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Äîñëiäæåíî ìiøàíó çàäà÷ó Äiðiõëå äëÿ ðiâíÿííÿ

ut −∆u+ g(x, t)|u|q(x,t)−2u = f(x, t)

ó öèëiíäðè÷íié îáëàñòi ç Rn+1
x,t . Çà óìîâè q(x, t) ≥ q0 > 2 + 2

n
äîâåäåíî

iñíóâàííÿ ñëàáêîãî ðîçâ'ÿçêó öi¹¨ çàäà÷i.

Êëþ÷îâi ñëîâà: íåëiíiéíå ïàðàáîëi÷íå ðiâíÿííÿ, ìiøàíà çàäà÷à, çìií-
íèé ïîêàçíèê íåëiíiéíîñòi, óçàãàëüíåíi ïðîñòîðè Ëåáåãà, ñëàáêèé ðîçâ'ÿ-
çîê, ôóíêöiÿ Ãðiíà.

1. Âñòóï. Ìè ïðîäîâæó¹ìî äîñëiäæåííÿ çàäà÷i, ðîçãëÿíóòî¨ â [1], [2]. Íå-
õàé T > 0, n ∈ N � ôiêñîâàíi ÷èñëà, Ω ⊂ Rn � îáìåæåíà îáëàñòü ç ìåæåþ ∂Ω,
T = {(t, s) ∈ R2 | 0 ≤ s < t ≤ T}, Λ = {(x, t, ξ, s) ∈ R2n+2 | x ∈ Ω, ξ ∈ Ω, (t, s) ∈ T },
Q0,T = Ω× (0, T ]. Ðîçãëÿíåìî çàäà÷ó

ut −∆u+ g(x, t)|u|q(x,t)−2u = f(x, t), (x, t) ∈ Q0,T , (1)

u|∂Ω×[0,T ] = 0, (2)

u|t=0 = u0(x), (3)

äå ∆u = ux1x1 + ux2x2 + . . .+ ux1x1 � îïåðàòîð Ëàïëàñà, g, q, f, u0 � äåÿêi ôóíêöi¨.
Iñíóâàííÿ ðîçâ'ÿçêó çàäà÷i (1)-(3) çà óìîâè, êîëè çìiííèé ïîêàçíèê íåëiíiéíîñòi

ðiâíÿííÿ � ôóíêöiÿ q � çàäîâîëüíÿ¹ óìîâó q(x, t) < 2 äîâåäåíî ó [1]. Âiäïîâiäíó çà-
äà÷ó ç íåîäíîðiäíîþ êðàéîâîþ óìîâîþ çàìiñòü (2) âèâ÷åíî ó [2]. Çàäà÷i äëÿ ïàðàáî-
ëi÷íèõ ðiâíÿíü çi çìiííèìè ïîêàçíèêàìè íåëiíiéíîñòi ðîçãëÿíóòî òàêîæ, íàïðèêëàä,
ó [3]-[6]. Äåòàëüíèé îãëÿä ëiòåðàòóðè çà òåìàòèêîþ ñòàòòi ìîæíà çíàéòè ó [1].

Ìåòà íàøî¨ ïðàöi � äîâåñòè iñíóâàííÿ óçàãàëüíåíîãî ðîçâ'ÿçêó çàäà÷i (1)-(3) ó
âèïàäêó q(x, t) > 2.

c⃝ Áóãðié Î., 2014
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2. Ôîðìóëþâàííÿ îñíîâíèõ ðåçóëüòàòiâ. Äëÿ ôîðìóëþâàííÿ ðåçóëüòàòó
ââåäåìî íåîáõiäíi ïîçíà÷åííÿ. Äëÿ êîæíî¨ îáëàñòi Q ⊂ Rm (m ∈ N) ÷åðåç L(Q)
ïîçíà÷èìî ìíîæèíó âñiõ âèìiðíèõ çà Ëåáåãîì ïiäìíîæèí Q, à ÷åðåç ML(Q) � ìíî-
æèíó âñiõ ôóíêöié v : Q → R1, âèìiðíèõ ñòîñîâíî L(Q). Íåõàé Lp(Q) (p ≥ 1) �
ñòàíäàðòíèé ïðîñòið Ëåáåãà (äèâ. [7, c. 37]) ç íîðìîþ

||u;Lp(Q)|| :=
(∫
Q

|u(y)|p dy
)1/p

,

Wm,p(Q) (m ∈ N, p ≥ 1) � ïðîñòið Ñîáîë¹âà (äèâ. [7, c. 44]) ç íîðìîþ

||u;Wm,p(Q)|| :=
( ∑
|α|≤m

||Dα
xu;L

p(Q)||p
)1/p

.

Ó âèïàäêó Q = (a, b) ⊂ R ïèñàòèìåìî Lp(a, b) çàìiñòü Lp((a, b)), à ïðè Q = Ω
âæèâàòèìåìî ïîçíà÷åííÿ

||u||p := ||u;Lp(Ω)||, ||u||m,p := ||u;Wm,p(Ω)||. (4)

Àíàëîãi÷íî, ÿê â [7, ñ. 145], áóäåìî ó ðàçi ïîòðåáè ðîçãëÿäàòè ôóíêöiþ u = u(x, t),
(x, t) ∈ Q0,T , ÿê ôóíêöiþ, ÿêà êîæíîìó ìîìåíòó ÷àñó t ∈ (0, T ) ñòàâèòü ó âiäïîâiä-
íiñòü ôóíêöiþ çìiííî¨ x ∈ Ω i ïèñàòèìåìî u(t) çàìiñòü u(·, t). ×åðåç Lk(0, T ;Lp(Ω))
(k ≥ 1, p ≥ 1) ïîçíà÷èìî ñòàíäàðòíèé ïðîñòið Ëåáåãà (äèâ. [7, c. 154]) ç íîðìîþ

||u||p,k,T ≡ ||u;Lk(0, T ;Lp(Ω))|| :=
( T∫
0

||u(t)||kp dt
)1/k

. (5)

Íåõàé C(2,ω) � êëàñ Äiíi ãiïåðïîâåðõîíü ó ïðîñòîði Rn, ùî âiäïîâiäà¹ äåÿêié ôóíêöi¨
ω : R+ → R+ (äèâ., íàïðèêëàä, [2, c. 32-33]). Ïðèïóñòèìî, ùî âèêîíóþòüñÿ óìîâè:

(E): ∂Ω ∈ C(2,ω);
(G): g ∈ ML(Q0,T ), |g(x, t)| ≤ g0 < +∞ ìàéæå äëÿ âñiõ (x, t) ∈ Q0,T ;
(Q): q ∈ ML(Q0,T ), 2 < q0 ≤ q0 < +∞, äå

q0 := ess inf
(x,t)∈Q0,T

q(x, t), q0 := ess sup
(x,t)∈Q0,T

q(x, t);

(UF): u0 ∈ Lp(Ω), f ∈ Lκ(0, T ;Lp(Ω)), äå p > 1 òà κ > 1 � ôiêñîâàíi ÷èñëà.
Íåõàé G � ôóíêöiÿ Ãðiíà (äèâ. [8, c. 1118]) ìiøàíî¨ çàäà÷i

ut −∆u = h(x, t), (x, t) ∈ Q0,T , u|∂Ω×[0,T ] = 0, u|t=0 = 0. (6)

Çàóâàæèìî (äèâ. òåîðåìó 2.8 ç [9, ñ. 136]), ùî ïðè âèêîíàííi óìîâè (E) òàêà ôóíêöiÿ
G iñíó¹ i çàäîâîëüíÿ¹ íà Λ îöiíêó

|Dα
x G(x, t, ξ, s)| ≤ M1 (t− s)−

n+|α|
2 e−M2

|x−ξ|2
t−s , |α| ≤ 2, (7)

äå M1,M2 > 0 � ñòàëi; α � ìóëüòèiíäåêñ, òà ôîðìóëó çãîðòêè

G(x, t, ξ, s) =

∫
Ω

G(x, t, y, τ)G(y, τ, ξ, s) dy, τ ∈ (s, t). (8)

Îñêiëüêè ãîëîâíà ÷àñòèíà (1) ìà¹ ñòàëi êîåôiöi¹íòè, òî ìîæíà äîâåñòè, ùî

G(x, t+ τ, ξ, s+ τ) = G(x, t, ξ, s), τ ∈ (0, T − t). (9)
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Àíàëîãi÷íî ÿê â [1] ïîäàìî îçíà÷åííÿ ðîçâ'ÿçêó íàøî¨ çàäà÷i.

Îçíà÷åííÿ 1. Ñëàáêèì (óçàãàëüíåíèì) ðîçâ'ÿçêîì çàäà÷i (1)-(3) íàçèâàòèìåìî
òàêó ôóíêöiþ u ∈ Lκ(0, τ ;Lp(Ω)), ÿêà ìàéæå äëÿ âñiõ (x, t) ∈ Q0,T çàäîâîëüíÿ¹
ðiâíiñòü

u(x, t) =

∫
Ω

G(x, t, ξ, 0)u0(ξ) dξ +

t∫
0

∫
Ω

G(x, t, ξ, s)f(ξ, s) dξds−

−
t∫

0

∫
Ω

G(x, t, ξ, s)g(ξ, s)|u(ξ, s)|q(ξ,s)−2u(ξ, s) dξds. (10)

ßêùî τ = T , òî ðîçâ'ÿçîê íàçèâàòèìåìî ãëîáàëüíèì. Ïðè τ ∈ (0, T ) ðîçâ'ÿçîê
íàçèâàòèìåìî ëîêàëüíèì.

Îñíîâíèé ðåçóëüòàò ïðàöi � íàñòóïíà òåîðåìà.

Òåîðåìà 1. Íåõàé âèêîíóþòüñÿ óìîâè (E), (G), âèêîíó¹òüñÿ óìîâà (Q) çi ñòà-
ëèìè q0 i q0, ïðè÷îìó 2 + n

2 < q0 ≤ q0 < +∞ é óìîâà (UF) çi ñòàëèìè p > 1,

κ ∈ (q0 − 1, p). ßêùî, äîäàòêîâî, p > n
2 (q

0 − 1)2, κ ∈ [ 2p(q0−1)
2p−n(q0−1) ,

2p
n(q0−2) ), òî ìiøà-

íà çàäà÷à (1)-(3) ìà¹ ñëàáêèé ðîçâ'ÿçîê u ∈ Lκ(0, τ ;Lp(Ω)) ïðè âèêîíàííi îäíi¹¨ ç
óìîâ:

1) τ ∈ (0, T ] ¹ äîñèòü ìàëèì (ëîêàëüíèé ðîçâ'ÿçîê);
2) íîðìè u0 â Lp(Ω) òà f â Lκ(0, T ;Lp(Ω)) ¹ äîñèòü ìàëèìè (ãëîáàëüíèé

ðîçâ'ÿçîê äëÿ ìàëèõ âèõiäíèõ äàíèõ).

