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Çíàéäåíî óìîâè íà ïîêàçíèêè òà êîåôiöi¹íòè ðÿäó Äiðiõëå ç íó-
ëüîâîþ àáñöèñîþ àáñîëþòíî¨ çáiæíîñòi, ïðè âèêîíàííi ÿêèõ äëÿ ëîãà-
ðèôìà ìàêñèìàëüíîãî ÷ëåíà ïðàâèëüíà àñèìïòîòè÷íà ðiâíiñòü lnµ(σ) =

T1|σ|−ρ1 +
∑n−1

j=2 Tj |σ|−ρj + (τ + o(1))|σ|−ρn , σ ↑ 0, äå T1 > 0 Tj ∈ R \ {0},

j = 2, n− 1, τ ∈ R \ {0}, 0 < ρn < ... < ρ2 < ρ1 i
ρ1 + ρn

2
> ρ2.

Êëþ÷îâi ñëîâà: ðÿä Äiðiõëå, ìàêñèìàëüíèé ÷ëåí, áàãàòî÷ëåííà àñèìï-
òîòèêà.

1. Âñòóï. Ðîçãëÿíåìî ðÿä Äiðiõëå

F (s) =

∞∑
n=0

an exp{sλn}, s = σ + it, (1)

äå (λn) � çðîñòàþ÷à äî +∞ ïîñëiäîâíiñòü íåâiä'¹ìíèõ ÷èñåë (λ0 = 0). ßêùî àáñöèñà
àáñîëþòíî¨ çáiæíîñòi ðÿäó (1) äîðiâíþ¹ σa ∈ (−∞,+∞], òî éîãî çðîñòàííÿ îòîòîæ-
íþþòü çi çðîñòàííÿì ôóíêöi¨ M(σ, F ) = sup{|F (σ+ it)| : t ∈ R} ïðè σ ↑ σa. Âàæëèâó
ðîëü ó äîñëiäæåííi çâ'ÿçêó ìiæ çðîñòàííÿì M(σ, F ) i ïîâîäæåííÿì êîåôiöi¹íòiâ
âiäiãðà¹ ìàêñèìàëüíèé ÷ëåí µ(σ, F ) = max{|an| exp{σλn} : n > 0}. Äîñëiäæåííÿ
çâ'ÿçêiâ ìiæ çðîñòàííÿì lnµ(σ, F ) i ïîâîäæåííÿì ó òåðìiíàõ äâî÷ëåííî¨ àñèìòîòèêè
êîåôiöi¹íòiâ çàïî÷àòêîâàíî â [4], äå çàçíà÷åíî íåîáõiäíó òà äîñòàòíþ óìîâè íà an, çà
ÿêî¨ ó âèïàäêó öiëèõ (σa = +∞) ðÿäiâ Äiðiõëå lnµ(σ, F ) ìà¹ äâî÷ëåííó ïîêàçíèêîâó
àñèìïòîòèêó âèãëÿäó lnµ(σ, F ) = T exp{ρ1σ} + (1 + o(1))τ exp{ρσ}, σ → +∞, äå
0 < ρ < ρ1 < +∞, T > 0 i τ ∈ R \ {0}. Î.Ì. Ñóìèê ïîäiáíó çàäà÷ó ðîçâ'ÿçàëà äëÿ
äâî÷ëåííî¨ ñòåïåíåâî¨ àñèìïòîòèêè lnµ(σ, F ) äëÿ öiëèõ ðÿäiâ Äiðiõëå i äëÿ ðÿäiâ
Äiðiõëå ç íóëüîâîþ àáñöèñîþ àáñîëþòíî¨ çáiæíîñòi.

Çàãàëüíó ïðîáëåìó ïðî áàãàòî÷ëåííó ïîêàçíèêîâó àñèìïòîòèêó ëîãàðèôìà
ìàêñèìàëüíîãî ÷ëåíà öiëîãî ðÿäó Äiðiõëå ðîçãëÿíóëà Î.Ì. Ñóìèê [5]. Çîêðåìà,

áóëî äîâåäåíî, ùî äëÿ òîãî, ùîá lnµ(σ, F ) =
∑n−1

j=1 Tjϵ
ρjσ + (τ + o(1))ϵρnσ σ → ∞,

c⃝ Ñòåöü Þ., Øåðåìåòà Ì., 2015
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äå T1 > 0 Tj ∈ R, j = 2, n− 1, τ ∈ R, 0 < ρn < ... < ρ2 < ρ1,
ρ1 + ρn

2
> ρ2,

íåîáõiäíî i äîñòàòíüî, ùîá äëÿ áóäü-ÿêîãî ε > 0:
1) iñíóâàëî òàêå ÷èñëî n0(ε), ùî äëÿ âñiõ n > n0(ε)

ln |an| 6 −λn

ρ1
ln

λn

ϵT1ρ1

n−1∑
j=1

Tj

(
λn

T1ρ1

) ρj
ρ1

+ (τ + ε)

(
λn

T1ρ1

) ρn
ρ1

;

2) iñíóâàëà çðîñòàþ÷à ïîñëiäîâíiñòü (nk) íàòóðàëüíèõ ÷èñåë òàêà, ùî

ln |ank
| > −λnk

ρ1
ln

λnk

ϵT1ρ1
+

n−1∑
j=1

Tj

(
λnk

T1ρ1

) ρj
ρ1

+ (τ − ε)

(
λnk

T1ρ1

) ρn
ρ1

,

äëÿ âñiõ k > k0 i λnk+1
− λnk

= o

(
λ

ρ1+ρn
2ρ1

nk

)
, k → ∞.

Ìåòà íàøî¨ ïðàöi � äîñëiäèòè, çà ÿêèõ óìîâ íà êîåôiöi¹íòè an òà ïîêàçíèêè λn

ðÿäó Äiðiõëå (1) ç íóëüîâîþ àáñöèñîþ àáñîëþòíî¨ çáiæíîñòi äëÿ éîãî ìàêñèìàëüíîãî
÷ëåíà ïðàâèëüíà àñèìïòîòè÷íà ðiâíiñòü

lnµ(σ) =
T1

|σ|ρ1
+

n−1∑
j=2

Tj

|σ|ρj
+

(τ + o(1))

|σ|ρn
, σ ↑ 0, (2)

äå T1 > 0, Tj ∈ R \ {0}, j = 2, n− 1, τ ∈ R \ {0}, 0 < ρn < ... < ρ2 < ρ1,
ρ1 + ρn

2
> ρ2.

Òåîðåìà 1. Äëÿ òîãî, ùîá lnµ(σ) ìàâ áàãàòî÷ëåííó ñòåïåíåâó àñèìïòîòèêó âè-
ãëÿäó (2) íåîáõiäíî i äîñòàòíüî, ùîá äëÿ áóäü ÿêîãî ε > 0:

1) iñíóâàëî òàêå ÷èñëî n0(ε), ùî äëÿ âñiõ n > n0(ε)

ln |an| 6 T1(ρ1 + 1)

(
λn

T1ρ1

) ρ1
ρ1+1

+
n−1∑
j=2

Tj

(
λn

T1ρ1

) ρj
ρ1+1

+ (τ + ε)

(
λn

T1ρ1

) ρn
ρ1+1

; (3)

2) iñíóâàëà çðîñòàþ÷à ïîñëiäîâíiñòü (nk) íàòóðàëüíèõ ÷èñåë òàêà, ùî äëÿ
âñiõ k > k0

ln |ank
| > T1(ρ1 + 1)

(
λn

T1ρ1

) ρ1
ρ1+1

+

n−1∑
j=2

Tj

(
λn

T1ρ1

) ρj
ρ1+1

+ (τ − ε)

(
λn

T1ρ1

) ρn
ρ1+1

(4)

i

λnk+1
− λnk

= o

(
λ

ρn+ρ1+2

2(ρ1+1)
nk

)
k → ∞. (5)

Äëÿ äîâåäåííÿ òåîðåìè áóäåìî âèêîðèñòîâóâàòè òàêi äîïîìiæíi ðåçóëüòàòè.
×åðåç Ω(0) ïîçíà÷èìî êëàñ äîäàòíèõ íåîáìåæåíèõ íà (−∞, 0) ôóíêöié Φ òàêèõ,

ùî ïîõiäíà Φ′ äîäàòíà, íåïåðåðâíî äèôåðåíöiéîâàíà i çðîñòà¹ äî +∞ íà (−∞, 0).

