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1. Âñòóï. Ïåðåòâîðåííÿ

x̂ =

∞∫
−∞

U(t)xdt, (1)

äå U(t) � ãðóïà îïåðàòîðiâ, íàçèâàþòü ïåðåòâîðåííÿì Å. Õiëëå, Ð. Ôiëëiïñà òà
À. Áàëàêðèøíàíà, ÿêå âîíè âèêîðèñòîâóâàëè äëÿ ïîáóäîâè ôóíêöiîíàëüíîãî ÷èñ-
ëåííÿ [1, 2, 3] ãåíåðàòîðiâ C0 � ãðóï îïåðàòîðiâ ó çãîðòêîâèõ àëãåáðàõ ìið.

Çà äîïîìîãîþ ïåðåòâîðåíü âèãëÿäó (1) òà ¨õíiõ óçàãàëüíåíü ó [2] ïîáóäîâàíî
ôóíêöiîíàëüíå ÷èñëåííÿ ãåíåðàòîðiâ ñèëüíî íåïåðåðâíèõ ãðóï îïåðàòîðiâ ó êëàñàõ
îáìåæåíèõ ôóíêöié, ó [4, 5, 6] � ó ïåâíèõ êëàñàõ óçàãàëüíåíèõ ôóíêöié åêñïîíåíöi-
àëüíîãî òèïó, çîêðåìà, ó [6] � íà áàíàõîâèõ àëãåáðàõ òèïó Âiíåðà îáìåæåíèõ àíàëi-
òè÷íèõ ôóíêöié íà îäèíè÷íié êóëi. Çàóâàæèìî, ùî çà äîïîìîãîþ ïåðåòâîðåííÿ

x̂ =

∞∫
0

U(t)xdt,

äå U(t)� ïiâãðóïà îïåðàòîðiâ, ó [1, 7] òà iíøèõ ïðàöÿõ áóäóþòü ôóíêöiîíàëüíå ÷èñ-
ëåííÿ ãåíåðàòîðiâ ïiâãðóï îïåðàòîðiâ.

Îñêiëüêè ïðîñòîðè ôóíêöié åêñïîíåíöiàëüíîãî òèïó [8, 9] iíâàðiàíòíi ùîäî
îïåðàòîðiâ äèôåðåíöiþâàííÿ, òî òàêå ôóíêöiîíàëüíå ÷èñëåííÿ ìà¹ äåÿêi äèôåðåíöi-
àëüíi âëàñòèâîñòi, ÿêèõ íåìà¹ ó êëàñè÷íîìó ôóíêöiîíàëüíîìó ÷èñëåííi îïåðàòîðiâ.

c⃝ Ì'ÿóñ Î., 2016
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Ìåòà íàøî¨ ïðàöi � ïîáóäóâàòè ôóíêöiîíàëüíå ÷èñëåííÿ íà áàíàõîâèõ àëãåáðàõ
òèïó Âiíåðà äëÿ iíøèõ, íiæ ó [6], ïðîñòîðiâ óçàãàëüíåíèõ ôóíêöié òà âèçíà÷èòè éîãî
äèôåðåíöiàëüíi âëàñòèâîñòi.

2. Ðîçïîäiëè åêñïîíåíöiàëüíîãî òèïó. Íåõàé L1(R) � áàíàõiâ ïðîñòið ñó-
ìîâíèõ ôóíêöié φ(t) äiéñíî¨ çìiííî¨ t ∈ R ç íîðìîþ ∥φ∥L1 :=

∫
R |φ(t)| dt. ßêùî

φ,ψ ∈ L1(R), òî âèçíà÷åíà çãîðòêà

(φ ∗ ψ)(t) :=
∫
R
φ(s)ψ(t− s) ds.

Ïðîñòið L1(R) ¹ áàíàõîâîþ àëãåáðîþ ñòîñîâíî çãîðòêè.

Íåõàé L
(m,a,ω)
1 (R) � ïðîñòið ñóìîâíèõ ôóíêöié φ(t) ç íîðìîþ

∥φ∥
L

(m,a,ω)
1 (R) =

∞∫
−∞

|tmω(at)φ(t)|dt <∞

ïðè ôiêñîâàíèõ m, a (m = 0, 1, 2, . . . ; a > 0), äå ω(t) (−∞ < t < ∞)� öiëà òðàíñöåí-
äåíòíà ôóíêöiÿ íóëüîâîãî ðîäó, êîðåíi ÿêî¨ ëåæàòü íà óÿâíié äîäàòíié ïiâîñi

ω(t) = C
∞∏
k=1

(
1− t

itk

)
,

C = const, C ≥ 1, 0 < t1 ≤ t2 ≤ t3 ≤ . . . ,

∞∑
k=1

1

tk
<∞, àáî ω(t) ≡ 1.

