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Äëÿ àíàëiòè÷íî¨ â êðóçi {z : |z| < R} õàðàêòåðèñòè÷íî¨ ôóíêöi¨ φ
éìîâiðíiñíîãî çàêîíó F îäåðæàíî óìîâè íà WF (x) = 1 − F (x) + F (−x),
x > 0, ïðè âèêîíàííi ÿêèõ äëÿ ¨¨ ìàêñèìóìó ìîäóëÿ Mφ(r) ïðàâèëüíà

àñèìïòîòè÷íà ðiâíiñòü ln Mφ(r) =
m∑

j=1

Tj

(R− r)pj
+

τ + o(1)

(R− r)p
ïðè r ↑ R.

Êëþ÷îâi ñëîâà: ðÿä Äiðiõëå, éìîâiðíiñíèé çàêîí, õàðàêòåðèñòè÷íà
ôóíêöiÿ.

Íåñïàäíà íåïåðåðâíà çëiâà íà (−∞, +∞) ôóíêöiÿ F íàçèâà¹òüñÿ [1, ñ. 10]
éìîâiðíiñíèì çàêîíîì, ÿêùî lim

x→+∞
F (x) = 1 i lim

x→−∞
F (x) = 0, à âèçíà÷åíà äëÿ

äiéñíèõ çíà÷åíü z ôóíêöiÿ φ(z) =
+∞∫
−∞

eizxdF (x) íàçèâà¹òüñÿ [1, ñ. 12] õàðàêòåðèñ-

òè÷íîþ ôóíêöi¹þ öüîãî çàêîíó. ßêùî φ äîïóñêà¹ àíàëiòè÷íå ïðîäîâæåííÿ íà êðóã
DR = {z : |z| < R}, 0 < R ≤ +∞, òî φ íàçèâà¹òüñÿ àíàëiòè÷íîþ â DR õàðàê-
òåðèñòè÷íîþ ôóíêöi¹þ. Ââàæà¹ìî, ùî DR ¹ ìàêñèìàëüíèì êðóãîì àíàëiòè÷íîñòi
ôóíêöi¨ φ. Âiäîìî [1, ñ. 37-38], ùî φ ¹ àíàëiòè÷íîþ â DR õàðàêòåðèñòè÷íîþ ôóíêöi¹þ
éìîâiðíiñíîãî çàêîíó F òîäi i òiëüêè òîäi, êîëèWF (x) =: 1−F (x)+F (−x) = O(e−rx)
ïðè x → +∞ äëÿ êîæíîãî r ≥ 0. Çâiäñè âèïëèâà¹, ùî

lim
x→+∞

1

x
ln

1

WF (x)
= R. (1)

Äëÿ 0 ≤ r < R ïðèéìåìî Mφ(r) = max{|φ(z)| : |z| = r}. Â [2] äîñëiäæåíî óìîâè,
çà ÿêèõ äëÿ öiëî¨ (R = +∞) õàðàêòåðèñòè÷íî¨ ôóíêöi¨ ïðàâèëüíå ñïiââiäíîøåííÿ

lnMφ(r) =
m∑
j=1

Tjr
ϱj + (τ + o(1))rϱ, r → +∞, (2)

c⃝ Êóëÿâåöü Ë., 2015
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äå ϱ1 > 1, 0 < ϱ < ϱm < · · · < ϱ2 < ϱ1 for m ≥ 2, T1 > 0, Tj ∈ R\{0} for 2 ≤ j ≤ m
i τ ∈ R\{0}. Äîâåäåíî, ùî (2) ¹ ïðàâèëüíèì òîäi i òiëüêè òîäi, êîëè äëÿ áóäü-ÿêîãî
ε > 0 âèêîíóâàëàñü àñèìïòîòè÷íà íåðiâíiñòü

ln WF (t) ≤ −T1(p1 − 1)

(
t

T1p1

)p1/(p1−1)

+

m∑
j=2

Tj

(
t

T1p1

)pj/(p1−1)

+

+(τ + ε)

(
t

T1p1

)p/(p1−1)

, t ≥ t0(ε),

òà iñíóâàëà çðîñòàþ÷à äî +∞ ïîñëiäîâíiñòü (tk) äîäàòíèõ ÷èñåë òàêà, ùî

ln WF (tk) ≥ −T1(p1 − 1)

(
tk

T1p1

)p1/(p1−1)

+
m∑
j=2

Tj

(
tk

T1p1

)pj/p1−1)

+

+(τ − ε)

(
tk

T1p1

)p/p1−1

i tk+1 − tk = o(t
(p1+p−2)/2(p1−1)
k ) ïðè k → ∞.

