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We study the inverse problem for linear nonhomogeneous di�usion equation
with regulating fractional derivative of order β ∈ (0, 2) with respect to time
on a bounded cylindrical domain Ω0 × (0, T ], the inverse problem on determi-
nation of a pair of functions: a classical solution u of the �rst boundary value
problem to such an equation and unknown, depending on time variable, conti-
nuous coe�cient in young term of the equation under the over-determination
condition ∫

Ω0

u(x, t)φ(x)dx = F (t), t ∈ [0, T ]

with some given functions φ and F . The unique solvability of the problem is
established. The Green function method is used.

Key words: fractional derivative, inverse boundary value problem, the
Green vector function, operator equation.

1. Introduction. The conditions of classical solvability of the �rst boundary value
problem to the equation

Dβ
t u(x, t)− a2∆u(x, t) = F0(x, t), a2 = const > 0

with regulating fractional derivative (see [1] � [3])

Dβ
t u(x, t) =

1
Γ(1−β)

t∫
0

uτ (x,τ)
(t−τ)β

dτ = 1
Γ(1−β)

[
∂
∂t

t∫
0

u(x,τ)
(t−τ)β

dτ − u(x,0)
tβ

]
, β ∈ (0, 1),

Dβ
t u(x, t) =

1
Γ(2−β)

t∫
0

uττ (x,τ)
(t−τ)β−1 dτ = 1

Γ(2−β)

[
∂
∂t

t∫
0

uτ (x,τ)
(t−τ)β−1 dτ − ut(x,0)

(t−τ)β−1

]
, for β ∈ (1, 2)

were obtained in [4], [5]. In [6]�[11] there were proved the existence and uniqueness
theorems and also the representations, by means of the Green functions, of classical solu-
tions of fractional Cauchy problems to equations of such kind. In [12]�[14] the solvability
of fractional Cauchy problems in spaces of generalizes functions was proved.

c⃝ H. Lopushanska, V. Rapita, 2015
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In this note we prove the existence and uniqueness of the solution (u, b) of the inverse
boundary value problem

Dβ
t u−∆u− b(t)u = F0(x, t), (x, t) ∈ Ω0 × (0, T ], (1)

u(x, t) = 0, (x, t) ∈ Ω0 × [0, T ], (2)

u(x, 0) = F1(x), ut(x, 0) = F2(x), x ∈ Ω0, (3)∫
Ω0

u(x, t)φ0(x)dx = F (t), t ∈ [0, T ] (4)

where β ∈ (0, 2), Ω0 is a bounded domain in RN , N ≥ 3, with the boundary Ω1 = ∂Ω of
class C1+s, s ∈ (0, 1), F0, F1, F2, F , φ0 are given functions. The second initial condition
in (3) is absent in the case β ∈ (0, 1].

Note that for β = 1 (respectively, ∂
∂t in place of D1

t ) the inverse boundary
value problems on determination of a pair of functions (u, b) were studied in [15]
and other works, where existence and uniqueness theorems were proved. Some inverse
boundary value problems to di�usion-wave equation with di�erent unknown functions
or parameters were investigated, for example, in [16]�[23].

We shall use the Green function method to prove the solvability of this problem.

2. Main notations and auxiliary results. We shall use the following notations
Qi = Ωi × (0, T ], i = 0, 1, Q2 = Ω0,

D(Rm) is the space of inde�nitely di�erentiable functions with compact supports in
Rm, m = 1, 2, . . . , D(Q0) = {v ∈ C∞(Q0) : (

∂
∂t )

kv|t=T = 0, k = 0, 1, . . . },
D′(Rm) and D′(Q0) are the spaces of linear continuous functionals (generalized

functions [24], p. 13-15) on D(Rm) and D(Q0), respectively, (f, φ) is the value of f ∈
D′(Rm) on the test function φ ∈ D(Rm) and also the value of f ∈ D′(Q0) onto φ ∈
D(Q0).