Äëÿ êîæíîãî ν > 0 ó ïðîñòîði L
(m,a,ω)
1 (R) âèçíà÷èìî [10] áàíàõiâ ïiäïðîñòið

E(m,a,ω)
ν :=

{
φ(t) ∈ L

(m,a,ω)
1 (R) | ∥φ∥

E
(m,a,ω)
ν

= sup
k∈Z+

∥Dkφ∥
L

(m,a,ω)
1 (R)

νk
<∞

}
,

ÿêèé ¹ iíâàðiàíòíèì ñòîñîâíî îïåðàòîðà äèôåðåíöiþâàííÿ D = d
dt , òîáòî ÿêùî φ ∈

E
(m,a,ω)
ν , òî Dφ ∈ E

(m,a,ω)
ν , âêëàäåííÿ E

(m,a,ω)
ν ⊂ L

(m,a,ω)
1 (R) içîìåòðè÷íå [10]. Íåõàé

E(m,a,ω) :=
∪

ν
E(m,a,ω)

ν = lim indν→+∞E
(m,a,ω)
ν

� îá'¹äíàííÿ ïðîñòîðiâ ç òîïîëîãi¹þ iíäóêòèâíî¨ ãðàíèöi ñòîñîâíî íåïåðåðâíèõ âêëà-

äåíü E
(m,a,ω)
ν ⊂ E

(m,a,ω)
µ , äå ν ≤ µ. Ïðîñòið E(m,a,ω) íàëåæèòü îáëàñòi âèçíà÷åííÿ

îïåðàòîðà äèôåðåíöiþâàííÿ D òà ¹ iíâàðiàíòíèì ùîäî éîãî äi¨ [10].
Ó âèïàäêó m = 0 òà ω ≡ 1 îòðèìó¹ìî ïðîñòîðè

Eν :=
{
φ(t) ∈ L1(R) | ∥φ∥Eν = sup

k∈Z+

∥Dkφ∥L1(R)

νk
<∞

}
òà E :=

∪
ν>0 Eν .

Ïðîñòið E ñêëàäà¹òüñÿ ç óñiõ öiëèõ àíàëiòè÷íèõ ôóíêöié íà C åêñïîíåíöiàëü-
íîãî òèïó, çâóæåííÿ ÿêèõ íà äiéñíó âiñü R íàëåæèòü L1(R). Îïåðàòîðíå ÷èñëåííÿ ó
öüîìó êëàñi ôóíêöié òà ó êëàñi ëiíiéíèõ íåïåðåðâíèõ ôóíêöiîíàëiâ íà íüîìó âèâ÷åíå
ó [5].

Ââåäåìî [10] ïðîñòið

E :=
∩

m,a
E(m,a,ω) = lim prm,aE

(m,a,ω)
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ç òîïîëîãi¹þ ïðîåêòèâíî¨ ãðàíèöi, âïîðÿäêóâàâøè m, a òàê, ùîá âêëàäåííÿ
E(m+1,a+1,ω) ⊂ E(m,a,ω) áóëè íåïåðåðâíèìè. Çãiäíî ç [10] ïðîñòið E ñåêâåíöiàëüíî
ïîâíèé (äèâ. [9]), iíâàðiàíòíèé ñòîñîâíî äi¨ içîìåòðè÷íî¨ ãðóïè çñóâiâ Ts : φ(t) →
φ(t− s), s ∈ R íà L1(R).

×åðåç L(E) ïîçíà÷à¹ìî àëãåáðó ëiíiéíèõ íåïåðåðâíèõ îïåðàòîðiâ íàä ïðîñòîðîì
E ç ñèëüíîþ îïåðàòîðíîþ òîïîëîãi¹þ.

Åëåìåíòè ñïðÿæåíîãî ïðîñòîðó E′ íàçèâà¹ìî [10] óçàãàëüíåíèìè ôóíêöiÿìè
åêñïîíåíöiàëüíîãî òèïó. Ïðîñòið E′ � ëîêàëüíî îïóêëèé ëiíiéíèé òîïîëîãi÷íèé
ïðîñòið. Ó [10] äîâåäåíî, ùî E′ ¹ iíâàðiàíòíèì ùîäî äèôåðåíöiþâàííÿ, òîìó êî-
ðåêòíî âèçíà÷åíà îïåðàöiÿ äèôåðåíöiþâàííÿ

⟨φ | Dkg⟩ = (−1)k⟨Dkφ | g⟩, k ∈ Z+ (2)

äëÿ âñiõ ôóíêöiîíàëiâ g ∈ E′ i âñiõ öiëèõ ôóíêöié φ ∈ E íà R åêñïîíåíöiàëüíîãî
òèïó. Îïåðàöiþ çãîðòêè ôóíêöié f ∈ E′ òà φ ∈ E âèçíà÷à¹ìî ôîðìóëîþ

(f ∗ φ)(t) := ⟨φ(t− s) | f(s)⟩ = ⟨Tsφ(t) | f(t)⟩.

Ó [10] äîâåäåíî, ùî äëÿ êîæíî¨ f ∈ E′ îïåðàòîð çãîðòêè

Kf : E ∋ φ −→ f ∗ φ (3)

íàëåæèòü ïðîñòîðó L(E), çàäîâîëüíÿ¹ ñïiââiäíîøåííÿ

KfT−sφ = T−sKfφ ∀φ ∈ E, ∀ s ∈ R, (4)

i íàâïàêè, ÿêùî îïåðàòîð Kf ∈ L(E) çàäîâîëüíÿ¹ óìîâó (4), òî iñíó¹ ¹äèíèé ôóíê-
öiîíàë f ∈ E′ òàêèé, ùî îïåðàòîð Kf íàáóâà¹ âèãëÿäó (3).

Çãîðòêó ôóíêöié f, g ∈ E′ âèçíà÷à¹ìî [10] ôîðìóëîþ

⟨φ | f ∗ g⟩ = [f ∗ (g ∗ φ)](0) ∀φ ∈ E.

