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Äîâåäåíî iñíóâàííÿ òà ¹äèíiñòü ðîçâ'ÿçêó (u, a) êðàéîâî¨ çàäà÷i

Dβ
t u− a(t)∆u = F0(x, t), (x, t) ∈ Ω0 × (0, T ], Ω0 ⊂ RN , N ≥ 2,

a(t) > 0, t ∈ [0, T ],

u(x, t) = 0, (x, t) ∈ ∂Ω0 × [0, T ], a(t)
∂u(x0, t)

∂νx0

= F1(t), t ∈ [0, T ],

u(x, 0) = F2(x), x ∈ Ω0

ç ðåãóëÿðèçîâàíîþ ïîõiäíîþ Dβ
t u ïîðÿäêó β ∈ (0, 1) òà çàäàíîþ òî÷êîþ

x0 ∈ ∂Ω0.

Êëþ÷îâi ñëîâà: ïîõiäíà äðîáîâîãî ïîðÿäêó, îáåðíåíà êðàéîâà çàäà÷à,
âåêòîð-ôóíêöiÿ Ãðiíà, îïåðàòîðíå ðiâíÿííÿ.

1. Âñòóï. Óìîâè êëàñè÷íî¨ ðîçâ'ÿçíîñòi ïåðøî¨ êðàéîâî¨ çàäà÷i äëÿ ðiâíÿííÿ

Dβ
t u(x, t)− a2∆u(x, t) = F0(x, t), a2 = const > 0

ç ðåãóëÿðèçîâàíîþ ïîõiäíîþ ([1], [2]) ôóíêöi¨ u ïîðÿäêó β ∈ (0; 1)

Dβ
t u(x, t) =

1
Γ(1−β)

t∫
0

uτ (x,τ)
(t−τ)β dτ = 1

Γ(1−β)

[
∂
∂t

t∫
0

u(x,τ)
(t−τ)β dτ −

u(x,0)
tβ

]
îäåðæàíi â [3], [4]. Ðîçâ'ÿçêè ïîáóäîâàíî ó âèãëÿäi ðÿäiâ Ôóð'¹ çà âëàñíèìè ôóíê-
öiÿìè âiäïîâiäíèõ çàäà÷ Øòóðìà-Ëióâiëëÿ.

Â [5]-[8] áóëî äîâåäåíî òåîðåìè iñíóâàííÿ òà ¹äèíîñòi, à òàêîæ îäåðæàíî çîáðà-
æåííÿ çà äîïîìîãîþ ôóíêöi¨ Ãðiíà êëàñè÷íèõ ðîçâ'ÿçêiâ çàäà÷ Êîøi äëÿ ðiâíÿííÿ

Dβ
t u(x, t) = A(x,D)u(x, t), (x, t) ∈ RN × (0, T ]

ç ðåãóëÿðèçîâàíîþ ïîõiäíîþ ôóíêöi¨ u ïîðÿäêó β ∈ (m − 1;m), m = 1, 2, . . . , äå
A(x,D) � åëiïòè÷íèé äèôåðåíöiàëüíèé îïåðàòîð äðóãîãî ïîðÿäêó ç ãëàäêèìè (çà-
ëåæíèìè âiä ïðîñòîðîâî¨ çìiííî¨ x ∈ Rn) êîåôiöi¹íòàìè òà β ∈ (0, 1) ó [5]-[7],

c⃝ Ëîïóøàíñüêèé A., 2014
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A(x,D) = ∆ ó [8], ó [9], [10] îäåðæàíî çîáðàæåííÿ çà äîïîìîãîþ ôóíêöi¨ Ãðiíà
êëàñè÷íèõ ðîçâ'ÿçêiâ çàäà÷ Êîøi ó âèïàäêó A(x,D) = −(−∆)

α
2 .

Ìè äîâîäèìî iñíóâàííÿ ðîçâ'ÿçêó (u, a) îáåðíåíî¨ êðàéîâî¨ çàäà÷i

Dβut − a(t)∆u = F0(x, t), (x, t) ∈ Ω0 × (0, T ], (1)

a(t) > 0, t ∈ [0, T ],

u(x, t) = 0, (x, t) ∈ ∂Ω0 × [0, T ], (2)

a(t)
∂u(x0, t)

∂νx0

= F1(t), t ∈ [0, T ], (3)

u(x, 0) = F2(x), x ∈ Ω0, (4)

äå Ω0 � îáìåæåíà îáëàñòü â RN , N ≥ 2 ç ãëàäêîþ ìåæåþ Ω1 = ∂Ω; x0 � äîâiëüíî
çàäàíà òî÷êà íà Ω1; νx � îðò âíóòðiøíüî¨ íîðìàëi äî ïîâåðõíi Ω1 â òî÷öi x ∈ Ω1;
F0-F2 � çàäàíi ôóíêöi¨.

Çàóâàæèìî, ùî ó âèïàäêó β = 1, N = 1 òàêîãî òèïó îáåðíåíi êðàéîâi êîåôi-
öi¹íòíi çàäà÷i âèâ÷àëè ó [11]-[12], äå äîâåäåíî òåîðåìè iñíóâàííÿ òà ¹äèíîñòi.

2. Âåêòîð-ôóíêöiÿ Ãðiíà ïåðøî¨ êðàéîâî¨ çàäà÷i. Íàäàëi âèêîðèñòîâó¹ìî
ïîçíà÷åííÿ

Qi = Ωi × (0, T ], i = 0, 1,
D(RN ) � ïðîñòið íåñêií÷åííî äèôåðåíöiéîâíèõ ôóíêöié ç êîìïàêòíèìè íîñiÿìè

â RN ([13], c. 13), i = 0, 1, 2,
D(Q0) = {v ∈ C∞(Q0) : (

∂
∂t )

kv|t=T = 0, k = 0, 1, . . . },
D′(RN ) òàD′(Q0) � ïðîñòîðè ëiíiéíèõ íåïåðåðâíèõ ôóíêöiîíàëiâ (óçàãàëüíåíèõ

ôóíêöié) âiäïîâiäíî íà D(RN ) òà D(Q0),
(f, φ) � çíà÷åííÿ f ∈ D′(RN ) íà îñíîâíié ôóíêöi¨ φ ∈ D(RN ), à òàêîæ çíà÷åííÿ

f ∈ D′(Q0) íà φ ∈ D(Q0).
Ïîçíà÷à¹ìî ÷åðåç ∗̂ îïåðàöiþ çãîðòêè óçàãàëüíåíî¨ ôóíêöi¨ g òà îñíîâíî¨ ôóíê-

öi¨ φ ([13], ñ. 111): (g∗̂φ)(x) = (g(ξ), φ(x + ξ)), ÷åðåç ∗ ïîçíà÷à¹ìî îïåðàöiþ çãîðòêè
óçàãàëüíåíèõ ôóíêöié f i g, òîáòî óçàãàëüíåíó ôóíêöiþ f ∗ g

(f ∗ g, φ) = (f, g∗̂φ) äëÿ êîæíî¨ îñíîâíî¨ ôóíêöi¨ φ.