We denote by ∗ the operation of convolution of generalized functions f and g, use
the function

fλ(t) =
θ(t)tλ−1

Γ(λ) for λ > 0 and fλ(t) = f ′
1+λ(t) for λ 6 0,

where Γ(z) is the Gamma-function, θ(t) the Heaviside function. The relation

fλ ∗ fµ = fλ+µholds.

Note that Riemann-Lioville derivative v
(β)
t (x, t) of order β > 0 is de�ned by

v
(β)
t (x, t) = f−β(t) ∗ v(x, t)

and Dβ
t v(x, t) = v

(β)
t (x, t)− f1−β(t)v(x, 0) for β ∈ (0, 1),

Dβ
t v(x, t) = v

(β)
t (x, t)− f1−β(t)v(x, 0)− f2−β(t)vt(x, 0) for β ∈ (1, 2).

Let C(Q0), C(Q0), C[0, T ] be the classes of continuous functions on Q0, Q0 and
[0, T ], respectively, Cγ(Ω0) (C

γ(Ω̄0)) be the class of bounded continuous functions on
Ω0 (Ω̄0) satisfying the H�older condition, Cγ(Qi) (Cγ(Q̄i)) be the class of bounded
continuous functions on Qi (Q̄i) which for all t ∈ (0, T ] satisfy the H�older condition with

respect to the space variables, i = 0, 1, C2,β(Q0) = {v ∈ C(Q0) |∆v,Dβ
t v ∈ C(Q0)},
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C2,β(Q̄0) = C2,β(Q0)∩C(Q̄0) in the case β ∈ (0, 1], C2,β(Q̄0) = {v ∈ C2,β(Q0) | v, vt ∈
C(Q̄0)} if β ∈ (1, 2).

Suppose that the following assumptions hold:

(F0) F0 ∈ Cγ(Q0), γ ∈ (0, 1),

(F1) F1 ∈ Cγ(Ω̄0), F1|Ω1 = 0,

(F2) F2 ∈ Cγ(Ω̄0),

(F ) F,DβF ∈ C[0, T ], it exists f := inf
t∈[0,T ]

|F (t)| > 0,

(Φ) φ0 ∈ C2(Ω̄0), φ0|Ω1 = 0.

De�nition 1. A pair of functions

(u, b) ∈ Mβ(Q0) = Mβ := C2,β(Q̄0)× C[0, T ]

satisfying equation (1) on Q0 and conditions (2)�(4) is called the solution of problem
(1)�(4).

It follows from (3) and (4) the necessary concordance conditions∫
Ω0

F1(x)φ0(x)dx = F (0),

∫
Ω0

F2(x)φ0(x)dx = F ′(0). (5)

We introduce the operators

L : (Lv)(x, t) ≡ v
(β)
t (x, t)−∆v(x, t), (x, t) ∈ Q0, v ∈ D′(Q0),

Lreg : (Lregv)(x, t) ≡ Dβ
t v(x, t)−∆v(x, t), (x, t) ∈ Q0, v ∈ C2,β(Q̄0).

De�nition 2. The vector-function (G0(x, t, y, τ), G1(x, t, y), G2(x, t, y)) such that under
rather regular g0, g1, g2 the function

u(x, t) =

t∫
0

dτ

∫
Ω0

G0(x, t, y, τ)g0(y, τ)dy +
2∑

j=1

∫
Ω0

Gj(x, t, y)gj(y)dy, (x, t) ∈ Q0 (6)

is the classical (from C2,β(Q̄0)) solution of the problem

Lregu(x, t) = g0(x, t), (x, t) ∈ Q0, (7)

u(x, t) = 0, (x, t) ∈ Q̄1, (8)

u(x, 0) = g1(x), ut(x, 0) = g2(x), x ∈ Ω̄0 (9)

is called the Green vector-function of this problem.