Òîäi [10, 11]

(f ∗ g) ∗ φ = f ∗ (g ∗ φ) ∀f, g ∈ E′, φ ∈ E,

E′ � òîïîëîãi÷íà àëãåáðà ùîäî çãîðòêè

E′ × E′ ∋ (g, h) 7−→ g ∗ h ∈ E′,

à E � ¨¨ çãîðòêîâà ïiäàëãåáðà.
Çà âiäîìîþ òåîðåìîþ Ïåéëi�Âiíåðà�Øâàðöà [12, c. 175], Ôóð'¹-îáðàç

Ê :=

{
φ̂(ξ) =

∞∫
−∞

e−it·ξφ(t) dt (ξ ∈ R) : φ(t) ∈ E

}
ïðîñòîðó E ç iíäóêòèâíîþ òîïîëîãi¹þ ïðè ïåðåòâîðåííi Ôóð'¹

F : E ∋ φ −→ φ̂ ∈ Ê

ñêëàäà¹òüñÿ ç íåñêií÷åííî äèôåðåíöiéîâíèõ ôiíiòíèõ ôóíêöié íà R. Òîìó

Ê ⊂ D(R), (5)

äå D(R) � êëàñè÷íèé ïðîñòið îñíîâíèõ ôóíêöié Øâàðöà. Çãiäíî ç [10]

F(g ∗ h) = ĝ ∗ h = ĝ · ĥ, g, h ∈ E′
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i òîäi Ôóð'¹-îáðàç Ê′ ïðîñòîðó E′ � òîïîëîãi÷íà àëãåáðà ç ïîòî÷êîâèì ìíîæåííÿì, à

Ê � ¨¨ ïiäàëãåáðà ùîäî ìíîæåííÿ; ⟨Ê | Ê′⟩ óòâîðþ¹ íîâó äóàëüíó ïàðó, ùî ¹ Ôóð'¹-
îáðàçîì äóàëüíî¨ ïàðè ⟨E | E′⟩.

3. Àëãåáðà Âiíåðà Wπ(B). Íåõàé X � áàíàõiâ ðåôëåêñèâíèé ïðîñòið, X ′ �
äóàëüíèé äî íüîãî; B(Xn)� ñóêóïíiñòü îáìåæåíèõ n-ëiíiéíèõ ôóíêöiîíàëiâ íàXn =
X× . . .×X; B(Xn

s ) � ñóêóïíiñòü óñiõ ñèìåòðè÷íèõ n-ëiíiéíèõ ôóíêöiîíàëiâ h, òîáòî
òàêèõ, ùî h(x1, . . . , xn) = h(xs1 , . . . , xsn) äëÿ êîæíîãî åëåìåíòà s = (s1, . . . , sn) ãðóïè
Gn ïåðåñòàíîâîê ìíîæèíè {1, . . . , n}; Pn(X) � ñóêóïíiñòü n-îäíîðiäíèõ ôóíêöiîíà-
ëiâ f : X → C, òîáòî òàêèõ, ùî

f(x) = (h ◦∆n)(x) ∀x ∈ X òà äåÿêîãî h ∈ B(Xn),

äå ∆n � âêëàäåííÿ X â Xn, à ñàìå ∆n : X −→ Xn (x 7−→ (x, . . . , x)).
Àëãåáðè÷íèé ïðîåêòèâíèé òåíçîðíèé äîáóòîê n ïðîñòîðiâ Áàíàõà

X⊗n = X ⊗ . . .⊗X

ñêëàäà¹òüñÿ ç óñiõ ñêií÷åííèõ ñóì

u =
∑
j

x1j ⊗ · · · ⊗ xnj , xij ∈ X, i = 1, . . . , n, j ∈ N (6)

çi çâè÷àéíèìè àëãåáðè÷íèìè îïåðàöiÿìè [13, 14].
Íåõàé X⊗n

π � àëãåáðè÷íèé òåíçîðíèé äîáóòîê X⊗n ç ïðîåêòèâíîþ íîðìîþ [13]

∥u∥π = inf
∑
j

∥x1j∥ · · · ∥xnj∥.

Òóò iíôiìóì ïðèéìà¹ìî çà âñiìà ñêií÷åííèìè çîáðàæåííÿìè (6),
X ′⊗n

π � ïðîåêòèâíèé òåíçîðíèé äîáóòîê äóàëüíèõ áàíàõîâèõ ïðîñòîðiâ X ′ (âi-
äîìî [3], IV.9, [15], ùî X ′⊗n

π ¹ çàìêíåíèì ïiäïðîñòîðîì ïðîñòîðó (X⊗n
π )′);

⟨u | F ′
n⟩ � çíà÷åííÿ ëiíiéíîãî ôóíêöiîíàëó F ′

n ∈ X ′⊗n
π íà u ∈ X⊗n

π ;
x1 ⊙ . . .⊙ xn := 1

n!

∑
s=(s1,...,sn)∈Gn

xs1 ⊗ . . . ⊗ xsn � åëåìåíòè ñèìåòðè÷íîãî

ïðîåêòèâíîãî òåíçîðíîãî äîáóòêó X⊙n
π ;

x⊙n := x⊙ . . .⊙ x ∈ X⊙n
π , x⊙0 := 1 ∈ C ∀x ∈ X.