Âèêîðèñòîâó¹ìî ôóíêöiþ fλ ∈ D′
+(R) = {f ∈ D′(R) : f = 0 ïðè t < 0}:

fλ(t) =
θ(t)tλ−1

Γ(λ) ïðè λ > 0 i fλ(t) = f ′1+λ(t) ïðè λ 6 0,

äå θ(t) � îäèíè÷íà ôóíêöiÿ Õåâiñàéäà. Ïðàâèëüíi òàêi ñïiââiäíîøåííÿ:

fλ ∗ fµ = fλ+µ, fλ∗̂fµ = fλ+µ.

Íåõàé
C(Q0), C(Q0), C[0, T ] � êëàñè íåïåðåðâíèõ âiäïîâiäíî â Q0, Q0 òà íà [0, T ] ôóíêöié,
C+[0, T ] � êëàñ íåïåðåðâíèõ íà [0, T ] òà îáìåæåíèõ çíèçó äîäàòíèì ÷èñëîì ôóíêöié,
Cβ(0, T ] = {v ∈ C(0, T ] | tβv ∈ C[0, T ], v0 = inf

(t)∈Q
tβ |v(t)| > 0},

C2,β(Q0) � êëàñ íåïåðåðâíèõ ôóíêöié v(x, t), (x, t) ∈ Q̄0, ÿêi äîðiâíþþòü íóëþ ïðè
t ≥ T òà ç íåïåðåðâíèìè ôóíêöiÿìè ∆v, Dβ

t v â Q0.

Íàãàäà¹ìî, ùî ïîõiäíà v(β)t (x, t) Ðiìàíà-Ëióâiëëÿ ôóíêöi¨ v(x, t) ïîðÿäêó β > 0
âèçíà÷à¹òüñÿ ôîðìóëîþ
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v
(β)
t (x, t) = f−β(t) ∗ v(x, t),

Dβ
t v(x, t) = v

(β)
t (x, t)− f1−β(t)v(x, 0) äëÿ v ∈ C2,β(Q0), (x, t) ∈ Q0, β ∈ (0; 1).

Îçíà÷åííÿ 1. Ðîçâ'ÿçêîì çàäà÷i (1)-(4) íàçèâà¹òüñÿ ïàðà ôóíêöié

(u, a) ∈ Mβ := C2,β(Q0))× C+[0, T ],

ùî çàäîâîëüíÿ¹ ðiâíÿííÿ (1) â Q0 òà óìîâè (2)-(4).

Íåõàé
X(Q0) = {v ∈ D(Q0) : v(x, t) = 0, x ∈ Ω1, t ∈ [0, T ]}.

Ââåäåìî îïåðàòîðè

L : (Lv)(x, t) ≡ v
(β)
t (x, t)− a(t)∆v(x, t), (x, t) ∈ Q0, v ∈ D′(Q0),

Lreg : (Lregv)(x, t) ≡ Dβ
t v(x, t)− a(t)∆v(x, t), (x, t) ∈ Q0, v ∈ C2,β(Q0).

L̂ : (L̂v)(x, t) ≡ f−β ∗̂v(x, t)− a(t)∆v(x, t), (x, t) ∈ Q0, v ∈ D(Q0).

ßê ó [15] äîâîäèìî, ùî äëÿ v ∈ C2,β(Q0), ψ ∈ X(Q̄0) ïðàâèëüíà ôîðìóëà Ãðiíà∫
Q0

v(y, τ)(L̂ψ)(y, τ)dydτ =

∫
Q0

(Lregv)(y, τ)ψ(y, τ)dydτ+ (5)

+
∫
Q1

v(y, τ)∂ψ(y,τ)∂ν dSdτ +
∫
Ω0

v(y, 0)dy
T∫
0

f1−β(τ)ψ(y, τ)dτ .

Îçíà÷åííÿ 2. Âåêòîð-ôóíêöiÿ (G0(x, t, y, τ), G1(x, t, y, τ), G2(x, t, y)) òàêà, ùî ïðè
äîñòàòíüî ãëàäêèõ g0, g1, g2 ôóíêöiÿ

v(x, t) =

t∫
0

dτ

∫
Ω0

G0(x, t, y, τ)g0(y, τ)dy+ (6)

+

t∫
0

dτ

∫
Ω1

G1(x, t, y, τ)g1(y, τ)dSy +

∫
Ω

G2(x, t, y)g3(y)dy, (x, t) ∈ Q0

¹ êëàñè÷íèì (êëàñó C2,β(Q0)) ðîçâ'ÿçêîì ïåðøî¨ êðàéîâî¨ çàäà÷i

Dβut − a(t)∆u = g0(x, t), (x, t) ∈ Ω0 × (0, T ], (7)

u(x, t) = g1(x, t), (x, t) ∈ ∂Ω0 × [0, T ], (8)

u(x, 0) = g2(x), x ∈ Ω0 (9)

(ç âiäîìîþ ôóíêöi¹þ a(t)), íàçèâà¹òüñÿ âåêòîð-ôóíêöi¹þ Ãðiíà öi¹¨ çàäà÷i.

Ç îçíà÷åííÿ âèïëèâà¹, ùî

(LG0)(x, t, y, τ) = δ(x− y, t− τ), (x, t), (y, τ) ∈ Q0 äå δ � äåëüòà-ôóíêöiÿ Äiðàêà,

(LregG2)(x, t, y) = 0, (x, t) ∈ Q0, y ∈ Ω0, G2(x, 0, y) = δ(x− y), x, y ∈ Ω0.
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Ëåìà 1. G1(x, t, y, τ) =
∂G0(x,t,y,τ)

∂νy
, (x, t) ∈ Q0, (y, τ) ∈ Q1,

G2(x, t, y) = f1−β(t) ∗G0(x, t, y, 0), (x, t) ∈ Q0, y ∈ Ω0.