Òåîðåìà 1 ïîøèðþ¹ ðåçóëüòàòè ïðàöi [10] íà âèïàäîê ðiâíÿíü çi çìiííèìè ïî-
êàçíèêàìè íåëiíiéíîñòi. �¨ äîâåäåííÿ ïîäàíî ó ïiäðîçäiëi 4. Äåÿêi äîïîìiæíi òâåð-
äæåííÿ ìiñòèòü òðåòié ïiäðîçäië öi¹¨ ïðàöi.

3. Äîïîìiæíi ôàêòè. Íåõàé X � äåÿêèé íîðìîâàíèé ïðîñòið ç íîðìîþ ||·;X||,
B ⊂ X, A : X → X.

Îçíà÷åííÿ 2. Îïåðàòîð A íàçèâà¹òüñÿ ñòèñêîì íà ìíîæèíi B (äèâ. [11, c. 380]),
ÿêùî iñíó¹ òàêà ñòàëà (êîåôiöi¹íò ñòèñêó) D ∈ (0, 1), ùî äëÿ âñiõ x, y ∈ B âèêî-
íó¹òüñÿ îöiíêà ||Ax−Ay;X|| ≤ D||x− y;X||.

Äëÿ äîâåäåííÿ òåîðåìè 1 êîðèñòóâàòèìåìîñÿ òàêèì òâåðäæåííÿì.

Òâåðäæåííÿ 1. (Òåîðåìà ç [11, c. 381]). Íåõàé X � áàíàõiâ ïðîñòið, B ⊂ X �
çàìêíåíà ìíîæèíà, A : X → X � îïåðàòîð, ÿêèé çàäîâîëüíÿ¹ óìîâè: 1) A(B) ⊂ B;
2) A � ñòèñê íà B ç êîåôiöi¹íòîì ñòèñêó D. Òîäi îïåðàòîð A ìà¹ â B ¹äèíó
íåðóõîìó òî÷êó x∗. Êðiì òîãî, ÿêùî x0 ∈ B òà xj := Axj−1, j ∈ N, òî:

i) ∀ j ∈ N: xj ∈ B;
ii) xj −→

j→∞
x∗ â ïðîñòîði X;

iii) ∀ j ∈ N: ||xj − x∗;X|| ≤ Dj

1−D ||Ax0 − x0;X||.

Äëÿ òîãî, ùîá âèêîðèñòàòè òâåðäæåííÿ 1, ïîäàìî ðiâíiñòü (10) ó âèãëÿäi

u = Au, (11)
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äå A � äåÿêèé îïåðàòîð. Äëÿ çðó÷íîñòi ââåäåìî äîäàòêîâi ïîçíà÷åííÿ. Ðîçãëÿíåìî
äâîïàðàìåòðè÷íó ñiì'þ ëiíiéíèõ iíòåãðàëüíèõ îïåðàòîðiâ {I(t, s)}(t,s)∈T , ñiì'þ íå-
ëiíiéíèõ îïåðàòîðiâ Íåìèöüêîãî {N (t)}t∈[0,T ] i ëiíiéíèé iíòåãðàëüíèé îïåðàòîð J0

òàêi, ùî

(I(t, s)v)(x) :=
∫
Ω

G(x, t, ξ, s)v(ξ) dξ, x ∈ Ω, (t, s) ∈ T , (12)

(N (t)v)(x) := g(x, t)|v(x)|q(x,t)−2v(x), x ∈ Ω, t ∈ [0, T ], (13)

(J0v)(x, t) :=
(
I(t, 0)v

)
(x) =

∫
Ω

G(x, t, ξ, 0)v(ξ) dξ, (x, t) ∈ Q0,T , (14)

äå v � ôóíêöiÿ çìiííî¨ x. Íåõàé ëiíiéíèé iíòåãðàëüíèé îïåðàòîð J òàêèé:

(Jw)(x, t) :=

t∫
0

(
I(t, s)w(s)

)
(x) ds =

t∫
0

∫
Ω

G(x, t, ξ, s)w(ξ, s) dξds, (x, t) ∈ Q0,T . (15)

Òóò w � ôóíêöiÿ çìiííèõ (x, t). Íåõàé ñiì'ÿ åëåìåíòiâ {z0(t)}t∈[0,T ] ¹ òàêîþ, ùî

(z0(t))(x) := (J0u0)(x, t) + (J f)(x, t), x ∈ Ω, t ∈ [0, T ], (16)

äå u0 i f âçÿòî ç óìîâè (UF). Àðãóìåíò x ÷àñòî îïóñêàòèìåìî, à îçíà÷åííÿ ââåäåíèõ
îïåðàòîðiâ (îáëàñòü âèçíà÷åííÿ i ò.ä.) óòî÷íèìî äàëi.

Çðîçóìiëî, ùî (11) çáiãà¹òüñÿ ç (10), ÿêùî

(Au)(t) := z0(t)−
t∫

0

I(t, s)N (s)u(s) ds, t ∈ [0, T ]. (17)

Äëÿ çðó÷íîñòi ïîòðiáíi íàì äàëi ÷èñëîâi ïåðåòâîðåííÿ ïîäàíî ó âèãëÿäi ëåìè.

Ëåìà 1. Íåõàé ÷èñëà q0, q0, r i p çàäîâîëüíÿþòü óìîâè 2 < q0 ≤ q0 < +∞,
1 < r ≤ p < +∞;

κ :=
2

n

pr

p− r
(äëÿ r ̸= p), ϕ :=

n

2
(q0 − 2); (18)

ôóíêöi¨ σ i β îçíà÷åíî òàê:

σ(p1, p2) :=
n

2

( 1

p1
− 1

p2

)
, p1, p2 ≥ 1, (19)

β(s1, s2) :=
n(s1 − 2)

2s2
, s1 ≥ 2, s2 ≥ 1. (20)

Íåõàé òàêîæ γ > 2 � ôiêñîâàíå ÷èñëî. Òîäi âèêîíóþòüñÿ òàêi òâåðäæåííÿ:

1) σ(r, p) ≥ 0, κ = 1
σ(r,p) > 0 ïðè r ̸= p, β(q0, r) = ϕ

r ≥ 0, β(γ, p) ≤ β(γ, r);

2) ϕ > 1 òîäi i òiëüêè òîäi, êîëè q0 > 2 + 2
n ;

3) ÿêùî p > r ≥ n
2 (q

0 − 1), òî 0 < σ(r, p) < 1
q0−1 òà κ > q0 − 1;

4) p > ϕ òîäi i òiëüêè òîäi, êîëè β(q0, p) ∈ (0, 1);
5) p > r(γ − 1) òîäi i òiëüêè òîäi, êîëè β(γ, p)κ < 1;
6) β(γ, p)κ = β(γ, r)κ − (γ − 2);
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7) ÿêùî p > n
2 (q

0 − 1)2 i r ∈ [n2 (q
0 − 1), p

q0−1 ), òî κ ∈ [ 2p(q0−1)
2p−n(q0−1) ,

2p
n(q0−2) ).

Äîâåäåííÿ. 1) Òâåðäæåííÿ öüîãî ïóíêòó î÷åâèäíå.
2) Òàêi íåðiâíîñòi åêâiâàëåíòíi: ϕ > 1, n

2 (q0 − 2) > 1, q0 − 2 > 2
n , q0 > 2 + 2

n .
3) Çðîçóìiëî, ùî ïðè p > r îòðèìà¹ìî íåðiâíîñòi κ > 0, σ > 0 i òîìó, âðàõî-

âóþ÷è ðiâíiñòü ç ïóíêòó 1, îöiíêè σ(r, p) < 1
q0−1 òà κ > q0 − 1 ¹ åêâiâàëåíòíèìè.

Îñêiëüêè r ≥ n
2 (q

0 − 1), òî r ≥ n(q0−2)(q0−1)
2(q0−2) = ϕ q0−1

q0−2 , çîêðåìà r > ϕ. Òîäi

1

r
≤ q0 − 2

ϕ(q0 − 1)
=

1

ϕ
− 1

ϕ(q0 − 1)
.

Îòæå,
1

ϕ(q0 − 1)
≤ 1

ϕ
− 1

r
,

1

ϕ
≤ (q0 − 1)

( 1

ϕ
− 1

r

)
,

1

ϕ
− (q0 − 1)

( 1

ϕ
− 1

r

)
≤ 0.

Òîìó äëÿ âñiõ äîäàòíèõ p, òîáòî i äëÿ p > r îäåðæó¹ìî

q0 − 1

p
>

1

ϕ
− (q0 − 1)

( 1

ϕ
− 1

r

)
=

1

ϕ
− q0 − 1

ϕ
+

q0 − 1

r
=

2− q0

ϕ
+

q0 − 1

r
=

=
2− q0

n
2 (q

0 − 2)
+

q0 − 1

r
= − 2

n
+

q0 − 1

r
.

Ïîäiëèâøè îòðèìàíó íåðiâíiñòü íà q0 − 1 > 0, îòðèìà¹ìî òàêå:
1

p
> − 2

n(q0 − 1)
+

1

r
,

2

n(q0 − 1)
>

1

r
− 1

p
,

1

q0 − 1
>

n

2

(1
r
− 1

p

)
= σ(r, p).

4) Òâåðäæåííÿ öüîãî ïóíêòó î÷åâèäíå.
5) Çðîçóìiëî, ùî p > r i ùî íàñòóïíi íåðiâíîñòi åêâiâàëåíòíi

p > r(γ − 1), p− r > r(γ − 2), 1 >
r(γ − 2)

p− r
=

n(γ − 2)

2p

2

n

pr

p− r
= β(γ, p)κ.

6) Îñêiëüêè

β(γ, p) + σ(r, p)(γ − 2) =
n(γ − 2)

2p
+

n

2

(1
r
− 1

p

)
(γ − 2) =

=
n(γ − 2)

2p
+

n(γ − 2)

2r
− n(γ − 2)

2p
=

n(γ − 2)

2r
= β(γ, r),

òî ç ïóíêòó 1 âèïëèâà¹ ôîðìóëà β(γ, p) + 1
κ (γ − 2) = β(γ, r).