Äëÿ Φ ∈ Ω(0) íåõàé φ � ôóíêöiÿ, îáåðíåíà äî Φ′, à Ψ(σ) = σ − Φ(σ)

Φ′(σ)
� ôóíêöiÿ,

àñîöiéîâàíà ç Φ çà Íüþòîíîì. Òîäi ôóíêöiÿ Ψ íåïåðåðâíî äèôåðåíöiéîâàíà i çðîñòà¹



ÁÀÃÀÒÎ×ËÅÍÍÀ ÑÒÅÏÅÍÅÂÀ ÀÑÈÌÏÒÎÒÈÊÀ ËÎÃÀÐÈÔÌÀ...
ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2015. Âèïóñê 80 147

äî 0 íà (−∞, 0), à ôóíêöiÿ φ íåïåðåðâíî äèôåðåíöiéîâàíà i çðîñòà¹ äî 0 íà (0,+∞).
Çâiäñè âèïëèâà¹, ùî îáåðíåíà äî Ψ ôóíêöiÿ Ψ−1 òàêîæ çðîñòà¹ äî 0 íà (−∞, 0).

Ëåìà 1 ([1-2]). Íåõàé Φ ∈ Ω(0). Äëÿ òîãî, ùîá lnµ(σ, F ) 6 Φ(σ) äëÿ âñiõ σ ∈ [σ0, 0)
íåîáõiäíî i äîñòàòíüî, ùîá ln |an| 6 −λnΨ(φ(λn)) äëÿ âñiõ n > n0.

Ëåìà 2 ([2-3]). Äëÿ äîäàòíèõ ÷èñåë a < b ïðàâèëüíà íåðiâíiñòü G1(a, b,Φ) <
G2(a, b,Φ), äå

G1(a, b,Φ) =
ab

b− a

∫ b

a

Φ(φ(t))

t2
dt, G2(a, b,Φ) = Φ

(
1

b− a

∫ b

a

φ(t)dt

)
.

Ëåìà 3 ([2]). Íåõàé Φj ∈ Ω(0) (j = 1, 2) i

Φ1(σ) 6 lnµ(σ, F ) 6 Φ2(σ) (6)

äëÿ âñiõ σ ∈ [σ0, 0). Òîäi
ln |an| 6 −λnΨ2(φ2(λn)) (7)

äëÿ âñiõ n > n0 òà iñíó¹ çðîñòàþ÷à ïîñëiäîâíiñòü (nk) íàòóðàëüíèõ ÷èñåë òàêà,
ùî

ln |ank
| > −λnk

Ψ1(φ1(λnk
)) (8)

i

G1(λnk
, λnk+1

,Φ2) > Φ1

(
1

λnk+1
− λnk

∫ λnk+1

λnk

φ2(t)dt

)
. (9)

Ëåìà 4 ([2]). Íåõàé Φ ∈ Ω(0) i ln |ank
| 6 −λnk

Ψ(φ(λnk
)) äëÿ äåÿêî¨ çðîñòàþ÷î¨

ïîñëiäîâíîñòi (nk) íàòóðàëüíèõ ÷èñåë. Òîäi äëÿ âñiõ σ ∈ [φ1(λnk
), φ1(λnk+1

)] i âñiõ
k > k0 ïðàâèëüíà íåðiâíiñòü

lnµ(σ, F ) > Φ1(σ)− (G2(λnk
, λnk+1

,Φ)−G1(λnk
, λnk+1

,Φ)). (10)

2. Àñèìïòîòèêà ôóíêöi¨ φ.
Îòæå, íåõàé Φ ∈ Ω(0) � òàêà ôóíêöiÿ, ùî

Φ(σ) =
T1

|σ|ρ1
+

n−1∑
j=2

Tj

|σ|ρj
+

τ

|σ|ρn
, σ0 6 σ < 0, (11)

äå T1 > 0 Tj ∈ R \ {0}, j = 2, n− 1, τ ∈ R \ {0}, 0 < ρn < ... < ρ2 <

ρ1 i
ρ1 + ρn

2
> ρ2.

Äëÿ ôóíêöi¨ (11) àñèìïòîòèêó îáåðíåíî¨ ôóíêöi¨ φ îïèñó¹ ëåìà.

Ëåìà 5. ßêùî ôóíêöiÿ Φ ∈ Ω(0) òàêà, ùî âèêîíó¹òüñÿ (11), òî äëÿ ôóíêöi¨ φ
ïðè x → +∞ ïðàâèëüíà òàêà àñèìïòîòè÷íà ðiâíiñòü:

φ(x) = −
(

x

T1ρ1

)− 1
ρ1+1

−
n−1∑
j=2

ρjTj

ρ1T1(ρ1 + 1)

(
x

T1ρ1

) ρj−ρ1−1

ρ1+1

−

− τρn(1 + o(1))

T1ρ1(ρ1 + 1)

(
x

T1ρ1

) ρn−ρ1−1
ρ1+1

.
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Äîâåäåííÿ. Îñêiëüêè

Φ′(σ) =
T1ρ1

|σ|ρ1+1
+

n−1∑
j=2

Tjρj
|σ|ρj+1

+
τρn

|σ|ρn+1
,

òî äëÿ çíàõîäæåííÿ àñèìïòîòèêè ôóíêöi¨ φ òðåáà ðîçâ'ÿçàòè ðiâíÿííÿ

T1ρ1
|σ|ρ1+1

+

n−1∑
j=2

Tjρj
|σ|ρj+1

+
τρn

|σ|ρn+1
= x. (12)

Ëåãêî ïîáà÷èòè, ùî ðîçâ'ÿçîê σ = σ(x) öüîãî ðiâíÿííÿ çàäîâîëüíÿ¹ óìîâó

T1ρ1
|σ|ρ1+1

(1 + o(1)) = x (x → +∞),

òîìó áóäåìî øóêàòè éîãî ó âèãëÿäi

|σ| =
(
T1ρ1
x

) 1
ρ1+1

+ α(x), (13)

äå

α = α(x) = o(x− 1
ρ1+1 ) (x → +∞).

