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Äîâåäåíî, ùî iíòåãðàëüíi ñåðåäíi ms(r, f) ëîãàðèôìà ëîêñîäðîìíî¨
ôóíêöi¨ f îáìåæåíi i ïðè s = 2 íåïåðåðâíi.

Êëþ÷îâi ñëîâà: ëîêñîäðîìíà ôóíêöiÿ, åëiïòè÷íà ôóíêöiÿ, iíòåãðàëüíi
ñåðåäíi, êîåôiöi¹íòè Ôóð'¹.

1. Âñòóï. Äîïîìiæíi ïîíÿòòÿ òà òâåðäæåííÿ. Ñèñòåìàòè÷íå âèâ÷åííÿ
ìóëüòèïëiêàòèâíî ïåðiîäè÷íèõ ìåðîìîðôíèõ ôóíêöié ðîçïî÷àâ Î. Ðàóçåíáåð ([1]).
Âàëiðîí ([2]) íàçâàâ öi ôóíêöi¨ ëîêñîäðîìíèìè, áî òî÷êè, â ÿêèõ òàêà ôóíêöiÿ íàáó-
âà¹ îäíàêîâèõ çíà÷åíü, ëåæàòü íà ëîãàðèôìi÷íèõ ñïiðàëÿõ, à îáðàçè ëîãàðèôìi÷íèõ
ñïiðàëåé íà ñôåði Ðiìàíà ïåðåòèíàþòü êîæåí ìåðèäiàí ïiä îäíàêîâèì êóòîì. Ëî-
êñîäðîìíi ìåðîìîðôíi ôóíêöi¨ äàþòü ïðîñòó êîíñòðóêöiþ åëiïòè÷íèõ ôóíêöié ([2],
[3]).

Îçíà÷åííÿ 1 ([2], [3]). Íåõàé C∗ = C \ {0}. Ôóíêöiÿ f : C∗ → C íàçèâà¹òüñÿ
ëîêñîäðîìíîþ ç ìóëüòèïëiêàòîðîì q, 0 < |q| < 1, ÿêùî f ìåðîìîðôíà â C∗i ∀z ∈ C∗

âèêîíó¹òüñÿ ðiâíiñòü f(qz) = f(z).

Íàãàäà¹ìî äåÿêi âëàñòèâîñòi ëîêñîäðîìíèõ ôóíêöié ([2], [3], [7]).
Êîæíà âiäìiííà âiä íóëÿ ëîêñîäðîìíà ôóíêöiÿ ç ìóëüòèïëiêàòîðîì q ìà¹ íå

ìåíøå, íiæ äâà ïîëþñè â êiëüöi Ar = {z : |q|r < |z| 6 r}. Êiëüêiñòü ïîëþñiâ ôóíêöi¨
f îäíàêîâà â êîæíîìó êiëüöi Ar.

Ïîðÿäêîì m, m > 2, ëîêñîäðîìíî¨ ôóíêöi¨ f íàçèâàþòü êiëüêiñòü ¨¨ ïîëþñiâ ó
êiëüöi Ar.

Îçíà÷åííÿ 2 ([4]). Íåõàé f � ìåðîìîðôíà â êiëüöi A = {z : 1
r0

< |z| < r0} ôóíêöiÿ,

äå 1 < r0 6 +∞. Ôóíêöiÿ

T0(r, f) = m0(r, f) +N0(r, f), 1 6 r < r0,

c⃝ Òàðàñþê Ñ., Ãóùàê Î., 2014
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íàçèâà¹òüñÿ õàðàêòåðèñòèêîþ Íåâàíëiííè ôóíêöi¨ f, äå

m0(r, f) = m(r, f) +m(
1

r
, f)− 2m(1, f), m(r, f) =

1

2π

∫ π

0

log+ |f(reiφ)|dφ,

a+ = max(a, 0), N0(r, f) =

∫ r

1

n0(t, f)

t
dt,

n0(r, f) � ëi÷èëüíà ôóíêöiÿ ïîëþñiâ ôóíêöi¨ f â êiëüöi {z : 1
r < |z| 6 r}.

