
ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2014. Âèïóñê 79. Ñ. 69�79

Visnyk of the Lviv Univ. Series Mech. Math. 2014. Issue 79. P. 69�79

ÓÄÊ 517.537.2

ÏÐÎ ÌÎÄÈÔIÊÎÂÀÍI ÓÇÀÃÀËÜÍÅÍI ÏÎÐßÄÊÈ
ÀÁÑÎËÞÒÍÎ ÇÁIÆÍÈÕ Ó ÏIÂÏËÎÙÈÍI ÐßÄIÂ ÄIÐIÕËÅ

Ëþáîâ ÊÓËßÂÅÖÜ

Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà,

âóë. Óíiâåðñèòåòñüêà, 1, Ëüâiâ, 79000

e-mail: ljubasik26@gmail.com

Äëÿ ðÿäó Äiðiõëå F (s) =
∞∑

n=o

an exp{sλn} ç íóëüîâîþ àáñöèñîþ àáñîëþò-

íî¨ çáiæíîñòi ó òåðìiíàõ ìîäèôiêîâàíèõ óçàãàëüíåíèõ ïîðÿäêiâ çíàéäåíî
çâ'ÿçîê ìiæ çðîñòàííÿì M(σ, F ) = sup {|F (σ + it)| : t ∈ R} i ïîâîäæåííÿì
êîåôiöi¹íòiâ an. Îòðèìàíi ðåçóëüòàòè çàñòîñîâàíî äî âèâ÷åííÿ çðîñòàííÿ
àíàëiòè÷íèõ ó êðóçi õàðàêòåðèñòè÷íèõ ôóíêöié iìîâiðíiñíèõ çàêîíiâ.

Êëþ÷îâi ñëîâà: ðÿä Äiðiõëå, iìîâiðíiñíèé çàêîí, õàðàêòåðèñòè÷íà
ôóíêöiÿ, óçàãàëüíåíèé ïîðÿäîê.

1. Âñòóï. Íåõàé (λn) � çðîñòàþ÷à äî +∞ ïîñëiäîâíiñòü íåâiä'¹ìíèõ ÷èñåë,
λ0 = 0, à ðÿä Äiðiõëå

F (s) =
∞∑

n=o

anexp(sλn), s = σ + it, (1)

ìà¹ àáñöèñó àáñîëþòíî¨ çáiæíîñòi σa ∈ (−∞,+∞]. Äëÿ σ < σa ïðèéìåìî M(σ, F ) =
= sup{|F (σ + it)| : t ∈ R}, i íåõàé µ(σ, F ) = max{|an| exp (σλn) : n ≥ 0} � ìàêñèìàëü-
íèé ÷ëåí ðÿäó (1), à ν(σ, F ) = max{n : |an| exp (σλn) = µ(σ, F )} � éîãî öåíòðàëüíèé
iíäåêñ.

2. Îñíîâíà ÷àñòèíà. ×åðåç L ïîçíà÷èìî êëàñ íåïåðåðâíèõ íà (−∞; +∞)
ôóíêöié α òàêèõ, ùî α(x) = α(x0) äëÿ −∞ < x 6 x0 i α(x) ↑ +∞ äëÿ x0 6 x → +∞.
Áóäåìî ãîâîðèòè: ùî α ∈ L0, ÿêùî α ∈ L i α((1 + o(1))x) = (1 + o(1))α(x) ïðè
x → +∞. Íàðåøòi, α ∈ Lïç, ÿêùî α ∈ L i α(cx) = (1 + o(1))α(x) ïðè x → +∞
äëÿ êîæíîãî c ∈ (0;+∞), òîáòî α � ïîâiëüíî çðîñòàþ÷à ôóíêöiÿ. Çðîçóìiëî, ùî
Lïç ⊂ L0.

ßêùî σa = +∞, òîáòî ðÿä Äiðiõëå (1) ¹ öiëèì, òî äëÿ α ∈ L i β ∈ L óçà-
ãàëüíåíèì ïîðÿäêîì ϱαβ [F ] i íèæíiì ïîðÿäêîì λαβ [F ] öüîãî ðÿäó íàçèâàþòüñÿ [1]
âåëè÷èíè

ϱαβ [F ] = lim
σ→+∞

α(lnM(σ, F ))

β(σ)
, λαβ [F ] = lim

σ→+∞

α(lnM(σ, F ))

β(σ)
,

c⃝ Êóëÿâåöü Ë., 2014
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à â [1] çà ïåâíèõ óìîâ íà α ∈ L i β ∈ L òà ïîêàçíèêè λn çàçíà÷åíî ôîðìóëè äëÿ çíà-
õîäæåííÿ öèõ âåëè÷èí ÷åðåç êîåôiöi¹íòè an. Ó [2-3] äîâåäåìî, ùî ðÿä óìîâ íà α ∈ L
i β ∈ L ìîæíà óñóíóòè, ÿêùî çàìiñòü óçàãàëüíåíèõ ïîðÿäêó òà íèæíüîãî ïîðÿä-
êó ðîçãëÿíóòè ìîäèôiêîâàíi óçàãàëüíåíi ïîðÿäîê ϱαβ [F ] i íèæíié ïîðÿäîê λαβ [F ],
îçíà÷åíi ðiâíîñòÿìè

ϱα,β [F ] = lim
σ→+∞

1

β(σ)
α

(
lnM(σ, F )

σ

)
, λα,β [F ] = lim

σ→+∞

1

β(σ)
α

(
lnM(σ, F )

σ

)
.