Ïiäñòàâëÿþ÷è (13) â (12), îòðèìà¹ìî

T1ρ1((
T1ρ1
x

) 1
ρ1+1

+ α(x)

)ρ1+1
+

n−1∑
j=2

Tjρj((
T1ρ1
x

) 1
ρ1+1

+ α(x)

)ρj+1
+

τρn((
T1ρ1
x

) 1
ρ1+1

+ α(x)

)ρn+1
= x,

òîáòî

x(
1 + α(x)

(
x

T1ρ1

) 1
ρ1+1

)ρ1+1
+

n−1∑
j=2

Tjρj(
T1ρ1
x

) ρj+1

ρ1+1
(
1 + α(x)

(
x

T1ρ1

) 1
ρ1+1

)ρj+1
+

+
τρn(

T1ρ1
x

) ρn+1
ρ1+1

(
1 + α(x)

(
x

T1ρ1

) 1
ρ1+1

)ρn+1
= x,

çâiäêè(
1 +

(
x

T1ρ1

) 1
ρ1+1

α

)−(ρ1+1)

+
n−1∑
j=2

Tjρj
T1ρ1

(
x

T1ρ1

) ρj−ρ1
ρ1+1

(
1 +

(
x

T1ρ1

) 1
ρ1+1

α

)−(ρj+1)

+

+
τρn
T1ρ1

(
x

T1ρ1

) ρn−ρ1
ρ1+1

(
1 +

(
x

T1ρ1

) 1
ρ1+1

α

)−(ρn+1)

= 1.
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Çâiäñè ïðè x → +∞ îòðèìó¹ìî

1− (ρ1 + 1)α

(
x

T1ρ1

) 1
ρ1+1

+O

(
α2x

2
ρ1+1

)
+

+

n−1∑
j=2

ρjTj

ρ1T1

(
x

T1ρ1

) ρj−ρ1
ρ1+1

(
1− (ρj + 1)α

(
x

T1ρ1

) 1
ρ1+1

+O

(
α2x

2
ρ1+1

))
+

+
τρn(1 + o(1))

T1ρ1

(
x

T1ρ1

) ρn−ρ1
ρ1+1

= 1,

òîáòî

α =
n−1∑
j=2

(
ρjTj

ρ1T1(ρ1 + 1)

(
x

T1ρ1

) ρj−ρ1−1

ρ1+1

− ρjTj(ρj + 1)

ρ1T1(ρ1 + 1)

(
x

T1ρ1

) ρj−ρ1
ρ1+1

α+

+O

(
α2x

ρj−ρ1+1

ρ1+1

))
+

τρn(1 + o(1))

T1ρ1(ρ1 + 1)

(
x

T1ρ1

) ρn−ρ1−1
ρ1+1

+O

(
α2x

2
ρ1+1

)
,

x → +∞. (14)

Îñêiëüêè α(x)x
1

ρ1+1 → 0 (x → +∞), òî çâiäñè

α =
ρ2T2(1 + o(1))

ρ1T1(ρ1 + 1)

(
x

T1ρ1

) ρ2−ρ1−1
ρ1+1

=
ρ2T2

ρ1T1(ρ1 + 1)

(
x

T1ρ1

) ρ2−ρ1−1
ρ1+1

+ β, (15)

äå

β = β(x) = o(x
ρ2−ρ1−1

ρ1+1 ), x → +∞,

i îòæå, ç (14) îòðèìó¹ìî

ρ2T2

ρ1T1(ρ1 + 1)

(
x

T1ρ1

) ρ2−ρ1−1
ρ1+1

+ β =

=
n−1∑
j=2

(
ρjTj

ρ1T1(ρ1 + 1)

(
x

T1ρ1

) ρj−ρ1−1

ρ1+1

− ρjTj(ρj + 1)

ρ1T1(ρ1 + 1)

(
x

T1ρ1

) ρj−ρ1
ρ1+1

×

×
(

ρ2T2

ρ1T1(ρ1 + 1)

(
x

T1ρ1

) ρ2−ρ1−1
ρ1+1

+ β

)
+O

(
x

2ρ2−3ρ1+ρj−1

ρ1+1

))
+

+
τρn(1 + o(1))

T1ρ1(ρ1 + 1)

(
x

T1ρ1

) ρn−ρ1−1
ρ1+1

+O

(
x

2(ρ2−ρ1)−1
ρ1+1

)
, x → +∞,

çâiäêè ëåãêî âèïëèâà¹, ùî ïðè x → +∞

β(x) =

n−1∑
j=3

ρjTj

ρ1T1(ρ1 + 1)

(
x

T1ρ1

) ρj−ρ1−1

ρ1+1

−

− (1 + o(1))

n−1∑
j=2

ρjTj(ρj + 1)

ρ1T1(ρ1 + 1)

ρ2T2

ρ1T1(ρ1 + 1)

(
x

T1ρ1

) ρj+ρ2−2ρ1−1

ρ1+1

+
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+O

(
x

2ρ2−3ρ1+ρj−1

ρ1+1

)
+

τρn(1 + o(1))

T1ρ1(ρ1 + 1)

(
x

T1ρ1

) ρn−ρ1−1
ρ1+1

+O

(
x

2(ρ2−ρ1)−1
ρ1+1

)
. (16)

Îñêiëüêè ρn > 2ρ2 − ρ1, òî
ρn − ρ1 − 1 > 2(ρj − ρ1)− 1 > 3(ρj − ρ1)− 1 > ... > n(ρj − ρ1)− 1, j = 2, n− 1
i ç (16) îòðèìó¹ìî

β(x) =
τρn(1 + o(1))

T1ρ1(ρ1 + 1)

(
x

T1ρ1

) ρn−ρ1−1
ρ1+1

+
n−1∑
j=3

Tjρj
T1ρ1(ρ1 + 1)

(
x

T1ρ1

) ρj−ρ1−1

ρ1+1

, x → +∞.

Òîìó ç (13) i (15) âèïëèâà¹ òâåðäæåííÿ ëåìè 5. �

Âèêîðèñòîâóþ÷è ëåìó 5, çíàéäåìî àñèìòîòè÷íi ôîðìóëè äëÿ Φ(φ(x)) i

xΨ(φ(x)), äå Ψ(σ) = σ − Φ(σ)

Φ′(σ)
.

Ëåìà 6. ßêùî ôóíêöiÿ Φ ∈ Ω(0) òàêà, ùî âèêîíó¹òüñÿ (11), òî ïðè x → +∞
ïðàâèëüíi òàêi àñèìïòîòè÷íi ðiâíîñòi

xΨ(φ(x)) = −T1(ρ1 + 1)

(
x

T1ρ1

) ρ1
ρ1+1

−
n−1∑
j=2

Tj

(
x

T1ρ1

) ρj
ρ1+1

−

− (τ + o(1))

(
x

T1ρ1

) ρn
ρ1+1

(17)

i

Φ(φ(x)) = T1

(
x

T1ρ1

) ρ1
ρ1+1

+
n−1∑
j=2

Tj

(
1− ρj

ρ1 + 1

)(
x

T1ρ1

) ρj
ρ1+1

+

+
(τ + o(1))(ρ1 − ρn + 1)

ρ1 + 1

(
x

T1ρ1

) ρn
ρ1+1

. (18)

Äîâåäåííÿ. Îñêiëüêè xΨ(φ(x)) =

∫ x

x0

φ(t)dt+ const, òî ïðè x → +∞

xΨ(φ(x)) = −
(

1

T1ρ1

)− 1
ρ1+1

∫ x

x0

t−
1

ρ1+1 dt−

−
n−1∑
j=2

ρjTj

ρ1T1(ρ1 + 1)

(
1

T1ρ1

) ρj−ρ1−1

ρ1+1
∫ x

x0

t
ρj−ρ1−1

ρ1+1 dt−

− τρn(1 + o(1))

T1ρ1(ρ1 + 1)