Òåîðåìà A ([5]). Íåõàé f � ëîêñîäðîìíà ôóíêöiÿ ïîðÿäêó m. Òîäi

T0(r, f) =
m

log 1
|q|

log2 r +Q(log r), r > 1,

äå Q(t) � òàêà, ùî

|Q(t)| 6 2mt+ C, t > 0,

à C � äåÿêà ñòàëà.

Îçíà÷åííÿ 3 ([4]). Íåõàé λ � äîäàòíà, íåñïàäíà, íåïåðåðâíà, íåîáìåæåíà íà
[1,+∞) ôóíêöiÿ i f � ìåðîìîðôíà ôóíêöiÿ â C∗. Ôóíêöiþ f � íàçèâàþòü ôóíê-
öi¹þ ñêií÷åíîãî λ-òèïó, ÿêùî T0(r, f) 6 Bλ(Cr) çà äåÿêèõ ñòàëèõ B,C, äëÿ âñiõ
r > 1.

Òåîðåìà Á ([4]). Íåõàé ôóíêöiÿ f ìåðîìîðôíà â C∗,

ck(r, f) =
1

2π

∫ 2π

0

e−ikθ log |f(reiθ)|dθ, r > 0, k ∈ Z.

Òàêi òâåðäæåííÿ åêâiâàëåíòíi:
à) f ¹ ôóíêöi¹þ ñêií÷åíîãî λ-òèïó;
á) (∃B,C) (∀r > 1) (∀k ∈ Z): |ck(r, f)|+ |ck( 1r , f)| 6 Bλ(Cr);

â) (∃B,C) (∀r > 1) (∀k ∈ Z): |ck(r, f)|+ |ck(
1

r
, f)| 6 Bλ(Cr)

|k|+ 1
.

Òåîðåìà Â (Ãàóñäîðôà-Þíãà). Íåõàé
1

p
+

1

s
= 1, 1 < p 6 2, à

ck(f) =
1

2π

∫ 2π

0

f(x)e−ikxdx, k ∈ Z.

ßêùî f ∈ Lp[0, 2π], òî

∥f∥ls
def
=

(
+∞∑

k=−∞

|ck(f)|s
)1/s

6
(

1

2π

∫ 2π

0

|f(x)|pdx
)1/p

def
= ∥f∥Lp .

ßêùî ∥f∥lp < ∞, òî iñíó¹ ôóíêöiÿ f ∈ Ls[0, 2π], äëÿ ÿêî¨ ck = ck(f), k ∈ Z, i
∥f∥Ls 6 ∥f∥lp .

2. Âëàñòèâîñòi iíòåãðàëüíèõ ñåðåäíiõ ëîãàðèôìiâ ëîêñîäðîìíèõ
ôóíêöié. Ó öüîìó ïiäðîçäiëi äîâåäåíî äåÿêi âëàñòèâîñòi iíòåãðàëüíèõ ñåðåäíiõ
ëîãàðèôìiâ ëîêñîäðîìíèõ ôóíêöié.
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Òåîðåìà 1. Íåõàé f : C∗ → C � ëîêñîäðîìíà ôóíêöiÿ. Òîäi äëÿ áóäü-ÿêîãî ôiêñî-
âàíîãî s > 1 iíòåãðàëüíi ñåðåäíi

ms(t, f) =

(
1

2π

∫ 2π

0

| log |f(teiθ)||sdθ
)1/s

îáìåæåíi íà R+.

Äîâåäåííÿ. Ç òåîðåìè A âèïëèâà¹, ùî

T0(r, f) 6 C1 log
2(r + 1), r > 1,

äå C1 � äåÿêà ñòàëà. Òîìó f ¹ ôóíêöi¹þ ñêií÷åíîãî λ-òèïó ïðè λ(r) = log2(r + 1).
Çà òåîðåìîþ Á

|ck(r, f)| 6
Bλ(r)

|k|+ 1
, k ∈ Z, r > 0,

çà äåÿêîãî B > 0.
Íåõàé 1 < r 6 1

|q| . Òîäi

|ck(r, f)| 6
B log2( 1

|q| + 1)

|k|+ 1
, k ∈ Z. (1)

Ç îãëÿäó íà òåîðåìó Â, ïðè s > 2 îäåðæèìî

ms(r, f) =

(
1

2π

∫ 2π

0

| log |f(reiθ)||sdθ
) 1

s

6
(∑

k∈Z

|ck(r, f)|p
) 1

p

6

6

∑
k∈Z

B log2
(

1
|q| + 1

)
|k|+ 1

p
1
p

,
1

s
+

1

p
= 1.