From De�nition 2 it follows that

(LG0)(x, t, y, τ) = δ(x− y, t− τ), (x, t), (y, τ) ∈ Q0 where δ is the Dirac delta-function,

(LregGj)(x, t, y) = 0, (x, t) ∈ Q0, y ∈ Ω0, j = 1, 2, G1(x, 0, y) = δ(x− y),

∂
∂tG1(x, 0, y) = 0, G2(x, 0, y) = 0, ∂

∂tG2(x, 0, y) = δ(x− y), x, y ∈ Ω0.
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Lemma 1. The following relations hold:

Gj(x, t, y) =
t∫
0

fj−β(τ)G0(x, t, y, τ)dτ , (x, t) ∈ Q̄0, y ∈ Ω0, j=1,2.

The lemma can be proved by using the scheme of the proof of the corresponding
result in [12].
Lemma [23]. The Green vector-function of the �rst boundary value problem (7)�(9)
exists.

Remark 1. From the maximum principle [4] and Lemma 1 it follows that

G0(x, t, y, τ) > 0 for (x, t), (y, τ) ∈ Q0, Gi(x, t, y) > 0, (x, t) ∈ Q0, y ∈ Ω0,

From the results of [6], [11] it follows that

G(x, t) =
πN/2tβ−1

|x|N
H2,0

1,2

(
|x|2

4tβ

∣∣∣(β, β)
(1, 1) (N/2, 1)

)
, (10)

is the fundamental function of the operator L where

Hm,n
p,q

(
z
∣∣∣(a1, γ1) . . . (ap, γp)
(b1, β1) . . . (bq, βq)

)
is the H-function of Fox ([25]).

Using the properties of the H-functions the following estimates are found (see, for
example, [6], [14]):

|G(x, t)| ≤ C∗
0

t|x|N−2
, |fj−β(t) ∗G(x, t)| ≤

C∗
j

tβ−j+1|x|N−2
, j = 1, 2, |x|2 < 4tβ ,

|G(x, t)| ≤ Ĉ0t
β−1

|x|N
·
( |x|2
4tβ

)1+ N
2(2−β)

e
−c

(
|x|2

4a0tβ

) 1
2−β

≤ C0

t1−β |x|N
,

|fj−β(t) ∗G(x, t)| ≤ Ĉjt
j−1

|x|N
·
( |x|2
4tβ

) N
2(2−β)

e
−c

(
|x|2

4tβ

) 1
2−β

≤ Cjt
j−1

|x|N
, j = 1, 2, |x|2 > 4tβ

where c, C∗
i , Ci, Ĉi (i = 0, 1, 2) are some positive constants.

Remark 2. According to Levy method we obtain the same kind of estimates for the

functions G0(x, t, y, τ), Gj(x, t, y) as for G(x − y, t − τ),
t∫
0

fj−β(τ)G(x − y, t − τ)dτ ,

j = 1, 2, respectively.
From the results of [7], [8] it follows that the estimates

|Gi(x+∆x, t+∆t, y, τ)−Gi(x, t, y, τ)| ≤ Ai(x, t, y, τ)[|∆x|+ |∆t|β/2]γ (11)

∀(x, t), (x+∆x, t+∆t) ∈ Q̄0, (y, τ) ∈ Q̄i, i = 0, 1, 2

hold with some 0 < γ < 1 where non-negative functions Ai(x, t, y, τ) have the same kind
of estimates as for Gi(x, t, y, τ), i = 0, 1, 2, respectively, and Gi(x, t, y, τ) = Gi(x, t, y),
Ai(x, t, y, τ) = Ai(x, t, y) for i = 1, 2. Note that for general parabolic boundary value
problem the H�older conditions for all components of the Green vector-function were
obtained in [26], [27].
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Theorem 1. If g0 ∈ Cγ(Q0), γ ∈ (0, 1), gj ∈ Cγ(Ω̄0), j = 1, 2, g1|Ω1 = 0 then there
exists the unique solution u ∈ C2,β(Q̄0) of the problem (7), (8), (9), it is de�ned by

u(x, t) =
(
G0g0

)
(x, t) +

(
G1g1)(x, t) +

(
G2g2)(x, t), (x, t) ∈ Q̄0 (12)

where (G0g0)(x, t) =
t∫
0

dτ
∫
Ω0

G0(x, t, y, τ)g0(y, τ)dy, (Gjgj)(x, t) =
∫
Ω0

Gj(x, t, y)gj(y)dy,

j = 1, 2.

