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The notion of invariant measure is de�ned for the idempotent measures
(Maslov measures) in the ultrametric setting. We prove that the ultrametric
space of the idempotent measures on a complete ultrametric space is also
complete and use this fact to prove the existence of the invariant idempotent
measure for the IFSs. We also discuss the case of the upper-semicontinuous
capacities, of the max-min measures, and also of idempotent measures on
metric spaces.
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1. Introduction. The invariant probability measures for the iterated function
systems (IFS) were �rst de�ned by Hutchinson [5]. They found various applications in
mathematics, quantum mechanics, image processing etc.

A Maslov measure (an idempotent measure) is a measure m on X de�ned as follows:
m(A) = supx∈A ψ(x), where ψ : X → R is a function. The notion of idempotent measure
belongs to the so-called Idempotent Mathematics, i.e., a part of mathematics in which the
usual arithmetical operations are replaced by idempotent ones (like x⊕ y = max{x, y}).
The informal Correspondence principle asserts that to every meaningful and interesting
notion of ordinary mathematics there corresponds a meaningful and interesting notion
of the Idempotent Mathematics.

Recall that a metric d on a set X is called an ultrametric (a non-Archimedean
metric) if it satis�es the following strong triangle inequality:

d(x, y) ≤ max{d(x, z), d(z, y)}, x, y, z ∈ X.
The aim of this note is to de�ne a counterpart of the invariant measures [5] for the

idempotent measures and for the ultrametric spaces. We prove the existence of the invari-
ant idempotent measures and consider an example of such a measure on an ultrametric
Cantor set. Since the idempotent measures are special examples of non-additive measures,
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we discuss a possibility to de�ne invariant objects in another classes of measures. Actually,
we focus on the class of the upper semi-continuous capacities and the max-min measures
in the ultrametric setting. We also discuss some metrizations of the idempotent measures
for all metric spaces.

2. Idempotent measures. By expX we denote the set of all nonempty compact
subsets in a topological space X. If X is a metric space, we endow expX with the
Hausdor� metric.

Denote by C(X) the set of continuous functions on a compact Hausdor� space X.
Given c ∈ R, we denote by cX ∈ C(X) the constant function which takes the value c on
X. Let c� ϕ denote the function cX + ϕ and let ϕ⊕ ψ denote the function max{ϕ,ψ}.
Also, � and ⊕ mean the addition and max in the set of reals R respectively.

De�nition 1. Let X be a compact Hausdor� space. A functional µ : C(X)→ R is called
an idempotent measure if it satis�es the following properties:

1) µ(cX) = c;
2) µ(c� ϕ) = c� µ(ϕ);
3) µ(ϕ⊕ ψ) = µ(ϕ)⊕ µ(ψ).

By I(X) we denote the set of all idempotent measures on X. The following is an
example of an idempotent measure. Let x1, . . . , xn ∈ X and let α1, . . . , αn ∈ [−∞, 0] be
such that ⊕ni=1αi = 0; then de�ne µ = ⊕ni=1αi � δxi ∈ I(X) as follows:
µ(ϕ) = ⊕ni=1αi � ϕ(xi).

Every continuous map f : X → Y of compact Hausdor� spaces induces a map
I(f) : I(X) → I(Y ) by the formula I(f)(µ)(ϕ) = µ(ϕf). We obtain a functor acting
from the category of compact Hausdor� spaces and a known procedure by Chigogidze
[4] allows us to extend this functor onto the category of Tychonov spaces and continuous
maps. We keep the notation I for this extension. Note that there is a natural de�nition
of support for the functor I.

Thus, for a Tychonov space X, the set I(X) consists of the idempotent measures
on X with compact supports.

Given an ultrametric space (X, d), for every r > 0, we denote by Fr(X) the set of
real-valued functions on X which are constant onto the balls of radius r. We endow I(X)

with the following metric d̂:

d̂(µ, ν) = inf{r > 0 | µ(ϕ) = ν(ϕ) for all ϕ ∈ Fr}

(see [1] for details).