Ëåìà äîâîäèòüñÿ çà ñõåìîþ [15].

Ëåìà 2. Ïðè a ∈ C+[0, T ] âåêòîð-ôóíêöiÿ Ãðiíà ïåðøî¨ êðàéîâî¨ çàäà÷i (7)-(9)
iñíó¹.

Äîâåäåííÿ. Âðàõîâóþ÷è ëåìó 1, äîñòàòíüî äîâåñòè iñíóâàííÿ ãîëîâíî¨ ôóíêöi¨ Ãði-
íà G0(x, t, y, τ). ßê ó [5]-[7] äëÿ çàäà÷i Êîøi òà ó [16] äëÿ çàãàëüíèõ ïàðàáîëi÷íèõ
êðàéîâèõ çàäà÷, iñíóâàííÿ G0(x, t, y, τ) ìîæíà äîâåñòè ìåòîäîì Ëåâi. �¨ iñíóâàííÿ
ìîæíà òàêîæ äîâåñòè ìåòîäîì ðÿäiâ Ôóð'¹. Ñïðàâäi, âèáèðàþ÷è ó ôîðìóëi (5) çà
ôóíêöi¨ ψk ∈ X(Q0) ðîçâ'ÿçêè ðiâíÿíü (L̂ψk)(y, t) = φk(x, t, y, τ), äå ïîñëiäîâíiñòü
φk(x, t, y, τ) (k → ∞) ¹ δ-âèäíîþ, iç ôîðìóëè (5) ïiñëÿ ãðàíè÷íîãî ïåðåõîäó ïðè
k → ∞ îäåðæó¹ìî çîáðàæåííÿ (6) ðîçâ'ÿçêó çàäà÷i (7)-(9), äå G0(x, t, y, τ) (ãðàíèöÿ
ïîñëiäîâíîñòi ψk ó D′(RN )) ÿê ôóíêöiÿ (y, τ) ¹ ðîçâ'ÿçêîì çàäà÷i

(L̂y,τG0)(x, t, y, τ) = δ(x− y, t− τ), (x, t), (y, τ) ∈ Q0, (10)

G0|y∈Q1
= 0, G0(x, t, y, T ) = 0.

Øóêà¹ìî G0 ó âèãëÿäi

G0(x, t, y, τ) =
∞∑
m=1

Sm(x, t, τ)ωm(y), (11)

äå ωm(y) � îðòîíîðìîâàíi âëàñíi ôóíêöi¨ ñòàöiîíàðíî¨ êðàéîâî¨ çàäà÷i

∆ωm + λmωm = 0, y ∈ Ω0, ω|Ω1 = 0.

Ïiäñòàâëÿþ÷è (11) ó ðiâíÿííÿ çàäà÷i (10), ìàòèìåìî
∞∑
m=1

[
f−β(τ)∗̂Sm(x, t, τ)+λma(τ)Sm(x, t, τ)

]
ωm(y) =

∞∑
m=1

(δ(x−y), ωm(y))ωm(y)δ(t−τ),

çâiäêè, âðàõîâóþ÷è, ùî (δ(x − y), ωm(y)) = ωm(x) , îäåðæó¹ìî çàäà÷i äëÿ ôóíêöié
Sm(x, t, τ):

f−β(τ)∗̂Sm(x, t, τ) + λma(τ)Sm(x, t, τ) = ωm(x)δ(t− τ), Sm(x, t, T ) = 0, m = 1, 2, . . .
(12)

Êîæíà ç çàäà÷ (12) çâîäèòüñÿ äî ëiíiéíîãî iíòåãðàëüíîãî ðiâíÿííÿ Âîëüòåððà

Sm(x, t, τ) + λma(τ)fβ(τ)∗̂Sm(x, t, τ) = fβ(t− τ)ωm(x). (13)

Ìåòîäîì ïîñëiäîâíèõ íàáëèæåíü çíàõîäèìî ðîçâ'ÿçîê ðiâíÿííÿ (13) ó âèãëÿäi ðiâ-
íîìiðíî çáiæíîãî ïðè t > τ ðÿäó

Sm(x, t, τ) =
[
fβ(t− τ)+

+

∞∑
p=0

(−λm)pa(τ)
(
fβ(τ)∗̂

(
a(τ)

(
fβ(τ)∗̂(. . . a(τ)fβ(τ)∗̂︸ ︷︷ ︸
p

fβ(t− τ))
)))]

ωm(x).
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Çîêðåìà, ó âèïàäêó a(τ) = a = const > 0 ìàòèìåìî

Sm(x, t, τ) =

∞∑
p=0

(−aλm)pf(p+1)β(t− τ)ωm(x) =

= (t− τ)β−1
∞∑
p=0

[−aλm(t− τ)β ]p

Γ(pβ + β)
ωm(x) = (t− τ)β−1Eβ(−aλm(t− τ)β)ωm(x),

äå Γ(z) � ãàììà-ôóíêöiÿ, Eβ(z) = Eβ−1(z, β) =
∞∑
p=0

zp

Γ(pβ+β) � ôóíêöiÿ Ìiòòàã-

Ëåôëåðà [2], ùî ìà¹ îöiíêó Eβ(z) ≤ C
|z| , C = C(β) � ïåâíà äîäàòíà ñòàëà. Òîäi ó

âèïàäêó a(τ) = a = const > 0 ìàæîðàíòíèì äëÿ ðÿäó (11) áóäå ðiâíîìiðíî çáiæíèé
ðÿä

C

a(t− τ)

∞∑
m=0

|ωm(x)ωm(y)|
λm

, x, y ∈ [0, l], 0 ≤ τ < t ≤ T.