Çãiäíî ç [15] êîæíîìó ôóíêöiîíàëó F ′
n ∈ X ′⊙n

π âiäïîâiäà¹ ¹äèíèé n-îäíîðiäíèé
ïîëiíîì Fn [16, 17] òàêèé, ùî

Fn(x) := ⟨x⊙n | F ′
n⟩ äëÿ âñiõ x ∈ X.

Ïîçíà÷èìî

Pn
π (X) =

{
Fn : F

′
n ∈ X ′⊙n

π

}
, n = 1, 2, . . . , P0

π(X) = C.

Íà Pn
π (X) âèçíà÷à¹ìî íîðìó

∥Fn∥ := ∥F ′
n∥π, ∀F ′

n ∈ X
′⊙n
π

òà îäåðæó¹ìî içîìåòðiþ Pn
π (X) òà X ′⊙n

π [18, Prop. 1]. Çàóâàæèìî, ùî Pn
π (X) ⊂

Pn(X).
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Êîðèñòóþ÷èñü ïîäiáíèì îçíà÷åííÿì äëÿ ïðîñòîðiâ Ãiëüáåðòà ç [19], ó [20] ââå-
äåíà àëãåáðà Âiíåðà

Wπ(X) :=

{
F =

∑
n∈Z+

Fn : Fn ∈ Pn
π (X)

}
çi ñêií÷åííîþ íîðìîþ ∥F∥ =

∑
n∈Z+

∥Fn∥.

Ïðè X = C îòðèìó¹ìî êëàñè÷íó àëãåáðó Âiíåðà.
Íåõàé B = B(X) =

{
x ∈ X : ∥x∥ < 1

}
� âiäêðèòà îäèíè÷íà êóëÿ â X. Çãiäíî ç

[18], Wπ(B) � áàíàõîâà ïiäàëãåáðà ç îäèíèöåþ àëãåáðè âñiõ îáìåæåíèõ àíàëiòè÷íèõ
ôóíêöié íà B(X).

Ó [21] äîñëiäæåíî âëàñòèâîñòi ñåêòîðiàëüíèõ îïåðàòîðiâ íà àëãåáðàõ òèïó Âiíå-
ðà. Ôóíêöiîíàëüíå ÷èñëåííÿ äëÿ ãåíåðàòîðiâ ñèëüíî íåïåðåðâíèõ ãðóï içîìåòðè÷íèõ
ëiíiéíèõ îïåðàòîðiâ, ùî äiþòü íà àëãåáði Âiíåðà Wπ(B), ïîáóäîâàíå â [6] ó Ôóð'¹-
îáðàçàõ ïðîñòîðiâ E òà E ′. Òóò áóäó¹ìî éîãî ó Ôóð'¹-îáðàçàõ ïðîñòîðiâ E, E′ òà
âèçíà÷à¹ìî äèôåðåíöiàëüíi âëàñòèâîñòi ïîáóäîâàíîãî ôóíêöiîíàëüíîãî ÷èñëåííÿ.

4. Ôóíêöiîíàëüíå ÷èñëåííÿ íà àëãåáði Âiíåðà. Íåõàé Ut (t ∈ R) � C0-
ãðóïà ëiíiéíèõ içîìåòðè÷íèõ îïåðàòîðiâ íà X ç ãåíåðàòîðîì −A. Òîäi íà àëãåáði
Wπ(B) êîðåêòíî âèçíà÷åíà [18] C0-ãðóïà içîìåòðè÷íèõ îïåðàòîðiâ

ÛtF (x) = F (Utx), x ∈ B, F ∈Wπ(B).

Òàêîæ Ût ¹ ãðóïîþ àëãåáðè÷íèõ àâòîìîðôiçìiâ

Ût(F ·G) =
(
ÛtF

)
·
(
ÛtG

)
.

Ñïðàâäi, îñêiëüêè F ·G =
∑

n∈Z+

( n∑
k=0

Fk ·Gn−k

)
, òî

Ût(F ·G)(x) = (F ·G)(Utx)

=
∑
n∈Z+

n∑
k=0

Fk(Utx) ·Gn−k(Utx)

=
∑
n∈Z+

Fn(Utx) ·
∑
n∈Z+

Gn(Utx)

=
(
ÛtF

)
(x) ·

(
ÛtG

)
(x), x ∈ B.

Ïîçíà÷à¹ìî ÷åðåç L(Wπ) áàíàõîâó àëãåáðó âñiõ îáìåæåíèõ ëiíiéíèõ îïåðàòîðiâ
íà Wπ. Íåõàé A

′ � ñïðÿæåíèé äî A, I ′ � îäèíè÷íèé îïåðàòîð â X ′,
A′

j := I ′ ⊗ . . .⊗ I ′︸ ︷︷ ︸
j−1

⊗A′ ⊗ I ′ ⊗ . . .⊗ I ′︸ ︷︷ ︸
n−j

, j = 1, 2, . . . , n, A′
0 = I ′,

−Â � ãåíåðàòîð ãðóïè Ût.