Îòðèìàíi ôîðìóëè äëÿ çíàõîäæåííÿ ϱα,β [F ] i λα,β [F ] ÷åðåç êîåôiöi¹íòè i ïîêàç-
íèêè ðÿäó (1) çàñòîñîâàíîãî â [3] äî äîñëiäæåííÿ çðîñòàííÿ öiëèõ õàðàêòåðèñòè÷íèõ
ôóíêöié îäíîãî êëàñó éìîâiðíîñíèõ çàêîíiâ.

Ïðèïóñòèìî òåïåð, ùî σa = 0, i áóäåìî ââàæàòè, ùî µ(σ, F ) ↑ +∞ ïðè σ ↑ 0, à
äëÿ öüîãî íåîáõiäíî i äîñòàòíüî, ùîá

lim
n→∞

|an| = +∞. (2)

Äëÿ α ∈ L i β ∈ L óçàãàëüíåíèìè ïîðÿäêîì ϱoα,β [F ] i íèæíiì ïîðÿäêîì λ0
α,β [F ]

ðÿäó Äiðiõëå (1) ç íóëüîâîþ àáñöèñîþ àáñîëþòíî¨ çáiæíîñòi íàçèâàþòüñÿ âåëè÷èíè

ϱoα,β [F ] = lim
σ↑0

α(lnM(σ, F ))

β(1/|σ|)
, λ0

α,β [F ] = lim
σ↑0

α(lnM(σ, F ))

β(1/|σ|)
.

Ïðèéìåìî κn(F ) =
ln |an| − ln |an + 1|

λn+1 − λn
i ïðèïóñòèìî, ùî

lim
n→∞

lnn

ln |an|
= h < +∞. (3)

Âiäîìà [4] òàêà òåîðåìà.

Òåîðåìà À. Íåõàé α ∈ Lïç, β ∈ Lïç,
x

β−1(cα(x))
↑ +∞ i α

(
x

β−1(cα(x))

)
=

= (1 + o(1))α(x) ïðè x0(c) 6 x → +∞ äëÿ êîæíîãî c ∈ (0;+∞). Òîäi, ÿêùî àáî

âèêîíó¹òüñÿ óìîâà (3), àáî α(λn) = o

(
β

(
λn

lnn

))
ïðè n → ∞, òî

ϱoα,β [F ] = koα,β [F ] =: lim
n→∞

α(λn)

β(λn/ ln |an|)
.

ßêùî æ, êðiì òîãî, ïîñëiäîâíiñòü (κn[F ]) íåñïàäíà i α(λn+1) = (1 + o(1))α(λn) ïðè
n → ∞, òî

λ0
α,β [F ] = κ0

α,β [F ] =: lim
n→∞

α(λn)

β(λn/ ln |an|)
.

ßê i ó âèïàäêó öiëèõ ðÿäiâ Äiðiõëå, óìîâè íà ôóíêöi¨ α ∈ L i β ∈ L ìîæíà äåùî
ïîñëàáèòè, ÿêùî çàìiñòü óçàãàëüíåíèõ ïîðÿäêó òà íèæíüîãî ïîðÿäêó ðîçãëÿíóòè

ìîäèôiêîâàíi óçàãàëüíåíi ïîðÿäîê ϱ0α,β [F ] i íèæíié ïîðÿäîê λ
0

α,β [F ], ÿêi îçíà÷èìî
ôîðìóëàìè

ϱ0α,β [F ] = lim
σ↑0

1

β(1/|σ|)
α

(
lnM(σ, F )

|σ|

)
, λ

0

α,β [F ] = lim
σ↑0

1

β(1/|σ|)
α

(
lnM(σ, F )

|σ|

)
.

Ïðàâèëüíà òàêà òåîðåìà.
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Òåîðåìà 1. Íåõàé ôóíêöi¨ α ∈ L i β ∈ L òàêi, ùî α(α−1(cβ(x))x) = (1+ o(1))cβ(x)
ïðè x → +∞ äëÿ êîæíîãî c ∈ (0;+∞). Ïðèïóñòèìî, ùî âèêîíó¹òüñÿ îäíà ç óìîâ:

1) α ∈ Lïç, β ∈ Lïç, à ïîñëiäîâíiñòü (λn) çàäîâîëüíÿ¹ óìîâó

lim
n→∞

lnn

λnγ(λn)
= ho < +∞, (4)

äå γ � äîäàòíà íåïåðåðâíà ñïàäíà äî 0 íà [0;+∞) ôóíêöiÿ òàêà, ùî ôóíêöiÿ
tγ(t) ↑ +∞ (t → +∞) i α(x) = o(β(1/γ(x))) ïðè x → +∞;

2) α ∈ Lïç, β ∈ L0, lnn = o(λnγ(λn)) ïðè n → ∞, äå ôóíêöiÿ γ òàêà, ÿê â
óìîâi 1);

3) α ∈ Lïç, β ∈ Lïç i êîåôiöi¹íòè çàäîâîëüíÿþòü óìîâó (3);
4) α ∈ Lïç, β ∈ L0 i lnn = o(ln |an|) ïðè n → ∞.