Â çàãàëüíîìó âèïàäêó, îöiíèâøè ðiçíèöþ äâîõ ñóñiäíiõ äîäàíêiâ ó âèðàçi äëÿ
Sm(x, t, τ)

λ2km a(τ)
(
fβ(τ)∗̂

(
a(τ)

(
fβ(τ)∗̂(. . . a(τ)fβ(τ)∗̂︸ ︷︷ ︸
2k

fβ(t− τ))
)))

−

−λ2k+1
m a(τ)

(
fβ(τ)∗̂

(
a(τ)

(
fβ(τ)∗̂(. . . a(τ)fβ(τ)∗̂︸ ︷︷ ︸

2k+1

fβ(t− τ))
)))

≤

≤ λ2km

[
A2k

0 f(2k+1)β(t− τ)− λma
2k+1
0 f(2k+2)β(t− τ)

]
≤ λ2km

[
c2kf(2k+1)β(t− τ)− λmc

2k+1f(2k+2)β(t− τ)
]

ïðè äåÿêîìó c < a0 = min
t∈[0,T ]

a(t) ≤ A0 = max
t∈[0,T ]

a(t), ùî ìîæëèâî ïðè

λm ≥ A2k
0 − c2k

a2k0 − c2k
·
f(2k+1)β(t− τ)

f(2k+2)β(t− τ)
= A0c

2
1− ( c

A0
)2k

( a0A0
)2k+1 − ( c

A0
)2k+1

· Γ(2kβ + β)

Γ(2kβ + 2β)(t− τ)β

àáî

λm(t− τ)β ≥ A0c
2(2kβ)−β

1− ( c
A0

)2k

( a0A0
)2k+1 − ( c

A0
)2k+1

ïðè âåëèêèõ k (òîäi Γ(2kβ+β)
Γ(2kβ+2β) = O((2kβ)−β) [14], c. 67), îäåðæó¹ìî

|Sm(x, t, τ)| ≤ (t− τ)β−1Eβ(−cλm(t− τ)β)|ωm(x)|.

Îòæå, ïðè a ∈ C+[0, T ] ìàòèìåìî àíàëîãi÷íó äî âèïàäêó ñòàëî¨ ôóíêöi¨ a îöiíêó
ðÿäó (11) i ãîëîâíà ôóíêöiÿ Ãðiíà çàäà÷i (7)-(9) iñíó¹. �
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Ëåìà 3. Ïðàâèëüíi îöiíêè

|Gi(x, t+∆t, y, τ)−Gi(x, t, y, τ)| ≤ Ai(x, t, y, τ)|∆t|γ ∀(x, t) ∈ Q0, (y, τ) ∈ Qi, (14)

|∂Gi(x, t+∆t, y)

∂νx
− ∂Gi(x, t, y)

∂νx
| ≤ Bi(x, t, y, τ)|∆t|γ ∀(x, t) ∈ Q1, (y, τ) ∈ Qi, (15)

i = 0, 2, äå 0 < γ < β, íåâiä'¹ìíi ôóíêöi¨ Ai(x, t, y, τ) òà Bi(x, t, y, τ) ìàþòü òàêi

ñàìi îöiíêè, ÿê Gi(x, t, y, τ) òà ∂Gi(x,t,y)
∂νx

, i = 0, 2 âiäïîâiäíî ç çàìiíîþ β íà β − γ.

Äîâåäåííÿ. Âèêîðèñòîâóþ÷è çîáðàæåííÿ (11), ìàòèìåìî

G0(x, t+∆t, y, τ)−G0(x, t, y, τ) =
∞∑
m=1

[Sm(x, t+∆t, τ)− Sm(x, t, τ)]ωm(y). (16)

Äëÿ ôóíêöié

Zm(x, t, y, τ,∆t) = Sm(x, t+∆t, y, τ)− Sm(x, t, y, τ)

îäåðæó¹ìî iíòåãðàëüíi ðiâíÿííÿ âèãëÿäó (13) iç ïðàâèìè ÷àñòèíàìè

[fβ(t+∆t− τ)− fβ(t− τ)]ωm(x).

Îñêiëüêè

fβ(t+∆t− τ)− fβ(t− τ) = f−λ(t) ∗ [fβ+λ(t+∆t− τ)− fβ+λ(t− τ)],

ïðè 1− β < λ < 1 îòðèìà¹ìî β + λ− 1 = γ ∈ (0, 1) òà β − γ = 1− λ > 0,

|(t+∆t− τ)γ − (t− τ)γ | = (t− τ)γ |(1 + ∆t

t− τ
)γ − 1| ≤ |∆t|γ ,

òî îäåðæó¹ìî

|fβ(t+∆t− τ)− fβ(t− τ)| ≤ f1−λ(t− τ)|∆t|γ = fβ−γ(t− τ)|∆t|γ .
ßê ïðè äîâåäåííi ëåìè 2, çíàõîäèìî ôóíêöi¨ Zm(x, t, y, τ,∆t), ùî ìàòèìóòü òàêi

ñàìi îöiíêè, ÿê ðîçâ'ÿçêè ðiâíÿíü (13) iç çàìiíîþ β íà β−γ > 0 òà ìíîæíèêîì |∆t|γ .
Âðàõîâóþ÷è çîáðàæåííÿ (16), îäåðæó¹ìî îöiíêó (14) ïðè i = 0, äå ôóíêöiÿ A0 ìà¹
òàêó ñàìó îöiíêó, ÿê G0(x, t, y, τ), àëå ç çàìiíîþ β íà β − γ. Iíøi îöiíêè â ëåìi
îäåðæó¹ìî ç òàêèõ ñàìèõ ìiðêóâàíü òà âðàõîâóþ÷è ëåìó 1. �

Çàóâàæåííÿ 1. Äëÿ çàãàëüíèõ ïàðàáîëi÷íèõ êðàéîâèõ çàäà÷ (ó íàøîìó âèïàäêó ïðè
β = 1) îöiíêè âèãëÿäó (14), (15), ÿêi îòðèìàâ Iâàñèøåí Ñ.Ä. (äèâ. [16]), ó âèïàäêó
çàäà÷i Êîøi äëÿ N = 1 (Ω0 = R) � ó [6] (äèâ. òàêîæ [7]).

Âèêîðèñòîâó¹ìî äàëi ïîçíà÷åííÿ

Gi(x, t, y, τ, a) çàìiñòü Gi(x, t, y, τ), i = 0, 1, G2(x, t, y, a) çàìiñòü G2(x, t, y).