5. Âëàñòèâîñòi ôiíiòíèõ ôóíêöié âiä îïåðàòîðà Â. Äëÿ êîæíî¨ φ ∈ E
âèçíà÷à¹ìî îïåðàòîðè

φ̂(A) =

∫
R
Utφ(t) dt,
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[φ̂(Aj)]
′
:= I ′ ⊗ . . .⊗ I ′︸ ︷︷ ︸

j−1

⊗ [φ̂(A)]
′ ⊗ I ′ ⊗ . . .⊗ I ′︸ ︷︷ ︸

n−j

, j = 1, 2, . . . , n,

äå [φ̂(A)]
′
� ñïðÿæåíèé äî φ̂(A) ∈ L(X), [φ̂(A0)]

′
= I ′.

Îïåðàòîðè φ̂(A) òà [φ̂(A)]
′
îáìåæåíi íà X i X

′⊙n
π , âiäïîâiäíî.

Çãiäíî ç [18]

ÂF (x) =
∑
n∈Z+

⟨
x⊙n

∣∣∣ n∑
j=0

A′
jF

′
n

⟩
,

à çà òåîðåìîþ 1 [6] äëÿ êîæíî¨ φ ∈ E îïåðàòîð φ̂(Â)

φ̂(Â)F (x) =
∑
n∈Z+

⟨
x⊙n

∣∣∣ n∑
j=0

[φ̂(Aj)]
′
F ′
n

⟩
, x ∈ B, F ∈Wπ (7)

íàëåæèòü äî áàíàõîâî¨ àëãåáðè L(Wπ).

Òåîðåìà 1. Äëÿ äîâiëüíèõ φ,ψ ∈ E

(̂Dkφ)(Â) = Âk φ̂(Â), k = 1, 2, . . . , (8)

̂(φ ∗ ψ)(Â) = φ̂(Â)ψ̂(Â). (9)

Äîâåäåííÿ. Äîâåäåìî ñïî÷àòêó äèôåðåíöiàëüíó âëàñòèâiñòü (8). Äëÿ äîâiëüíèõ φ ∈
E, F ∈Wπ, x ∈ B çíàéäåìî (̂Dφ)(Â)F (x). Çãiäíî ç îçíà÷åííÿì

(̂Dφ)(Â)F (x) =
∑
n∈Z+

⟨
x⊙n

∣∣∣ n∑
j=0

[
(̂Dφ)(Aj)

]′
F ′
n

⟩

=
∑
n∈Z+

⟨
x⊙n

∣∣∣ n∑
j=0

I ′ ⊗ . . .⊗ I ′ ⊗
[
(̂Dφ)(A)

]′
︸ ︷︷ ︸

j

⊗ I ′ ⊗ . . .⊗ I ′︸ ︷︷ ︸
n−j

F ′
n

⟩
.

Âèêîðèñòîâóþ÷è âëàñòèâiñòü ãðóïè, äîâîäèìî, ùî

(̂Dφ)(A) =
∫
R
Ut(Dφ)(t)dt = −

∫
R
DUtφ(t)dt = Aφ̂(A),

òîáòî

(̂Dφ)(A) = Aφ̂(A). (10)

Òîäi (̂Dφ)(Â)F (x) íàáóâà¹ âèãëÿäó

(̂Dφ)(Â)F (x) =

=
∑
n∈Z+

⟨
x⊙n

∣∣∣ n∑
j=0

I ′ ⊗ . . .⊗ I ′ ⊗ [Aφ̂(A)]
′︸ ︷︷ ︸

j

⊗ I ′ ⊗ . . .⊗ I ′︸ ︷︷ ︸
n−j

F ′
n

⟩
=

=
∑
n∈Z+

⟨
x⊙n

∣∣∣ n∑
j=0

[φ̂(A)]
′
A′F ′

n

⟩
=

∑
n∈Z+

⟨
x⊙n

∣∣∣ n∑
j=0

A′ [φ̂(A)]
′
F ′
n

⟩
.
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Äëÿ äîâiëüíèõ y ∈ D(A′) ìàòèìåìî

n∑
j=1

A′ [φ̂(A)]
′
y =

=
n∑

j=1

I ′y1 ⊗ . . .⊗ I ′yj−1 ⊗A′ [φ̂(A)]
′
yj ⊗ I ′yj+1 ⊗ . . .⊗ I ′yn =

=

n∑
j=1

A′
j

(
I ′y1 ⊗ . . .⊗ I ′yj−1 ⊗ [φ̂(A)]

′
yj ⊗ I ′yj+1 ⊗ . . .⊗ I ′yn

)
.

Âðàõóâàâøè îçíà÷åííÿ Â òà φ̂(Â) ∈ L(Wπ), îäåðæó¹ìî

(̂Dφ)(Â)F (x) =∑
n∈Z+

⟨
x⊙n

∣∣∣ n∑
k=0

A′
k

n!

