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Äîñëiäæåíî ìàðêîâñüêi âèïàäêîâi åâîëþöi¨ òà ¨õíi àïðîêñèìàöi¨. Îñíîâ-
íèì îá'¹êòîì äîñëiäæåííÿ ¹ ãåíåðàòîðè âèïàäêîâèõ ïðîöåñiâ ç íåçàëåæíè-
ìè ïðèðîñòàìè. Öi ïðîöåñè ðîçãëÿäàþòü â ñõåìàõ ïóàññîíîâî¨ àïðîêñèìàöi¨
òà àïðîêñèìàöi¨ Ëåâi. Ãåíåðàòîðè âèïàäêîâèõ ïðîöåñiâ íîðìóþòüñÿ ïàðà-
ìåòðàìè, ÿêi ¹ íåëiíiéíèìè ôóíêöiÿìè. Äîâåäåíî iñíóâàííÿ òàêèõ ïàðà-
ìåòðiâ íîðìóâàííÿ.

Êëþ÷îâi ñëîâà: ãåíåðàòîð, ìàðêîâñüêèé ïðîöåñ, ïðîöåñ ç íåçàëåæíèìè
ïðèðîñòàìè, íîðìóâàëüíèé ìíîæíèê, ïóàññîíîâà àïðîêñèìàöiÿ, àïðîêñè-
ìàöiÿ Ëåâi.

1. Âñòóï. Äîñëiäæåííÿì ìàðêîâñüêèõ âèïàäêîâèõ åâîëþöié òà ¨õíiõ àïðîêñè-
ìàöié ïðèñâÿ÷åíî áàãàòî íàóêîâèõ ïðàöü, ñåðåä ÿêèõ ìîæíà âèäiëèòè [1], [2], [3].
Çîêðåìà â [3] äîñëiäæóþòüñÿ ïðîöåñè ç íåçàëåæíèìè ïðèðîñòàìè â ñõåìàõ ïóàññîíî-
âî¨ àïðîêñèìàöi¨ òà àïðîêñèìàöi¨ Ëåâi. Â òàêèõ ïðîöåñàõ íåìà¹ äèôóçiéíî¨ ñêëàäîâî¨,
à ìiæ ñòðèáêàìè âiäáóâà¹òüñÿ ìàðêîâñüêèé ïðîöåñ. Â àïðîêñèìàöiÿõ Ïóàññîíà i Ëå-
âi ãåíåðàòîð ïðîöåñó íîðìó¹òüñÿ ëiíiéíèì ìíîæíèêîì[1]. Ïðîòå â äåÿêèõ âèïàäêàõ
òàêå íîðìóâàííÿ íå ¹ äîöiëüíèì. Òîìó âèíèêà¹ ïîòðåáà ðîçãëÿäàòè íîðìóâàëüíèé
ìíîæíèê ÿê íåëiíiéíó ôóíêöiþ. Ìåòà íàøî¨ ïðàöi � çíàéòè òàêi ïàðàìåòðè â çî-
áðàæåííi ãåíåðàòîðà âèïàäêîâîãî ïðîöåñó ç íåçàëåæíèìè ïðèðîñòàìè.

2. Àïðîêñèìàöiÿ Ïóàññîíà òà Ëåâi. Ðîçãëÿíåìî ñiì'þ ìàðêîâñüêèõ ïðîöåñiâ
ç íåçàëåæíèìè ïðèðîñòàìè ηε1(·) òà òðà¹êòîðiÿìè â îáëàñòi âèçíà÷åííÿ DR[0;∞), ÿêi
íîðìóþòüñÿ ìíîæíèêîì g1(ε) → 0,ïðè (ε) → 0

ηε1(t) = η( t
(g1(ε))

), t > 0,

äå η(t) � ïðîöåñ ç íåçàëåæíèìè ïðèðîñòàìè, ùî âèçíà÷àþòüñÿ ãåíåðàòîðàìè

Γεφ(u) = (g1(ε))
−1

∫
R
(φ(u+ v)− φ(u))Γε(dv).

Òóò φ(u) � äiéñíîçíà÷íà, äâi÷i äèôåðåíöiéîâàíà ôóíêöiÿ â Rd, ÿêà äîðiâíþ¹ 0 íà íå-
ñêií÷åíîñòi òà ç sup-íîðìîþ φ(u) íàëåæèòü êëàñó äâi÷i íåïåðåðâíî-äèôåðåíöiéîâíèõ

c⃝ ßðîâà Î., 2016
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ôóíêöié â åâêëiäîâîìó ïðîñòîði C2
0 (R

d). ßäðî iíòåíñèâíîñòi Γε íàëåæèòü êëàñó
C3(R). Öå ÿäðî çàäîâîëüíÿ¹ óìîâó Γε(0) = 0.