Iç ïðèíöèïó ìàêñèìóìó âèïëèâà¹ äîäàòíiñòü ôóíêöié G0(x, t, y, τ, a) i
G2(x, t, y, a) ïðè (x, t), (y, τ) ∈ Q0 òà

∂G0(x,t,y,τ,a)
∂νx

i ∂G2(x,t,y,a)
∂νx

ïðè (x, t) ∈ Q1,
(y, τ) ∈ Q0.

Çãiäíî ç ìåòîäîì Ëåâi, äëÿ ôóíêöié G0(x, t, y, τ, a) òà G2(x, t, y, a) ïðàâèëüíi
òàêi ñàìi îöiíêè, ÿê äëÿ ïàðàìåòðèêñiâ G(x− y, t− τ, a(τ)), f1−β(t) ∗G(x− y, t, a(0)),
âiäïîâiäíî.
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Iç ðåçóëüòàòiâ [10] âèïëèâà¹, ùî ôóíäàìåíòàëüíà ôóíêöiÿ G(x, t, a) îïåðàòîðà
âèãëÿäó L çi ñòàëèì êîåôiöi¹íòîì a > 0 íàáóâà¹ âèãëÿäó

G(x, t, a) =
πN/2tβ−1

|x|N
H2,0

1,2

(
|x|2

4atβ

∣∣∣(β, β)
(1, 1) (N/2, 1)

)
, (17)

äå Hm,n
p,q

(
z
∣∣∣(a1, α1) . . . (ap, αp)
(b1, β1) . . . (bq, βq)

)
�H-ôóíêöiÿ Ôîêñà ([17]).

Âèêîðèñòîâóþ÷è âëàñòèâîñòi H-ôóíêöié Ôîêñà, ÿê ó [15], çíàõîäèìî îöiíêè

|G(x, t, a)| ≤ C∗
0

at|x|N−2
,

∣∣∣∂G(x, t, a)
∂νx

∣∣∣ ≤ C∗
1

at|x|N−1
, |f1−β(t) ∗G(x, t, a)(x, t, a)| ≤

C∗
2

atβ |x|N−2
,

|
∂
(
f1−β(t) ∗G(x, t, a)

)
∂νx0

| ≤ C∗
3

atβ |x|N−1
, |x|2 < 4atβ , N ≥ 3,

|G(x, t, a)| ≤ C∗
0

at
ln

4atβ/2

|x|
,

∣∣∣∂G(x, t, a)
∂νx

∣∣∣ ≤ C∗
1

at|x|
ln

4atβ/2

|x|
,

|f1−β(t) ∗G(x, t, a)| ≤
C∗

2

atβ
ln

4atβ/2

|x|
,

|
∂
(
f1−β(t) ∗G(x, t, a)

)
∂νx

| ≤ C∗
3

atβ |x|
ln

4atβ/2

|x|
, |x|2 < 4atβ , N = 2,

|G(x, t, a)| ≤ Ĉ0t
β−1

|x|N
·
( |x|2

4atβ

)1+ N
2(2−β)

e
−c
(

|x|2

4atβ

) 1
2−β

≤ C0

t1−β |x|N
,

∣∣∂G(x, t, a)
∂νx

∣∣ ≤ Ĉ1t
β−1

|x|N+1
·
( |x|2

4atβ

)1+ N
2(2−β)

e
−c
(

|x|2

4atβ

) 1
2−β

≤ C1

t1−β |x|N+1
,

|f1−β(t) ∗G(x, t, a)| ≤
Ĉ2

|x|N
·
( |x|2

4atβ

) N
2(2−β)

e
−c
(

|x|2

4atβ

) 1
2−β

≤ C2

|x|N
,

|
∂
(
f1−β(t) ∗G(x, t, a)

)
∂νx

| ≤ Ĉ3

|x|N+1
·
( |x|2

4atβ

) N+2
2(2−β)

e
−c
(

|x|2

4atβ

) 1
2−β

≤ C3

|x|N+1
, |x|2 > 4atβ ,

c, C∗
i , Ci, i = 0, 1, 2, 3 � ïåâíi äîäàòíi ñòàëi.

Çàóâàæåííÿ 2. Íàñïðàâäi, îöiíêè â ëåìi 3 ïðàâèëüíi áåç çàìiíè β íà β−γ. Öå ìîæíà
äîâåñòè, âèêîðèñòàâøè íàÿâíiñòü åêñïîíåíòè â àñèìïòîòèöi ôóíêöié Gi(x, t, y, τ, a)
òà ∂Gi(x,t,y,τ)

∂νx
ó âèïàäêó ìàëèõ çíà÷åíü t− τ , i = 0, 2.
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3. Çâåäåííÿ çàäà÷i äî îïåðàòîðíîãî ðiâíÿííÿ. Âèêîðèñòîâóâàòèìåìî îïå-
ðàòîðè Ãðiíà

(G0φ)(x, t) =
t∫
0

dτ
∫
Ω0

G0(x, t, y, τ)φ(y, τ)dy, v ∈ D(Q0),

(G2φ)(x, t) =
∫
Ω2

G2(x, t, y)φ(y)dy, v ∈ D(Q2).

Ó [5]-[10] äîñëiäæåíî âëàñòèâîñòi òàêèõ îïåðàòîðiâ ó âèïàäêó Ω0 = RN .
Íåõàé âèêîíóþòüñÿ óìîâè:

(F0) F0 ∈ C(Q0), îáìåæåíà òà äëÿ êîæíîãî t ∈ (0, T ] ëîêàëüíî ãåëüäåðîâà
çà çìiííèìè x ôóíêöiÿ, ||F0||C(Q0) := sup

(x,t)∈Q0

|F0(x, t)|,

(F1) F1 ∈ Cβ/2(0, T ] òà ïîçíà÷à¹ìî inf
t∈(0,T ]

tβ/2|F1(t)| = b0 (> 0),

(F2) F2 ∈ C(Ω0), F2|Ω1 = 0, ||F2||C(Ω0) := sup
x∈Ω0

|F2(x)| > 0,

(F) F0(x, t) > 0, (x, t) ∈ Q0, F1(t) > 0, t ∈ (0, T ], F2(x) ≥ 0, x ∈ Ω0

àáî âñi öi ôóíêöi¨ âiä'¹ìíi, âiäïîâiäíî, â Q0, (0, T ],Ω0.