Theorem 1. Let (X, d) be a complete ultrametric space. Then I(X) is also a complete
ultrametric space.

Proof. Let (µi) be a Cauchy sequence in the space I(X). Then (Ai = supp(µi)) is a
Cauchy sequence in the space expX (see [1]) and there exists the limit A = limi→∞Ai.
Without loss of generality, one may assume that X = A ∪

⋃∞
i=1Ai.

Let ϕ ∈ C(X). We are going to show that (µi(ϕ)) is a Cauchy sequence. Let ε > 0.
Since the function ϕ is uniformly continuous, there exists δ > 0 such that |ϕ(x)−ϕ(y)| <
δ, whenever d(x, y) < ε. Then there exists N ∈ N such that d̂(µi, µj) < δ for all i, j ≥ N .
Denote by Dδ = {Bδ(xk)} the decomposition of X into the balls of radius δ. Then
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ϕ = ⊕kϕk, where ϕk|Bδ(xk) = ϕ|Bδ(xk) and ϕk|(X \Bδ(xk)) = ck, for small enough ck.
Then

|µi(ϕ)− µj(ϕ)| = | ⊕k µi(ϕk)−⊕kµj(ϕk)| = |µi(⊕kϕk)− µj(⊕kϕk)| ≤ δ

as ak ≤ ϕk ≤ ak + δ, for some constant ak.
Thus, the sequence (µi(ϕ)) is a Cauchy sequence and we denote its limit by µ(ϕ). We

are going to show that µ : C(X)→ R is an element of I(X). Note �rst that µ(cX) = cX .
Note also that

µ(ϕ⊕ ψ) = lim
i→∞

µi(ϕ⊕ ψ) = lim
i→∞

µi(ϕ)⊕ lim
i→∞

µi(ψ) = µ(ϕ)⊕ µ(ψ).

Therefore, µ ∈ I(X).
In order to show that µ = limi→∞ µi let ε > 0. Since (µi) is a Cauchy sequence,

there is N ∈ N such that, for every i, j ≥ N , µi(ϕ) = µj(ϕ), for every ϕ ∈ Fε. Then
µ(ϕ) = µi(ϕ), for every ϕ ∈ Fε and i ≥ N .

Thus, I(X) is complete.

2.1. IFSs and invariant idempotent measures. Recall that a map f : X → Y of metric
spaces (X, d) and (Y, %) is called a contraction if there is λ ∈ (0, 1) (called a contraction
coe�cient) such that %(f(x), f(y)) ≤ λd(x, y), for all x, y ∈ X.

Let X be a complete ultrametric space and f1, . . . , fn : X → X a family of contracti-
ons (we call it an iterated function system (IFS)). Let also a = ⊕ni=1αi�δi ∈ I({1, . . . , n}),
where αi ≤ 0, i = 1, . . . , n, and ⊕ni=1αi = 0. De�ne the map Φ: I(X)→ I(X) as follows:
Φ(µ) = ⊕ni=1αi � I(fi)(µ). Note that, clearly, Φ(µ) ∈ I(X).

Proposition 1. The map Φ is a contraction.

Proof. Let λ ∈ (0, 1) be a contraction coe�cient for the IFS f1, . . . , fn (e.g., the maximal
of the contraction coe�cients for fi, i = 1, . . . , n).

Given µ, ν ∈ I(X) with d̂(µ, ν) < c, we obtain d̂(I(f)(µ), I(f)(ν)) < λc. Then, for
any x ∈ X, we have

I(fi)(µ)(Bλa(x)) = I(fi)(ν)(Bλa(x)), i = 1, . . . , n.

Therefore ⊕ni=1αi�I(fi)(µ) = ⊕ni=1αi�I(fi)(ν) and we conclude that Φ is a contraction.

Since the metric space (I(X), d̂) is complete, there exists a unique �xed point of the
map Φ. We call this �xed point the invariant idempotent measure of the ISF f1, . . . , fn
and a ∈ I({1, . . . , n}).

