà, ïåðèîä çàíÿòîñòè, ñòàöèîíàðíûå õàðàêòåðèñòèêè.