7) Çðîçóìiëî, ùî κ := 2
n

p
p
r−1

� çðîñòàþ÷à ôóíêöiÿ çà r. Òîäi

κ|r=n
2 (q0−1) =

2

n

p
p

n
2 (q0−1)

− 1
=

2p
2p

q0−1
− n

=
2p(q0 − 1)

2p− n(q0 − 1)
,

κ|r= p

q0−1
=

2

n

p
p
p

q0−1

− 1
=

2p

n(q0 − 2)
,

çâiäêè i âèïëèâà¹ òâåðäæåííÿ íàøîãî ïóíêòó.
Ëåìó äîâåäåíî. �

Îòðèìà¹ìî äåÿêi âëàñòèâîñòi ââåäåíèõ îïåðàòîðiâ.
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Ëåìà 2. Íåõàé ôóíêöiÿ G ∈ ML(Λ) çàäîâîëüíÿ¹ îöiíêó (7), λ ∈ [1,+∞) � ôiêñîâàíå
÷èñëî,

Jα
λ (x, t, s) :=

∫
Ω

|Dα
x G(x, t, ξ, s)|λ dξ, Ĵα

λ (ξ, t, s) :=

∫
Ω

|Dα
x G(x, t, ξ, s)|λ dx, (21)

(x, t, ξ, s) ∈ Λ, α � ìóëüòèiíäåêñ. Òîäi iñíó¹ òàêà ñòàëà M1(λ) > 0, ùî äëÿ âñiõ α
(|α| ≤ 2) i äëÿ âñiõ (x, t, ξ, s) ∈ Λ âèêîíóþòüñÿ îöiíêè

Jα
λ ≤ M1(λ)

(t− s)
n
2 (λ−1)+

|α|
2 λ

, Ĵα
λ ≤ M1(λ)

(t− s)
n
2 (λ−1)+

|α|
2 λ

. (22)

Äîâåäåííÿ. Âèêîðèñòîâóþ÷è îöiíêó (7) òà çáiëüøèâøè îáëàñòü iíòåãðóâàííÿ ç Ω äî
Rn, îäåðæèìî

Jα
λ ≤ Mλ

1

(t− s)λ
n+|α|

2

∫
Rn

e−M2λ
|x−ξ|2
t−s dξ.

Çðîáèâøè çàìiíó çìiííèõ ξ  η, äå ξ = x+
√

t−s
M2λ

η, dξ = (
√

t−s
M2λ

)n dη, îäåðæèìî

Jα
λ ≤ Mλ

1

(t− s)λ
n+|α|

2

∫
Rn

(t− s)
n
2

(M2λ)
n
2

e−|η|2 dη =
M1(λ)

(t− s)
n
2 (λ−1)+

|α|
2 λ

,

äå M1(λ) = Mλ
1 (

π
M2λ

)
n
2 . Äðóãó îöiíêó ç (22) ç òi¹þ ñàìîþ ñòàëîþ M1(λ) îòðèìó¹ìî

àíàëîãi÷íî. Ëåìó äîâåäåíî. �

Çàóâàæèìî, ùî ó âèïàäêó |α| = 0 îöiíêè (22) îòðèìàíî ó ëåìi 2 [1, c. 83]. Òåïåð
äîâåäåìî àíàëîã ïiâãðóïîâî¨ âëàñòèâîñòi äëÿ ââåäåíèõ îïåðàòîðiâ.

Ëåìà 3. Íåõàé ôóíêöiÿ G ∈ ML(Λ) çàäîâîëüíÿ¹ ðiâíîñòi (7)-(9), ñiì'ÿ îïåðàòîðiâ
{I(t, s)}(t,s)∈T îçíà÷åíà ó (12). Òîäi äëÿ âñiõ (t1, s1) ∈ T , (t2, s2) ∈ T (t2 ∈ (0, T − t1),
s2 ∈ (0, t1 + t2 − s1)) âèêîíó¹òüñÿ ðiâíiñòü

I(t1 + t2, s1 + s2) = I(t1, s1) ◦ I(t2, s2). (23)

Äîâåäåííÿ. Âèêîðèñòàâøè (8) (çàóâàæèìî, ùî τ = s1 + t2 ∈ (s1 + s2, t1 + t2), áî
s1 < t1, s2 < t2), (9) òà òåîðåìó Ôóáiíi, îòðèìà¹ìî

I(t1 + t2, s1 + s2)v =

∫
Ω

G(x, t1 + t2, ξ, s1 + s2) v(ξ) dξ =

=

∫
Ω

(∫
Ω

G(x, t1 + t2, y, s1 + t2)G(y, s1 + t2, ξ, s1 + s2) dy
)
v(ξ) dξ =

=

∫
Ω

(∫
Ω

G(x, t1, y, s1)G(y, t2, ξ, s2) dy
)
v(ξ) dξ =

=

∫
Ω

G(x, t1, y, s1)
(∫
Ω

G(y, t2, ξ, s2) v(ξ) dξ
)
dy.

Òîìó (I(t1 + t2, s1 + s2)v)(x) =
(
I(t1, s1) (I(t2, s2)v)(y)

)
(x) i ëåìó äîâåäåíî. �
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Äëÿ äîâåäåííÿ íàñòóïíî¨ ëåìè ìè ïîòðåáóâàòèìåìî òàêîãî òâåðäæåííÿ.

Òâåðäæåííÿ 2. (Òåîðåìà ç [12, c. 293]). ßêùî m ∈ N, ∂Ω ∈ Cm òà 1 < q1 <
< q2 < +∞, a := n

m ( 1
q1

− 1
q2
) ≤ 1, òî iñíó¹ ñòàëà C(q1, q2,m) > 0 òàêà, ùî äëÿ âñiõ

v ∈ Wm,q1(Ω) âèêîíó¹òüñÿ (äèâ. ïîçíà÷åííÿ (4)) íåðiâíiñòü Ñîáîë¹âà

||v||q2 ≤ C(q1, q2,m) ||v||am,q1 ||v||
1−a
q1 . (24)

Çàóâàæèìî òàêîæ, ùî äëÿ âñiõ λ > 0, η1, . . . , ηm ∈ R âèêîíó¹òüñÿ îöiíêà

|η1 + . . .+ ηm|λ ≤ mλ( max
1≤j≤m

|ηj |)λ ≤ mλ(|η1|λ + . . .+ |ηm|λ). (25)

Ëåìà 4. Íåõàé ôóíêöiÿ G ∈ ML(Λ) çàäîâîëüíÿ¹ îöiíêó (7), ñiì'ÿ îïåðàòîðiâ
{I(t, s)}(t,s)∈T îçíà÷åíà ó (12), σ � ôóíêöiÿ ç (19), 1 < p1 ≤ p2 < +∞. Òîäi äëÿ
âñiõ (t, s) ∈ T ëiíiéíèé îïåðàòîð I(t, s) : Lp1(Ω) → Lp2(Ω) ¹ îáìåæåíèì (òîìó i
íåïåðåðâíèì). Êðiì òîãî, iñíó¹ ñòàëà M2(p1, p2) > 0 òàêà, ùî äëÿ âñiõ v ∈ Lp1(Ω)
òà (t, s) ∈ T âèêîíó¹òüñÿ íåðiâíiñòü

||I(t, s)v||p2 ≤ M2(p1, p2)

(t− s)σ(p1,p2)
||v||p1 . (26)

Íåðiâíiñòü (26) âèêîíó¹òüñÿ òàêîæ ïðè p1 = p2 = 1.

Äîâåäåííÿ. Äëÿ äîâåäåííÿ ëåìè äîñòàòíüî äîâåñòè (26). Íåõàé ñïî÷àòêó p1 = p2 = 1.
Òîäi ç òåîðåìè Ôóáiíi òà îöiíêè (22) ç α = 0 i λ = 1 îòðèìà¹ìî òàêå:

||I(t, s)v||1 =

∫
Ω

∣∣∣∫
Ω

G(x, t, ξ, s)v(ξ) dξ
∣∣∣ dx ≤

∫
Ω

(∫
Ω

|G(x, t, ξ, s)| |v(ξ)| dξ
)
dx =

=

∫
Ω

(∫
Ω

|G(x, t, ξ, s)| dx
)
|v(ξ)| dξ ≤ M1(1)

∫
Ω

|v(ξ)| dξ = M1(1) ||v||1

äëÿ âñiõ (t, s) ∈ T . Íåõàé äàëi p1 ∈ (1,+∞), p′1 = p1

p1−1 (òîáòî
1
p1
+ 1

p′
1
= 1), v ∈ Lp1(Ω),

(t, s) ∈ T . Ðîçãëÿíåìî òðè âèïàäêè.
1. Ïðèïóñòèìî ñïî÷àòêó, ùî p2 = p1. Äëÿ çðó÷íîñòi ïîçíà÷èìî I1 := ||I(t, s)v||p1 .

Âèêîðèñòàâøè íåðiâíiñòü Ãåëüäåðà, îäåðæèìî

Ip1

1 =

∫
Ω

∣∣∣∫
Ω

G(x, t, ξ, s)v(ξ) dξ
∣∣∣p1

dx ≤

≤
∫
Ω

∣∣∣∫
Ω

|G|
1
p′
1 |G|

1
p1 |v| dξ

∣∣∣p1

dx ≤
∫
Ω

(∫
Ω

|G| dξ
)p1

p′
1

(∫
Ω

|G| |v|p1 dξ
)
dx. (27)

Âèêîðèñòàâøè (22) ç α = 0 i λ = 1, ðiâíiñòü p1

p′
1
= p1−1 òà òåîðåìó Ôóáiíi, îòðèìà¹ìî

Ip1

1 ≤ |M1(1)|p1−1

∫
Ω

(∫
Ω

|G(x, t, ξ, s)| |v(ξ)|p1 dξ
)
dx =

= |M1(1)|p1−1

∫
Ω

(∫
Ω

|G(x, t, ξ, s)| dx
)
|v(ξ)|p1 dξ ≤ |M1(1)|p1 ||v||p1

p1
,

çâiäêè é îäåðæó¹ìî (26) ç σ(p1, p1) = 0, M2(p1, p2) = M1(1).
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2. Íåõàé òåïåð p2 ∈ (p1,+∞) i, êðiì òîãî, σ(p1, p2) ≤ 1. Äëÿ çðó÷íîñòi ïîçíà÷èìî
I2 := ||I(t, s)v||p2 . Òîäi ç îöiíêè (24) äëÿ a := σ(p1, p2), m = 2, q1 := p1, q2 := p2
îòðèìà¹ìî, ùî

I2 ≤ C(p1, p2, 2) ||I(t, s)v||σ(p1,p2)
2,p1

||I(t, s)v||1−σ(p1,p2)
p1

=

= C(p1, p2, 2)
( ∑
|α|≤2

||Dα
xI(t, s)v||p1

p1

)σ(p1,p2)
p1 ||I(t, s)v||1−σ(p1,p2)

p1
= C(p1, p2, 2) ×

×
( ∑
|α|≤2

∫
Ω

∣∣∣∫
Ω

Dα
xG(x, t, ξ, s)v(ξ) dξ

∣∣∣p1

dx
)σ(p1,p2)

p1
(∫
Ω

∣∣∣∫
Ω

G(x, t, ξ, s)v(ξ) dξ
∣∣∣p1

dx
) 1−σ(p1,p2)

p1
.