∑
(s1,...,sn)∈Gn

(
I ′ ⊗ . . .⊗ I ′︸ ︷︷ ︸

k−1

⊗ [φ̂(A)]
′ ⊗ I ′ ⊗ . . .⊗ I ′︸ ︷︷ ︸

n−k

)(
F ′
n,s1 ⊗ . . .⊗ F ′

n,sn

)⟩

=
∑

n∈Z+

⟨
x⊙n

∣∣∣ n∑
k=0

A′
k

n∑
j=0

[φ̂(Aj)]
′
F ′
n

⟩
=

= Â
∑

n∈Z+

⟨
x⊙n

∣∣∣ n∑
j=0

[φ̂(Aj)]
′
F ′
n

⟩
= Â φ̂(Â)F (x),

à îòæå, äëÿ äîâiëüíèõ φ ∈ E, F ∈Wπ, x ∈ B

(̂Dφ)(Â)F (x) = Â φ̂(Â)F (x). (11)

Òàê ñàìî äëÿ äîâiëüíî âèáðàíîãî k, âðàõîâóþ÷è, ùî (̂Dkφ)(A) = Akφ̂(A) [11] òà
ïîïåðåäíi ïåðåòâîðåííÿ, ìà¹ìî

(̂Dkφ)(Â)F (x) =
∑
n∈Z+

⟨
x⊙n

∣∣∣ n∑
j=0

[
(̂Dkφ)(Aj)

]′
F ′
n

⟩
=

=
∑
n∈Z+

⟨
x⊙n

∣∣∣ n∑
j=0

I ′ ⊗ . . .⊗ I ′ ⊗
[
(̂Dkφ)(A)

]′
︸ ︷︷ ︸

j

⊗ I ′ ⊗ . . .⊗ I ′︸ ︷︷ ︸
n−j

F ′
n

⟩
=

=
∑
n∈Z+

⟨
x⊙n

∣∣∣ n∑
j=0

I ′ ⊗ . . .⊗ I ′ ⊗
[
Akφ̂(A)

]′︸ ︷︷ ︸
j

⊗ I ′ ⊗ . . .⊗ I ′︸ ︷︷ ︸
n−j

F ′
n

⟩
=

= Âk
∑
n∈Z+

⟨
x⊙n

∣∣∣ n∑
j=0

I ′ ⊗ . . .⊗ I ′ ⊗ [φ̂(A)]
′︸ ︷︷ ︸

j

⊗ I ′ ⊗ . . .⊗ I ′︸ ︷︷ ︸
n−j

F ′
n

⟩
=

= Âk
∑
n∈Z+

⟨
x⊙n

∣∣∣ n∑
j=0

φ̂(Âj)F
′
n

⟩
= Âk φ̂(Â)F (x).
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Äëÿ äîâiëüíèõ φ,ψ ∈ E âèçíà÷åíîþ ¹ çãîðòêà ôóíêöié φ ∗ ψ ∈ E,

φ̂(A)ψ̂(A) ∈ L(X) òà âiäîìà âëàñòèâiñòü ̂(φ ∗ ψ)(A) = φ̂(A)ψ̂(A) [11].

Äëÿ äîâiëüíèõ φ,ψ ∈ E, F ∈Wπ, x ∈ B çíàéäåìî

̂(φ ∗ ψ)(Â)F (x) =
∑
n∈Z+

⟨
x⊙n

∣∣∣ n∑
j=0

[
̂(φ ∗ ψ)(Aj)

]′
F ′
n

⟩
=

=
∑
n∈Z+

⟨
x⊙n

∣∣∣ n∑
j=0

I ′ ⊗ . . .⊗ I ′ ⊗
[
̂(φ ∗ ψ)(A)

]′
︸ ︷︷ ︸

j

⊗ I ′ ⊗ . . .⊗ I ′︸ ︷︷ ︸
n−j

F ′
n

⟩
=

=
∑
n∈Z+

⟨
x⊙n

∣∣∣ n∑
j=0

I ′ ⊗ . . .⊗ I ′ ⊗
[
φ̂(A)ψ̂(A)

]′
︸ ︷︷ ︸

j

⊗ I ′ ⊗ . . .⊗ I ′︸ ︷︷ ︸
n−j

F ′
n

⟩
.

Çâiäñè, ÿê ïðè äîâåäåííi ïîïåðåäíüî¨ âëàñòèâîñòi, îòðèìó¹ìî

̂(φ ∗ ψ)(Â)F (x) = φ̂(Â) ψ̂(Â)F (x)

äëÿ äîâiëüíèõ F ∈Wπ òà x ∈ B, à îòæå, âëàñòèâiñòü (9). Òåîðåìà äîâåäåíà.
�

6. Óçàãàëüíåíi ôóíêöié âiä îïåðàòîðà Â òà ¨õíi âëàñòèâîñòi. Âèçíà÷èìî
ïîïîâíåííÿ

E(Wπ) := E ⊗π Wπ

òåíçîðíîãî äîáóòêó E ⊗Wπ ç âiäïîâiäíîþ ïðîåêòèâíîþ òåíçîðíîþ íîðìîþ.
Ç âiäîìî¨ òåîðåìè Ãðîòåíäiêà [3, ñ. 122] ïðî çîáðàæåííÿ åëåìåíòiâ ïðîåêòèâíîãî

òåíçîðíîãî äîáóòêó âèïëèâà¹, ùî äëÿ êîæíî¨ F ∈ E(Wπ) iñíó¹ íàáið φj ∈ E, j ∈ N
òàêèé, ùî ðÿäè

F =
∑
j∈N

Fj ⊗ φj Fj ∈Wπ, φj ∈ E (12)

àáñîëþòíî çáiãàþòüñÿ â E(Wπ). Êîæíèé åëåìåíò F ∈ E(Wπ) ¹Wπ-çíà÷íà öiëà ôóíê-
öiÿ åêñïîíåíöiàëüíîãî òèïó

R ∋ t 7−→ F (x, t) =
∑
j∈Z+

Fj(x, t) =
∑
j∈Z+

Fj(x)⊗ φj(t), Fj ∈Wπ, φj ∈ E.