2.2. Example. Let C = 2ω be the Cantor set. We consider the following metric d on
C:

d((xi), (yi)) = inf{1/k | xi = yi for all i < k}.
Clearly, d is an ultrametric on C. In the sequel, we identify every (x1, . . . , xn) ∈ 2n

with (x1, . . . , xn, 0, 0, . . . ) ∈ 2ω = C.
Consider the IFS f1, f2 : X → X de�ned by

f1(x1, x2, . . . ) = (0, x1, x2, . . . ), f2(x1, x2, . . . ) = (1, x1, x2, . . . ).

Let a = 0� δ1 ⊕ (−1)� δ2 ∈ I({1, 2}).
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Consider µ0 = 0� δ(0,0,... ) ∈ I(C). Then, for every natural n, we obtain

Φn(µ0) =
⊕{

−

(
n∑
i=1

xi

)
� δ((xi)) | (xi) ∈ 2n ⊂ 2ω

}
.

Then the unique �xed point of the map Φ is

µ =
⊕{(

−
∞∑
i=1

xi

)
� δ((xi)) |

∞∑
i=1

xi <∞

}
.

Indeed, it is enough to verify that d̂(Φ(µ0), µ) < 1/n. Note that F1/n consists of the
functions which are constant on the sets of the form

K(x1,...,xn) = {(yi)∞i=1 | yi = xi for every i = 1, . . . , n},
where (x1, . . . , xn) ∈ 2n. Let ϕ ∈ F1/n. Let B ⊂ X be an open ball of radius 1/n. Then
there exists (x1, . . . , xn) ∈ 2n ⊂ 2ω = C such that B = B1/n((x1, . . . , xn)). Then, clearly,
for any m ≥ n,

Φm(µ0)(ϕ) =
⊕{

ϕ(x1, . . . , xn)−
n∑
i=1

xi ∈ 2n ⊂ 2ω

}
,

whence d̂(Φn(µ0),Φm(µ0)) < 1/n for all m ≥ n.

Pic. 1. Visualization of the measure Φn(µ0).

In the picture, the measure Φn(µ0) is visualized as follows. First, we represent C as
the middle-third Cantor set. Actually, we plot the graph of the (partial) function yi 7→ 2αi

in order to represent µ = ⊕αi � δyi .
2.3. Remark. A metric in the spaces of idempotent measures of compact metric

spaces is de�ned in [8]. One can formulate the problem of existence of invariant
idempotent measures for this metric.

3. Discussion. Here we discuss a possibility to extend the results of the previous
section onto another classes of non-additive measures as well as onto the case of metric
(not necessarily ultrametric) spaces.

3.1. Capacities. We �rst consider the case of the upper-semicontinuous capacities.



IDEMPOTENT ULTRAMETRIC FRACTALS
ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2014. Âèïóñê 79 115

An upper-semicontinuous capacity of a compact Hausdor� space X is a function c
de�ned on the closed subsets of X and satisfying the properties:

1) c(∅) = 0, c(X) = 1;
2) c(A) ≤ c(B), whenever A ⊂ B;
3) if c(A) < a, then there is a neighborhood U of A such that c(B) < a, for every

B ⊂ U .
The set of all upper-semicontinuous capacities onX is denoted byM(X). It is known

(see, e.g., [3]) thatM is a functor on the category of compact Hausdor� spaces. Similarly
as above, one can de�ne the ultrametric space of upper-semicontinuous capacities with
compact supports on an ultrametric space X.