Òîäi ϱ0α,β [F ] = k0α,β [F ]. ßêùî æ, êðiì òîãî, ïîñëiäîâíiñòü (κn[F ]) íåñïàäíà i

α(λn+1) = (1 + o(1))α(λn) ïðè n → ∞, òî λ
0

α,β [F ] = κ0
α,β [F ].

Äëÿ äîâåäåííÿ öi¹¨ òåîðåìè, êðiì íåðiâíîñòi Êîøi µ(σ, F ) 6 M(σ, F ) äëÿ âñiõ
σ < 0, íàì áóäóòü ïîòðiáíi òàêi ðåçóëüòàòè.

Ëåìà 1 ([5]). Íåõàé σa = 0, à ïîñëiäîâíiñòü (λn) çàäîâîëüíÿ¹ óìîâó (4), äå γ �
äîäàòíà íåïåðåðâíà ñïàäíà äî 0 íà [0;+∞) ôóíêöiÿ òàêà, ùî ôóíêöiÿ tγ(t) ↑ +∞
(t → +∞). Òîäi äëÿ êîæíîãî ε > 0 iñíó¹ ñòàëà K(ε) > 0 òàêà, ùî äëÿ âñiõ σ < 0

M(σ, F ) 6 µ

(
σ

1 + ε
, F

)(
exp

{
ε|σ|
1 + ε

γ−1

(
ε|σ|

(1 + ε)2(h0 + ε2)

)}
+K(ε)

)
. (5)

Ëåìà 2 ([6], [7, c. 33]). ßêùî σa = 0 i âèêîíó¹òüñÿ óìîâà (3), òî äëÿ êîæíîãî
ε > 0 i âñiõ σ ∈ (σ0(ε); 0)

M(σ, F ) 6 µ

(
σ

h+ 1 + ε
, F

)h+1+ε

. (6)

Ëåìà 3 ([8, ñ. 184], [7, c. 21]). Äëÿ ς0 6 σ < 0 ïðàâèëüíà ðiâíiñòü

lnµ(σ, F )− lnµ(σ0, F ) =

∫ σ

σ0

λν(t,F )dt. (7)

Ëåìà 4 ([7, c. 21]). ßêùî ïîñëiäîâíiñòü (κn[F ]) íåñïàäíà, òî µ(κn, F ) =
= |an| exp(κn[F ]λn) äëÿ âñiõ n. ßêùî, êðiì òîãî, κn−1[F ] < κn[F ] äëÿ äåÿêîãî
n > 1, òî ν(σ, F ) = n i µ(σ, F ) = |an| exp(σλn) äëÿ âñiõ σ ∈ [κn−1[F ];κn[F ]) i
öüîãî n.

Äîâåäåííÿ òåîðåìè 1 ïðîâåäåìî â äâà åòàïè. Ñïî÷àòêó ó òåðìiíàõ ìîäèôiêîâà-
íèõ óçàãàëüíåíèõ ïîðÿäêó òà íèæíüîãî ïîðÿäêó çíàéäåìî çâ'ÿçîê ìiæ çðîñòàííÿì
ìàêñèìóìó ìîäóëÿ òà ìàêñèìàëüíîãî ÷ëåíà, à ïîòiì òàêèé çâ'ÿçîê äîâåäåìî ìiæ
çðîñòàííÿì ìàêñèìàëüíîãî ÷ëåíà i êîåôiöi¹íòiâ.

Ëåìà 5. Äëÿ òîãî, ùîá äëÿ ðÿäó Äiðiõëå (1) ç íóëüîâîþ àáñöèñîþ àáñîëþòíî¨
çáiæíîñòi ïðàâèëüíèìè áóëè ôîðìóëè

ϱ0α,β [F ] = ϱ0α,β [lnµ] =: lim
σ↑0

1

β(1/|σ|)
α

(
lnµ(σ, F )

|σ|

)
,
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i

λ
0

α,β [F ] = λ
0

α,β [lnµ] =: lim
σ↑0

1

β(1/|σ|)
α

(
lnµ(σ, F )

|σ|

)
,

äîñòàòíüî, ùîá âèêîíóâàëàñü îäíà ç òàêèõ óìîâ:
1) α ∈ Lïç, β ∈ Lïç, ïîñëiäîâíiñòü (λn) çàäîâîëüíÿ¹ óìîâó (4), äå ôóíêöiÿ γ

çàäîâîëüíÿ¹ óìîâè ëåìè 1, i α(x) = o(β(1/γ(x))) ïðè x → +∞;
2) α ∈ Lïç, β ∈ L0, lnn = o(λnγ(λn)) ïðè n → ∞, äå ôóíêöiÿ γ çàäîâîëüíÿ¹

óìîâè ëåìè 1, i α(x) = o(β(1/γ(x))) ïðè x → +∞.