Proof. Taking into account Lemma 1 and Remark 2, as in [8], [13], [26], we show that
function (12) belongs to C2,β(Q̄0) and satis�es problem (1)�(3). Namely, we have∣∣∣ t∫

0

dτ
∫
Ω0

G0(x, t, y, τ)g0(y, τ)dy
∣∣∣

≤
t∫
0

dτ
[ ∫
{(y,τ)∈Ω0:|y−x|<2(t−τ)β/2}

G0(x, t, y, τ)|g0(y, τ)|dy

+
∫

{(y,τ)∈Ω0:|y−x|>2(t−τ)β/2}
G0(x, t, y, τ)|g0(y, τ)|dy

]
≤

t∫
0

dτ
[ ∫
{(y,τ)∈Ω0:|y−x|<2(t−τ)β/2}

C∗dy
(t−τ)|y−x|N−2 |g0(y, τ)|dy

+
∫

{(y,τ)∈Ω0:|y−x|>2(t−τ)β/2}

C∗dy
(t−τ)1−β |y−x|N |g0(y, τ)|dy

]
≤ C

t∫
0

[
1

(t−τ)

2(t−τ)β/2∫
0

rdr + 1
(t−τ)1−β

diamΩ0∫
2(t−τ)β/2

dr
r

]
dτ · ∥g0∥C(Q̄0)

≤ Ĉ
t∫
0

[
(t− τ)β−1 + (t− τ)β−1ln diamΩ0

(t−τ)β/2

]
dτ · ∥g0∥C(Q̄0)

≤ k0t
β1 · ∥g0∥C(Q̄0) ∀(x, t) ∈ Q̄0,

where C∗, C, Ĉ, k̂, k0 are some positive constants, β1 = β − ϱ, ϱ is an arbitrary number
from (0, 1), ||g0||C(Q̄0) := sup

(x,t)∈Q0

|g0(x, t)|.

Similarly, we obtain the uniform convergence, and therefore continuity on Q̄0, of the
other term in the right-hand side of (12):∣∣∣ ∫

Ω0

Gj(x, t, y)gj(y)dy
∣∣∣ ≤ [ ∫

{(y,τ)∈Ω0:|y−x|<2tβ/2}
Gj(x, t, y)dy+∫

{(y,τ)∈Ω0:|y−x|>2tβ/2}
Gj(x, t, y)dy

]
· ||gj ||C(Ω̄0)

≤ c0

[ ∫
{(y,τ)∈Ω0:|y−x|<2tβ/2}

tj−1−β

|x|N−2 dy

+
∫

{(y,τ)∈Ω0:|y−x|>2tβ/2}

tj−1

|y−x|N ·
( |y−x|2

4tβ

) N
2(2−β) e

−c

(
|y−x|2

4tβ

) 1
2−β

dy
]
· ||gj ||C(Ω̄0)

≤ k̂jt
j−1

[
1 +

diamΩ0∫
2tβ/2

r
N

2−β−1t−
βN

2(2−β) e
−ĉ

(
r2

tβ

) 1
2−β

dr
]
· ||g1||C(Ω̄0)

≤ kjt
j−1||gj ||C(Ω̄0), (x, t) ∈ Q̄0, j = 1, 2

where c0, ĉ, k̂j , kj (j = 1, 2) are positive constants.
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As in [8], [27] we show that under conditions of the theorem function (12) belongs
to the required space and satis�es the problem. The uniqueness of the solution follows
from the maximum principle [4].

3. The existence and uniqueness theorems for inverse problem. We pass
to proof of the existence of the solution of inverse problem (1)�(4).