(
1

T1ρ1

) ρn−ρ1−1
ρ1+1

∫ x

x0

t
ρn−ρ1−1

ρ1+1 dt+ const =

= −
(

1

T1ρ1

)− 1
ρ1+1 ρ1 + 1

ρ1
x

ρ1
ρ1+1 −

n−1∑
j=2

ρjTj

ρ1T1(ρ1 + 1)

(
1

T1ρ1

) ρj−ρ1−1

ρ1+1 ρ1 + 1

ρj
x

ρj
ρ1+1−
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− τρn(1 + o(1))

T1ρ1(ρ1 + 1)

(
1

T1ρ1

) ρn−ρ1−1
ρ1+1 ρ1 + 1

ρn
x

ρn
ρ1+1 + const =

= −T1(ρ1 + 1)

(
x

T1ρ1

) ρ1
ρ1+1

−
n−1∑
j=2

Tj

(
x

T1ρ1

) ρj
ρ1+1

− (τ + o(1))

(
x

T1ρ1

) ρn
ρ1+1

,

òîáòî îòðèìó¹ìî àñèìïòîòè÷íó ðiâíiñòü (17).
Âèêîðèñòîâóþ÷è ðiâíiñòü Φ(φ(x)) = xφ(x)−xΨ(φ(x)), îòðèìó¹ìî àñèìïòîòè÷íó

ðiâíiñòü (18).

3. Àñèìïòîòè÷íà ïîâåäiíêà G1(tk, tk+1,Φ) i G2(tk, tk+1,Φ).
Íåõàé 0 < tk ↑ +∞ (k → ∞) ç îçíà÷åííÿ G1(a, b,Φ) i ç îãëÿäó íà (18) îòðèìà-

¹ìî

G1(tk, tk+1,Φ) =
tktk+1

tk+1 − tk

∫ tk+1

tk

Φ(φ(t))

t2
dt =

=
tktk+1

tk+1 − tk

∫ tk+1

tk

(
T1

(
t

T1ρ1

) ρ1
ρ1+1

+
n−1∑
j=2

Tj

(
1− ρj

ρ1 + 1

)(
t

T1ρ1

) ρj
ρ1+1

+

+
(τ + o(1))(ρ1 − ρn + 1)

ρ1 + 1

(
t

T1ρ1

) ρn
ρ1+1

)
dt

t2
=

=
tktk+1

tk+1 − tk

(
T1

(
1

T1ρ1

) ρ1
ρ1+1

∫ tk+1

tk

t
−ρ1−2
ρ1+1 dt+

+

n−1∑
j=2

Tj

(
1− ρj

ρ1 + 1

)(
1

T1ρ1

) ρj
ρ1+1

∫ tk+1

tk

t
ρj−2ρ1−2

ρ1+1 dt+

+
(τ + o(1))(ρ1 − ρn + 1)

ρ1 + 1

(
1

T1ρ1

) ρn
ρ1+1

∫ tk+1

tk

t
ρn−2ρ1−2

ρ1+1 dt

)
=

=
tktk+1

tk+1 − tk

{
T1(ρ1 + 1)

(
1

T1ρ1

) ρ1
ρ1+1

(
t

−1
ρ1+1

k − t
−1

ρ1+1

k+1

)
+

+

n−1∑
j=2

Tj

(
1

T1ρ1

) ρj
ρ1+1

(
t
ρj−ρ1−1

ρ1+1

k − t
ρj−ρ1−1

ρ1+1

k+1

)
+

+ (τ + o(1))

(
1

T1ρ1

) ρn
ρ1+1

(
t
ρn−ρ1−1

ρ1+1

k − t
ρn−ρ1−1

ρ1+1

k+1

)}
, k → ∞.

Ïðèïóñòèìî, ùî tk+1 = tk(1 + θk), äå θk > 0. Òîäi ïðè k → ∞ îäåðæó¹ìî

G1(tk, tk(1 + θk),Φ) =
tk(1 + θk)

θk

(
T1(ρ1 + 1)

(
1

T1ρ1

) ρ1
ρ1+1

t
−1

ρ1+1

k

(
1− (1 + θk)

−1
ρ1+1

)
+

+

n−1∑
j=2

Tj

(
1

T1ρ1

) ρj
ρ1+1

t
ρj−ρ1−1

ρ1+1

k

(
1− (1 + θk)

ρj−ρ1−1

ρ1+1

)
+
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+ (τ + o(1))

(
1

T1ρ1

) ρn
ρ1+1

t
ρn−ρ1−1

ρ1+1

k

(
1− (1 + θk)

ρn−ρ1−1
ρ1+1

))
=

=
(1 + θk)

θk

(
T1(ρ1 + 1)

(
tk

T1ρ1

) ρ1
ρ1+1

(
1− (1 + θk)

−1
ρ1+1

)
+

+

n−1∑
j=2

Tj

(
tk

T1ρ1

) ρj
ρ1+1

(
1− (1 + θk)

ρj−ρ1−1

ρ1+1

)
+

+ (τ + o(1))

(
tk

T1ρ1

) ρn
ρ1+1

(
1− (1 + θk)

ρn−ρ1−1
ρ1+1

))
. (19)

�

Çâiäñè ëåãêî âèïëèâàþòü äâi ëåìè.

Ëåìà 7. ßêùî iñíó¹ çðîñòàþ÷à ïîñëiäîâíiñòü (kj) íàòóðàëüíèõ ÷èñåë òàêà, ùî
θkj → +∞ ïðè j → ∞, òî äëÿ öi¹¨ ïîñëiäîâíîñòi ïðè j → ∞

G1(tkj , tkj (1 + θkj ),Φ) = (1 + o(1))T1(ρ1 + 1)

(
tkj

T1ρ1

) ρ1
ρ1+1

.

Ëåìà 8. ßêùî iñíó¹ çðîñòàþ÷à ïîñëiäîâíiñòü (kj) íàòóðàëüíèõ ÷èñåë òàêà, ùî
θkj

→ θ ∈ (0,+∞) ïðè j → ∞, òî äëÿ öi¹¨ ïîñëiäîâíîñòi ïðè j → ∞

G1(tkj , tkj (1 + θkj ),Φ) = (1 + o(1))T1(ρ1 + 1)

(
tkj

T1ρ1

) ρ1
ρ1+1 1 + θ

θ

(
1− (1 + θ)−

1
ρ1+1

)
.

Ïðèïóñòèìî òåïåð, ùî θk → 0 (k → ∞). Òîäi ç îãëÿäó íà (19)

G1(tkj , tkj (1 + θkj ),Φ) = T1(ρ1 + 1)

(
tk

T1ρ1

) ρ1
ρ1+1 1 + θk

θk
×

×
(
1−

(
1− θk

ρ1 + 1
+

(ρ1 + 2)θ2k
2(ρ1 + 1)2

− (ρ1 + 2)(2ρ1 + 3)θ3k
6(ρ1 + 1)3

+O(θ4k)

))
+

+

n−1∑
j=2

Tj

(
tk

T1ρ1

) ρj
ρ1+1 1 + θk

θk
×

(
1−

(
1 +

(ρj − ρ1 − 1)θk
ρ1 + 1

+
(ρj − 2ρ1 − 2)(ρj − ρ1 − 1)θ2k

2(ρ1 + 1)2
+O(θ3k)

))
+

+ (τ + o(1))

(
tk

T1ρ1

) ρn
ρ1+1 1 + θk

θk

(
1−

(
1 +

(ρn − ρ1 − 1)θk
ρ1 + 1

+O(θ2k)

)))
=

= T1

(
tk

T1ρ1

) ρ1
ρ1+1

(1 + θk)

(
1− (ρ1 + 2)θk

2(ρ1 + 1)
− (ρ1 + 2)(2ρ1 + 3)θ2k

6(ρ1 + 1)2
+O(θ3k)

)
−

−
n−1∑
j=2

(
Tj

(
tk

T1ρ1

) ρj
ρ1+1

(1 + θk)

(
ρj − ρ1 − 1

ρ1 + 1
+
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+
(ρj − 2ρ1 − 2)(ρj − ρ1 − 1)θk

2(ρ1 + 1)2
+O(θ2k)

))
−

− (τ + o(1))(ρn − ρ1 − 1)

ρ1 + 1

(
tk

T1ρ1

) ρn
ρ1+1

, k → ∞.