Äîâåäåííÿ. Îñêiëüêè tγ(t) ↑ +∞ (t → +∞), òî |σ|γ−1(|σ|) ↑ +∞ ïðè σ ↑ 0. Òîìó ç
îãëÿäó íà ëåìó 1 îòðèìà¹ìî

M(σ, F ) 6 (1 + o(1))µ

(
σ

1 + ε
, F

)
exp

{
ε|σ|
1 + ε

γ−1

(
ε|σ|

(1 + ε)2(h0 + ε2)

)}
, σ ↑ 0,

çâiäêè

lnM(σ, F ) 6 lnµ

(
σ

1 + ε
, F

)
+ o(1) +

ε|σ|
1 + ε

γ−1

(
ε|σ|

(1 + ε)2(h0 + ε2)

)
=

= lnµ

(
σ

1 + ε
, F

)
+ (1 + o(1))

ε|σ|
1 + ε

γ−1

(
ε|σ|

(1 + ε)2(h0 + ε2)

)
6

6 lnµ

(
σ

1 + ε
, F

)
+ |σ|γ−1

(
ε|σ|

(1 + ε)2(h0 + ε2)

)
, σ ↑ 0,

òîáòî, äëÿ âñiõ äîñèòü áëèçüêèõ äî 0 çíà÷åíü σ < 0

lnM(σ, F )

|σ|
6 1

|σ|
lnµ

(
σ

1 + ε
, F

)
+ γ−1

(
ε|σ|

(1 + ε)2(h0 + ε2)

)
6

6 2max

{
1

|σ|
lnµ

(
σ

1 + ε
, F

)
, γ−1

(
ε|σ|

(1 + ε)2(h0 + ε2)

)}
. (8)

Ïðèïóñòèìî, ùî âèêîíó¹òüñÿ óìîâà 1). Òîäi α ∈ Lïç i ç (8) ïðè σ ↑ 0 îòðèìó¹ìî

α

(
lnM(σ, F )

|σ|

)
6(1+o(1))α

(
max

{
1

|σ|
lnµ

(
σ

1 + ε
, F

)
, γ−1

(
ε|σ|

(1 + ε)2(h0 + ε2)

)})
=

= (1 + o(1))max

{
α

(
1

|σ|
lnµ

(
σ

1 + ε
, F

))
, α

(
γ−1

(
ε|σ|

(1 + ε)2(h0 + ε2)

))}
6

6 (1 + o(1))

(
α

(
1

|σ|
lnµ

(
σ

1 + ε
, F

))
+ α

(
γ−1

(
ε|σ|

(1 + ε)2(h0 + ε2)

)))
. (9)

Ç îãëÿäó íà óìîâè β ∈ Lïç i α(x) = o(β(1/γ(x))) ïðè x → +∞ îäåðæó¹ìî

lim
σ↑0

α

(
γ−1

(
ε|σ|

(1 + ε)2(h0 + ε2)

))
β(1/|σ|)

= lim
x→+∞

α(x)

β

(
ε

(1 + ε)2(h0 + ε2)γ(x)

) = 0.

Òîìó ç (9) ç îãëÿäó íà óìîâè α ∈ Lïç i β ∈ Lïç îòðèìó¹ìî

1

β(1/|σ|)
α

(
lnM(σ, F )

|σ|

)
6 (1 + o(1))

β((1 + ε)/|σ|)
α

(
(1 + ε) lnµ (σ/(1 + ε), F )

|σ|(1 + ε)

)
=
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=
(1 + o(1))

β((1 + ε)/|σ|)
α

(
lnµ (σ/(1 + ε), F )

|σ|/(1 + ε)

)
, (10)

çâiäêè âèïëèâà¹, ùî ϱ0α,β [F ] 6 ϱ0α,β [lnµ] i λ
0

α,β [F ] 6 λ
0

α,β [lnµ]. Îáåðíåíi íåðiâíîñòi
âèïëèâàþòü ç íåðiâíîñòi µ(σ, F ) 6 M(σ, F ). Òâåðäæåííÿ ëåìè 5 çà óìîâè 1) äîâåäå-
íî.

ßêùî lnn = o(λnγ(λn)) ïðè n → ∞, òî h0 = 0 i ç (5) çàìiñòü (9) îòðèìó¹ìî

α

(
lnM(σ, F )

|σ|

)
6 (1 + o(1))

(
α

(
1

|σ|
lnµ

(
σ

1 + ε
, F

))
+ α

(
γ−1

(
|σ|

(1 + ε)2ε

)))
,

σ ↑ 0, à ç îãëÿäó íà äîâiëüíiñòü ε

lim
σ↑0

α

(
γ−1

(
|σ|

(1 + ε)2ε

))
β(1/|σ|)

= lim
x→+∞

α(x)

β

(
ε

(1 + ε)2εγ(x)

) 6 lim
x→+∞

α(x)

β (1/γ(x))
= 0.

Òîìó, ÿê ó äîâåäåííi (10),

1

β(1/|σ|)
α

(
lnM(σ, F )

|σ|

)
6 (1 + o(1))

β((1 + ε)/|σ|)
α

(
lnµ (σ/(1 + ε), F )

|σ|/(1 + ε)

)
β((1 + ε)/|σ|)

β(1/|σ|)
,

σ ↑ 0. Çâiäñè âèïëèâà¹, ùî ϱ0α,β [F ] 6 B(ε)ϱ0α,β [lnµ] i λ
0

α,β [F ] 6 B(ε)λ
0

α,β [lnµ], äå

B(ε) = lim
x→+∞

β((1 + ε)x)

β(x)
. Îñêiëüêè β ∈ L0, òî [9]B(ε) → 1 ïðè ε → 0, i îòæå, ç îãëÿäó

íà äîâiëüíiñòü ε > 0 ïðàâèëüíi íåðiâíîñòi ϱ0α,β [F ] 6 ϱ0α,β [lnµ] i λ
0

α,β [F ] 6 λ
0

α,β [lnµ].
Çàâäÿêè íåðiâíîñòi Êîøi µ(σ, F ) 6 M(σ, F ) ëåìó 5 äîâåäåíî. �

Ëåìà 6. Çà óìîâè (3) ðiâíîñòi ϱ0α,β [F ] = ϱ0α,β [lnµ], λ
0

α,β [F ] = λ
0

α,β [lnµ] ¹ ïðàâèëü-

íèìè, ÿêùî α ∈ L i àáî β ∈ Lïç, àáî h = 0 i β ∈ L0.