Îòæå, âèçíà÷åíi åëåìåíòè

F̂ := {
∑
j∈Z+

φ̂j(Â)Fj : Fj ∈Wπ, φj ∈ E} ∈ Ê(Wπ),

äå φ̂j(Â) âèçíà÷åíà ôîðìóëîþ (7).
Ïiäïðîñòið

Ê(Wπ) :=
{
F̂ : F ∈ E(Wπ)

}
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ïîâíèé ùîäî íîðìè, iíäóêîâàíî¨ âiäîáðàæåííÿì E(Wπ) ∋ F 7−→ F̂ ∈ Ê(Wπ) (äîâî-
äèòüñÿ ÿê ëåìà 5 ó [4]).

Âèçíà÷èìî çãîðòêó ðîçïîäiëó åêñïîíåíöiàëüíîãî òèïó g ∈ E′ i Wπ-çíà÷íî¨ öiëî¨
ôóíêöi¨ åêñïîíåíöiàëüíîãî òèïó F ∈ E(Wπ), ïîäàíî¨ çà äîïîìîãîþ ðÿäó (12)

(F ∗ g)(x, t) =
∑
j∈N

Fj(x)⊗ (g ∗ φj)(t), x ∈ B, t ∈ R, (13)

äå g ∗ φ � çãîðòêà ðîçïîäiëó g ∈ E′ i φ ∈ E.

Ïiäïðîñòið Ê(Wπ) iíâàðiàíòíèé ùîäî êîæíîãî

K̂g : K̂gF̂ := F̂ ∗ g, g ∈ E′

(äîâîäèòüñÿ çà ñõåìîþ äîâåäåííÿ ëåìè 6 iç [4]).

Ïîçíà÷à¹ìî ÷åðåç L
[
Ê(Wπ)

]
àëãåáðó âñiõ îáìåæåíèõ ëiíiéíèõ îïåðàòîðiâ íà

ïðîñòîði Ê(Wπ) ç ñèëüíîþ îïåðàòîðíîþ òîïîëîãi¹þ.

Äëÿ g ∈ E′ âèçíà÷èìî ëiíiéíèé îïåðàòîð ĝ(Â) ôîðìóëîþ

ĝ(Â) : Ê(Wπ) ∋ F̂ =
∑
j∈Z+

φ̂j(Â)Fj −→ ĝ(Â)F̂ ,

ĝ(Â)F̂ :=
∑
j∈Z+

̂(g ∗ φj)(Â)Fj ∈ Ê(Wπ).
(14)

Òåîðåìà 2. Âiäîáðàæåííÿ

Ê′ ∋ ĝ −→ ĝ(Â) ∈ L
[
Ê(Wπ)

]
¹ íåïåðåðâíèì ãîìîìîðôiçìîì àëãåáðè Ê′ íà L

[
Ê(Wπ)

]
. Äëÿ äîâiëüíî¨ g ∈ E′

(̂Dkg)(Â) = Âkĝ(Â), k = 1, 2, . . . , (15)

äå ïîõiäíà Dg óçàãàëüíåíî¨ ôóíêöi¨ g âèçíà÷åíà ôîðìóëîþ (2).

Äîâåäåííÿ. Çà âëàñòèâîñòÿìè çãîðòêè òà ç îçíà÷åííÿ ïðîñòîðó Ê îäåðæó¹ìî, ùî

K̂g : Ê −→ Ê. Çà îçíà÷åííÿì Ê(Wπ)

F̂m → F̂ ó ïðîñòîði Ê(Wπ) òîäi i òiëüêè òîäi, êîëè
Fm → F ó ïðîñòîði E(Wπ), m→ ∞.

ßêùî æ Fm → F ,m→ ∞ ó ïðîñòîði E(Wπ), òî çà íåïåðåðâíiñòþ Kg ìàòèìåìî:

KgF
m → KgF , m→ ∞ ó ïðîñòîði E. Çâiäñè çíîâó çà îçíà÷åííÿì Ê(Wπ) îòðèìó¹ìî

K̂gF̂m → K̂gF̂ , m→ ∞. Ìè ç'ÿñóâàëè, ùî K̂g ∈ L(Ê).
Äëÿ äîâiëüíèõ óçàãàëüíåíèõ ôóíêöié f, g iç ðiâíîñòi

Kf∗g = KfKg

âèïëèâà¹

K̂f∗g = K̂f K̂g.

Îòæå, ïîáóäîâàíå ôóíêöiîíàëüíå ÷èñëåííÿ ðåàëiçó¹ àëãåáðè÷íèé ãîìîìîðôiçì
iç çãîðòêîâî¨ àëãåáðè óçàãàëüíåíèõ ôóíêöié íà àëãåáðó íåïåðåðâíèõ îïåðàòîðiâ íàä

ïðîñòîðîì Ê(Wπ).
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Ùîá äîâåñòè íåïåðåðâíiñòü ôóíêöiîíàëüíîãî ÷èñëåííÿ, âèêîðèñòîâó¹ìî, ùî ó

ïðîñòîði Ê′ òîïîëîãiÿ iíäóêó¹òüñÿ ç E′, à â ïðîñòîði E′ çàäàíî ñëàáêó òîïîëîãiþ.
Îòîæ, äîñòàòíüî äîâåñòè íåïåðåðâíiñòü âiäîáðàæåííÿ

E′ ∋ g −→ ĝ(Â)F̂ ∈ Ê(Wπ) äëÿ êîæíîãî F̂ ∈ Ê(Wπ).