Òåîðåìà 1. Çà óìîâ (F0), (F2) ïðè êîæíié âiäîìié a ∈ C+[0, T ] iñíó¹ ¹äèíèé ðîçâ'ÿ-
çîê u ∈ C2,β(Q0) çàäà÷i (1), (2), (4), âií âèçíà÷åíèé ôîðìóëîþ

u(x, t) =
(
G0F0

)
(x, t) +

(
G2F2)(x, t), (x, t) ∈ Q0. (18)

Òåîðåìà äîâîäèòüñÿ òàê ñàìî, ÿê ó [5]-[7] iç âèêîðèñòàííÿì îöiíîê êîìïîíåíò
âåêòîð-ôóíêöi¨ Ãðiíà òà ¨õíiõ ïîõiäíèõ. �äèíiñòü ðîçâ'ÿçêó çàäà÷i ¹ íàñëiäêîì ïðèí-
öèïó ìàêñèìóìó [3].

Ïiäñòàâèìî ôóíêöiþ (18) â óìîâó (3). Îäåðæó¹ìî

a(t)
[ ∂

∂νx0

(
G0F0

)
(x0, t) +

∂

∂νx0

(
G2F2

)
(x0, t)

]
= F1(t), t ∈ [0, T ]

àáî

h(t) = tβ/2
[ ∂

∂νx

(
G0F0

)
(x0, t) +

∂

∂νx0

(
G2F2

)
(x0, t)

]
· [tβ/2F1(t)]

−1, t ∈ [0, T ], (19)

äå h(t) = [a(t)]−1.
Ðåçóëüòàòîì òåîðåìè 1 òà äîäàòíîñòi ôóíêöié ∂G0(x,t,y,τ)

∂νx
, ∂G2(x,t,y)

∂νx
ïðè

(x, t)∈Q1, (y, τ) ∈ Q0 ¹ òàêà òåîðåìà.

Òåîðåìà 2. Çà ïðèïóùåíü (F0) - (F) ïàðà ôóíêöié (u, a) ∈ Mβ ¹ ðîçâ'ÿçêîì çà-
äà÷i (1)-(4) òîäi i òiëüêè òîäi, êîëè äîäàòíà íåïåðåðâíà ôóíêöiÿ h(t), t ∈ [0, T ] ¹
ðîçâ'ÿçêîì ðiâíÿííÿ (19).

4. Òåîðåìè iñíóâàííÿ òà ¹äèíîñòi.

Òåîðåìà 3. Çà ïðèïóùåíü (F0) - (F) ðîçâ'ÿçîê (u, a) ∈ Mβ çàäà÷i (1)-(4) iñíó¹:
ôóíêöiÿ u(x, t) âèçíà÷åíà ôîðìóëîþ (18), a(t) = [h(t)]−1, äå h(t) � ðîçâ'ÿçîê îïåðà-
òîðíîãî ðiâíÿííÿ (19).
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Äîâåäåííÿ. Âðàõîâóþ÷è íàâåäåíi âèùå ìiðêóâàííÿ, ïåðåòâîðåííÿ, òåîðåìè 1, 2, äëÿ
äîâåäåííÿ iñíóâàííÿ ðîçâ'ÿçêó çàäà÷i çàëèøà¹òüñÿ äîâåñòè ðîçâ'ÿçíiñòü ðiâíÿííÿ
(19) ó êëàñi äîäàòíèõ íåïåðåðâíèõ ôóíêöié h(t), t ∈ [0, T ]. Äîâåäåìî ñïî÷àòêó éîãî
ðîçâ'ÿçíiñòü ó êëàñi

MR = {h ∈ C[0, T ] | ||h||C[0,T ] ≤ R}.
Öå ïîâíèé áàíàõiâ ïðîñòið � çàìêíåíèé ïiäïðîñòið áàíàõîâîãî ïðîñòîðó C[0, T ] iç
íîðìîþ

||h||C[0,T ] = max
t∈[0,T ]

|h(t)|.

Âèêîðèñòà¹ìî ïðèíöèï Øàóäåðà. Ðîçãëÿäà¹ìî âèïàäîê N ≥ 3. Ó âèïàäêó N = 2
äîâåäåííÿ àíàëîãi÷íå. Íà MR ðîçãëÿíåìî îïåðàòîð

(Ph)(t) := tβ/2
[

∂
∂νx0

(
G0F0

)
(x0, t)+

∂
∂νx0

(
G2F2

)
(x0, t)

]
· [tβ/2F1(t)]

−1, t ∈ [0, T ].

Âèêîðèñòîâóþ÷è îöiíêè êîìïîíåíò âåêòîð-ôóíêöi¨ Ãðiíà òà ¨õíiõ ïîõiäíèõ, ïðè
h ∈MR, t ∈ [0, T ] îäåðæó¹ìî

|(Ph)(t)| ≤ b−1
0 tβ/2

[ t∫
0

dτ

∫
Ω0

∂G0(x0, t, y, τ, 1/h)

∂νx0

· |F0(y, τ)|dy+

+

∫
Ω

∂G2(x0, t, y, 1/h)

∂νx0

· |F2(y)|dy
]
≤

≤ b−1
0 tβ/2

[ t∫
0

( ∫
{(y,τ)∈Ω0:|y−x0|< 2(t−τ)β/2

√
R

}

∂G0(x0, t, y, τ, 1/h)

∂νx0

dy+

+

∫
{(y,τ)∈Ω0:|y−x0|> 2(t−τ)β/2

√
R

}

∂G0(x0, t, y, τ, 1/h)

∂νx0

dy
)
dτ

]
· ||F0||C(Q0)+

+b−1
0 tβ/2

[ ∫
{(y,τ)∈Ω0:|y−x0|< 2tβ/2

√
R

}

∂G2(x0, t, y, 1/h)

∂νx
dy+

+

∫
{(y,τ)∈Ω0:|y−x0|> 2tβ/2

√
R

}

∂G2(x0, t, y, 1/h)

∂νx0

dy
]
· ||F2||C(Ω0) ≤

≤ b−1
0 tβ/2

[ t∫
0

( ∫
{(y,τ)∈Ω0:|y−x0|< 2(t−τ)β/2

√
R

}

C∗
0Rdy

(t− τ)|y − x0|N−1
+

+

∫
{(y,τ)∈Ω0:|y−x0|> 2(t−τ)β/2

√
R

}

C0dy

(t− τ)1−β |y − x0|N+1

)
dτ

]
· ||F0||C(Q0)+
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+b−1
0 tβ/2