Çàñòîñóâàâøè äî íàÿâíèõ òóò iíòåãðàëüíèõ âèðàçiâ ïåðåòâîðåííÿ òèïó (27), îòðè-
ìà¹ìî òàêå:

I2 ≤ C(p1, p2, 2)
( ∑
|α|≤2

∫
Ω

(∫
Ω

|Dα
xG| dξ

)p1

p′
1

(∫
Ω

|Dα
xG| |v|p1 dξ

)
dx

)σ(p1,p2)
p1 ×

×
(∫
Ω

(∫
Ω

|G| dξ
)p1

p′
1

(∫
Ω

|G| |v|p1 dξ
)
dx

)1−σ(p1,p2)
p1

.

Òîìó ç (22) äëÿ λ = 1, ðiâíîñòi p1

p′
1
= p1 − 1 òà òåîðåìè Ôóáiíi âèïëèâà¹, ùî

I2 ≤ C(p1, p2, 2)
( ∑
|α|≤2

∫
Ω

( M1(1)

(t− s)
|α|
2

)p1−1(∫
Ω

|Dα
xG| |v|p1 dξ

)
dx

)σ(p1,p2)
p1 ×

×
(∫
Ω

(M1(1)

1

)p1−1(∫
Ω

|G| |v|p1 dξ
)
dx

) 1−σ(p1,p2)
p1

=

= C1

( ∑
|α|≤2

1

(t− s)
|α|
2 (p1−1)

∫
Ω

(∫
Ω

|Dα
xG| |v|p1 dξ

)
dx

)σ(p1,p2)
p1 ×

×
(∫
Ω

(∫
Ω

|G| |v|p1 dξ
)
dx

)1−σ(p1,p2)
p1

=

= C1

( ∑
|α|≤2

1

(t− s)
|α|
2 (p1−1)

∫
Ω

|v(ξ)|p1

(∫
Ω

|Dα
xG| dx

)
dξ

)σ(p1,p2)
p1 ×

×
(∫
Ω

|v(ξ)|p1

(∫
Ω

|G| dx
)
dξ

)1−σ(p1,p2)
p1

.

Òîäi çíîâó ç (22) äëÿ λ = 1 îäåðæèìî, ùî

I2 ≤ C1

( ∑
|α|≤2

1

(t− s)
|α|
2 (p1−1)

∫
Ω

|v(ξ)|p1

( M1(1)

(t− s)
|α|
2

)
dξ

)σ(p1,p2)
p1 ×
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×
(∫
Ω

|v(ξ)|p1

(M1(1)

1

)
dξ

) 1−σ(p1,p2)
p1

=

= C2

( ∑
|α|≤2

1

(t− s)
|α|
2 p1

∫
Ω

|v(ξ)|p1 dξ
)σ(p1,p2)

p1
(∫
Ω

|v(ξ)|p1 dξ
) 1−σ(p1,p2)

p1
=

= C2||v||p1

( ∑
|α|≤2

1

(t− s)
|α|
2 p1

)σ(p1,p2)
p1

. (28)

Îñêiëüêè |α| ≤ 2, s < t ≤ T , òî

1

(t− s)
|α|
2 p1

=
(t− s)(1−

|α|
2 ) p1

(t− s)
|α|
2 p1+(1−|α|

2 ) p1

=
(t− s)(1−

|α|
2 ) p1

(t− s)p1
≤ T (1−|α|

2 ) p1

(t− s)p1
.

Âèêîðèñòàâøè öþ îöiíêó òà (25), ç (28) îäåðæèìî îöiíêó

I2 ≤ C2||v||p1

( ∑
|α|≤2

T (1−|α|
2 ) p1

(t− s)p1

)σ(p1,p2)
p1

=
C2||v||p1

(t− s)σ(p1,p2)

( ∑
|α|≤2

T (1−|α|
2 ) p1

)σ(p1,p2)
p1 ≤

≤ C3||v||p1

(t− s)σ(p1,p2)

(
T p1 + T

p1
2 + 1

)σ(p1,p2)
p1 ≤ C4||v||p1

(t− s)σ(p1,p2)

(
T +

√
T + 1

)σ(p1,p2)

, (29)

äå ñòàëà C4 > 0 íå çàëåæèòü âiä t, s, v, T . Îòæå, ìè îòðèìàëè îöiíêó (26) çi ñòàëîþ
M2(p1, p2), ÿêà çàëåæèòü âiä T , ïðîòå ¹ îáìåæåíîþ i âiäîêðåìëåíîþ âiä íóëÿ ïðè
T → +0 (öå ìè âèêîðèñòîâóâàòèìåìî äàëi).

3. Íåõàé òåïåð p2 ∈ (p1,+∞) i σ(p1, p2) > 1. Îñêiëüêè σ(p, q) −→
|p−q|→0

0, òî iíòåð-

âàë (p1, p2) ìîæíà ðîçáèòè íà k ÷àñòèí òàê: p1 = r0 < r1 < . . . < rk−1 < rk = p2,
σ(rj−1, rj) ≤ 1, j = 1, k. Ç âèãëÿäó ôóíêöi¨ σ âèïëèâà¹, ùî

σ(r0, r1) + σ(r1, r2) + . . .+ σ(rk−1, rk) = σ(r0, rk) = σ(p1, p2).

Òîìó, âèêîðèñòàâøè ôîðìóëó (23) i âæå äîâåäåíèé ÷àñòèííèé âèïàäîê îöiíêè (26)
äëÿ ïîêàçíèêiâ rj−1, rj , îäåðæèìî òàêå:

||I(t, s)v||p2 = ||I(t, s)v||rk =
∣∣∣∣∣∣I( t

k
+ . . .+

t

k
,
s

k
+ . . .+

s

k

)
v
∣∣∣∣∣∣
rk

=

=
∣∣∣∣∣∣I( t

k
,
s

k

)
◦ . . . ◦ I

( t

k
,
s

k

)
︸ ︷︷ ︸

k

v
∣∣∣∣∣∣
rk
≤ M2(rk−1, rk)

( t−s
k )σ(rk−1,rk)

∣∣∣∣∣∣I( t

k
,
s

k

)
◦ . . . ◦ I

( t

k
,
s

k

)
︸ ︷︷ ︸

k−1

v
∣∣∣∣∣∣
rk−1

≤

≤ M2(rk−1, rk)M2(rk−2, rk−1)

( t−s
k )σ(rk−1,rk)+σ(rk−2,rk−1)

∣∣∣∣∣∣I( t

k
,
s

k

)
◦ . . . ◦ I

( t

k
,
s

k

)
︸ ︷︷ ︸

k−2

v
∣∣∣∣∣∣
rk−2

≤ . . . ≤

≤ M2(rk−1, rk)M2(rk−2, rk−1) · . . . · M2(r0, r1)

( t−s
k )σ(rk−1,rk)+σ(rk−2,rk−1)+...+σ(r0,r1)

||v||r0 =
M2(p1, p2)

(t− s)σ(p1,p2)
||v||p1 ,

äå M2(p1, p2) := kσ(p1,p2)M2(rk−1, rk)M2(rk−2, rk−1) · . . . · M2(r0, r1). �

Çàóâàæåííÿ 1. Çà ïåâíèõ óìîâ àíàëîã îöiíêè (26) îòðèìàíî ó [12, c. 293].
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Ëåìà 5. Íåõàé ôóíêöiÿ G ∈ ML(Λ) çàäîâîëüíÿ¹ (7), îïåðàòîð J0 îçíà÷åíî ó (14),
σ � ôóíêöiÿ ç (19), 1 < p1 ≤ p2 < +∞, σ(p1, p2) ≤ 1, τ ∈ (0, T ]. Òîäi ëiíiéíèé iíòåã-
ðàëüíèé îïåðàòîð J0 : Lp1(Ω) → Lµ(0, τ ;Lp2(Ω)) ¹ îáìåæåíèì (òîìó i íåïåðåðâ-
íèì), ÿêùî âèêîíó¹òüñÿ îäíà ç óìîâ: 1) p2 = p1, µ ≥ 1; 2) p2 > p1, µ ∈ [1, 1

σ(p1,p2)
).

Êðiì òîãî, iñíó¹ òàêà íåçàëåæíà âiä τ ñòàëà L0(p1, p2) > 0, ùî äëÿ âñiõ v ∈ Lp1(Ω)
âèêîíó¹òüñÿ îöiíêà

||J0v||p2,µ,τ ≤ L0(p1, p2) τ
1
µ−σ(p1,p2)||v||p1 , (30)

ïðè÷îìó 1
µ − σ(p1, p2) > 0.

Äîâåäåííÿ. Íåõàé p1, p2 òàêi ÿê ó ôîðìóëþâàííi ëåìè, µ ≥ 1, τ ∈ (0, T ], v ∈ Lp1(Ω),
I3 := ||J0v||µp2,µ,τ . Âèêîðèñòàâøè (26) äëÿ s = 0 (öå çàêîííî, áî p1 ≤ p2), îäåðæó¹ìî,
ùî

I3 =

τ∫
0

||I(t, 0)v||µp2
dt ≤

τ∫
0

(M2(p1, p2)

tσ(p1,p2)
||v||p1

)µ

dt = |M2(p1, p2)|µI4||v||µp1
, (31)

äå I4 :=
∫ τ

0
dt

tσ(p1,p2)µ . Ó âèïàäêó 1 îòðèìà¹ìî, ùî σ(p1, p1) = 0, òîìó I4 =
∫ τ

0
dt = τ

äëÿ âñiõ µ. Ó âèïàäêó 2 ç âèáîðó µ âèïëèâà¹, ùî σ(p1, p2)µ < 1, òîìó I4 = τ1−σ(p1,p2)µ

1−σ(p1,p2)µ
.

Â îáîõ âèïàäêàõ ëåìó äîâåäåíî, áî (30) âèïëèâà¹ ç (31). �
Äëÿ ïîäàëüøèõ ïîòðåá íàãàäà¹ìî òàêå òâåðäæåííÿ.

Òâåðäæåííÿ 3. (Òåîðåìà 202 ç [17, c. 179]). ßêùî k ≥ 1, òî

b∫
a

∣∣∣ d∫
c

h(t, s) ds
∣∣∣k dt ≤

[ d∫
c

∣∣∣ b∫
a

|h(t, s)|k dt
∣∣∣ 1k ds

]k
.