From Theorem 1 it follows that under assumptions (F0), (F1), (F2) and known
b ∈ C[0, T ] the solution u ∈ C2,β(Q̄0) of the �rst boundary value problem (1)�(3) satis�es
the integral equation

u(x, t) =
(
G0

(
bu+ F0

))
(x, t) +

(
G1F1)(x, t) +

(
G2F2)(x, t), (x, t) ∈ Q̄0,

that is

u(x, t) =

t∫
0

dτ

∫
Ω0

G0(x, t, y, τ)b(τ)u(y, τ)dy + h(x, t), (x, t) ∈ Q̄0 (13)

where

h(x, t) =

t∫
0

dτ

∫
Ω0

G0(x, t, y, τ)F0(y, τ)dy +

2∑
j=1

∫
Ω0

Gj(x, t, y)Fj(y)dy, (x, t) ∈ Q̄0. (14)

Conversely, any solution u ∈ Cγ(Q0) of integral equation (13) (with known b ∈ C[0, T ])
belongs to the space C2,β(Q̄0) and is a solution of problem (1)�(3).

From equation (1) and conditions (2), (Φ) it follows that∫
Ω0

Dβ
t u(x, t)φ0(x)dx =

∫
Ω0

u(x, t)∆φ0(x)dx+ b(t)

∫
Ω0

u(x, t)φ0(x)dx+

∫
Ω0

F0(x, t)φ0(x)dx,

t ∈ (0, T ]. Using condition (4) we obtain

Dβ
t F (t) =

∫
Ω0

u(x, t)∆φ0(x)dx+ b(t)F (t) +

∫
Ω0

F0(x, t)φ0(x)dx

and, using (F),

b(t) =
[
Dβ

t F (t)−
∫
Ω0

F0(x, t)φ0(x)dx−
∫
Ω0

u(x, t)∆φ0(x)dx
]
[F (t)]−1, t ∈ (0, T ]. (15)

Note that, according to (15), b ∈ C[0, T ] for u ∈ Cγ(Q0). By substituting the right-hand
side of (15) into (13) in place of b we obtain the following nonlinear integral equation for
unknown u ∈ Cγ(Ω0)

u(x, t) =

t∫
0

[F (τ)]−1dτ

∫
Ω0

G0(x, t, y, τ)
[
Dβ

t F (τ)−
∫
Ω0

F0(z, τ)φ0(z)dz− (16)

−
∫
Ω0

u(z, τ)∆φ0(z)dz
]
u(y, τ)dy + h(x, t), (x, t) ∈ Q̄0.

We have reduced problem (1)�(4) to system (15), (16). The converse conclusion holds
and we obtain the following result.
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Theorem 2. Under assumptions (F0), (F1), (F2), (F), (Φ) and concordance condition
(5) a pair of functions (u, b) ∈ Mβ(Q0) is the solution of problem (1)�(4) if and only if
the function u ∈ Cγ(Q0) is a solution of integral equation (16), b ∈ C[0, T ] is de�ned
by (15).

Theorem 3. Under assumptions (F0), (F1), (F2), (F), (Φ) and concordance condition
(5) there exists some T ∗ ∈ (0, T ] (respectively, Q∗

0 = Ω0 × (0, T ∗]) and the solution
(u, b) ∈ Mβ(Q

∗
0) = C2,β(Q̄

∗
0)× [0, T ∗] of problem (1)�(4): the function u is a solution of

integral equation (16), b is de�ned by (15).

Proof. Granting Theorem 2 it is enough to prove the solvability of equation (16) in the
class Cγ(Q0). Let

||b||C[0,T ] = max
t∈[0,T ]

|b(t)|,

||v||Cγ(Q0) = max{ sup
(x,t)∈Q0

|v(x, t)|, sup
(x,t)∈Q0,|∆x|<1

|v(x+∆x,t)−v(x,t)|
|∆x|γ },

MR = MR(Q0) = {v ∈ Cγ(Q0) | ||v||Cγ(Q0) ≤ R} for some R = const > 0.