Ìè ïðèïóñòèìî, ùî φ � àíàëiòè÷íà â êðóçi {z : |z| < R} éìîâiðíiñíîãî çàêîíó
F i âèçíà÷èìî óìîâè íà WF , çà ÿêèõ

ln Mφ(r) =

m∑
j=1

Tj

(R− r)pj
+

τ + o(1)

(R− r)p
, r ↑ R, (3)

äå 0 < p < pm < · · · < p2 < p1, T1 > 0, Tj ∈ R\{0} äëÿ 2 ≤ j ≤ m i τ ∈ R\{0}.
Äëÿ öüîãî ïðèéìåìî µφ(r) = sup{WF (x)e

rx : x ≥ 0} i äîâåäåìî ñïî÷àòêó, ùî
àñèìïòîòè÷íà ðiâíiñòü (3) ðiâíîñèëüíà àñèìïòîòè÷íié ðiâíîñòi

ln µφ(r) =

m∑
j=1

Tj

(R− r)pj
+

τ + o(1)

(R− r)p
, r ↑ R. (4)

Îñêiëüêè [1, ñ. 55] µφ(r) ≤ 2Mφ(r), òî ç íåðiâíîñòi

ln Mφ(r) ≤
m∑
j=1

Tj

(R− r)pj
+

τ + o(1)

(R− r)p
, r ↑ R (5)

âèïëèâà¹ íåðiâíiñòü

ln µφ(r) ≤
m∑
j=1

Tj

(R− r)pj
+

τ + o(1)

(R− r)p
, r ↑ R. (6)

Ç iíøîãî áîêó [1, ñ. 52],

Mφ(r) ≤ Iφ(r) + 1 +WF (0), Iφ(r) =

∫ ∞

0

WF (x)e
rxdx+ 1 +WF (0)

äëÿ âñiõ r ∈ (0, R). Äëÿ Iφ(r) îòðèìà¹ìî

Iφ(r − (R− r)p1−p+2) =

∞∫
0

WF (x)e
(r−(R−r)p1−p+2)xdx ≤
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≤ µφ(r)

∞∫
0

e−(R−r)p1−p+2xdx =
µφ(r)

(R− r)p1−p+2
.

Òîìó

ln Mφ(r − (R− r)p1−p+2) ≤
m∑
j=1

Tj

(R− r)pj
+

τ + o(1)

(R− r)p
, r ↑ R. (7)

Ïîçíà÷èìî t = r−(R−r)p1−p+2. Òîäi íåâàæêî äîâåñòè òàêå: r = t−(1+o(1))(R−
t)p1−p+2 ïðè t ↑ R. Òîìó äëÿ êîæíîãî 1 ≤ j ≤ m

1

(R− r)pj
=

1

(R− t)pj

(
1− (1 + o(1))pj(R− t)p1−p+1

)
=

=
1

(R− t)pj
− (1 + o(1))pj

(R− t)pj−p1+p−1
=

1

(R− t)pj
+ o

(
1

(R− t)p

)
ïðè t ↑ R. Òîìó ç (7) âèïëèâà¹, ùî

ln Mφ(t) ≤
m∑
j=1

Tj

(R− t)pj
+

τ + o(1)

(R− t)p
, t ↑ R,

òîáòî íåðiâíîñòi (5) i (6) åêâiâàëåíòíi.
ßêùî òåïåð âèêîíó¹òüñÿ (4), òî ç åêâiâàëåíòíîñòi íåðiâíîñòåé (5) i (6) âèïëèâà¹

(3). ßêùî æ (4) íå âèêîíó¹òüñÿ, òî ç îãëÿäó íà íåðiâíîñòi (3) i µφ(r) ≤ 2Mφ(r)
ïðàâèëüíà íåðiâíiñòü

ln µφ(rk) ≤
m∑
j=1

Tj

(R− rk)pj
+

τ1 + o(1)

(R− rk)p
, k → ∞,

äëÿ äåÿêî¨ ïîñëiäîâíîñòi (rk) ↑ R, äå τ1 < τ . Òîäi äëÿ öi¹¨ ïîñëiäîâíîñòi (rk) ↑ R
ïðàâèëüíà íåðiâíiñòü (7) ç τ1 çàìiñòü τ , i ïîâòîðþþ÷è íàâåäåíi ðàíiøå ìiðêóâàííÿ,
îòðèìó¹ìî îöiíêó (3) ç τ1 çàìiñòü τ äëÿ äåÿêî¨ ïîñëiäîâíîñòi (tk) ↑ R, ùî íåìîæëèâî.

Îòæå, àñèìïòîòè÷íi ðiâíîñòi (3) i (4) ¹ ðiâíîñèëüíèìè, i íàì çàëèøèëîñü âèçíà-
÷èòè óìîâè íà WF , çà ÿêèõ ïðàâèëüíà àñèìïòîòè÷íà ðiâíiñòü (4). Äëÿ öüîãî ìîæåìî
âèêîðèñòàòè òàêèé îòðèìàíèé â [2] ðåçóëüòàò.