Ëåìà 6. Íåõàé ôóíêöiÿ G ∈ ML(Λ) çàäîâîëüíÿ¹ (7), îïåðàòîð J îçíà÷åíî ó (15),
σ � ôóíêöiÿ ç (19), 1 < p1 ≤ p2 < +∞, σ(p1, p2) ≤ 1, τ ∈ (0, T ]. Òîäi ëiíiéíèé
iíòåãðàëüíèé îïåðàòîð J : Lλ(0, τ ;Lp1(Ω)) → Lµ(0, τ ;Lp2(Ω)) ¹ îáìåæåíèì (òîìó
i íåïåðåðâíèì), ÿêùî âèêîíó¹òüñÿ îäíà ç óìîâ: 1) p2 = p1, λ ≥ 1, µ ≥ 1; 2) p2 > p1,
λ ≥ 1, µ ∈ [1, 1

σ(p1,p2)
). Êðiì òîãî, iñíó¹ íåçàëåæíà âiä τ ñòàëà L (p1, p2;λ, µ) > 0

òàêà, ùî äëÿ âñiõ v ∈ Lλ(0, T ;Lp1(Ω)) âèêîíó¹òüñÿ îöiíêà

||Jw||p2,µ,τ ≤ L (p1, p2;λ, µ)τ
1
µ−σ(p1,p2)+

λ−1
λ ||v||p1,λ,τ , (32)

ïðè÷îìó 1
µ − σ(p1, p2) > 0.

Äîâåäåííÿ. Íåõàé p1, p2 òàêi ÿê ó ôîðìóëþâàííi ëåìè, λ ≥ 1, µ ≥ 1, τ ∈ (0, T ],
v ∈ Lλ(0, τ ;Lp1(Ω)), I5 := ||Jw||µp2,µ,τ . Òîäi

I5 =

τ∫
0

∣∣∣∣∣∣ t∫
0

I(t, s)w(s) ds
∣∣∣∣∣∣µ
p2

dt ≤
τ∫

0

[ t∫
0

||I(t, s)w(s)||p2 ds
]µ

dt =

=

τ∫
0

[ τ∫
0

χ(t, s)||I(t, s)w(s)||p2
ds
]µ

dt,
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äå

χ(t, s) =

{
1, t > s,
0, t ≤ s.

(33)

Âèêîðèñòàâøè îöiíêó ç òâåðäæåííÿ 3, îäåðæèìî

I5 ≤
[ τ∫
0

∣∣∣ τ∫
0

χµ(t, s)||I(t, s)w(s)||µp2
dt
∣∣∣ 1µ ds

]µ
=

[ τ∫
0

∣∣∣ τ∫
s

||I(t, s)w(s)||µp2
dt
∣∣∣ 1µ ds

]µ
.

Âèêîðèñòàâøè îöiíêó (26) (öå çàêîííî, áî 0 ≤ σ(p1, p2) ≤ 1), îòðèìà¹ìî, ùî

I5 ≤
[ τ∫
0

∣∣∣ τ∫
s

( M2(p1, p2)

(t− s)σ(p1,p2)
||w(s)||p1

)µ

dt
∣∣∣ 1µ ds

]µ
=

= |M2(p1, p2)|µ
[ τ∫
0

||w(s)||p1 |I6|
1
µ ds

]µ
, (34)

äå I6 =
∫ τ

s
dt

(t−s)σ(p1,p2)µ . Ó âèïàäêó 1 îäåðæó¹ìî, ùî σ(p2, p2) = 0, òîìó I6 =
∫ τ

s
dt =

= τ − s ≤ τ äëÿ âñiõ µ. Ó âèïàäêó 2 ç âèáîðó µ âèïëèâà¹, ùî σ(p1, p2)µ < 1, òîìó

I6 = τ1−σ(p1,p2)µ

1−σ(p1,p2)µ
. Â îáîõ âèïàäêàõ ç (34) îòðèìà¹ìî îöiíêó

I5 ≤ C5τ
1−σ(p1,p2)µ

[ τ∫
0

||w(s)||p1 ds
]µ

, (35)

äå ñòàëà C5 > 0 íå çàëåæèòü âiä v, τ .
Ïðè λ = 1 îöiíêà (35) çáiãà¹òüñÿ ç (32). ßêùî λ > 1, òî, âèêîðèñòàâøè ó (35)

íåðiâíiñòü Ãåëüäåðà ç ïîêàçíèêàìè λ > 1, λ
λ−1 > 1, îäåðæèìî òàêå:

I5 ≤ C5τ
1−σ(p1,p2)µ

[( τ∫
0

||w(s)||λp1
ds
) 1

λ
( τ∫
0

ds
)λ−1

λ
]µ

≤ C5τ
1−σ(p1,p2)µ+

λ−1
λ

µ||w||p1,λ,τ ,

çâiäêè i âèïëèâà¹ (32). Ëåìó äîâåäåíî. �
Çàóâàæåííÿ 2. Àíàëîã îöiíêè (30) ç λ = p1 = p2 îòðèìàíî ó ëåìi 1 ç [2, c. 34],
à îöiíêè (32) ç λ = µ = p1 = p2 � ó ëåìi 2 ç [2, c. 35]. Çàóâàæèìî òàêîæ, ùî íà
âiäìiíó âiä ëåìè 4, òâåðäæåííÿ ëåì 6 i 5 íå ìîæíà îòðèìàòè ïðè σ(p1, p2) > 1
çàïðîïîíîâàíèì òóò ìåòîäîì, áî iíòåãðàëè I4, I6 ç äîâåäåííÿ öèõ ëåì ¹ ðîçáiæíèìè
äëÿ âñiõ µ ≥ 1.

Òåïåð íàãàäà¹ìî äåêiëüêà îöiíîê.

Çàóâàæåííÿ 3. ßêùî q ≥ 2, òî ç òåîðåìè 1 [13, c. 2] äëÿ âñiõ ξ, η ∈ R îäåðæó¹ìî, ùî

| |ξ|q−2ξ − |η|q−2η | ≤ (q − 1)22−q(|ξ|+ |η|)q−2|ξ − η|. (36)

Ïðè ðîçãëÿäi ðiâíÿíü çi çìiííèìè ïîêàçíèêàìè íåëiíiéíîñòi âèíèêà¹ ïîòðåáà
ïðàöþâàòè ç óçàãàëüíåíèìè ïðîñòîðàìè Ëåáåãà, ÿêi âïåðøå ââåäåíî ó [14] (äåÿêi
¨õíi âëàñòèâîñòi âèâ÷åíî ó [15]). Íåõàé Q ⊂ Rm (m ∈ N) � îáìåæåíà îáëàñòü,

p ∈ ML(Q), p0 := ess inf
y∈Q

p(y), p0 := ess sup
y∈Q

p(y). (37)
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Óçàãàëüíåíèì ïðîñòîðîì Ëåáåãà Lp(y)(Q) íàçèâà¹òüñÿ ìíîæèíà òàêèõ ôóíêöié
v ∈ ML(Q), äëÿ ÿêèõ ρp(v,Q) < +∞, äå

ρp(v,Q) :=

∫
Q

|v(y)|p(y) dy.

Ñïåðøó ïðèïóñòèìî, ùî 1 < p0 ≤ p0 < +∞. Òîäi öåé ïðîñòið ¹ (äèâ. [15, c. 599, 600])
ðåôëåêñèâíèì áàíàõîâèì ïðîñòîðîì ñòîñîâíî íîðìè Ëþêñåìáóðãà

||v;Lp(y)(Q)|| := inf{λ > 0 : ρp(v/λ,Q) ≤ 1}.

Êðiì òîãî, âèêîíóþòüñÿ íåïåðåðâíi âêëàäåííÿ Lp(y)(Q) 	 Lr(y)(Q), ÿêùî p(y) ≥ r(y)
(äèâ. [15, c. 599-600]).

Îñîáëèâîñòi óçàãàëüíåíèõ ïðîñòîðiâ Ëåáåãà, çîêðåìà âèãëÿä íîðìè â íèõ, çó-
ìîâëþþòü ïåâíó ñïåöèôiêó iíòåãðàëüíèõ îöiíîê ó òàêèõ ïðîñòîðàõ. Íàãàäà¹ìî óçà-
ãàëüíåíó íåðiâíiñòü Ãåëüäåðà (äèâ. [16, c. 175]): äëÿ âñiõ ôóíêöié u ∈ Lp(y)(Q) òà
v ∈ Lp′(y)(Q), äå p′(y) = p(y)

p(y)−1 (òîáòî 1/p(y) + 1/p′(y) = 1) ìàéæå äëÿ âñiõ y ∈ Q,∫
Q

|u(y)v(y)| dy ≤ 2 ||u;Lp(y)(Q)|| · ||v;Lp′(y)(Q)||. (38)

Ñïðàâà â (38) íàÿâíèé ìíîæíèê 2, ÿêîãî íåìà¹ ïðè p(y) ≡ const. Êðiì òîãî, íàÿâíi
â (38) íîðìè, âçàãàëi êàæó÷è, íå äîðiâíþþòü ñòåïåíåâèì ôóíêöiÿì âiä âiäïîâiäíèõ
iíòåãðàëiâ. Äëÿ çðó÷íîñòi, çîêðåìà âèêîðèñòàííÿ (38), ââåäåìî äîäàòêîâi ïîçíà÷åí-

íÿ. Îïåðàòîðîì Ëàâðåíþêà íàçâåìî âiäîáðàæåííÿ ML(Q) ∋ p
S7→ Sp ∈ ML(Q), ÿêå

äi¹ çà ïðàâèëîì

∀ p ∈ ML(Q) : Sp(s) =

{
sp0 , s ∈ [0, 1],

sp
0

, s > 1,
(39)

äå ÷èñëà p0, p
0 áóäóþòü äëÿ p çà ïðàâèëîì (37). Îáëàñòþ âèçíà÷åííÿ îïåðàòîðà S

¹ ìíîæèíà ñóòò¹âî îáìåæåíèõ ôóíêöié ç ML(Q). Ïðîòå ìè âèêîðèñòîâóâàòèìåìî
çíà÷åííÿ öüîãî îïåðàòîðà ëèøå íà íåâiä'¹ìíèõ ôóíêöiÿõ. Ïðèíàãiäíî çàóâàæèìî,

ùî S1/p(s) =

{
s1/p

0

, s ∈ [0, 1],
s1/p0 , s > 1,

ïðè p0 > 0.

Çàóâàæåííÿ 4. (Ëåìà 1 [5, c. 168], çàóâàæåííÿ 3.1 [6, c. 453]). ßêùî p, p0, p
0 âçÿòî ç

(37), 1 < p0 ≤ p0 < +∞, òî âèêîíóþòüñÿ òàêi îöiíêè:
1) ||v;Lp(y)(Q)|| ≤ S1/p(ρp(v,Q)) ïðè ρp(v,Q) < ∞;
2) ρp(v,Q) ≤ Sp(||v;Lp(y)(Q)||) ïðè ||v;Lp(y)(Q)|| < ∞.

Íàñòóïíi åëåìåíòàðíi âëàñòèâîñòi îïåðàòîðà S ïîäàìî ó âèãëÿäi ëåìè.