Çâiäñè âèïëèâà¹ òàêà ëåìà.

Ëåìà 9. Íåõàé ôóíêöiÿ Φ ∈ Ω(0) òàêà, ùî âèêîíó¹òüñÿ (11), à θk → 0 (k → ∞).
Òîäi ïðè k → ∞

G1(tk, tk(1 + θk),Φ) = T1

(
tk

T1ρ1

) ρ1
ρ1+1

+
T1ρ1θk

2(ρ1 + 1)

(
tk

T1ρ1

) ρ1
ρ1+1

−

− T1ρ1(ρ1 + 2)

6(ρ1 + 1)2
θ2k

(
tk

T1ρ1

) ρ1
ρ1+1

+
n−1∑
j=2

Tj(ρ1 + 1− ρj)

ρ1 + 1

(
tk

T1ρ1

) ρj
ρ1+1

+

+

n−1∑
j=2

Tjρj(ρ1 + 1− ρj)

2(ρ1 + 1)2

(
tk

T1ρ1

) ρj
ρ1+1

θk +
(τ + o(1))(ρ1 + 1− ρn)

ρ1 + 1

(
tk

T1ρ1

) ρn
ρ1+1

+

+O(t
ρ1

ρ1+1

k θ3k) +O(t
ρ2

ρ1+1

k θ2k).

Äëÿ òîãî, ùîá îòðèìàòè àñèìïòîòè÷íå ïîâîäæåííÿ âåëè÷èíè G2(tk, tk+1,Φ) äî-
ñëiäèìî ñïî÷àòêó ïîâîäæåííÿ âåëè÷èíè

κ(tk, tk+1,Φ) =
1

tk+1 − tk

∫ tk+1

tk

φ(t)dt. (20)

ßê âèäíî ç äîâåäåííÿ ðiâíîñòi (17), îäåðæèìî

|κ(tk, tk+1,Φ)| =
ρ1 + 1

ρ1
(T1ρ1)

1
ρ1+1

t
ρ1

ρ1+1

k+1 − t
ρ1

ρ1+1

k

(tk+1 − tk)
+

+
n−1∑
j=2

Tj

(T1ρ1)
ρj

ρ1+1

t
ρj

ρ1+1

k+1 − t
ρj

ρ1+1

k

(tk+1 − tk)
+

(τ + o(1))

(T1ρ1)
ρn

ρ1+1

t
ρn

ρ1+1

k+1 − t
ρn

ρ1+1

k

(tk+1 − tk)
.

ßêùî tk+1 = tk(1 + θk), äå θk > 0, òî ïðè k → ∞ îòðèìó¹ìî

|κ(tk, tk(1 + θk),Φ)| =
ρ1 + 1

ρ1

(
tk

T1ρ1

)− 1
ρ1+1 ((1 + θk)

ρ1
ρ1+1 − 1)

θk
+

+
n−1∑
j=2

Tj

T1ρ1

(
tk

T1ρ1

) ρj−ρ1−1

ρ1+1 ((1 + θk)
ρj

ρ1+1 − 1)

θk
+

+
(τ + o(1))

T1ρ1

(
tk

T1ρ1

) ρn−ρ1−1
ρ1+1 ((1 + θk)

ρn
ρ1+1 − 1)

θk
. (21)
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Ïðèïóñòèìî, ùî iñíó¹ çðîñòàþ÷à ïîñëiäîâíiñòü (kj) íàòóðàëüíèõ ÷èñåë òàêà, ùî
θkj → +∞ (j → ∞). Äëÿ öi¹¨ ïîñëiäîâíîñòi ç îãëÿäó íà (21) ïðè j → ∞ îäåðæèìî

|κ(tkj , tkj (1 + θkj ),Φ)| =
ρ1 + 1

ρ1

(
tkj

T1ρ1

)− 1
ρ1+1

θ
− 1

ρ1+1

kj
(1 + o(1)),

îñêiëüêè

G2(tk, tk+1,Φ) = Φ(κ(tk, tk+1,Φ)) =
T1(1 + o(1))

|κ(tk, tk+1,Φ)|ρ1
, k → ∞,

òî çâiäñè ëåãêî îòðèìó¹ìî òàêó ëåìó.

Ëåìà 10. ßêùî iñíó¹ çðîñòàþ÷à ïîñëiäîâíiñòü (kj) íàòóðàëüíèõ ÷èñåë òàêà, ùî
θkj → +∞ ïðè j → ∞, òî äëÿ öi¹¨ ïîñëiäîâíîñòi

G2(tkj , tkj (1 + θkj ),Φ) = (1 + o(1))T1

(
ρ1

ρ1 + 1

)ρ1
(

tkj

T1ρ1

) ρ1
ρ1+1

θ
ρ1

ρ1+1

kj
(j → ∞).

Ïîäiáíî äîâîäèòüñÿ òàêà ëåìà.

Ëåìà 11. ßêùî iñíó¹ çðîñòàþ÷à ïîñëiäîâíiñòü (kj) íàòóðàëüíèõ ÷èñåë òàêà, ùî
θkj → θ ∈ (0,+∞) ïðè j → ∞, òî äëÿ öi¹¨ ïîñëiäîâíîñòi ïðè j → ∞

G2(tkj , tkj (1 + θkj ),Φ) =

= (1 + o(1))T1

(
ρ1

ρ1 + 1

)ρ1
(

tkj

T1ρ1

) ρ1
ρ1+1

(
((1 + θ)

ρ1
ρ1+1 − 1)

θ

)−ρ1

.