Ñïðàâäi, çà ëåìîþ 2

1

β(1/|σ|)
α

(
lnM(σ, F )

|σ|

)
6 1

β(1/|σ|)
α

(
h+ 1 + ε

|σ|
lnµ

(
σ

h+ 1 + ε
, F

))
,

çâiäêè çâè÷íî îòðèìó¹ìî âèñíîâîê ëåìè 6.
Íàñòóïíà ëåìà ñâiä÷èòü ïðî çâ'ÿçîê ìiæ çðîñòàííÿì ìàêñèìàëüíîãî ÷ëåíà i

êîåôiöi¹íòiâ.

Ëåìà 7. Íåõàé àáî α ∈ Lïç i β ∈ L0, àáî β ∈ Lïç i α ∈ L0. Òîäi, ÿêùî

α(α−1(cβ(x))x) = (1 + o(1))cβ(x) ïðè x → +∞
äëÿ êîæíîãî c ∈ (0;+∞), òî ϱ0α,β [lnµ] = k0α,β [F ]. ßêùî æ, êðiì òîãî, ïîñëiäîâíiñòü

(κn[F ]) íåñïàäíà i α(λn+1) = (1 + o(1))α(λn) ïðè n → ∞, òî

λ
0

α,β [lnµ] = κ0
α,β [F ].

Äîâåäåííÿ. Ïðèïóñòèìî, ùî ϱ0α,β [lnµ] < +∞. Òîäi lnµ(σ, F ) 6 |σ|α−1(ϱβ(1/|σ|)) äëÿ
êîæíîãî ϱ > ϱ0α,β [lnµ] i âñiõ σ ∈ (σ0(ϱ); 0). Òîìó

ln |an| 6 lnµ(σ, F )− σλn 6 |σ|(α−1(ϱβ(1/|σ|)) + λn)
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äëÿ âñiõ n > 0 i σ ∈ (σ0(ϱ); 0). Âèáåðåìî σn =
−1

β−1(α(ελn)/ϱ)
, äå ε > 0 � äîâiëüíå

÷èñëî. Òîäi σn > σ0(ϱ) äëÿ n > n0, i äëÿ òàêèõ n îäåðæèìî ln |an| 6
(1 + ε)λn

β−1(α(ελn)/ϱ)
,

òîáòî
α(ελn)

β ((1 + ε)λn/ ln |an|)
6 ϱ. ßêùî α ∈ L0 i β ∈ Lïç, òî âèáðàâøè ε = 1, ïðè

n → ∞ îòðèìó¹ìî íåðiâíiñòü
α(λn)

β (λn/ ln |an|)
6 (1 + o(1))ϱ, n → ∞. Ç îãëÿäó íà

íàâåäåíèé âèùå ðåçóëüòàò ç [9] òàêà æ íåðiâíiñòü ¹ ïðàâèëüíîþ i ó âèïàäêó, êîëè
α ∈ Lïç i β ∈ L0. Çâiäñè âèïëèâà¹, ùî k0α,β [F ] 6 ϱ, òîáòî ç îãëÿäó íà äîâiëüíiñòü ϱ

ïðàâèëüíà íåðiâíiñòü k0α,β [F ] 6 ϱ0α,β [lnµ], ÿêà ¹ î÷åâèäíîþ, êîëè ϱ0α,β [lnµ] = +∞.

Îáåðíåíó íåðiâíiñòü äîâîäèìî âiä ñóïðîòèâíîãî. Ïðèïóñòèìî, ùî k0α,β [F ] <

< ϱ0α,β [lnµ]. Òîäi äëÿ êîæíîãî ϱ ∈ (k0α,β [F ]; ϱ0α,β [lnµ]) i âñiõ n > n0 = n0(ϱ) ïðà-

âèëüíà íåðiâíiñòü ln |an| 6
λn

β−1(α(λn)/ϱ)
. Òîìó

lnµ(σ, F ) = max

{
max
n6n0

(ln |an|+ σλn), max
n>n0

(
λn

β−1(α(λn)/ϱ)
+ σλn

)}
6

6 max
n>n0

{
λn

(
1

β−1(α(λn)/ϱ)
− |σ|

)}
+ const .