[ ∫
{(y,τ)∈Ω0:|y−x0|< 2tβ/2

√
R

}

C∗
2Rdy

tβ |y − x0|N−1
+

+

∫
{(y,τ)∈Ω1:|y−x0|> 2tβ/2

√
R

}

C2dy

|y − x0|N+1

]
· ||F2||C(Ω0) ≤

≤ k1b
−1
0 tβ/2

[
2
√
R

t∫
0

(t− τ)
β
2 −1dτ +

t∫
0

(t− τ)β−1dτ

diamΩ0∫
2(t−τ)β/2

√
R

r−2dr
]
· ||F0||C(Q0)+

+k2b
−1
0 tβ/2

[
2t−β/2

√
R+

diamΩ0∫
2tβ/2
√

R

r−2dr
]
· ||F2||C(Ω0) =

= k1b
−1
0 tβ/2

[4√Rtβ/2
β

+

t∫
0

(t− τ)β−1
(√R

2
(t− τ)−β/2 − 1

diamΩ0

)
dτ

]
· ||F0||C(Q0)+

+k2b
−1
0 tβ/2

[
(2
√
R+

√
R

2
)t−β/2 − 1

diamΩ0

]
· ||F2||C(Ω0) =

= k1b
−1
0 β−1tβ

[
5
√
R− tβ/2

diamΩ0

]
· ||F0||C(Q0) + k2b

−1
0

[
5
√
R/2− tβ/2

diamΩ0

]
· ||F2||C(Ω0),

äå k1, k2 � äîäàòíi ÷èñëà, k1 = k1(C1, C
∗
1 ), k2 = k2(C2, C

∗
2 ).

ßêùî âèáðàòè
√
R1 − 2Tβ/2

5diamΩ0
> 0, òî äëÿ âñiõ t ∈ [0, T ], R > R1 ìàòèìåìî

|(Ph)(t)| < 5b−1
0

√
R
[k1
β
T β · ||F0||C(Q0) +

k2
2
||F2||C(Ω0)

]
.

Çà âëàñòèâiñòþ ôóíêöi¨ A
√
R ïðè äîâiëüíîìó äîäàòíîìó ÷èñëi A iñíó¹ òàêå

R2 = R2(A) > 0, ùî äëÿ âñiõ R > R2 âèêîíó¹òüñÿ A
√
R < R. Îòæå, iñíó¹ òàêå

R0 = max{R1, R2} > 0, ùî äëÿ âñiõ R > R0, h ∈MR

||Ph||C[0,T ] < R, à îòæå, P :MR →MR.

Îïåðàòîð P íåïåðåðâíèé íà MR. Ñïðàâäi, ïðè h1, h2 ∈MR

(Ph1)(t)− (Ph2)(t) =

= tβ/2[tβ/2F1(t)]
−1

t∫
0

dτ

∫
Ω0

[∂G0(x0, t, y, τ, 1/h1)

∂νx0

− ∂G0(x0, t, y, τ, 1/h2)

∂νx0

]
F0(y, τ)dy+

+[tβ/2F1(t)]
−1

∫
Ω0

tβ/2
[∂G2(x0, t, y, 1/h1)

∂νx0

− ∂G2(x0, t, y, 1/h2)

∂νx0

]
F2(y)dy.
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Ïiäiíòåãðàëüíi âèðàçè ìàþòü iíòåãðîâíi îñîáëèâîñòi òà äîðiâíþþòü íóëþ ïðè
h1(t) = h2(t). Òîìó çíà÷åííÿ |(Ph1)(t)− (Ph2)(t)| ìàëi äëÿ âñiõ t ∈ [0, T ] ïðè ìàëèõ
çíà÷åííÿõ |h1(t)− h2(t)|, t ∈ [0, T ].

Ïîäiáíî îäåðæó¹ìî, ùî îïåðàòîð P êîìïàêòíèé íà MR: âèùå áóëî äîâåäåíî
ðiâíîìiðíó îáìåæåíiñòü ìíîæèíè {(Ph)(t), t ∈ [0, T ]} ïðè h ∈ MR, ¨¨ îäíîñòàé-
íà íåïåðåðâíiñòü âèïëèâà¹ ç ðiâíîìiðíî¨ çáiæíîñòi iíòåãðàëiâ ó âèðàçi (Ph)(t) ïðè
h ∈MR òà ëåìè 3.

Áóëî ïîêàçàíî ñêií÷åííiñòü ïðàâî¨ ÷àñòèíè â (19) äëÿ âñiõ t ∈ [0, T ]. Òàêîæ
iç îöiíîê i äîäàòíîñòi ôóíêöié ∂G0(x,t,y,τ)

∂νx
, ∂G2(x,t,y)

∂νx
ïðè (x, t) ∈ Q1, (y, τ) ∈ Q0

âèïëèâà¹, ùî çà óìîâ ùîäî F0, F2

tβ/2 ∂
∂νx0

(
G0F0

)
(x0, t) ≥ 0, tβ/2 ∂

∂νx0

(
G2F2

)
(x0, t) > 0.

Çâiäñè, âðàõîâóþ÷è òàêîæ óìîâè ùîäî ôóíêöi¨ F1, îäåðæó¹ìî, ùî (Ph)(t) > 0
äëÿ âñiõ t ∈ [0, T ], h ∈ MR. Îòæå, âðàõîâóþ÷è ðiâíÿííÿ (19), äîäàòíiñòü h(t) çàáåç-
ïå÷ó¹òüñÿ óìîâàìè (F0)-(F). �

Çàóâàæåííÿ 3. Íàñïðàâäi, ç òåîðåìè âèïëèâà¹ iñíóâàííÿ ôóíêöi¨ a(t) ç êëàñó

Cγ+[0, T ] = {v ∈ C+[0, T ] | |v(t)− v(τ)| ≤ A|t− τ |γ ∀t, τ ∈ [0, T ]}

ç äåÿêèìè ñòàëèìè A > 0, γ ∈ (0, 1).
Ñïðàâäi, çà óìîâ òåîðåìè îäåðæó¹ìî îáìåæåíiñòü çíèçó äåÿêèì ÷èñëîì h0 > 0

âñiõ ôóíêöié (Ph)(t) ïðè h ∈MR, à òîäi é îáìåæåíiñòü çíèçó ÷èñëîì h0 > 0 ðîçâ'ÿçêó
h ∈MR ðiâíÿííÿ (19).