Ïðèïóñòèìî òåïåð, ùî θk → 0 (k → ∞). Òîäi ç îãëÿäó íà (19) îòðèìà¹ìî

|κ(tk, tk(1 + θk),Φ)| =
ρ1 + 1

ρ1θk

(
tk

T1ρ1

)− 1
ρ1+1

(
1 +

ρ1
ρ1 + 1

θk − ρ1θ
2
k

2(ρ1 + 1)2
+

+
ρ1(ρ1 + 2)θ3k
6(ρ1 + 1)3

+O(θ4k)− 1

)
+

n−1∑
j=2

Tj

T1ρ1θk

(
tk

T1ρ1

) ρj−ρ1−1

ρ1+1
(
1 +

ρj
ρ1 + 1

θk−

− ρj(ρ1 + 1− ρj)θ
2
k

2(ρ1 + 1)2
+O(θ3k)− 1

)
+

(τ + o(1))

T1ρ1θk

(
tk

T1ρ1

) ρn−ρ1−1
ρ1+1

×

×
(
1 +

ρn
ρ1 + 1

θk +O(θ2k)− 1

)
=

(
tk

T1ρ1

)− 1
ρ1+1

−

− θk
2(ρ1 + 1)

(
tk

T1ρ1

)− 1
ρ1+1

+
(ρ1 + 2)θ2k
6(ρ1 + 1)2

(
tk

T1ρ1

)− 1
ρ1+1

+O(θ3kt
− 1

ρ1+1

k )+

+

n−1∑
j=2

Tjρj
T1ρ1(ρ1 + 1)

(
tk

T1ρ1

) ρj−ρ1−1

ρ1+1

−
n−1∑
j=2

Tjρj(ρ1 + 1− ρj)θk
2T1ρ1(ρ1 + 1)2

(
tk

T1ρ1

) ρj−ρ1−1

ρ1+1

+

+O(θ2kt
ρ2−ρ1−1

ρ1+1

k )

)
+

ρn(τ + o(1))

T1ρ1(ρ1 + 1)

(
tk

T1ρ1

) ρn−ρ1−1
ρ1+1

=

(
tk

T1ρ1

)− 1
ρ1+1

(
1− θk

2(ρ1 + 1)
+
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+
(ρ1 + 2)θ2k
6(ρ1 + 1)2

+

n−1∑
j=2

Tjρj
T1ρ1(ρ1 + 1)

(
tk

T1ρ1

) ρj−ρ1
ρ1+1

−

−
n−1∑
j=2

Tjρj(ρ1 + 1− ρj)θk
2T1ρ1(ρ1 + 1)2

(
tk

T1ρ1

) ρj−ρ1
ρ1+1

+
ρn(τ + o(1))

T1ρ1(ρ1 + 1)

(
tk

T1ρ1

) ρn−ρ1
ρ1+1

+

+O(θ3k) +O(θ2kt
ρ2−ρ1
ρ1+1

k )

)
, k → ∞. (22)

×åðåç B(tk, θk) ïîçíà÷èìî òàêó âåëè÷èíó:

B(tk, θk) = − θk
2(ρ1 + 1)

+
(ρ1 + 2)θ2k
6(ρ1 + 1)2

+

n−1∑
j=2

Tjρj
T1ρ1(ρ1 + 1)

(
tk

T1ρ1

) ρj−ρ1
ρ1+1

−

−
n−1∑
j=2

Tjρj(ρ1 + 1− ρj)θk
2T1ρ1(ρ1 + 1)2

(
tk

T1ρ1

) ρj−ρ1
ρ1+1

+
ρn(τ + o(1))

T1ρ1(ρ1 + 1)

(
tk

T1ρ1

) ρn−ρ1
ρ1+1

.

Òîìó ïðè k → ∞

|κ(tk, tk(1 + θk),Φ)| =

(
tk

T1ρ1

)− 1
ρ1+1

(
1 + B(tk, θk) + O(θ3k) + O(θ2kt

ρ2−ρ1
ρ1+1

k )

)
.

Îñêiëüêè B(tk, θk) → 0 (k → ∞), òî äëÿ p > 0 ç (22) îòðèìó¹ìî

1

|κ(tk, tk(1 + θk),Φ)|p
=

(
tk

T1ρ1

) p
ρ1+1

{
1 +B(tk, θk) +O(θ3k) +O(θ2kt

ρ2−ρ1
ρ1+1

k )

}−p

=

=

(
tk

T1ρ1

) p
ρ1+1

{
1− pB(tk, θk) +

p(p+ 1)

2
B2(tk, θk) +O

(
B3(tk, θk)

)
+O(θ3k)+

+O(θ2kt
ρ2−ρ1
ρ1+1

k )

}
=

(
tk

T1ρ1

) p
ρ1+1

{
1 +

pθk
2(ρ1 + 1)

− p(ρ1 + 2)θ2k
6(ρ1 + 1)2

−

−
n−1∑
j=2

pTjρj
T1ρ1(ρ1 + 1)

(
tk

T1ρ1

) ρj−ρ1
ρ1+1

+
n−1∑
j=2

pTjρj(ρ1 + 1− ρj)θk
2T1ρ1(ρ1 + 1)2

(
tk

T1ρ1

) ρj−ρ1
ρ1+1

−

− pρn(τ + o(1))

T1ρ1(ρ1 + 1)

(
tk

T1ρ1

) ρn−ρ1
ρ1+1

+
p(p+ 1)

2

θ2k
4(ρ1 + 1)2

+O(θ2kt
ρ2−ρ1
ρ1+1

k ) +O(θ3k)+

+O(θkt
2(ρ2−ρ1)

ρ1+1

k )

}
, k → ∞,

à îñêiëüêè

G2(tk, tk+1,Φ) = Φ(κ(tk, tk+1,Φ)) =

=
T1

|κ(tk, tk+1,Φ)|ρ1
+

n−1∑
j=2

Tj

|κ(tk, tk+1,Φ)|ρj
+

τ

|κ(tk, tk+1,Φ)|ρn
(k > k0),

òî çâiäñè îäåðæó¹ìî
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G2(tk, tk(1 + θk),Φ) = T1

(
tk

T1ρ1

) ρ1
ρ1+1

+
n−1∑
j=2

Tj

(
tk

T1ρ1

) ρj
ρ1+1

+ τ

(
tk

T1ρ1

) ρ
ρ1+1

−

−
n−1∑
j=2

Tjρj
(ρ1 + 1)

(
tk

T1ρ1

) ρj
ρ1+1

+
T1ρ1θk

2(ρ1 + 1)

(
tk

T1ρ1

) ρ1
ρ1+1

+

+

n−1∑
j=2

Tjρj(ρ1 + 1− ρj)θk
2(ρ1 + 1)2

(
tk

T1ρ1

) ρj
ρ1+1

− T1ρ1(ρ1 + 2)θ2k
6(ρ1 + 1)2

(
tk

T1ρ1

) ρ1
ρ1+1

+

+
T1ρ1θ

2
k

8(ρ1 + 1)

(
tk

T1ρ1

) ρ1
ρ1+1

+
τρn

2(ρ1 + 1)

(
tk

T1ρ1

) ρn
ρ1+1

+O(t
ρ1

ρ1+1

k θ3k)+

+O(t
ρ2

ρ1+1

k θ2k), k → ∞.

Îòæå, äîâåäåìî òàêèé àíàëîã ëåìè 9.

Ëåìà 12. Íåõàé ôóíêöiÿ Φ ∈ Ω(0) òàêà, ùî âèêîíó¹òüñÿ (11), à θk → 0 (k → ∞).
Òîäi

G2(tk, tk(1 + θk),Φ) = T1

(
tk

T1ρ1

) ρ1
ρ1+1

+
T1ρ1θk

2(ρ1 + 1)

(
tk

T1ρ1

) ρ1
ρ1+1

−

− T1ρ1(ρ1 + 5)

24(ρ1 + 1)2
θ2k

(
tk

T1ρ1

) ρ1
ρ1+1

+

n−1∑
j=2

Tj(ρ1 + 1− ρj)

ρ1 + 1

(
tk

T1ρ1

) ρj
ρ1+1

+

+
n−1∑
j=2

Tjρj(ρ1 + 1− ρj)

2(ρ1 + 1)2

(
tk

T1ρ1

) ρj
ρ1+1

θk+

+
(ρ1 + 1− ρn)(τ + o(1))

ρ1 + 1

(
x

T1ρ1

) ρn
ρ1+1

+O(t
ρ1

ρ1+1

k θ3k) +O(t
ρ2

ρ1+1

k θ2k), k → ∞,

Ç ëåì 9 i 12 îòðèìó¹ìî òàêó ëåìó.