Ëåìà 7. Íåõàé S � îïåðàòîð ç (39), p, p0, p
0 âçÿòî ç (37), 0 ≤ p0 ≤ p0 < +∞. Òîäi:

1) ôóíêöiÿ R+ ∋ s
Sp7→ Sp(s) ∈ R+ ìîíîòîííî íåñïàäíà i íåïåðåðâíà, Sp(0) = 0;

2) [Sp(s)]
r = Sp(s

r) = Spr(s), s ≥ 0, r ≥ 0;
3) Sp(sr) ≤ Sp(s)Sp(r), s ≥ 0, r ≥ 0;

4) Sp(s1 + . . .+ sm) ≤ mp0

(Sp(s1) + . . .+ Sp(sm)), s1, s2, . . . , sm ≥ 0, m ∈ N.
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Äîâåäåííÿ. 1), 2) Òâåðäæåííÿ öèõ ïóíêòiâ î÷åâèäíi.
3) ßêùî s = r, òî òâåðäæåííÿ öüîãî ïóíêòó âèïëèâà¹ ç ïóíêòó 2 öi¹¨ ëåìè.

Äàëi, íå çìåíøóþ÷è çàãàëüíîñòi, ïðèïóñòèìî, ùî s < r. Îòðèìà¹ìî òàêå:
ÿêùî s < r ≤ 1, òî Sp(sr) = (sr)p0 = sp0rp0 = Sp(s)Sp(r);
ÿêùî 1 < s < r, òî Sp(sr) = (sr)p

0

= sp
0

rp
0

= Sp(s)Sp(r);
ÿêùî s ≤ 1 < r, òî îòðèìà¹ìî Sp(sr) = (sr)p

0

= sp
0

rp
0 ≤ sp0rp

0

= Sp(s)Sp(r) ïðè
sr > 1 é îäåðæèìî Sp(sr) = (sr)p0 = sp0rp0 ≤ sp0rp

0

= Sp(s)Sp(r) ïðè sr ≤ 1.
4) Íåõàé m ∈ N, s1, s2, . . . , sm ≥ 0. Íå çìåíøóþ÷è çàãàëüíîñòi ïðèïóñòèìî, ùî

s1 = max{s1, s2, . . . , sm}. Òîìó, âèêîðèñòàâøè ðåçóëüòàòè ïóíêòiâ 1 òà 3 öi¹¨ ëåìè,
îòðèìà¹ìî

Sp(s1 + . . .+ sm) ≤ Sp(ms1) ≤ Sp(m)Sp(s1) = mp0

Sp(s1) ≤ mp0

(Sp(s1)+ . . .+Sp(sm)),

ùî i äîâîäèòü òâåðäæåííÿ ïóíêòó i ëåìó. �

Äîâåäåìî äåÿêi åëåìåíòàðíi âëàñòèâîñòi îïåðàòîðiâ Íåìèöüêîãî ç (13).

Ëåìà 8. Íåõàé âèêîíóþòüñÿ óìîâè (G), (Q), q0 i q0 � ñòàëi ç óìîâè (Q), S �
îïåðàòîð ç ôîðìóëè (39), {N (t)}t∈[0,T ] � ñiì'ÿ îïåðàòîðiâ ç (13), δ ∈ (0, 1]. ßêùî

p ∈ [q0 + δ− 1,+∞), òî iñíó¹ òàêà ñòàëà N1(p, q0, q
0), ùî äëÿ âñiõ v, w ∈ Lp(Ω) òà

t ∈ [0, T ] âèêîíó¹òüñÿ îöiíêà

||N (t)v −N (t)w||h ≤ N1(p, q0, q
0)||v − w||p Sq−2(||v||p + ||w||p), (40)

äå h := p
q0+δ−1 ≥ 1 (ñòàëà N1(p, q0, q

0) íå çàëåæèòü âiä δ).

Äîâåäåííÿ. Ç óìîâ (G), q0 > 2 òà íåðiâíîñòi (36) îòðèìà¹ìî

I7(t) := ||N (t)v −N (t)w||hh ≤ |g0|h
∫
Ω

∣∣∣ |v(x)|q(x,t)−2v(x)− |w(x)|q(x,t)−2w(x)
∣∣∣h dx ≤

≤ |g0|h
∫
Ω

|(q(x, t)− 1)22−q(x,t)|h
(
|v(x)|+ |w(x)|

)h(q(x,t)−2)

|v(x)− w(x)|h dx ≤

≤ C6(δ)

∫
Ω

(
|v|+ |w|

)h(q(x,t)−2)

|v − w|h dx, t ∈ [0, T ].

äå C6(δ) = |g0(q0 − 1)22−q0 |
p

q0+δ−1 . Íåõàé C7 := sup
δ∈[0,1]

C6(δ). Çðîçóìiëî, ùî ñòàëà

C7 ≥ 0 çàëåæèòü òiëüêè âiä g0, p, q0, q
0.

Âèêîðèñòàâøè íåðiâíiñòü Ãåëüäåðà ç ïîêàçíèêàìè q0+δ−1
q0−2+δ > 1, q0 + δ − 1 > 1, ç

ïîïåðåäíüî¨ íåðiâíîñòi òà âèãëÿäó h îäåðæèìî

I7(t) ≤ C7

(∫
Ω

|z(x)|
p(q(x,t)−2)

q0+δ−1
q0+δ−1
q0−2+δ dx

) q0−2+δ
q0+δ−1

(∫
Ω

|v − w|
p(q0+δ−1)

q0+δ−1 dx
) 1

q0+δ−1 , (41)

äå z(x) = |v(x)|+ |w(x)|, x ∈ Ω.
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Îñêiëüêè δ > 0, òî q0−2+δ
q(x,t)−2 ≥ q0−2+δ

q0−2 > 1 ìàéæå äëÿ âñiõ (x, t) ∈ Q0,T . Òîìó ç óçà-

ãàëüíåíî¨ íåðiâíîñòi Ãåëüäåðà äëÿ îáëàñòi Ω i ïîêàçíèêiâ q0−2+δ
q(x,t)−2 > 1, q0−2+δ

q0−q(x,t)+δ > 1

âèïëèâà¹ îöiíêà

I8(t) :=

∫
Ω

|z(x)|
p(q(x,t)−2)

q0−2+δ dx ≤ 2 ||z
p(q(t)−2)

q0−2+δ ;L
q0−2+δ
q(x,t)−2 (Ω)|| · ||1;L

q0−2+δ
q0−q(x,t)+δ (Ω)|| =

= C8(δ)||z
p(q(t)−2)

q0−2+δ ;L
q0−2+δ
q(x,t)−2 (Ω)||,

äå (ñêîðèñòà¹ìîñÿ òóò îöiíêàìè ç çàóâàæåííÿ 4 äëÿ îáëàñòi Ω òà ëåìîþ 7)

C8(δ) := 2 ||1;L
q0−2+δ

q0−q(x,t)+δ (Ω)|| ≤ 2S
1/(

q0−2+δ
q0−q+δ

)

(
ρ q0−2+δ
q0−q+δ

(1,Ω)
)
=

= 2S(q0−q+δ)/(q0−2+δ)(|Ω|) =

 2|Ω|
δ

q0−2+δ , |Ω| ∈ [0, 1],

2|Ω|
q0−q0+δ
q0−2+δ , |Ω| > 1,

äå |Ω| � ìiðà Ëåáåãà â Rn îáëàñòi Ω. Ç âèãëÿäó ôóíêöi¨ C8(δ) âèïëèâà¹, ùî ÷èñëî
C9 := sup

δ∈(0,1)

C8(δ) çàäîâîëüíÿ¹ îöiíêè 0 < C9 < +∞. Çðîçóìiëî òàêîæ, ùî C9 íå

çàëåæèòü âiä δ. Òîìó, âèêîðèñòàâøè çàóâàæåííÿ 4 òà ëåìó 7, îäåðæèìî

I8(t) ≤ C9S
1/

q0−2+δ
q−2

(
ρ q0−2+δ

q−2

(z
p(q(t)−2)

q0−2+δ ; Ω)
)
= C9S(q−2)/(q0−2+δ)

(∫
Ω

|z(x)|p dx
)
=

= C9S(q−2)/(q0−2+δ)(||z||pp).
Ïiäñòàâèâøè öåé âèðàç ó (41), ç ëåìè 7 îòðèìà¹ìî òàêå:

I7(t) ≤ C7|I8(t)|
q0−2+δ
q0+δ−1

(∫
Ω

|v − w|p dx
) 1

q0+δ−1 ≤

≤ C7

∣∣∣C9S(q−2)/(q0−2+δ)(||z||pp)
∣∣∣ q0−2+δ
q0+δ−1 ||v − w||

p
q0+δ−1
p =

= C10Sp(q−2)/(q0+δ−1)(||z||p)||v − w||
p

q0+δ−1
p = C10Sh(q−2)(|| |v|+ |w| ||p)||v − w||hp ≤

≤ C10Sh(q−2)(||v||p + ||w||p)||v − w||hp =
(
C

1
h
10
Sq−2(||v||p + ||w||p)||v − w||p

)h

,

çâiäêè i âèïëèâà¹ îöiíêà (40). Ëåìó äîâåäåíî. �

Ëåìà 9. Íåõàé âèêîíóþòüñÿ óìîâè (G), (Q), q0 i q0 � ñòàëi ç óìîâè (Q), S �
îïåðàòîð ç (39), ôóíêöiÿ G ∈ ML(Λ) çàäîâîëüíÿ¹ îöiíêó (7), {I(t, s)}(t,s)∈T âçÿòî
ç (12), {N (t)}t∈[0,T ] îçíà÷åíî â (13), σ � ôóíêöiÿ ç (19), β � ôóíêöiÿ ç (20). ßêùî

p ∈ (q0 − 1,+∞), µ ∈ ( p
q0−1 ,+∞), òî iñíó¹ òàêà ñòàëà M3(p, q0, q

0, µ) > 0, ùî äëÿ

âñiõ (t, s) ∈ T i τ ∈ [0, T ] âèêîíó¹òüñÿ îöiíêà

||I(t, s)(N (τ)v −N (τ)w)||µ ≤ M3(p, q0, q
0, µ)

(t− s)β(q0,p)−σ(µ,p)
||v − w||p Sq−2(||v||p + ||w||p), (42)
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ïðè÷îìó β(q0, p)− σ(µ, p) ≥ 0.

Äîâåäåííÿ. Ïîçíà÷èìî ÷åðåç I9 ëiâó ÷àñòèíó íåðiâíîñòi (42). Íåõàé p, µ òàêi ÿê ó
ôîðìóëþâàííi ëåìè. Òîäi ç (23) îòðèìà¹ìî, ùî

I9 =
∣∣∣∣∣∣I( t

2
+

t

2
,
s

2
+

s

2

)
(N (τ)v−N (τ)w)

∣∣∣∣∣∣
µ
=

∣∣∣∣∣∣I( t

2
,
s

2

)
◦I

( t

2
,
s

2

)
(N (τ)v−N (τ)w)

∣∣∣∣∣∣
µ
.