There are metrizations of the spaceM(X) which are counterparts of the Hutchinson
and Prohorov metric respectively. In [6], an ultrametrization ofM(X), for an ultrametric
X, is de�ned. Given an ultrametric space (X, d), for every r > 0, we denote by Fr(X)
the set of real-valued functions on X which are constant onto the balls of radius r. We
endow M(X) with the following metric d̂:

d̂(c1, c2) = inf

r > 0 |
∫
X

ϕdc1 =

∫
X

ϕdc2 for all ϕ ∈ Fr

 ,

where
∫
X
ϕdc is the Choquet integral de�ned as follows:

∫
X

ϕdc =

∞∫
0

c(ϕ ≥ t)dt+

0∫
−∞

(c(ϕ ≥ t)− 1)dt,

where (ϕ ≥ t) stands for the set {x ∈ X | ϕ(x) ≥ t}.
However, one cannot proceed as in the previous section in order to de�ne the

invariant measure, because the obtained ultrametric space (M(X), d̃), in general, is not
complete (see [6] for an example).

In [6], the following ultrametric on M(X) is considered:

d̃(c1, c2) = max{d̂(c1, c2), dH(supp(c1), supp(c2))}.

Clearly, the map (supp: M(X)→ expX is nonexpanding. In [6], it is proved that the

ultrametric space (M(X), d̃) is complete if so is (X, d). However, this construction does
not satisfy the following property: if f : X → Y is a nonexpanding map of ultrametric
spaces, then so is the map M(f) : M(X)→M(Y ).

Indeed, consider a set X = {x, y, z, w} endowed with the metric d:

d(x, y) = d(y, z) = d(x, z) = 1, d(x,w) = d(y, w) = d(z, w) = 2.

Clearly, d is an ultrametric. Let Y = {x, y, w} be endowed with the subspace metric.
Denote by f : X → Y a retraction sending z to x. The map f is nonexpanding.

Let c1, c2 : {∅} ∪ expX → [0, 1] be de�ned as follows:

c1(A) =

{
1, if |A ∩ {x, y, w}| ≥ 2,

0, otherwise,
c2(A) =

{
1, if |A ∩ {x, z, w}| ≥ 2,

0, otherwise.
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Then M(f)(c1)(A) equals 1, whenever |A| ≥ 2 and 0 otherwise. It is easy to see that
supp(M(f)(c2)) = {x}. This implies

d̃(c1, c2) = 1, d̃(M(f)(c1),M(f)(c2)) = 2

and therefore the map M(f) is not nonexpanding.
We see that the reason of lack of the non-expanding property is connected with the

property of preservation of preimages. One can speculate whether a kind of the Open Set
Condition can repair the situation. We leave this as an open problem.

3.2. Max-min measures. The results of this note can be extended on the case of
the so-called max-min measures on ultrametric spaces (see [7]). Every max-min measure
of �nite support is of the form ⊕ni=1αi ⊗ δxi

, where ⊗ stand for the min operation,
αi ∈ [−∞,∞], for all i = 1, . . . , n, and ⊕ni=1αi =∞. In [7], the max-min measures on the
complete ultrametric spaces are de�ned as the elements of the completion of the space
of the max-min measures of �nite supports with respect to the ultrametric which is a
counterpart of that used above for the idempotent measures.

3.3. Idempotent measures on metric spaces. Let (X, d) be a compact metric space.
By I(X) we denote the set of all idempotent measures of compact support on X.

By LIPn = LIPn(X, d) we denote the set of Lipschitz functions with the Lipschitz
constant ≤ n from C(X).

Fix n ∈ N. For every µ, ν ∈ I(X), let

d̂n(µ, ν) = sup{|µ(ϕ)− ν(ϕ)| | ϕ ∈ LIPn}.

It is proved in [8] that the function d̂n is a continuous pseudometric on I(X). We

let d̃n = (1/n)d̂n. In [8], the following metric was de�ned on the set I(X):

d̃(µ, ν) =

∞∑
i=1

d̃i(µ, ν)

2i
. (1)

One can also show that the following is a metric on I(X):

ď(µ, ν) =

∞⊕
i=1

d̃i(µ, ν)

2i
. (2)

One can easily prove the following fact for the metric ď.

