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Äëÿ äîâiëüíî¨ ïîâiëüíî çðîñòàþ÷î¨ ôóíêöi¨ υ ïîáóäîâàíî ïðèêëàä öiëî¨
ôóíêöi¨ f íóëüîâîãî ïîðÿäêó, ëîãàðèôìi÷íà ïîõiäíà ÿêî¨ çîâíi äåÿêî¨ C2

0 -
ìíîæèíè åêâiâàëåíòíà ëi÷èëüíié ôóíêöi¨ íóëiâ f i íóëi f íå ìàþòü êóòîâî¨
υ-ùiëüíîñòi.

Êëþ÷îâi ñëîâà: öiëà ôóíêöiÿ, ëîãàðèôìi÷íà ïîõiäíà, íóëüîâèé ïîðÿ-
äîê, êóòîâà ùiëüíiñòü.

1. Âñòóï i ôîðìóëþâàííÿ ðåçóëüòàòiâ. Íåõàé f � öiëà ôóíêöiÿ ñêií÷åí-
íîãî äîäàòíîãî ïîðÿäêó ρ i öiëêîì ðåãóëÿðíîãî çðîñòàííÿ [1]. Äîáðå âiäîìî, ùî
öiëêîì ðåãóëÿðíå çðîñòàííÿ öiëî¨ ôóíêöi¨ äîäàòíîãî íåöiëîãî ïîðÿäêó åêâiâàëåíòíå
iñíóâàííþ êóòîâî¨ ùiëüíîñòi ¨¨ íóëiâ ñòîñîâíî ôóíêöi¨ ïîðiâíÿííÿ rρ(r), äå ρ(r) �
óòî÷íåíèé ïîðÿäîê ôóíêöi¨ f .

Ïîçíà÷èìî ÷åðåç F (z) = zf ′(z)/f(z)� ëîãàðèôìi÷íó ïîõiäíó ôóíêöi¨ f . Àñèìï-
òîòè÷íi ôîðìóëè F (z) äëÿ öiëî¨ ôóíêöi¨ ö. ð. çð. f çîâíi äåÿêèõ âèíÿòêîâèõ ìíîæèí
çíàéäåíî â [2], à â [3] äîâåäåíî, ùî ç àñèìïòîòèêè F (z) âèïëèâà¹ öiëêîì ðåãóëÿðíå
çðîñòàííÿ ôóíêöi¨ f . Ìè ðîçãëÿíåìî àíàëîãi÷íi çàäà÷i äëÿ öiëèõ ôóíêöié íóëüîâîãî
ïîðÿäêó.

×åðåç L ïîçíà÷àòèìåìî êëàñ äîäàòíèõ, íåñïàäíèõ, íåîáìåæåíèõ, íåïåðåðâíî
äèôåðåíöiéîâíèõ íà R+ ôóíêöié υ òàêèõ, ùî rυ′(r)/υ(r) → 0 ïðè r → +∞, n(r) =
n(r, 0, 2π) � ëi÷èëüíà ôóíêöiÿ íóëiâ f , à ÷åðåç H0(υ), υ ∈ L, � êëàñ öiëèõ ôóíêöié
f íóëüîâîãî ïîðÿäêó, äëÿ ÿêèõ 0 < ∆ = lim

r→+∞
n(r)/υ(r) < +∞. Íåõàé n(r, α, β) �

êiëüêiñòü íóëiâ öiëî¨ ôóíêöi¨ â ñåêòîði {z : |z| 6 r, α 6 arg z < β}, 0 6 α < β < 2π.
Áóäåìî ãîâîðèòè, ùî íóëi ôóíêöi¨ f ∈ H0(υ) ìàþòü êóòîâó υ-ùiëüíiñòü, ÿêùî

iñíó¹ ãðàíèöÿ

∆(α, β) : = lim
r→+∞

n(r, α, β)

υ(r)
,

äëÿ âñiõ α i β, ùî íå íàëåæàòü äåÿêié íå áiëüøå, íiæ çëi÷åííié ìíîæèíi ç [0, 2π].

c⃝ Ìîñòîâà Ì., 2015
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Íàãàäà¹ìî, ùî ìíîæèíà E ⊂ C íàëåæèòü äî êëàñó C2
0 , ÿêùî E � âèìiðíà i

mes2 (E ∩C(r)) = o(r2), r → +∞, äå mes2 � ïëîñêà ìiðà Ëåáåãà, à C(r) = {z : |z| 6
r}.

Àñèìïòîòèêó ëîãàðèôìi÷íî¨ ïîõiäíî¨ äëÿ f ∈ H0(υ) çíàéäåíî â [4].