Íåõàé t > 0, à n ∈ Z òàêå, ùî n ∈
[
− log t
log |q| − 1, − log t

log |q|

)
. Òîäi 1 < |q|nt 6 1

|q| . Ç

ëîêñîäðîìíîñòi ôóíêöi¨ f âèïëèâà¹, ùî

(∀n ∈ Z) : ms(|q|nt, f) = ms(t, f), t > 0.

Òîìó

ms(t, f) 6
(∑

k∈Z

1

(|k|+ 1)p

) 1
p

B log2
(

1

|q|
+ 1

)
, t > 0.

Îòæå, îáìåæåíiñòü iíòåãðàëüíèõ ñåðåäíiõ ms(t, f) ïðè s > 2 äîâåäåíî.
Îñêiëüêè iíòåãðàëüíi ñåðåäíi ms(t, f) ìîíîòîííî íåñïàäíi ôóíêöi¨ çìiííî¨ s, òî

ïðè 1 6 s < 2 ¨õíÿ îáìåæåíiñòü òàêîæ âèïëèâà¹ ç îñòàííüî¨ íåðiâíîñòi.
Òåîðåìó 1 äîâåäåíî. �

Òåîðåìà 2. Íåõàé f : C∗ → C � ëîêñîäðîìíà ôóíêöiÿ. Òîäi äëÿ âñiõ k ∈ Z ôóíêöi¨
ck(r, f) i m2(r, f) � íåïåðåðâíi íà (0,+∞).
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Äîâåäåííÿ. Íåõàé q � ìóëüòèïëiêàòîð ôóíêöi¨ f . Òîäi

ck(r, f) =
1

2π

∫ 2π

0

e−ikφ log |f(qnreiφ)|dφ =
1

2π

∫ 2π

0

e−ikφ log |f(|q|nreinαeiφ)|dφ =

=
1

2π

∫ 2π

0

e−ikθ log |f(|q|nreiθ)|dθ = ck(|q|nr, f),

òîáòî

ck(|q|nr, f) = ck(r, f), r > 0, n ∈ Z, k ∈ Z.
Öå îçíà÷à¹, ùî êîåôiöi¹íòè ck(r, f) ìóëüòèïëiêàòèâíî ïåðiîäè÷íi íà R+ ç ìóëüòè-
ïëiêàòîðîì |q|.

Äîâåäåìî íåïåðåðâíiñòü ck(r, f), k ̸= 0.
Íåõàé A = {z : |q| 6 |z| 6 1

|q|}. ×åðåç A∗ ïîçíà÷èìî A ç ðîçðiçàìè {z =

τa, τ > 1}, ÿêùî |a| > 1, i {z = τa, 0 6 τ 6 1}, ÿêùî |a| < 1, äå a ¹ íóëåì ÷è
ïîëþñîì ôóíêöi¨ f.

Íåõàé F (z) = f(z)
zp , äå p = 1

2πi

∫
|z|=1

f ′(z)
f(z) dz, i âèáåðåìî äåÿêå çíà÷åííÿ logF (1).

ßê i â ([4]) ïðèéìåìî

logF (z)
def
= logF (1) +

z∫
1

F ′(ξ)

F (ξ)
dξ, z ∈ A∗.