Îñêiëüêè p > q0 − 1, òî p > q0 − 1 + δ äëÿ âñiõ äîñèòü ìàëèõ δ ∈ (0, 1]. Íåõàé
h := p

q0+δ−1 . Òîäi µ > p
q0−1 > h > 1 i ç îöiíêè (26) äëÿ p1 := h, p2 := µ (ùî çàêîííî),

ìàòèìåìî

I9 ≤ M2(h, µ)

( t−s
2 )σ(h,µ)

∣∣∣∣∣∣I( t

2
,
s

2

)
(N (τ)v −N (τ)w)

∣∣∣∣∣∣
h
, (43)

äå

σ(h, µ) =
n

2

(q0 + δ − 1

p
− 1

µ

)
=

n

2

(q0 + δ − 2 + 1

p
− 1

µ

)
=

=
n

2

q0 + δ − 2

p
+

n

2

(1
p
− 1

µ

)
= β(q0 + δ, p)− σ(µ, p) > 0. (44)

Êðiì òîãî, ç (26) äëÿ p2 = p1 := h (òîäi σ(h, h) = 1) ìàòèìåìî∣∣∣∣∣∣I( t

2
,
s

2

)
(N (τ)v −N (τ)w)

∣∣∣∣∣∣
h
≤ M2(h, h)||N (τ)v −N (τ)w||h. (45)

Ïiäñòàâèâøè (44) i (45) â (43), îäåðæèìî òàêå:

I9 ≤ C11(δ)

(t− s)β(q0+δ,p)−σ(µ,p)
||N (τ)v −N (τ)w||h,

äå

C11(δ) := 2β(q
0+δ,p)−σ(µ,p)M2(h, µ)M2(h, h) =

= 2
n
2
q0+δ−2

p −σ(µ,p)M2

( p

q0 + δ − 1
, µ

)
M1(1).

Ç âèãëÿäó M2 âèïëèâà¹, ùî C11(δ) ¹ îáìåæåíîþ ïðè δ → +0. Òîìó, çàñòîñóâàâøè
äî ïðàâî¨ ÷àñòèíè öi¹¨ íåðiâíîñòi îöiíêó (40) ç ëåìè 8, îòðèìà¹ìî

I9 ≤ C12N1(p, q0, q
0)

(t− s)β(q0+δ,p)−σ(µ,p)
||v − w||p Sq−2(||v||p + ||w||p), (46)

äå ñòàëà C12 íå çàëåæèòü âiä δ. Îñêiëüêè ñòàëà N1(p, q0, q
0) òåæ íå çàëåæèòü âiä

δ i β(q0 + δ, p) −→
δ→+0

β(q0, p), òî, ñïðÿìóâàâøè â (46) δ → +0, îòðèìà¹ìî (42). Ëåìó

äîâåäåíî. �

Ëåìà 10. Íåõàé âèêîíóþòüñÿ óìîâè (G), (Q), q0 i q0 � ñòàëi ç óìîâè (Q), S �
îïåðàòîð ç (39), A � ç (17), β � ôóíêöiÿ ç (20). ßêùî r > max{n

2 (q
0 − 1), 1}, p >

max{r(q0 − 1), 1}, ÷èñëî κ âçÿòî ç (18), òî iñíó¹ ñòàëà A (r, p) > 0 òàêà, ùî äëÿ
âñiõ τ ∈ (0, T ] i v, w ∈ Lκ(0, τ ;Lp(Ω)) âèêîíó¹òüñÿ îöiíêà

||Av −Aw||p,κ,τ ≤ A (r, p) τ1−β(q0,r) ||v − w||p,κ,τ Sq−2(||v||p,κ,τ + ||w||p,κ,τ ). (47)
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Äîâåäåííÿ. Íåõàé âèêîíóþòüñÿ ïðèïóùåííÿ ëåìè, I10(t) = ||(Av)(t)− (Aw)(t)||p,
t ∈ [0, τ ]. Òîäi

I10(t) =
∣∣∣∣∣∣− t∫

0

I(t, s)(N (s)v(s)−N (s)w(s)) ds
∣∣∣∣∣∣
p
≤

≤
t∫

0

∣∣∣∣∣∣I(t, s)(N (s)v(s)−N (s)w(s))
∣∣∣∣∣∣
p
ds.

Âèêîðèñòà¹ìî îöiíêó (42) äëÿ µ = p. Öå ìîæíà çðîáèòè, áî r > 1, p > r(q0−1) > q0−1
òà q0 ≥ q0 > 2, q0 − 1 > 1, 1 > 1

q0−1 , òîáòî p > p
q0−1 > 1. Âðàõóâàâøè, ùî σ(p, p) = 0,

îäåðæèìî

I10(t) ≤
t∫

0

M3(p, q0, q
0, p)

(t− s)β(q0+δ,p)
I11(s) ds = M3(p, q0, q

0, p)

τ∫
0

χ(t, s)

(t− s)β(q0,p)
I11(s) ds,

äå χ âçÿòî ç (33),

I11(s) = ||v(s)− w(s)||p Sq−2(||v(s)||p + ||w(s)||p), s ∈ (0, t). (48)

Íåõàé I12 := ||Av − Aw||κp,κ,τ . Âðàõîâóþ÷è íàøi ïîçíà÷åííÿ òà îòðèìàíi îöiíêè,
îäåðæèìî òàêå:

I12 =

τ∫
0

|I10(t)|κ dt ≤ |M3(p, q0, q
0, p)|κ

τ∫
0

∣∣∣ τ∫
0

χ(t, s)

(t− s)β(q0,p)
I11(s) ds

∣∣∣κ dt.

Âèêîðèñòîâóþ÷è îöiíêó ç òâåðäæåííÿ 3, ìàòèìåìî, ùî

I12 ≤ |M3(p, q0, q
0, p)|κ

[ τ∫
0

∣∣∣ τ∫
0

χκ(t, s)

(t− s)β(q0,p)κ
|I11(s)|κ dt

∣∣∣ 1κ ds
]κ

=

= |M3(p, q0, q
0, p)|κ

[ τ∫
0

I11(s)
∣∣∣ τ∫
s

dt

(t− s)β(q0,p)κ

∣∣∣ 1κ ds
]κ

. (49)

Çðîáèìî äåÿêi ïåðåòâîðåííÿ. Îñêiëüêè p > r(q0− 1), òî ç ïóíêòó 5 ëåìè 1 âèïëèâà¹,
ùî β(q0, p)κ < 1. Òîìó ç ïóíêòó 6 ëåìè 1

τ∫
s

dt

(t− s)β(q0,p)κ
=

(t− s)1−β(q0,p)κ

1− β(q0, p)κ

∣∣∣∣t=τ

t=s

=
(τ − s)1−β(q0,p)κ

1− β(q0, p)κ
≤ τ1−β(q0,p)κ

1− β(q0, p)κ
=

=
τ1−β(q0,r)κ+(q0−2)

1− β(q0, r)κ + (q0 − 2)
=

τ q
0−1−β(q0,r)κ

q0 − 1− β(q0, r)κ
. (50)

Âèêîðèñòàâøè (48) i (50), ç îöiíêè (49) îòðèìà¹ìî òàêå:

I12 ≤ |M3(p, q0, q
0, p)|κ

q0 − 1− β(q0, r)κ
τ q

0−1−β(q0,r)κ
[ τ∫
0

I11(s) ds
]κ

=
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= C13τ
q0−1−β(q0,r)κ

[ τ∫
0

||v(s)− w(s)||p Sq−2(||v(s)||p + ||w(s)||p) ds
]κ

.

Òîìó ç íåðiâíîñòi Ãåëüäåðà ç ïîêàçíèêàìè κ > 1, κ
κ−1 > 1 îäåðæèìî

I12 ≤ C13τ
q0−1−β(q0,r)κ ×

×
τ∫

0

||v(s)− w(s)||κp ds
[ τ∫

0

∣∣∣Sq−2(||v(s)||p + ||w(s)||p)
∣∣∣ κ
κ−1

ds
]κ−1

. (51)

Íåõàé ζ(s) := ||v(s)||p + ||w(s)||p, s ∈ (0, τ),

A := {s ∈ (0, τ) | ζ(s) > 1}, B := {s ∈ (0, τ) | ζ(s) ≤ 1}.
Îñêiëüêè p > r(q0 − 1) > r ≥ n

2 (q
0 − 1), òî (äèâ. ïóíêò 3 ëåìè 1) κ > q0 − 1. Òîìó

κ−1 > q0−2, κ−1
q0−2 > 1 i, âèêîðèñòàâøè íåðiâíiñòü Ãåëüäåðà ç ïîêàçíèêàìè κ−1

q0−2 > 1,
κ−1

κ−q0+1 > 1, îòðèìà¹ìî∫
A

∣∣∣Sq−2(ζ(s))
∣∣∣ κ
κ−1

ds =

∫
A

|ζ(s)|
(q0−2)κ

κ−1 ds ≤
(∫
A

|ζ(s)|κ ds
) q0−2

κ−1
(∫
A

ds
)κ−q0+1

κ−1 ≤

≤ ||ζ;Lκ(0, τ)||
(q0−2)κ

κ−1 τ
κ−q0+1
κ−1 . (52)

Àíàëîãi÷íó (52) îöiíêó îòðèìà¹ìî i äëÿ iíòåãðàëà ïî B∫
B

∣∣∣Sq−2(ζ(s))
∣∣∣ κ
κ−1

ds =

∫
B

|ζ(s)|
(q0−2)κ
κ−1 ds ≤ ||ζ;Lκ(0, τ)||

(q0−2)κ
κ−1 τ

κ−q0+1
κ−1 . (53)

Ç îöiíîê (52), (53) i íåðiâíîñòi òðèêóòíèêà â Lκ(0, τ) âèïëèâà¹, ùî
τ∫

0

∣∣∣Sq−2(ζ(s))
∣∣∣ κ
κ−1

ds =

∫
A

∣∣∣Sq−2(ζ(s))
∣∣∣ κ
κ−1

ds+

∫
B

∣∣∣Sq−2(ζ(s))
∣∣∣ κ
κ−1

ds ≤

≤ ||ζ;Lκ(0, τ)||
(q0−2)κ

κ−1 τ
κ−q0+1
κ−1 + ||ζ;Lκ(0, τ)||

(q0−2)κ
κ−1 τ

κ−q0+1
κ−1 ≤

≤
∣∣∣Sq−2(||ζ;Lκ(0, τ)||)

∣∣∣ κ
κ−1

(
τ
κ−q0+1
κ−1 + τ

κ−q0+1
κ−1

)
≤

≤
∣∣∣Sq−2(||v||p,κ,τ + ||w||p,κ,τ )

∣∣∣ κ
κ−1

(
τ
κ−q0+1
κ−1 + τ

κ−q0+1
κ−1

)
.