Òåîðåìà À. Íåõàé υ ∈ L, f ∈ H0(υ) i íóëi f ìàþòü êóòîâó υ-ùiëüíiñòü.
Òîäi iñíó¹ ìíîæèíà E ∈ C2

0 òàêà, ùî

F (reiφ) = ∆υ(r) + o(υ(r)) = n(r) + o(υ(r)), z → ∞, z /∈ E.

Ç òåîðåìè 1 âèïëèâà¹, ùî îáåðíåíå òâåðäæåííÿ äî òåîðåìè À íåïðàâèëüíå.

Òåîðåìà 1. Äëÿ äîâiëüíî¨ ôóíêöi¨ υ ∈ L iñíóþòü ôóíêöiÿ f ∈ H0(υ) i ìíîæèíà

E ∈ C2
0 òàêi, ùî

F (reiφ) = n(r) + o(1), z = reiφ → ∞, z /∈ E (1)

i íóëi f íå ìàþòü êóòîâî¨ υ-ùiëüíîñòi.

2. Äîâåäåííÿ. Äëÿ äîâåäåííÿ òåîðåìè 1 áóäåìî âèêîðèñòîâóâàòè òàêèé íàñëi-
äîê ç òåîðåìè Òåïëiöà [[5], ñ. 326], ÿêèé ñôîðìóëþ¹ìî ó âèãëÿäi ëåìè.

Ëåìà 1. Íåõàé (xn) i (yn) íåñêií÷åííî ìàëi ïîñëiäîâíîñòi i äëÿ äîâiëüíîãî m ∈ N

|y1|+ |y2|+ . . .+ |ym| 6 K (K = const).

Òîäi

zn = x1yn + x2yn−1 + . . .+ xny1 → 0, n → +∞.

Äîâåäåííÿ òåîðåìè. Íåõàé υ � äîâiëüíà ôóíêöiÿ ç êëàñó L. Âèáåðåìî ïîñëi-
äîâíiñòü äiéñíèõ ÷èñåë rk òàêó, ùî rk ↗ +∞ ïðè k → +∞ i

υ(r1) = 1, rk+1 > 2rk, υ(rk) ∈ N.

Ïðèéìåìî m1 = υ(r1) = 1,mk = υ(rk)− υ(rk−1), k > 2,

υ(rk) > (k + 1)υ(rk−1). (2)

Íåõàé

f(z) =
+∞∏
k=1

(
1−

(
z

rk

)mk
)
.

Îñêiëüêè mk = υ(rk) − υ(rk−1) > kυ(rk−1) > k i äëÿ äîâiëüíîãî R > 0 (R/rk)
mk <

(1/2)k, k > k0, òî ðÿä
+∞∑
k=1

(
z

rk

)mk

� àáñîëþòíî i ðiâíîìiðíî çáiæíèé â êðóçi

{z : |z| 6 R}, à îòæå, f(z) � öiëà ôóíêöiÿ.
Íåõàé rn 6 r < rn+1. Òîäi

n(r) =

n∑
k=1

mk = υ(r1) +

n∑
k=2

(υ(rk)− υ(rk−1)) = υ(rn) 6 υ(r)
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i äëÿ âñiõ α i β, 0 6 α < β < 2π, îòðèìà¹ìî

n(r, α, β) = (1 + o(1))
β − α

2π

∑
rk6r

mk = (1 + o(1))
β − α

2π
υ(rn), r → +∞.

Çâiäñè, çàâäÿêè (2), îòðèìó¹ìî, ùî

lim
r→+∞

n(r, α, β)

υ(r)
= lim

n→+∞

n(rn, α, β)

υ(rn)
=

β − α

2π
,

lim
r→+∞

n(r, α, β)

υ(r)
= lim

n→+∞

n(rn+1 − 0, α, β)

υ(rn+1)
=

β − α

2π
lim

n→+∞

υ(rn)

υ(rn+1)
= 0.

Îòæå, íóëi f íå ìàþòü êóòîâî¨ υ-ùiëüíîñòi.
Ëåãêî áà÷èòè, ùî

F (z) =
+∞∑
k=1

(−mk)(z/rk)
mk

1− (z/rk)mk
=

n∑
k=1

mk

1− (rk/z)mk
+

+∞∑
k=n+1

mk(z/rk)
mk

(z/rk)mk − 1
=

=
n∑

k=1

mk +
n∑

k=1

mk(rk/z)
mk

1− (rk/z)mk
+

+∞∑
k=n+1

mk(z/rk)
mk

(z/rk)mk − 1
.