Ëåìà 13. Íåõàé ôóíêöiÿ Φ ∈ Ω(0) òàêà, ùî âèêîíó¹òüñÿ (11), à θk → 0 (k →
∞).Òîäi

G2(tk, tk(1 + θk),Φ)−G1(tk, tk(1 + θk),Φ) =
T1ρ1

8(ρ1 + 1)

(
tk

T1ρ1

) ρ1
ρ1+1

θ2k+

+O(θ2kt
ρ2

ρ1+1

k ) +O(θ3kt
ρ1

ρ1+1

k ) + o

(
t

ρn
ρ1+1

k

)
, k → ∞,

Âèêîðèñòîâóþ÷è ëåìè 7 � 13, äîâåäåìî ùå òàêó ëåìó.

Ëåìà 14. Íåõàé

Φ1(σ) =
T1

|σ|ρ1
+

n−1∑
j=2

Tj

|σ|ρj
+

τ − ε

|σ|ρn
, σ0 6 σ < 0,

Φ2(σ) =
T1

|σ|ρ1
+

n−1∑
j=2

Tj

|σ|ρj
+

τ + ε

|σ|ρn
, σ0 6 σ < 0.
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Ïðèïóñòèìî, ùî tk+1 = (1 + θk)tk i äëÿ âñiõ k > k0

G1(tk, tk+1,Φ2) > Φ1(κ(tk, tk+1,Φ2)). (23)

Òîäi θk → 0 i

θ2k 6 16(ρ1 + 1)

T1ρ1
(ε+ o(1))

(
tk

T1ρ1

) ρn−ρ1
ρ1+1

+ o

(
t
ρn−ρ1
ρ1+1

k

)
, k → ∞.

Äîâåäåííÿ. Îñêiëüêè Φ1(σ) = Φ2(σ)−
2ε

|σ|ρn
, Φ1(κ(tk, tk+1,Φ2)) =

= G2(tk, tk+1,Φ2), òî ç (23) îòðèìà¹ìî

G1(tk, tk+1,Φ2) > G2(tk, tk+1,Φ2)−
2ε

|κ(tk, tk+1,Φ2)|ρn
. (24)

Ïðèïóñòèìî, ùî lim
k→∞

θk = +∞. Òîäi iñíó¹ çðîñòàþ÷à ïîñëiäîâíiñòü (kj) íàòó-

ðàëüíèõ ÷èñåë òàêà, ùî θkj → ∞ (j → ∞), à äëÿ öi¹¨ ïîñëiäîâíîñòi çà ëåìàìè 7 i 10

i ç òîãî, ùî |κ(tk, tk+1,Φ2)|ρn = (1+ o(1))

(
ρ1+1
ρ1

)ρn

·
(

tk
T1ρ1

)− ρn
ρ1+1

· θ
− ρn

ρ1+1

k (k → ∞)

îäåðæèìî

T1(ρ1 + 1)

(
tkj

T1ρ1

) ρ1
ρ1+1

> (1 + o(1))T1

(
ρ1

ρ1 + 1

)ρ1
(

tkj

T1ρ1

) ρ1
ρ1+1

θ
ρ1

ρ1+1

kj
, j → ∞,

ùî íåìîæëèâî.
ßêùî lim

k→∞
θk = θ ∈ (0,+∞), òî iñíó¹ çðîñòàþ÷à ïîñëiäîâíiñòü (kj) íàòóðàëü-

íèõ ÷èñåë òàêà, ùî θkj → θ(j → ∞), à äëÿ öi¹¨ ïîñëiäîâíîñòi ç îãëÿäó íà ëå-

ìè 8 i 11 i àñèìïòîòèêó |κ(tk, tk+1,Φ2)|ρn = (1 + o(1))

(
ρ1+1
ρ1

)ρn

·
(

tk
T1ρ1

)− ρn
ρ1+1

·(
(1+θ)

ρ1
ρ1+1 −1
θ

)ρn

(k → ∞) ïðàâèëüíà àñèìïòîòè÷íà íåðiâíiñòü

T1(ρ1 + 1)

(
tkj

T1ρ1

) ρ1
ρ1+1 1 + θ

θ

(
1− (1 + θ)−

1
ρ1+1

)
>

(1 + o(1))T1

(
ρ1

ρ1 + 1

)ρ1
(

tkj

T1ρ1

) ρ1
ρ1+1

(
θ

(1 + θ)
ρ1

ρ1+1 − 1

)ρ1

, j → ∞,

çâiäêè âèïëèâà¹, ùî

(ρ1 + 1)
1 + θ

θ

(
1− (1 + θ)−

1
ρ1+1

)
>

(
ρ1

ρ1 + 1

)ρ1
(

θ

(1 + θ)
ρ1

ρ1+1 − 1

)ρ1

.

Ïîäiáíî, âèêîðèñòîâóþ÷è íåðiâíiñòü G1(tk, tk+1,Φ2) < G2(tk, tk+1,Φ2) i ëåìè 7
òà 10, îòðèìà¹ìî ïðîòèëåæíó íåðiâíiñòü. Òîìó θ çàäîâîëüíÿ¹ ðiâíÿííÿ

(1 + θ)
ρ1

ρ1+1

θρ1+1

(
(1 + θ)

1
ρ1+1 − 1

)(
(1 + θ)

ρ1
ρ1+1 − 1

)ρ1

=
ρρ1

1

(ρ1 + 1)ρ1+1
. (25)

Ëåãêî ïåðåâiðèòè, ùî θ = 0 ¹ ðîçâ'ÿçêîì ðiâíÿííÿ (25) i ÿê çàçíà÷åíî â [6] öå
ðiâíÿííÿ íå ìà¹ äîäàòíèõ êîðåíiâ.
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Îòæå, θk → 0 (k → ∞) îòðèìó¹ìî, ùî |κ(tk, tk+1,Φ2)|ρn = (1+o(1))

(
tk

T1ρ1

)− ρn
ρ1+1

(k → ∞), à ó öüîìó âèïàäêó ç îãëÿäó íà (24)

T1ρ1
8(ρ1 + 1)

(
tk

T1ρ1

) ρ1
ρ1+1

θ2k 6 2ε

|κ(tk, tk+1,Φ2)|ρn
+O

(
θ2kt

ρ2
ρ1+1

k

)
+

+O

(
θ3kt

ρ1
ρ1+1

k

)
+ o

(
t

ρn
ρ1+1

k

)
ïðè k → ∞. Òîìó

T1ρ1θ
2
k

8(ρ1 + 1)
6 2ε

(
tk

T1ρ1

) ρn−ρ1
ρ1+1

+O

(
θ2kt

ρ2
ρ1+1

k

)
+

+O

(
θ3kt

ρ1
ρ1+1

k

)
+ o

(
t
ρn−ρ1
ρ1+1

k

)
(k → ∞),

çâiäêè âèïëèâà¹ òâåðäæåííÿ ëåìè 14. �

4. Äîâåäåííÿ òåîðåìè 1. Ïî÷íåìî ç íåîáõiäíîñòi. Ç (2) âèïëèâà¹, ùî äëÿ
êîæíîãî ε ∈ (0, |τ |) i âñiõ σ ∈ [σ0(ε), 0) îòðèìà¹ìî

T1

|σ|ρ1
+

n−1∑
j=2

Tj

|σ|ρj
+

(τ − ε)

|σ|ρn
6 lnµ(σ, F ) 6 T1

|σ|ρ1
+

n−1∑
j=2

Tj

|σ|ρj
+

(τ + ε)

|σ|ρn
,

òîáòî âèêîíó¹òüñÿ óìîâà (6) ëåìè 3 ç

Φ1(σ) =
T1

|σ|ρ1
+

n−1∑
j=2

Tj

|σ|ρj
+

(τ − ε)

|σ|ρn
, Φ2(σ) =

T1

|σ|ρ1
+

n−1∑
j=2

Tj

|σ|ρj
+

(τ + ε)

|σ|ρn
.