Òîäi ç (51) i îöiíêè òèïó (25) ìàòèìåìî, ùî

I12 ≤ C14τ
q0−1−β(q0,r)κ ×

× ||v − w||κp,κ,τ

∣∣∣Sq−2(||v||p,κ,τ + ||w||p,κ,τ )
∣∣∣κ(τκ−q0+1 + τκ−q0+1) =

= C14(1 + T q0−q0)τκ−β(q0+δ,r)κ ||v − w||κp,κ,τ

∣∣∣Sq−2(||v||p,κ,τ + ||w||p,κ,τ )
∣∣∣κ.

Çâiäñè i âèïëèâà¹ îöiíêà (47) çi ñòàëîþ, ÿêà çàëåæèòü âiä T i âiäîêðåìëåíà âiä íóëÿ
ïðè T → +0 (öå ìè âèêîðèñòîâóâàòèìåìî äàëi). Ëåìó äîâåäåíî. �
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4. Äîâåäåííÿ òåîðåìè 1. Íåõàé p > n
2 (q

0−1)2. Òîäi p
q0−1 > n

2 (q
0−1). Ïðèéìå-

ìî äîâiëüíå r ∈ [n2 (q
0−1), p

q0−1 ). Íåõàé κ, ϕ âçÿòî ç (18), à ôóíêöi¨ σ, β � ç (19), (20).

Âèêîðèñòà¹ìî ëåìó 1. Ç ïóíêòó 7 ìàòèìåìî, ùî κ ∈ [ 2p(q0−1)
2p−n(q0−1) ,

2p
n(q0−2) ). Ïðèéìåìî

ìàêñèìàëüíå κ∗ = 2p
n(q0−2) < p

ϕ . Îñêiëüêè q0 > 2 + 2
n , òî ç ïóíêòó 2 âèïëèâà¹ îöiíêà

ϕ > 1. Îòæå, κ∗ < p. Êðiì òîãî,

p >
n

2
(q0 − 1)2 >

n

2
(q0 − 1) >

n

2
(q0 − 2),

òîáòî κ∗ > 1 òà p > n
2 (q

0 − 2) > ϕ > 1. Ç ïóíêòó 3 òà óìîâè

r ∈
[n
2
(q0 − 1),

p

q0 − 1

)
⊂

[n
2
(q0 − 1), p

)
âèïëèâà¹, ùî κ > q0 − 1. Îòæå, ÷èñëà p i κ, ÿêi çàäîâîëüíÿþòü óìîâè òåîðåìè 1,
iñíóþòü. Êðiì òîãî, ïóíêò 4 i óìîâà r ≥ n

2 (q
0 − 1) > ϕ îçíà÷àþòü, ùî

β(q0, r) < 1. (54)

Îñêiëüêè r < p
q0−1 , òî p > r(q0 − 1) i ç ïóíêòó 5 îòðèìà¹ìî, ùî β(q0, p)κ < 1.

Äîâåäåìî, ùî îïåðàòîð A ç (17) çàäîâîëüíÿ¹ óìîâè òâåðäæåííÿ 1. Íåõàé ε > 0,
τ ∈ (0, T ] � äîâiëüíi ÷èñëà,

Bε,τ = {v : (0, τ) → Lp(Ω) | ||v||p,κ,τ ≤ ε}.

Ïðèéìåìî äîâiëüíå v ∈ Bε,τ òà âèêîðèñòà¹ìî îöiíêó (47) ç öèì v òà ç w = 0. Öå
çàêîííî, áî ìè ùîéíî äîâåëè, çîêðåìà, ùî r òà p çàäîâîëüíÿþòü óìîâè ëåìè 10.
Çãiäíî ç (17) îäåðæèìî ðiâíiñòü (A0)(t) = z0(t) äëÿ âñiõ t ∈ [0, T ], äå z0 âçÿòî ç (16),
à òîìó (47) íàáóäå âèãëÿäó

||Av − z0||p,κ,τ ≤ A (r, p) τ1−β(q0,r)||v||p,κ,τSq−2(||v||p,κ,τ ) ≤ A (r, p) τ1−β(q0,r)εSq−2(ε).

Êðiì òîãî, ||Av − z0||p,κ,τ ≥ ||Av||p,κ,τ − ||z0||p,κ,τ . Òîìó

||Av||p,κ,τ ≤ ||z0||p,κ,τ + C15τ
1−β(q0,r)εSq−2(ε), (55)

äå äîäàòíà ñòàëà C15 íå çàëåæèòü âiä u0, f, v, τ, ε.
Ç îöiíîê (30), (32) äëÿ p1 = p2 = p, λ = µ = κ (ùî çàêîííî) îäåðæèìî òàêå:

||z0||p,κ,τ ≤ ||J0u0||p,κ,τ + ||J f ||p,κ,τ ≤ L0(p, p)τ
1
κ−σ(p,p)||u0||p +

+ L (p, p;κ,κ)τ
1
κ−σ(p,p)+κ−1

κ ||f ||p,κ,τ = C16τ
1
κ ||u0||p + C17τ ||f ||p,κ,τ , (56)

äå äîäàòíi ñòàëi C16 òà C17 íå çàëåæàòü âiä u0, f, v, τ, ε.
Îòîæ, ç (55) i (56) îòðèìà¹ìî îöiíêó

||Av||p,κ,τ ≤ C16τ
1
κ ||u0||p + C17τ ||f ||p,κ,τ + C15τ

1−β(q0,r)εSq−2(ε).

Ïðèïóñòèìî, ùî
||u0||p ≤ ε2, ||f ||p,κ,T ≤ ε2. (57)

Òîäi óìîâà A(Bε,τ ) ⊂ Bε,τ âèêîíó¹òüñÿ, ÿêùî

C16τ
1
κ ε2 + C17τε

2 + C15τ
1−β(q0,r)εSq−2(ε) ≤ ε,



30
Îëåã ÁÓÃÐIÉ

ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2014. Âèïóñê 79

òîáòî, êîëè

C16τ
1
κ ε+ C17τε+ C15τ

1−β(q0,r)Sq−2(ε) ≤ 1. (58)

Òåïåð ïðèéìåìî äîâiëüíi v, w ∈ Bε,τ òà âèêîðèñòà¹ìî îöiíêó (47) i ëåìó 7

||Av −Aw||p,κ,τ ≤ A (r, p) τ1−β(q0,r)Sq−2(||v||p,κ,τ + ||w||p,κ,τ )||v − w||p,κ,τ ≤

≤ D||v − w||p,κ,τ ,

äå D = 2q
0−2A (r, p) τ1−β(q0,r)Sq−2(ε). Çðîçóìiëî, ùî îïåðàòîð A ¹ ñòèñêîì íà Bε,τ ,

ÿêùî D < 1, òîáòî, êîëè

2q
0−2A (r, p) τ1−β(q0,r)Sq−2(ε) < 1. (59)

Ïiäñóìó¹ìî îòðèìàíi íàìè ôàêòè. ßêùî âèêîíóþòüñÿ îöiíêè (58), (59), òî îïå-
ðàòîð A çàäîâîëüíÿ¹ óìîâè òâåðäæåííÿ 1, òîìó ìà¹ íåðóõîìó òî÷êó � ðîçâ'ÿçîê
ðiâíÿííÿ (11). Îöiíêè (58), (59) (âðàõîâóþ÷è (57), (54) òà ïóíêò 1 ëåìè 7) âèêî-
íóþòüñÿ çà îäíi¹¨ ç òàêèõ óìîâ:

1) äëÿ äîâiëüíèõ u0 ∈ Lp(Ω), f ∈ Lκ(0, T ;Lp(Ω)) âèáèðà¹ìî ε > 0 òàêèì âåëè-
êèì, ùîá âèêîíóâàëèñÿ íåðiâíîñòi (57), à ïîòiì âèáèðà¹ìî τ ∈ (0, T ] òàêèì
ìàëèì, ùîá âèêîíóâàëèñÿ îöiíêè (58), (59); òîäi ìà¹ìî ëîêàëüíèé ðîçâ'ÿçîê
äëÿ âñiõ u0 i f ;

2) äëÿ çàäàíîãî τ (òî÷íiøå äëÿ τ = T ) âèáèðà¹ìî ε > 0 òàêèì ìàëèì, ùîá âèêî-
íóâàëèñÿ îöiíêè (58), (59), à ïîòiì âèáèðà¹ìî u0 ∈ Lp(Ω), f ∈ Lκ(0, T ;Lp(Ω))
òàêèì, ùîá âèêîíóâàëèñÿ íåðiâíîñòi (57); òîäi ìà¹ìî ãëîáàëüíèé ðîçâ'ÿçîê
(11), âçàãàëi êàæó÷è, ëèøå äëÿ òèõ u0 i f , ÿêi ìàþòü ìàëó íîðìó.

Òåîðåìó 1 äîâåäåíî.

Çàóâàæåííÿ 5. Ðåçóëüòàòè òåîðåìè 1 ìîæíà ïîøèðèòè íà äðóãó i òðåòþ ìiøàíi
çàäà÷i äëÿ ðiâíÿííÿ (1) òà éîãî óçàãàëüíåíü.

5. Âèñíîâêè. Çíàéäåíî óìîâè iñíóâàííÿ ñëàáêîãî ðîçâ'ÿçêó ïåðøî¨ ìiøàíî¨
çàäà÷i äëÿ ïiâëiíiéíîãî ïàðàáîëi÷íîãî ðiâíÿííÿ (1) çi çìiííèì ïîêàçíèêîì íåëiíié-
íîñòi. Öåé ïîêàçíèê çàäîâîëüíÿ¹ ëèøå óìîâó (Q) çi ñòàëèìè 2+ n

2 < q0 ≤ q0 < +∞.
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ON SOLVABILITY OF INITIAL-BOUNDARY VALUE PROBLEM
FOR MODEL SEMILINEAR PARABOLIC EQUATION
WITH EXPONENT OF NONLINEARITY q(x, t) > 2 + 2

n

Oleh BUHRII

Ivan Franko National University of Lviv,

Universytetska Str., 1, Lviv, 79000

e-mail: ol_buhrii@i.ua

The initial-boundary value Dirichlet problem for the equation

ut −∆u+ g(x, t)|u|q(x,t)−2u = f(x, t)

is considered in a cylinder domain of Rn+1
x,t . The existence of a mild solution to

the problem is proved provided the condition q(x, t) ≥ q0 > 2 + 2
n
holds.
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Èññëåäîâàíà ñìåøàííàÿ çàäà÷à Äèðèõëå äëÿ óðàâíåíèÿ

ut −∆u+ g(x, t)|u|q(x,t)−2u = f(x, t)

â öèëèíäðè÷åñêîé îáëàñòè èç Rn+1
x,t . Ïðè óñëîâèè q(x, t) ≥ q0 > 2 + 2

n

äîêàçàíî ñóùåñòâîâàíèå ñëàáîãî ðåøåíèÿ ýòîé çàäà÷è.
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