Çâiäñè äëÿ rn 6 |z| = r < rn+1

|F (z)− n(r)| 6
∣∣∣∣∣

n∑
k=1

mk(rk/z)
mk

1− (rk/z)mk

∣∣∣∣∣+
∣∣∣∣∣

+∞∑
k=n+1

mk(z/rk)
mk

(z/rk)mk − 1

∣∣∣∣∣ = |Σ1|+ |Σ2| . (3)

Äàëi äëÿ rn
(
1 + 1/

√
mn

)
6 |z| 6 rn+1

(
1− 1/

√
mn+1

)
îòðèìà¹ìî(

rn
|z|

)mn

6
(
1 +

1
√
mn

)−mn

6 2−
√
mn ,(

|z|
rn+1

)mn+1

6
(
1− 1

√
mn+1

)mn+1

6 2−
√
mn+1 .

Òîäi ∣∣∣∣ 1

1− (rn/|z|)mn

∣∣∣∣ < 1

1− 2−
√
mn

< 2,∣∣∣∣ 1

(|z|/rn+1)
mn+1 − 1

∣∣∣∣ 6 1

1− 1/2−
√
mn+1

< 2.

Äëÿ k 6 n− 1 ïðàâèëüíi òàêi îöiíêè:(
rk
|z|

)mk

6
(
rn−1

rn

)mk

6
(
1

2

)mk

6 1

2
,

rk
rn

=
rk

rk+1
· rk+1

rk+2
· . . . · rn−1

rn
6

(
1

2

)n−k

.

Îòæå,

|Σ1| 6
n−1∑
k=1

mk(rk/r)
mk

|1− (rk/z)mk |
+mn

(rn
r

)mn
∣∣∣1− (rn

z

)mn
∣∣∣−1

6
n−1∑
k=1

mk(rk/rn)
mk

1− (rk/rn)mk
+
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+2mn

(
1 +

1
√
mn

)−mn

6 2
n−1∑
k=1

mk(rk/rn)
mk+2

mn

e
√
mn

6 2
n−1∑
k=1

mk2
(k−n)mk+o(1), n → +∞.

Ïðèéíÿâøè xl = mk/2
mk , yl = 1/2kmk , ç ëåìè 1 îäåðæó¹ìî

|Σ1| = o(1), n → +∞. (4)

Äàëi, àíàëîãi÷íî äî îöiíêè |Σ1| , îòðèìó¹ìî

|Σ2| 6
+∞∑

k=n+2

mk(r/rk)
mk

|(z/rk)mk − 1|
+mn+1

(
r

rn+1

)mn+1
∣∣∣∣( z

rn+1

)mn+1

− 1

∣∣∣∣−1

<

<

+∞∑
k=n+2

mk(rn+1/rk)
mk

1− (rn+1/rk)mk
+ 2mn+1

(
1− 1

√
mn+1

)mn+1

6

6 2

+∞∑
k=n+2

mk

2(k−n)mk
+ 2

mn+1

e
√
mn+1

= o(1), n → +∞. (5)

Îòæå, ç (3)-(5) äëÿ z /∈ E =
+∞∪
k=1

(
rk − rk/

√
mk, rk + rk/

√
mk

)
âèêîíó¹òüñÿ (1).

Çàëèøà¹òüñÿ äîâåñòè, ùî E ∈ C2
0 . Ñïðàâäi, äëÿ rn 6 r 6 rn+1/2 ìàòèìåìî

mes2 (E ∩ C(r)) 6
n∑

k=1

(
r2k(1 +

1
√
mk

)2 − r2k

)
=

n∑
k=1

(
2

r2k√
mk

+
r2k
mk

)
6

6 3r2n

n∑
k=1

(rk/rn)
2

√
mk

6 3r2
n∑

k=1

2(k−n)2

√
mk

.

Ïðèéíÿâøè xl = 1/
√
ml, yl = 1/4l, çà ëåìîþ 1 îòðèìó¹ìî

mes2 (E ∩ C(r)) = o(r2), r → +∞.

Àíàëîãi÷íî, äëÿ rn+1/2 6 r 6 rn+1

mes2 (E ∩ C(r)) 6
n+1∑
k=1

(
r2k(1 +

1
√
mk

)2 − r2k

)
6 3r2n+1

n+1∑
k=1

(rk/rn+1)
2

√
mk

6

6 12r2
n+1∑
k=1

2(k−n−1)2

√
mk

= o(r2), r → +∞.

Îòæå, ç îñòàííiõ äâîõ ñïiââiäíîøåíü

mes2 (E ∩ C(r)) = o(r2), r → +∞,

ùî äîâîäèòü òåîðåìó 1.
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RELATIONSHIP BETWEEN THE ASYMPTOTIC OF
LOGARITHMIC DERIVATIVE AND ANGULAR DENSITY OF
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For any slowly increasing function υ we have constructed an example of a
function f of zero order, the logarithmic derivative of which outside of some
C2

0 -set is equivalent to the zero counting function of f and zeros of f do not
have angular υ-density.

Key words: entire function, logarithmic derivative, zero order, angular
density.