Çà öi¹þ ëåìîþ ïðàâèëüíi íåðiâíîñòi (6)�(8). Àëå çà ëåìîþ 6

λnΨ2(φ2(λn)) = −T1(ρ1 + 1)

(
λn

T1ρ1

) ρ1
ρ1+1

−
n−1∑
j=2

Tj

(
λn

T1ρ1

) ρj
ρ1+1

−

− (τ + ε+ o(1))

(
λn

T1ρ1

) ρn
ρ1+1

, n → ∞,

λnk
Ψ1(φ1(λnk

)) = −T1(ρ1 + 1)

(
λnk

T1ρ1

) ρ1
ρ1+1

−
n−1∑
j=2

Tj

(
λnk

T1ρ1

) ρj
ρ1+1

−

− (τ − ε+ o(1))

(
λnk

T1ρ1

) ρn
ρ1+1

, k → ∞,

à çà ëåìîþ 14 ç íåðiâíîñòi (5) âèïëèâà¹(
λnk+1

− λnk

λnk

)2

= θ2k 6 16(ρ1 + 1)

T1ρ1
(ε+ o(1))

(
λnk

T1ρ1

) ρn−ρ1
ρ1+1

, k → ∞,
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òîáòî

λnk+1
− λnk

6 4
√
ρ1 + 1(

√
ε+ o(1))(T1ρ1)

−ρn−1
2(ρ1+1)λ

ρn+ρ1+2

2(ρ1+1)
nk , k → ∞.

Çàâäÿêè äîâiëüíîñòi ε ç öèõ ñïiââiäíîøåíü âèïëèâàþòü ñïiââiäíîøåííÿ (3) � (5).
Äîâåäåìî äîñòàòíiñòü óìîâ (3) � (5). Âèêîðèñòîâóþ÷è ëåìó 1 i ëåìó 6, íåâàæêî

äîâåñòè, ùî ç îãëÿäó íà äîâiëüíiñòü ε ç óìîâè (3) âèïëèâà¹ àñèìïòîòè÷íà íåðiâíiñòü

lnµ(σ) 6 T1

|σ|ρ1
+

n−1∑
j=2

Tj

|σ|ρj
+

(τ + o(1))

|σ|ρn
, σ ↑ 0. (26)

Äàëi çà ëåìîþ 4 i ëåìîþ 13 ç íåðiâíîñòi (4) äëÿ âñiõ σ ∈ [φ1(λnk
), φ1(λnk+1

)] i âñiõ
k > k0 îòðèìà¹ìî

lnµ(σ) > Φ1(σ)− (G2(λnk
, λnk+1

,Φ)−G1(λnk
, λnk+1

,Φ)) = Φ1(σ)−

− T1ρ1
8(ρ1 + 1)

(
λnk

T1ρ1

) ρ1
ρ1+1

θ2k +O(θ2kλ
ρ2

ρ1+1
nk ) +O(θ3kλ

ρ1
ρ1+1
nk ) + o(λ

ρn
ρ1+1
nk ), k → ∞,

äå ç îãëÿäó íà óìîâó (5)

θk =
λnk+1

− λnk

λnk

= o

(
λ

ρn−ρ1
2(ρ1+1)
nk

)
, k → ∞.

Îñêiëüêè φ1(λnk
) 6 σ 6 φ1(λnk+1

), òî λnk
6 Φ′

1(σ) 6 λnk+1
i ç (5) ìàòèìåìî

lnµ(σ) > Φ1(σ) + o((Φ′
1(σ))

ρn
ρ1+1 ) = Φ1(σ) + o

(
1

|σ|ρ1+1

) ρn
ρ1+1

) =

= Φ1(σ) + o

(
1

|σ|ρn

)
, σ ↑ 0,

çâiäêè, çàâäÿêè äîâiëüíîñòi δ , îòðèìó¹ìî àñèìïòîòè÷íó íåðiâíiñòü

lnµ(σ) > T1

|σ|ρ1
+

n−1∑
j=2

Tj

|σ|ρj
+

(τ + o(1))

|σ|ρn
, σ ↑ 0. (27)

Ç (26) i (27) âèïëèâà¹ (2). Òåîðåìó 1 äîâåäåíî.

Çàóâàæåííÿ 1. Óìîâà
ρ1 + ρn

2
> ρ2 ó òåîðåìi 1 ¹ iñòîòíîþ. Äëÿ âèïàäêó n = 3 öå

äîâåäåíî â [7].
Çàóâàæåííÿ 2. Â [8] äîâåäåíî, ùî äëÿ òîãî, ùîá äëÿ êîæíîãî àáñîëþòíî çáiæíîãî
ó ïiâïëîùèíi {s : Res < 0} ðÿäó Äiðiõëå (1) çi çàäàíîþ ïîñëiäîâíiñòþ ïîêàçíèêiâ
(λn) ñïiââiäíîøåííÿ (2) áóëî ðiâíîñèëüíå ñïiââiäíîøåííþ

ln M(σ, F ) =
T1

|σ|ϱ1
+

m∑
j=2

Tj

|σ|ϱj
+

(1 + o(1))τ

|σ|ϱn
, σ ↑ 0, (28)

íåîáõiäíî i äîñòàòíüî, ùîá lnn = o(λ
ρn

ρ1+1
n ) ïðè n → ∞. Îá'¹äíóþ÷è öåé ðåçóëüòàò ç

òåîðåìîþ 1, îòðèìó¹ìî òàêå òâåðäæåííÿ.
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Íàñëiäîê 1. Íåõàé
ρ1 + ρn

2
> ρ2, à lnn = o(λ

ρn
ρ1+1
n ) ïðè n → ∞. Òîäi äëÿ òîãî, ùîá

ïðàâèëüíèì áóëî ñïiââiäíîøåííÿ (28), íåîáõiäíî i äîñòàòíüî, ùîá äëÿ áóäü-ÿêîãî
ε > 0 âèêîíóâàëèñü óìîâè 1) i 2) òåîðåìè 1.
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MANY-TERM POWER ASYMPTOTICS FOR LOGARITHM OF

THE MAXIMAL TERM OF A DIRICHLET SERIES ABSOLUTE

CONVERGENT IN THE HALFPLANE
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We have found conditions on exponents and coe�cients of Dirichlet series
with null abscissa of absolute convergence, under which for logarithm of the
maximal term the asymptotic equality lnµ(σ) = T1|σ|−ρ1 +

∑n−1
j=2 Tj |σ|−ρj +

(τ + o(1))|σ|−ρn , σ ↑ 0, where T1 > 0 Tj ∈ R \ {0}, j = 2, n− 1, τ ∈
R \ {0}, 0 < ρn < ... < ρ2 < ρ1 and

ρ1 + ρn
2

> ρ2 is true.
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