Îñêiëüêè lnµ(σ, F ) ↑ +∞ ïðè σ ↑ 0, òî çâiäñè âèïëèâà¹, ùî 1
β−1(α(λν(σ,F ))/ϱ)

− |σ| > 0

äëÿ âñiõ σ ∈ (σ0; 0), òîáòî λν(σ,F ) 6 α−1(ϱβ(1/|σ|)). Òîìó, ââàæàþ÷è σ0 > −1, çà
ëåìîþ 3 îòðèìà¹ìî

lnµ(σ, F )− lnµ(σ0, F ) 6
∫ σ

σ0

α−1(ϱβ(1/|x|))dx 6 (|σ0| − |σ|)α−1(ϱβ(1/|σ|)) <

< α−1(ϱβ(1/|σ|)).
Îñêiëüêè α ∈ L0, òî çâiäñè îòðèìó¹ìî

α

(
lnµ(σ, F )

|σ|

)
6 (1 + o(1))α

(
α−1(ϱβ(1/|σ|))

|σ|

)
ïðè σ ↑ 0, çâiäêè, âèêîðèñòîâóþ÷è óìîâó α(α−1(cβ(x))x) = (1 + o(1))cβ(x) ïðè
x → +∞, îäåðæó¹ìî íåðiâíiñòü ϱ0α,β [lnµ] 6 ϱ, ùî íåìîæëèâî. Ïåðøó ÷àñòèíó ëåìè
7 äîâåäåíî.

Íåõàé òåïåð κ0
α,β [F ] > 0. Òîäi äëÿ áóäü-ÿêîãî ϱ ∈ (0;κ0

α,β [F ]) i âñiõ äîñòàòíüî

âåëèêèõ n ïðàâèëüíà íåðiâíiñòü ln |an| >
λn

β−1(α(λn)/ϱ)
, òîáòî

lnµ(σ, F ) > λn

(
1

β−1(α(λn)/ϱ)
− |σ|

)
äëÿ âñiõ σ < 0, áëèçüêèõ äî 0. Âèáåðåìî σ = σn =

−1

(1 + ε)β−1(α(λn)/ϱ)
, äå ε ∈ (0; 1).

Òîäi îòðèìà¹ìî lnµ(σn, F ) > ελn

(1 + ε)β−1(α(λn)/ϱ)
. Òîìó

lnµ(σn, F )

|σn|
> ελn i, ÿêùî
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σn 6 σ 6 σn+1, òî

α

(
lnµ(σ, F )

|σ|

)
β(1/|σ|)

>
α

(
lnµ(σn, F )

|σn|

)
β(1/|σn+1|)

=
α(ελn)

β((1 + ε)β−1(α(λn+1)/ϱ))
.

Çâiäñè çà óìîâ α ∈ Lïç i β ∈ L0, àáî β ∈ Lïç i α ∈ L0, çàâäÿêè äîâiëüíîñòi ε òà

óìîâi α(λn+1)=(1+ o(1))α(λn) ïðè n → ∞, îäåðæó¹ìî λ
0

α,β [lnµ]> lim
n→∞

α(λn)
α(λn+1)/ϱ

=ϱ,

òîáòî ç îãëÿäó íà äîâiëüíiñòü ϱ ïðàâèëüíà íåðiâíiñòü λ
0

α,β [lnµ] > κ0
α,β [F ], ÿêà ¹

î÷åâèäíîþ, ÿêùî κ0
α,β [F ] = 0.

Îáåðíåíó íåðiâíiñòü äîâîäèìî âiä ñóïðîòèâíîãî. Ïðèïóñòèìî, ùî κ0
α,β [F ] <

< λ
0

α,β [lnµ]. Òîäi äëÿ áóäü-ÿêîãî ϱ ∈ (κ0
α,β [F ];λ

0

α,β [lnµ]) iñíó¹ çðîñòàþ÷à ïîñëiäîâ-

íiñòü (nj) íàòóðàëüíèõ ÷èñåë òàêà, ùî ln |anj | 6
λnj

β−1(α(λnj )/ϱ)
. Îñêiëüêè ïîñëiäîâ-

íiñòü (κ0
α,β [F ]) íåñïàäíà, òî çà ëåìîþ 4 äëÿ σj = κnj [F ] îäåðæèìî

lnµ(σj , F ) = ln |anj
|+σjλnj

6
λnj

β−1(α(λnj )/ϱ)
+σjλnj

6 max
n>0

{
λn

β−1(α(λn)/ϱ)
+ σjλn

}
.

Îöiíþþ÷è îñòàííié ìàêñèìóì, ÿê ó äîâåäåííi íåðiâíîñòi k0α,β [F ] > ϱ0α,β [lnµ], îòðè-

ìó¹ìî α

(
lnµ(σj , F )

|σj |

)
6 (1+ o(1))α

(
α−1(ϱβ(1/|σj |))

|σj |

)
ïðè j → ∞, çâiäêè, âèêîðèñ-

òîâóþ÷è óìîâó α(α−1(cβ(x))x) = (1+o(1))cβ(x) ïðè x → +∞, îòðèìó¹ìî íåðiâíiñòü

λ
0

α,β [lnµ] 6 ϱ, ùî íåìîæëèâî. Ëåìó 7 ïîâíiñòþ äîâåäåíî. �

Äîâåäåííÿ òåîðåìè 1 ëåãêî îòðèìàòè ç ëåì 5-7.
3. Íàñëiäêè.Ïðèïóñòèìî òåïåð, ùî àáñöèñà àáñîëþòíî¨ çáiæíîñòi ðÿäó Äiðiõëå

(1) σa = A ∈ (−∞; +∞), i ðîçãëÿíåìî ðÿä Äiðiõëå

F ∗(s∗) =
∞∑

n=1

ane
Aλn exp(s∗λn), s∗ = σ∗ + it∗. (11)