Çà âëàñòèâiñòþ çãîðòêè îäåðæó¹ìî íåïåðåðâíiñòü

E′ ∋ g −→ Kg ∈ L(E(Wπ)),

à çâiäñè òàêîæ íåïåðåðâíiñòü âiäîáðàæåííÿ

E′ ∋ g −→ ĝ(Â)F̂ ∈ E(Wπ).

ßêùî gm → g ó ïðîñòîði E′, òî

(I ⊗Kgm)F → (I ⊗Kg)F

ó ïðîñòîði E(Wπ). Ç îçíà÷åííÿ Ê ìàòèìåìî K̂gm F̂ → K̂gF̂ ó ïðîñòîði Ê(Wπ). Îòæå,
âiäîáðàæåííÿ

E′ ∋ g −→ K̂gF̂ ∈ Ê(Wπ)

¹ íåïåðåðâíèì.
Äîâåäåìî äèôåðåíöiàëüíó âëàñòèâiñòü (15). Âèêîðèñòîâóþ÷è îçíà÷åííÿ (14)

óçàãàëüíåíî¨ ôóíêöi¨ âiä îïåðàòîðà, äëÿ äîâiëüíèõ g ∈ E′, F̂ ∈ Ê(Wπ) ìàòèìåìî

(̂Dg)(Â)F̂ =
∑
j∈Z+

̂(Dg ∗ φj)(Â)Fj (16)

ç äåÿêèìè ôóíêöiÿìè Fj ∈Wπ, φj ∈ E. Çà âëàñòèâîñòÿìè çãîðòêè

Dg ∗ φ = g ∗Dφ = D(g ∗ φ).

Äëÿ êîæíî¨ Fj ∈Wπ ìàòèìåìî

̂(Dg ∗ φj)(Â)Fj(x) = ̂D(g ∗ φj)(Â)Fj(x)

i öi ôóíêöi¨ âèçíà÷àþòüñÿ ôîðìóëîþ (7) (îñêiëüêè g ∗ φ ∈ E äëÿ äîâiëüíèõ g ∈ E′,
φ ∈ E)

̂D(g ∗ φj)(Â)Fj(x) =

=
∑
n∈Z+

⟨
x⊙n

∣∣∣ n∑
k=0

[
̂D(g ∗ φj)(Ak)

]′
F ′
n

⟩
=

=
∑
n∈Z+

⟨
x⊙n

∣∣∣
 n∑
k=0

I ′ ⊗ . . .⊗ I ′ ⊗ [ ̂D(g ∗ φj)(A)]
′︸ ︷︷ ︸

k

⊗ I ′ ⊗ . . .⊗ I ′︸ ︷︷ ︸
n−k

F ′
n

⟩

äëÿ âñiõ x ∈ B. Çà äîâåäåíèì ó [10]

̂D(g ∗ φj)(A) = A ̂(g ∗ φj)(A),

çâiäêè ïîïåðåäíié âèðàç íàáóâà¹ âèãëÿäó
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∑
n∈Z+

⟨
x⊙n

∣∣∣
 n∑
k=0

I ′ ⊗ . . .⊗ I ′ ⊗ [A ̂(g ∗ φj)(A)]
′︸ ︷︷ ︸

k

⊗ I ′ ⊗ . . .⊗ I ′︸ ︷︷ ︸
n−k

F ′
n

⟩
,

à îñòàííié, ÿê ïðè âèâåäåííi âëàñòèâîñòi (8), äîðiâíþ¹

Â
∑
n∈Z+

⟨
x⊙n

∣∣∣
 n∑
k=0

I ′ ⊗ . . .⊗ I ′ ⊗ [ ̂(g ∗ φj)(A)]
′︸ ︷︷ ︸

k

⊗ I ′ ⊗ . . .⊗ I ′︸ ︷︷ ︸
n−k

F ′
n

⟩
=

= Â
∑
n∈Z+

⟨
x⊙n

∣∣∣ n∑
s=0

[
̂(g ∗ φj)(Ak)

]′
F ′
n

⟩
= Â ̂(g ∗ φj)(Â)Fj(x), x ∈ B.

Ìè äîâåëè, ùî

̂(Dg ∗ φj)(Â)Fj(x) = Â ̂(g ∗ φj)(Â)Fj(x), x ∈ B.

Çâiäñè, íà ïiäñòàâi ôîðìóë (14) òà (16), îäåðæó¹ìî áàæàíó âëàñòèâiñòü (15) ïðè k =
1. Âèïàäîê k = 2, 3, . . . ðîçãëÿäà¹ìî ÿê ïðè äîâåäåííi òåîðåìè 1 iç âèêîðèñòàííÿì
âiäîìèõ âiäïîâiäíèõ âëàñòèâîñòåé ôóíêöié îïåðàòîðàA òà âëàñòèâîñòåé çãîðòîê. �
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Hille-Phillips-Balacrishnan functional calculus on Wiener algebras of
bounded analytical functions on unit ball and its di�erential properties are
obtained.
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