ßêùî 1 < r 6 1
|q| , òîäi, ÿê i â [4] òà [7], îòðèìà¹ìî

ck(r, f) + ck(
1

r
, f) =

1

2
(αkr

k + α−kr
−k + αkr

−k + α−kr
k)+

+
1

2k

∑
1<|aj |6r

((
r

aj

)k

−
(
aj
r

)k
)

+
1

2k

∑
1
r6|aj |61

(
(ajr)

k −
(

1

ajr

)k
)
−

− 1

2k

∑
1<|aj |6r

((
r

bj

)k

−
(
bj
r

)k
)
− 1

2k

∑
1
r6|bj |61

((
bjr
)k−( 1

bjr

)k
)
−nk(T)

2k

(
1

rk
+rk

)
=

=
1

2
(αk+αk)(r

k+r−k)+
1

2k

∫ r

1

[(r
t

)k
−
(
t

r

)k
]
dnk(t, f)−

nk(T)
2k

(
1

rk
+ rk

)
, k ̸= 0,

äå T � îäèíè÷íå êîëî,

nk(T)
def
=

∑
|aj |=1

e−ikγj , nk(t, f) =
∑

1
t6|aj |6t

e−ikγj , aj = |aj |eiγj ,

aj i bj � âiäïîâiäíî ïîñëiäîâíiñòü íóëiâ i ïîëþñiâ ôóíêöi¨ f, αk � êîåôiöi¹íòè ðîçâè-
íåííÿ â ðÿä Ëîðàíà ôóíêöi¨ logF (z) â äåÿêîìó êiëüöi ç öåíòðîì ó òî÷öi z = 0, ÿêå
ìiñòèòü îäèíè÷íå êîëî.

Ïîäiáíî ÿê â [7], iíòåãðóþ÷è ÷àñòèíàìè, îòðèìà¹ìî

ck(r, f)+ck(
1

r
, f) =

1

2
(αk+αk)(r

k+r−k)+
1

2

∫ r

1

[(r
t

)k
−
(
t

r

)k
]
nk(t, f)

t
dt−rk

k
nk(T) =
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=
1

2
(αk+αk)(r

k+r−k)+
rk

2

∫ r

1

1

tk+1
nk(t, f)dt−

1

2rk

∫ r

1

tk−1nk(t, f)dt−
rk

k
nk(T), k ̸= 0.

Îòæå, ∀k ̸= 0 êîåôiöi¹íòè ck(r, f) íåïåðåðâíi íà
[
1, 1

|q|

]
ÿê ñóìà íåïåðåðâíèõ

ôóíêöié òà iíòåãðàëiâ çi çìiííîþ âåðõíüîþ ìåæåþ. Îñêiëüêè ck(r, f) ìóëüòèïëiêà-
òèâíî ïåðiîäè÷íi, òî âîíè íåïåðåðâíi íà R+.

Äîâåäåìî íåïåðåðâíiñòü c0(r, f). Äîâiëüíó ìåðîìîðôíó ôóíêöiþ f ìîæíà çà-
ïèñàòè ÿê ÷àñòêó äâîõ ãîëîìîðôíèõ ôóíêöié g i h

f(reiθ) =
g(reiθ)

h(reiθ)
.

Çâiäñè
log |f(reiθ)| = log |g(reiθ)| − log |h(reiθ)|.

Çà îçíà÷åííÿì

c0(r, f) =
1

2π

∫ 2π

0

log |f(reiθ)|dθ =
1

2π

∫ 2π

0

log |g(reiθ)|dθ − 1

2π

∫ 2π

0

log |h(reiθ)|dθ.

Ëîãàðèôì ìîäóëÿ ãîëîìîðôíî¨ ôóíêöi¨ ¹ ñóáãàðìîíiéíîþ ôóíêöi¹þ. Îñêiëüêè
iíòåãðàë âiä ñóáãàðìîíiéíî¨ ôóíêöi¨ ¹ îïóêëîþ ôóíêöi¹þ ñòîñîâíî log r ([6]), òîìó i
íåïåðåðâíîþ, òî êîåôiöi¹íò c0(r, f) � íåïåðåðâíà ôóíêöiÿ.

Îòæå, äëÿ âñiõ k ∈ Z êîåôiöi¹íòè ck(r, f) íåïåðåðâíi íà R+.
Íåïåðåðâíiñòü m2(r, f) îòðèìó¹ìî ç ðiâíîñòi Ïàðñåâàëÿ

m2(r, f) =

(
1

2π

∫ 2π

0

| log |f(reiθ)||2dθ
) 1

2

=

(
+∞∑

k=−∞

|ck(r, f)|2
) 1

2

, (2)

îñêiëüêè ç (1) âèïëèâà¹ ðiâíîìiðíà çáiæíiñòü ðÿäó ó ñïiââiäíîøåííi (2). �

Ñïèñîê âèêîðèñòàíî¨ ëiòåðàòóðè

1. Rausenberger Î. Lehrbuch der Theorie der periodischen functionen einer Variabeln
/ Î. Rausenberger. � Leipzig: Druck und Ferlag von B.G. Teubner, 1884.