Äëÿ s∗ = s− A îòðèìà¹ìî F ∗(s∗) ≡ F (s∗ + A). Òîìó àáñöèñà àáñîëþòíî¨ çáiæ-
íîñòi ðÿäó Äiðiõëå (11) σa = 0, òîáòî äî öüîãî ðÿäó ìîæíà çàñòîñóâàòè ðåçóëüòàòè,
îòðèìàíi âèùå. Îñêiëüêè

M(σ∗, F ∗) = sup{|F ∗(σ∗+it∗)| : t∗ ∈ R} = sup{|F (σ∗+A+it)| : t ∈ R} = M(σ∗+A,F )

i −σ∗ = A− σ, òî ïðèïóñêàþ÷è, ùî

lim
n→∞

|an|eAλn = +∞, (12)

ç òåîðåìè 1 ëåãêî îòðèìó¹ìî òàêå òâåðäæåííÿ.

Íàñëiäîê 1. Íåõàé àáñöèñà àáñîëþòíî¨ çáiæíîñòi ðÿäó Äiðiõëå (1) äîðiâíþ¹
A ∈ (−∞; +∞), à ôóíêöi¨ α ∈ L i β ∈ L òàêi, ùî α(α−1(cβ(x))x) = (1 + o(1))cβ(x)
ïðè x → +∞ äëÿ êîæíîãî c ∈ (0;+∞). Ïðèïóñòèìî, ùî âèêîíó¹òüñÿ îäíà ç óìîâ:

1) α ∈ Lïç, β ∈ Lïç, ïîñëiäîâíiñòü (λn) çàäîâîëüíÿ¹ óìîâó (4), äå ôóíêöiÿ γ
çàäîâîëüíÿ¹ óìîâó 1) òåîðåìè 1;
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2) α ∈ Lïç, β ∈ L0, lnn = o(λnγ(λn)) ïðè n → ∞, äå ôóíêöiÿ γ çàäîâîëüíÿ¹
óìîâó 1) òåîðåìè 1;

3) α ∈ Lïç, β ∈ Lïç i lnn = O(ln(|an|eAλn)) ïðè n → ∞;
4) α ∈ Lïç, β ∈ L0 i lnn = o(ln(|an|eAλn)) ïðè n → ∞.

Òîäi

lim
σ↑A

1

β(1/(A− σ))
α

(
lnM(σ, F )

A− σ

)
= lim

n→∞

α(λn)

β(λn/ ln(|an|eAλn))
.

ßêùî æ, êðiì òîãî, ïîñëiäîâíiñòü (κn[F ]) íåñïàäíà i α(λn+1) = (1+o(1))α(λn) ïðè
n → ∞, òî

lim
σ↑A

1

β(1/(A− σ))
α

(
lnM(σ, F )

A− σ

)
= lim

n→∞

α(λn)

β(λn/ ln(|an|eAλn))
.

Íàñëiäîê 2. Çàñòîñó¹ìî òåïåð íàñëiäîê 1 äî äîñëiäæåííÿ çðîñòàííÿ àíàëiòè÷íèõ
ó êðóçi DR = {z : |z| < R} õàðàêòåðèñòè÷íèõ ôóíêöié φ éìîâiðíiñíèõ çàêîíiâ.
Íåõàé X = (xk)− òàêà ïîñëiäîâíiñòü, ùî 0 = x0 < xn ↑ +∞ (n → ∞), i, ÿê â [3],∏
(X)− êëàñ éìîâiðíiñíèõ çàêîíiâ F òàêèõ, ùî F (x) ≡ 0 äëÿ x 6 0, F (x) = F (xk+1)

äëÿ xk < x 6 xk+1 i F (xk) ↑ 1 ïðè k → ∞, òîáòî êëàñ çðiçàíèõ çëiâà ñõiä÷àñòèõ
iìîâiðíiñíèõ çàêîíiâ.

Ïðèéìåìî Mφ(r) = max {|φ(z)| : |z| = r} äëÿ r ∈ [0, R) i WF (x) = 1 − F (x)+
+F (−x) äëÿ x > 0. Òîäi, ÿêùî F ∈

∏
(X), òî WF (x) = 1− F (xk), WF (x) = F (xk+1)

äëÿ xk < x 6 xk+1 i, ÿê äîâåäåíî â [3],

Mφ(r) =
∞∑
k=0

(F (xk+1)− F (xk))e
rxk . (13)

Âiäîìî [10, c. 37-38], ùî φ ¹ àíàëiòè÷íîþ â DR õàðàêòåðèñòè÷íîþ ôóíêöi¹þ
éìîâiðíiñíîãî çàêîíó F òîäi i òiëüêè òîäi, êîëè WF (x) = O(e−rx) ïðè x → +∞ äëÿ

êîæíîãî r ∈ [0, R). Çâiäêè âèïëèâà¹, ùî R = lim
x→∞

1

x
ln

1

WF (x)
. Çðîçóìiëî, ùî ÿêùî

F ∈
∏
(X), òî

R = lim
k→∞

1

xk+1
ln

1

1− F (xk+1)
.