Proposition 2. Let α1, . . . , αn ∈ (−∞, 0] be such that ⊕ni=1αi = 0. Let µi, νi ∈ I(X),

i = 1, . . . , n, be such that d̂(µi, νi) ≤ K, for all i = 1, . . . , n. Then the map

(µ1, . . . , µn) 7→
n⊕
i=1

αi � µi : I(X)n → I(X)

(we consider the max-metric on the product) is nonexpanding.

Now, in order to prove that the map Φ de�ned as above for an IFS is a contraction,
we have to show that the functor I preserver the class of contractions, i.e. that I(f) is
a contraction, whenever so is f . However, this is not the case, as the following example
demonstrates.

Let X = {a, b} with d(a, b) = K > 0. Let

µ = 0� δa ⊕ α� δb, ν = 0� δa ⊕ β � δb ∈ I(X).
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Without loss of generality, one may assume that ϕ(a) = 0 for all Lipschitz functions ϕ.
Then, if α, β > −K, then ď(µ, ν) = |α − β|, i.e., ď(µ, ν) does not depend on K. This
easily implies that the map I(f), where f the identity map of (X, d) onto (X, %) with
%(a, b) = K/2 is not a contraction.

We conclude that the map Φ is not a contraction and one should apply methods
other than Banach's contracting principle in order to examine the question of existence
and uniqueness of invariant measure.
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Äëÿ iäåìïîòåíòíèõ ìið (ìið Ìàñëîâà) îçíà÷åíî ïîíÿòòÿ iíâàðiàíòíî¨
ìiðè äëÿ iòåðîâàíî¨ ñèñòåìè ôóíêöié íà óëüòðàìåòðè÷íîìó ïðîñòîði. Äîâî-
äèìî, ùî óëüòðàìåòðè÷íèé ïðîñòið iäåìïîòåíòíèõ ìið íà ïîâíîìó óëüòðà-
ìåòðè÷íîìó ïðîñòîði ¹ òàêîæ ïîâíèì i âèêîðèñòîâó¹ìî öåé ôàêò äëÿ äî-
âåäåííÿ iñíóâàííÿ iíâàðiàíòíî¨ iäåìïîòåíòíî¨ ìiðè äëÿ iòåðîâàíèõ ñèñòåì
ôóíêöié. Òàêîæ îáãîâîðþ¹òüñÿ âèïàäîê íàïiâíåïåðåðâíèõ çãîðè ¹ìíîñòåé.

Êëþ÷îâi ñëîâà: iäåìïîòåíòíà ìiðà, ìiðà Ìàñëîâà, óëüòðàìåòðè÷íèé
ïðîñòið.
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Äëÿ èäåìïîòåíòíûõ ìåð (ìåð Ìàñëîâà) îïðåäåëåíî ïîíÿòèå èíâàðèàíò-
íîé ìåðû äëÿ èòåðîâàííîé ñèñòåìû ôóíêöèé íà óëüòðàìåòðè÷åñêîì ïðî-
ñòðàíñòâå. Äîêàçàíî, ÷òî óëüòðàìåòðè÷åñêîå ïðîñòðàíñòâî èäåìïîòåíòíûõ
ìåð íà ïîëíîì óëüòðàìåòðè÷åñêîì ïðîñòðàíñòâå ïîëíî è ýòîò ôàêò èñïîëü-
çîâàí äëÿ äîêàçàòåëüñòâà ñóùåñòâîâàíèÿ èíâàðèàíòíîé èäåìïîòåíòíîé ìå-
ðû äëÿ èòåðèðîâàííîé ñèñòåìû ôóíêöèé. Òàêæå ðàññìàòðèâàåòñÿ ñëó÷àé
ïîëóíåïðåðûâíîé ñâ¼ðòêè ¼ìêîñòåé.

Êëþ÷åâûå ñëîâà: èäåìïîòåíòíàÿ ìåðà, ìåðà Ìàñëîâà, óëüòðàìåòðè÷åñ-
êîå ïðîñòðàíñòâî.