2. Valiron G. Cours d'Analyse Mathematique. Theorie des fonctions: 2nd Edition. /G. Valiron.
� Paris: Masson et. Cie., 1947.

3. Hellegouarch Y. Invitation to the Mathematics of Fermat-Wiles / Y. Hellegouarch. � San
Diego: Academic Press, 2002.

4. Kondratyuk A. Meromorphic functions in multiply connected domains / A. Kondratyuk,

I. Laine //Univ. Joensuu Dept. Math. Rep. Ser. � 2006. � Vol. 10. � P. 9-111.
5. Khrystiyanyn A.Ya. Growth characteristics of loxodromic and elliptic functions

/ A.Ya. Khrystiyanyn, A.A. Kondratyuk, N.B. Sokul's'ka //Mat. Stud. � 2012. � Vol. 37,
�1. � P. 52-57.

6. Õåéìàí Ó. Ñóáãàðìîíè÷åñêèå ôóíêöèè / Ó. Õåéìàí, Ï. Êåííåäè. � Ì.: Ìèð, 1980.
7. Ãîëäàê Ì. Îáåðíåíi ôîðìóëè äëÿ êîåôiöi¹íòiâ Ôóð'¹ ìåðîìîðôíèõ ó êiëüöÿõ ôóíêöié

/ M. Ãîëäàê, A. Õðèñòiÿíèí //Âiñí. Ëüâiâ. óí-òó. Ñåð. ìåõ.-ìàò. � 2009. � Âèï. 71. �
Ñ. 71-77.

Ñòàòòÿ: íàäiéøëà äî ðåäàêöi¨ 23.10.2013
ïðèéíÿòà äî äðóêó 21.01.2014



ÎÁÌÅÆÅÍIÑÒÜ IÍÒÅÃÐÀËÜÍÈÕ ÑÅÐÅÄÍIÕ ...
ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2014. Âèïóñê 79 153

BOUNDEDNESS OF INTEGRAL MEANS OF LOXODROMIC
FUNCTION LOGARITHMS

Svyatoslav TARASYUK, Olha HUSHCHAK

Ivan Franko National University of Lviv,

Universytetska Str., 1, Lviv, 79000

e-mail: tidisi.dt@gmail.com, olya_khyl@ukr.net

It is proved that the integral means ms(r, f) of a loxodromic function
logarithm are bounded and in the case s = 2 they are continuous.

Key words: loxodromic function, elliptic function, integral means, Fourier
coe�cients.

ÎÃÐÀÍÈ×ÅÍÍÎÑÒÜ ÈÍÒÅÃÐÀËÜÍÛÕ ÑÐÅÄÍÈÕ
ËÎÃÀÐÈÔÌÎÂ ËÎÊÑÎÄÐÎÌÍÛÕ ÔÓÍÊÖÈÉ

Ñâÿòîñëàâ ÒÀÐÀÑÞÊ, Îëüãà ÃÓÙÀÊ

Ëüâîâñêèé íàöèîíàëüíûé óíèâåðñèòåò èìåíè Èâàíà Ôðàíêî,

óë. Óíèâåðñèòåòñêàÿ, 1, Ëüâîâ, 79000

e-mail: tidisi.dt@gmail.com, olya_khyl@ukr.net

Äîêàçàíî, ÷òî èíòåãðàëüíûå ñðåäíèåms(r, f) ëîãàðèôìà ëîêñîäðîìíîé
ôóíêöèè f îãðàíè÷åíû è ïðè s = 2 íåïðåðûâíû.

Êëþ÷åâûå ñëîâà: ëîêñîäðîìíàÿ ôóíêöèÿ, ýëëèïòè÷åñêàÿ ôóíêöèÿ, èí-
òåãðàëüíûå ñðåäíèå, êîýôôèöèåíòû Ôóðüå.