We shall use the Schauder principle. On MR we consider the operator

(Pv)(x, t) :=
t∫
0

[F (τ)]−1dτ
∫
Ω0

G0(x, t, y, τ)
[
Dβ

τ F (τ)−
∫
Ω0

F0(z, τ)φ0(z)dz

−
∫
Ω0

u(z, τ)∆φ0(z)dz
]
u(y, τ)dy + h(x, t), (x, t) ∈ Ω0, v ∈ MR

where the function h(x, t) is de�ned by (14).
At the beginning we show the existence of R > 0, T ∗ ∈ (0, T ], and therefore M∗

R =
MR(Q

∗
0) such that P : M∗

R → M∗
R.

Using the proof of Theorem 1, for v ∈ MR, (x, t) ∈ Q̄0, we obtain

|(Pv)(x, t)| ≤ k0
f
tβ1(c1R+ c2R

2) + |h(x, t)|,

|h(x, t)| ≤ k0t
β1∥F0∥C(Q0) + k1∥F1∥C(Ω̄0) + k2t∥F2∥C(Ω̄0), (x, t) ∈ Q̄0.

Thus, |(Pv)(x, t)| ≤ k0

f tβ1(c1R+ c2R
2) +B0(t), (x, t) ∈ Q̄0

where c1 = ∥DβF −
∫
Ω0

F0(z, ·)φ0(z)dz∥C[0,T ], c2 =
∫
Ω0

|∆φ0(z)|dz,

B0(t) = k0t
β1∥F0∥C(Q0) + k1∥F1∥C(Ω̄0) + k2t∥F2∥C(Ω̄0).

Also, we have
|(Pv)(x+∆x, t)− (Pv)(x, t)|

|∆x|γ
≤

≤ c1R+ c2R
2

f

t∫
0

dτ

∫
Ω0

|G0(x+∆x, t, y, τ)−G0(x, t, y, τ)|
|∆x|γ

dy +
|h(x+∆x, t)− h(x, t)|

|∆x|γ

≤ c1R+ c2R
2

f

t∫
0

dτ

∫
Ω0

A0(x, t, y, τ)dy +
|h(x+∆x, t)− h(x, t)|

|∆x|γ
, (x, t) ∈ Q0.
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We used Remark 2. In just the same way we estimate the second term. As in the proof
of Theorem 1 for v ∈ Cγ(Q0), (x, t) ∈ Q0, |∆x| < 1, we obtain

|(Pv)(x+∆x, t)− (Pv)(x, t)|
|∆x|γ

≤ c3t
β1

c1R+ c2R
2

f
+B1(t), (x, t) ∈ Q0

where
B1(t) = c3t

β1∥F0∥C(Q0) + c4∥F1∥C(Ω̄0) + c5∥F2∥C(Ω̄0),

c3 = sup
(x,t)∈Q0

t−β1

t∫
0

dτ
∫
Ω0

A0(x, t, y, τ)dy,

c4 = sup
x∈Ω0

∫
Ω0

A1(x, t, y)dy, c5 = sup
x∈Ω0

t
∫
Ω0

A2(x, t, y)dy.

As a result we obtain: ∥Pv∥Cγ(Q0) ≤
≤ max{ max

t∈[0,T ]
[k0

f tβ1(c1R+ c2R
2)+B0(t)], max

t∈[0,T ]
[ c3f tβ1(c1R+ c2R

2)+B1(t)]} ∀v ∈ MR.

In order the inequality

max{d0tβ1R2 +B0(t), d1t
β1R2 +B1(t), 1} ≤ R, ∀t ∈ [0, T ∗, ] (17)

holds for some T ∗ ∈ (0, T ], R ≥ 1 with d0 = kk0, d1 = kc3 and k = c1+c2
f , consider

the functions

fj(s) = djt
β1s2 − s, s ≥ 0, j = 0, 1.