Ëåìà 1. Íåõàé ôóíêöi¨ P (t) i Q(σ) = sup{P (t) + σt : t ≥ 0} ñïðÿæåíi çà Þíãîì,
à 0 < p < pm < · · · < p2 < p1, T1 > 0, Tj ∈ R\{0} äëÿ 2 ≤ j ≤ m, τ ∈ R\{0} i
p1 + p > 2p2. Òîäi äëÿ òîãî

Q(σ =

m∑
j=1

Tj

|σ|
+

τ + o(1)

|σ|p
, σ ↑ 0, (8)

íåîáõiäíî i äîñòàòíüî, ùîá äëÿ áóäü-ÿêîãî ε > 0:
1) áóëà ïðàâèëüíîþ íåðiâíiñòü

P (t) ≤ T1(p1 + 1)

(
t

T1p1

)p1/(p1+1)

+

m∑
j=2

Tj

(
t

T1p1

)pj/(p1+1)

+

+(τ + ε)

(
t

T1p1

)p/(p1+1)

, t ≥ t0(ε);
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2) iñíóâàëà çðîñòàþ÷à äî +∞ ïîñëiäîâíiñòü (tk) äîäàòíèõ ÷èñåë òàêà, ùî

P (tk) ≥ T1(p1 + 1)

(
tk

T1p1

)p1/(p1+1)

+
m∑
j=2

Tj

(
tk

T1p1

)pj/(p1+1)

+

+(τ + ε)

(
tk

T1p1

)p/(p1+1)

i

tk+1 − tk = o(t
(p1+p+2)(2(p1+1)
k ), k → ∞.

ßêùî ïðèéìåìî σ = r −R, òî, îñêiëüêè

ln µφ(r) = sup{ln WF (x) + rx : x ≥ 0} =

= sup{ln (WF (x)e
Rx) + (r −R)x : x ≥ 0} = Q(r −R) = Q(σ),

äå P (t) = ln (WF (t)e
Rt). Òîìó çãiäíî ç ëåìîþ ïðàâèëüíå òàêå òâåðäæåííÿ.

Òâåðäæåííÿ 1. Íåõàé p1 + p > 2p2. Òîäi äëÿ òîãî, ùîá àñèìïòîòè÷íà ðiâíiñòü
(4) áóëà ïðàâèëüíîþ, íåîáõiäíî i äîñòàòíüî, ùîá äëÿ áóäü-ÿêîãî ε > 0:

1) áóëà ïðàâèëüíîþ íåðiâíiñòü

ln (WF (t)e
Rt) ≤ T1(p1 + 1)

(
t

T1p1

)p1/(p1+1)

+

m∑
j=2

Tj

(
t

T1p1

)pj/(p1+1)

+

+(τ + ε)

(
t

T1p1

)p/(p1+1)

, t ≥ t0(ε);

2) iñíóâàëà çðîñòàþ÷à äî +∞ ïîñëiäîâíiñòü (tk) äîäàòíèõ ÷èñåë òàêà, ùî

ln (WF (tk)e
Rtk ≥ T1(p1 + 1)

(
tk

T1p1

)p1/(p1+1)

+
m∑
j=2

Tj

(
tk

T1p1

)pj/(p1+1)

+

+(τ + ε)

(
tk

T1p1

)p/(p1+1)

i

tk+1 − tk = o(t
(p1+p+2)(2(p1+1)
k ), k → ∞.

Çðåøòîþ, îñêiëüêè àñèìïòîòè÷íi ðiâíîñòi (3) i (4) ¹ ðiâíîñèëüíèìè, ïðèõîäèìî
äî òàêî¨ îñíîâíî¨ òåîðåìè.

Òåîðåìà 1. Íåõàé p1 + p > 2p2. Òîäi äëÿ òîãî, ùîá àñèìïòîòè÷íà ðiâíiñòü (3)
áóëà ïðàâèëüíîþ, íåîáõiäíî i äîñòàòíüî, ùîá äëÿ áóäü-ÿêîãî ε > 0 âèêîíóâàëèñü
óìîâè 1) i 2) ðàíiøå äîâåäåíîãî òâåðäæåííÿ.

Àâòîð âèñëîâëþ¹ ïîäÿêó Øåðåìåòi Ì.Ì. çà ñëóøíi çàóâàæåííÿ.
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ON MANY-TERMED ASYMPTOTIC OF ANALYTIC IN A DISK
CHARACTERISTIC FUNCTIONS OF PROBABILITY LAWS
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For an analytic in a disk {z : |z| < R} characteristic function φ of the
probability law F , there are indicated conditions onWF (x) = 1−F (x)+F (−x),
x > 0, under which for its maximum modulus Mφ(r) the asymtotical equality

ln Mφ(r) =
m∑

j=1

Tj

(R− r)pj
+

τ + o(1)

(R− r)p
as r ↑ R holds.

Key words: Dirichlet series, probability law, characteristic function.