Çâiäñè âèïëèâà¹, ùî ÿêùî R = +∞, òî [3] àáñöèñà çáiæíîñòi ðÿäó Äiðiõëå (13) òà-
êîæ äîðiâíþ¹ +∞. Ñèòóàöiÿ äåùî iíøà, ÿêùî R < ∞. Âèêîðèñòîâóþ÷è òåîðåìó
2 ç [11], äëÿ àáñöèñè A çáiæíîñòi ðÿäó (13) ïðàâèëüíà ôîðìóëà

A = lim
k→∞

1

xk
ln

1

F (xk+1)− F (xk)
, (14)

ÿêùî òiëüêè àáî ln k = o(xk), àáî ln k = o(ln(F (xk+1) − F (xk))) ïðè k → ∞. Òîìó
äëÿ òîãî, ùîá çàñòîñóâàòè íàñëiäîê 1 äî ðÿäó Äiðiõëå (13), ïîòðiáíî ïðèïóñòèòè,
ùî A = R, à ç îãëÿäó íà (12), ùî

lim
k→∞

(F (xk+1)− F (xk)) expRxk = +∞. (15)

Çàóâàæèâøè ùå, ùî ç óìîâè (4) âèïëèâà¹ ñïiââiäíîøåííÿ lnn = o(λn), n → ∞,
ó ïiäñóìêó ïðèõîäèìî äî òàêîãî íàñëiäêó.
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Íàñëiäîê 3. Íåõàé ôóíêöi¨ α ∈ L i β ∈ L òàêi, ùî α(α−1(cβ(x))x) = (1+o(1))cβ(x)
ïðè x → +∞ äëÿ êîæíîãî c ∈ (0;+∞), à φ � àíàëiòè÷íà â DR õàðàêòåðèñòè÷íà
ôóíêöiÿ éìîâiðíiñíîãî çàêîíó F ∈

∏
(X). Ïðèïóñòèìî, ùî âèêîíó¹òüñÿ óìîâà (15)

i A = R, äå A çàäà¹òüñÿ ðiâíiñòþ (14). Òîäi, ÿêùî âèêîíó¹òüñÿ îäíà ç òàêèõ óìîâ:

1) α ∈ Lïç, β ∈ Lïç, ïîñëiäîâíiñòü (xk) çàäîâîëüíÿ¹ óìîâó (4), äå ôóíêöiÿ γ
çàäîâîëüíÿ¹ óìîâó 1) òåîðåìè 1;

2) α ∈ Lïç, β ∈ L0, ln k = o(xkγ(xk)) ïðè k → ∞, äå ôóíêöiÿ γ çàäîâîëüíÿ¹
óìîâó 1) òåîðåìè 1;

3) α ∈ Lïç, β ∈ Lïç i ln k = o(ln(F (xk+1)− F (xk))) i
ln k = O(ln(F (xk+1)− F (xk))e

Rxk) ïðè k → ∞;
4) α ∈ Lïç, β ∈ L0, ln k = o(ln(F (xk+1)− F (xk))) i

ln k = o(ln(F (xk+1)− F (xk))e
Rxk) ïðè k → ∞, òî

lim
r↑R

1

β

(
1

R− r

)α

(
lnMφ(r)

R− r

)
= lim

k→∞

α(xk)

β

(
xk

ln(F (xk+1)− F (x))eRxk

) .

ßêùî, êðiì òîãî, α(xk+1) = (1 + o(1))α(xk) ïðè k → ∞ i ïîñëiäîâíiñòü(
1

xk+1 − xk
ln

F (xk+1)− F (xk)

F (xk+2)− F (xk+1)

)
íåñïàäíà, òî

lim
r↑R

1

β

(
1

R− r

)α

(
lnMφ(r)

R− r

)
= lim

k→∞

α(xk)

β

(
xk

ln(F (xk+1)− F (x))eRxk

) .

Àâòîð âèñëîâëþ¹ ïîäÿêó Øåðåìåòi Ì.Ì. çà ñëóøíi çàóâàæåííÿ.
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ON MODIFIED GENERALIZED ORDERS OF DIRICHLET
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We study the Dirichlet series F (s) =
∞∑

n=o

an exp{sλn} with the null abscissa

of absolute convergence. The connection between the growth of M(σ, F ) =
sup{|F (σ + it)| : t ∈ R} and behaviour of the coe�cients an is established in
the terms of modi�ed generalized orders. The obtained results were applied
to investigation of the growth of analytic in a disk characteristic functions of
probability laws.
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Äëÿ ðÿäà Äèðèõëå F (s) =
∞∑

n=o

an exp{sλn} ñ íóëåâîé àáñöèññîé àáñî-

ëþòíîé ñõîäèìîñòè â òåðìèíàõ ìîäèôèöèðîâàííûõ îáîáù¼ííûõ ïîðÿäêîâ
óñòàíîâëåíà ñâÿçü ìåæäó ðîñòîì M(σ, F ) = sup {|F (σ + it)| : t ∈ R} è
ïîâåäåíèåì êîýôôèöèåíòîâ an. Ïîëó÷åííûå ðåçóëüòàòû ïðèìåíåíû ê
èçó÷åíèþ ðîñòà àíàëèòè÷åñêèõ â êðóãå õàðàêòåðèñòè÷åñêèõ ôóíêöèé
âåðîÿòíîñòíûõ çàêîíîâ.

Êëþ÷åâûå ñëîâà: ðÿä Äèðèõëå, âåðîÿòíîñòíûé çàêîí, õàðàêòåðèñòè-
÷åñêàÿ ôóíêöèÿ, îáîáù¼ííûé ïîðÿäîê.