We �nd f ′
j(s) = 2djt

β1s− 1 and prove that sj = [2djt
β1 ]−1 is the point of the minimum

of fj(s), j = 0, 1. Then the inequality ∥Pv∥Cγ(Q∗
0)

≤ R for all v ∈ M∗
R is ful�lled for

some R ≥ 1 if djt
β1s2j − sj ≤ −Bj(t) and [2djt

β1 ]−1 ≥ 1 for all t ∈ [0, t∗j ], j = 0, 1 and
T ∗ = min{t∗0, t∗1, T}.

We have djt
β1s2j − sj = − 1

4djtβ1
, j = 0, 1. There exists t∗j > 0 such that

− 1

4djtβ1
≤ −Bj(t)

(that is 4k(k0t
β1)2∥F0∥C(Q0) + 4kk1(k0t

β1)∥F1∥C(Ω̄0) − 1 ≤ 0 for all t ∈ [0, t∗0] and

4k(c3t
β1)2∥F0∥C(Q0)+4kc3c4t

β1∥F1∥C(Ω̄0)−1 ≤ 0 for all t ∈ [0, t∗1]) and also [2djt
β1 ]−1 ≥

1 for all t ∈ [0, t∗j ], j = 0, 1. They are

t∗0 = min

{[
k1∥F1∥C(Ω̄0)

2k0∥F0∥C(Q0)

(√
1 +

f∥F0∥C(Q0)

(c1+c2)k2
1∥F1∥2

C(Ω̄0)

− 1

)] 1
β1

,
[

f
2(c1+c2)k0

] 1
β1

}
,

t∗1 = min

{[
c4∥F1∥C(Ω̄0)

2c3∥F0∥C(Q0)

(√
1 +

f∥F0∥C(Q0)

(c1+c2)c24∥F1∥2
C(Ω̄0)

− 1

)] 1
β1

,
[

f
2(c1+c2)c3

] 1
β1

}
if ∥F0∥C(Q0) > 0,

t∗0 = min

{[
f

4(c1+c2)k0k1∥F1∥C(Ω̄0)

] 1
β1

,
[

f
2(c1+c2)k0

] 1
β1

}
and

t∗1 = min

{[
f

4(c1+c2)c3c4∥F1∥C(Ω̄0)

] 1
β1

,
[

f
2(c1+c2)c3

] 1
β1

}
in the case F0(x, t) ≡ 0, (x, t) ∈ Q0.

Note that from (5) and (F) it follows that ∥F1∥C(Ω̄0) > 0. We have proven the existence
of R ≥ 1, T ∗ > 0 such that P : M∗

R → M∗
R.
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The operator P is continuous on M̃∗
R = {v ∈ C(Q∗

0) | ||v||C(Q∗
0)

≤ R} (thus, on

M∗
R). Namely, for v1, v2 ∈ M̃∗

R

||Pv1 − Pv2||C(Q∗
0)

=

= sup
(x,t)∈Q∗

0

∣∣∣∣∣∣
t∫

0

[F (τ)]−1dτ

∫
Ω0

G0(x, t, y, τ)

∫
Ω0

v2(z, τ)∆φ0(z)dz[v2(y, τ)− v1(z, τ)]

−
∫
Ω0

[v1(z, τ)− v2(z, τ)]∆φ0(z)dz · v1(y, τ)

 dy

∣∣∣∣∣∣
≤ c2 sup

(x,t)∈Q∗
0

t∫
0

[F (τ)]−1dτ

∫
Ω0

G0(x, t, y, τ)dy ·
[
∥v1∥C(Q∗

0)
+ ∥v2∥C(Q∗

0)

]
∥v1− v2∥C(Q∗

0)

≤ 2k0c2(T
∗)β1R

f
∥v1 − v2∥C(Q∗

0)
.