Îñêiëüêè |a(t) − a(τ)| = |h(t)−h(τ)|
h(t)h(τ) ≤ |h(t)−h(τ)|

h2
0

äëÿ äîâiëüíèõ t, τ ∈ [0, T ], òî

a ∈ Cγ+[0, T ], ÿêùî h ∈ Cγ+[0, T ].
Ç âèãëÿäó âèðàçó (Ph)(t+∆t)− (Ph)(t) òà ëåìè 3 çà óìîâ òåîðåìè îäåðæó¹ìî,

ùî ôóíêöiÿ h = Ph ∈MR (ðîçâ'ÿçîê ðiâíÿííÿ (19)) çàäîâîëüíÿ¹ óìîâó Ãåëüäåðà.

Òåîðåìà 4. Çà óìîâè (F1) ðîçâ'ÿçîê (u, a) ∈ Mβ çàäà÷i (1)-(4) ¹äèíèé.

Äîâåäåííÿ. ßêùî (u1, a1), (u2, a2) ∈ Mβ � äâà ðîçâ'ÿçêè çàäà÷i, v = u1 − u2,
a = a1 − a2, òî

Dβ
t v − a1(t)∆v = a(t)∆u2, (x, t) ∈ Q0, (20)

v|Q1
= 0, v|t=0 = 0, (21)

a1(t)
∂v(x0, t)

∂νx0

= − a(t)

a2(t)
F1(t), t ∈ [0, T ] (22)

òà äëÿ ôóíêöi¨ v, ÿê ðîçâ'ÿçêó ïåðøî¨ êðàéîâî¨ çàäà÷i (20)-(21), ïðàâèëüíå çîáðàæåí-
íÿ

v(x, t) =

t∫
0

dτ

∫
Ω0

G0(x, t, y, τ, a1) · a(τ)∆u2(y, τ)dy, (x, t) ∈ Q0. (23)

Ïiäñòàâëÿþ÷è ôóíêöiþ (23) â óìîâó (22), îäåðæó¹ìî

a1(t)

t∫
0

dτ

∫
Ω0

∂G0(x0, t, y, τ, a1)

∂νx0

· a(τ)∆u2(y, τ)dy = − a(t)

a2(t)
F1(t),
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òîáòî

a(t) +

t∫
0

dτ

∫
Ω0

a1(t)a2(t)

F1(t)
· ∂G0(x0, t, y, τ, a1)

∂νx0

· a(τ)∆u2(y, τ)dy = 0, t ∈ [0, T ].

Îäåðæàëè, ùî ôóíêöiÿ a(t) çàäîâîëüíÿ¹ ëiíiéíå îäíîðiäíå iíòåãðàëüíå ðiâíÿííÿ
Âîëüòåððà ç iíòåãðîâíèì ÿäðîì (çà óìîâè òåîðåìè), ÿêå îäíîçíà÷íî ðîçâ'ÿçíå. Îòæå,
a(t) = 0, t ∈ [0, T ]. Òîäi ç (23) îäåðæó¹ìî v(x, t) = 0, (x, t) ∈ Q0. �

Çàóâàæåííÿ 4. Âèïàäîê N = 1 ðîçãëÿäà¹òüñÿ àíàëîãi÷íî. Çàäàþ÷è óìîâó (3) ëèøå
â îäíié òî÷öi (x0, t0) ∈ Q1, çíàõîäèìî (u, a), äå a � ñòàëà.
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SOLVABILITY OF INVERSE BOUNDARY VALUE PROBLEM
FOR EQUATION WITH FRACTIONAL DERIVATIVE
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We prove existence and uniqueness of a solution (u, a) to the boundary
value problem

Dβ
t u− a(t)∆u = F0(x, t), (x, t) ∈ Ω0 × (0, T ], Ω0 ⊂ RN , N ≥ 2,

a(t) > 0, t ∈ [0, T ],

u(x, t) = 0, (x, t) ∈ ∂Ω0 × [0, T ], a(t)
∂u(x0, t)

∂νx0

= F1(t), t ∈ [0, T ],

u(x, 0) = F2(x), x ∈ Ω0

with the regularized fractional derivative Dβ
t u of the order β ∈ (0, 1) and a

given point x0 ∈ ∂Ω.

Key words: fractional derivative, inverse boundary value problem, the
Green vector function, operator equation.

ÐÀÇÐÅØÈÌÎÑÒÜ ÎÁÐÀÒÍÎÉ ÊÐÀÅÂÎÉ ÇÀÄÀ×È
ÄËß ÓÐÀÂÍÅÍÈß Ñ ÄÐÎÁÍÎÉ ÏÐÎÈÇÂÎÄÍÎÉ

Àíäðåé ËÎÏÓØÀÍÑÊÈÉ

Èíñòèòóò ìàòåìàòèêè, Æåøîâñêèé óíèâåðñèòåò,

àë. Ðåéòàíà, 16 A, Æåøîâ, 35-959, Ïîëüøà

e-mail: alopushanskyj@gmail.com

Äîêàçàíî ñóùåñòâîâàíèå è åäèíñòâåííîñòü ðåøåíèÿ (u, a) êðàåâîé çà-
äà÷è

Dβ
t u− a(t)∆u = F0(x, t), (x, t) ∈ Ω0 × (0, T ], Ω0 ⊂ RN , N ≥ 2,

a(t) > 0, t ∈ [0, T ],
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u(x, t) = 0, (x, t) ∈ ∂Ω0 × [0, T ], a(t)
∂u(x0, t)

∂νx0

= F1(t), t ∈ [0, T ],

u(x, 0) = F2(x), x ∈ Ω0

ñ ðåãóëÿðèçîâàííîé ïðîèçâîäíîéDβ
t u ïîðÿäêà β ∈ (0, 1) è çàäàííîé òî÷êîé

x0 ∈ ∂Ω0.

Êëþ÷åâûå ñëîâà: ïðîèçâîäíàÿ äðîáíîãî ïîðÿäêà, îáðàòíàÿ êðàåâàÿ
çàäà÷à, âåêòîð-ôóíêöèÿ Ãðèíà, îïåðàòîðíîå óðàâíåíèå.