Similarly we obtain that the operator P is compact on M̃∗
R (and thus on M∗

R): the
uniform boundedness of the set

PM̃∗
R := {(Pv)(x, t), (x, t) ∈ Q∗

0 | v ∈ M̃∗
R},

was established earlier; in addition, from the properties of Green operators and Remark 2
it follows that for all ε > 0 there exists δ = δ(ε) such that for all (x, t) ∈ Q∗

0, |∆x| < δ,

|∆t| < δ and for all v ∈ M̃∗
R

sup
(x,t)∈Q∗

0

|(Pv)(x+∆x, t+∆t)− (Pv)(x, t)|

≤ c1R+c2R
2

f sup
(x,t)∈Q∗

0

t∫
0

dτ
∫
Ω0

|G0(x+∆x, t+∆t, z, τ)−G0(x, t, z, τ)|dz

+ sup
(x,t)∈Q∗

0

|h(x+∆x, t+∆t)− h(x, t)|

≤
[ (c1R+c2R

2)c3(T
∗)β1

f +B1(T
∗)
]
·
[
|∆x|+ |∆t|β/2

]γ
< ε.

As a result, the operator P is equicontinuous onM∗
R. According to the Schauder principle,

there exists the solution u ∈ M∗
R of equation (16).

Theorem 4. Under condition F (t) ̸= 0, t ∈ [0, T ], the solution (u, b) ∈ Mβ(Q0) of
problem (1)�(4) is unique.

Proof. Take two solutions (u1, b1), (u2, b2) ∈ Mβ(Q0) of problem (1)�(4) and substitute
them into equation (1). We obtain

Dβ
t (u1 − u2) = ∆(u1 − u2) + b1u1 − b2u2,

Dβ
t (u1 − u2) = ∆(u1 − u2) + (b1 − b2)u1 + b2(u1 − u2)

and for u = u1 − u2, b = b1 − b2

Dβ
t u = ∆u+ b2u+ bu1.
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From the boundary condition it follows that

u(x, t) = 0, x ∈ Ω̄1, t ∈ [0, T ]

and from the initial condition

u(x, 0) = 0, ut(x, 0) = 0, x ∈ Ω̄0.

Then, by Theorem 1, the function u(x, t) satis�es the equation

u(x, t) =

t∫
0

dτ

∫
Ω0

G0(x, t, y, τ)(b2(τ)u(y, τ) + b(τ)u1(y, τ))dx, (x, t) ∈ Q̄0

and belongs to C2,β(Q̄0).
From over-determination condition (4) and from (15) it follows that∫

Ω0

u(x, t)∆φ0(x)dx = −b(t)F (t), t ∈ [0, T ]. (18)

Then u(x, t) satis�es the integral equation

u(x, t) =

t∫
0

dτ

∫
Ω0

G0(x, t, y, τ)

b2(τ)u(y, τ)−
u1(y, τ)

∫
Ω0

u(z, τ)∆φ0(z)dz

F (τ)

 dτ

that is

u(x, t) =

t∫
0

dτ

∫
Ω0

G0(x, t, z, τ)b2(τ)

− 1

F (τ)

∫
Ω0

G0(x, t, y, τ)u1(y, τ)dy

∆φ0(z)

u(z, τ)dz, (x, t) ∈ Q̄0.

By uniqueness of the solution of the second type linear Volterra integral equation with
integrable kernel we obtain u(x, t) = 0, (x, t) ∈ Q̄0. Then from (18) it follows that
b(t)F (t) = 0, t ∈ [0, T ]. Since F (t) ̸= 0 on [0, T ] (under assumption of the theorem),
b(t) ≡ 0, t ∈ [0, T ].

Remark 3. The obtained result is correct in the case β ∈ (0, 1] (without the second initial
condition ut(x, 0) = F2(x), x ∈ Ω̄0) if in all formulas we put F2(x) ≡ 0, x ∈ Ω̄0.

A similar result holds for inverse problem on determination of a pair of functions:
the solution u of the second boundary value problem for such an equation and unknown
coe�cient b(t) in the young term under the same over-determination condition (4).

We may study the cases N = 1, 2 in just the same way.
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