Íåõàé âèêîíóþòüñÿ óìîâè ïóàññîíîâî¨ àïðîêñèìàöi¨.
(P1) Àïðîêñèìàöiÿ ñåðåäíiõ

bε = g1(ε)(b+ θεb)

òà

cε = g1(ε)(c+ θεc),

äå b <∞, c <∞, |θεb | → 0, |θεc | → 0, g1(ε) → 0.
(P2) ßäðî iíòåíñèâíîñòåé ìà¹ òàêå àñèìïòîòè÷íå ïîäàííÿ

Γεg = g1(ε)(Γg + θεg).

äëÿ âñiõ g, ùî íàëåæàòü êëàñó C3(R). ßäðî iíòåíñèâíîñòi Γ0(dv) ) çàäàíî íà êëàñi
ôóíêöié, ùî âèçíà÷à¹ ìiðó C3(R) òàêèì ñïiââiäíîøåííÿì

Γg =
∫
R
g(v)Γ0(dv).

(P3)Ó ãðàíè÷íîìó ãåíåðàòîði íåìà¹ äèôóçiéíî¨ ñêëàäîâî¨, òîáòî âèêîíó¹òüñÿ
òàêà óìîâà

c =
∫
R
v2Γ0(dv) = 0

(P4) Ñïðàâäæó¹òüñÿ ñïiââiäíîøåííÿ

limc→∞
∫
|v|>c v

2Γ0(dv) = 0,

ùî âèçíà÷à¹ ðiâíîìiðíó êâàäðàòè÷íó iíòåãðîâàíiñòü.
Ïåðåéäåìî äî àïðîêñèìàöi¨ Ëåâi.
Ðîçãëÿíåìî ñiì'þ ìàðêîâñüêèõ ïðîöåñiâ ç íåçàëåæíèìè ïðèðîñòàìè, ÿêi íîð-

ìóþòüñÿ ìíîæíèêîì g2(ε), äå g2(ε) = o(g1(ε)

ηε2(t) = η( t
(g2(ε))

), t > 0.

Òóò η(t) � ïðîöåñ ç íåçàëåæíèìè ïðèðîñòàìè, ùî âèçíà÷àþòüñÿ ãåíåðàòîðàìè

Γεφ(u) = (g2(ε))
−1

∫
R
(φ(u+ v)− φ(u))Γε(dv),

äå φ(u) � äiéñíîçíà÷íà, äâi÷i äèôåðåíöiéîâàíà ôóíêöiÿ â Rd, ÿêà äîðiâíþ¹ 0 íà íå-
ñêií÷åíîñòi òà ç sup-íîðìîþ φ(u) íàëåæèòü êëàñó äâi÷i íåïåðåðâíî-äèôåðåíöiéîâíèõ
ôóíêöié â åâêëiäîâîìó ïðîñòîði C2

0 (R
d). ßäðî iíòåíñèâíîñòi Γε íàëåæèòü êëàñó

C3(R). Òàêå ÿäðî çàäîâîëüíÿ¹ óìîâó Γε(0) = 0.
Íåõàé âèêîíóþòüñÿ óìîâè àïðîêñèìàöi¨ Ëåâi.
(L1) Àïðîêñèìàöiÿ ñåðåäíiõ

bε = g1(ε)b1 + g2(ε)(b+ θεb)

òà

cε = g2(ε)(c+ θεc),

äå b <∞, c <∞, |θεb | → 0, |θεc | → 0, g1(ε) → 0.
(L2) ßäðî iíòåíñèâíîñòåé ìà¹ òàêå àñèìïòîòè÷íå çîáðàæåííÿ

Γεg = g2(ε)(Γg + θεg),

äëÿ âñiõ g, ùî íàëåæàòü êëàñó C3(R). ßäðî iíòåíñèâíîñòi Γ0(dv) çàäàíî íà êëàñi
ôóíêöié, ùî âèçíà÷à¹ ìiðó C3(R) òàêèì ñïiââiäíîøåííÿì:

Γg =
∫
R
g(v)Γ0(dv).

(L3) Ñïðàâäæó¹òüñÿ ñïiââiäíîøåííÿ
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limc→∞
∫
|v|>c v

2Γ0(dv) = 0,

ùî âèçíà÷à¹ ðiâíîìiðíó êâàäðàòè÷íó iíòåãðîâàíiñòü.
3. Âèáið ïàðìàìåòðà íîðìóâàííÿ.
Ðîçãëÿíåìî ãåíåðàòîð ìàðêîâñüêîãî ïðîöåñó ïóàññîíîâî¨ àïðîêñèìàöi¨, ùî íîð-

ìó¹òüñÿ ìíîæíèêîì g1(ε)

Γεg = g1(ε)(Γg + θεg).

Äëÿ ãåíåðàòîðà Γεg çàâæäè iñíó¹ òàêèé ãðàíè÷íèé ãåíåðàòîð Γg, ùî
Γε
g−Γg

g1(ε)
= Γ1,g.

Çíàéäåìî çîáðàæåííÿ ãåíåðàòîðà Γ1,g

Γε
g−Γg

g1(ε)
=

g1(ε)(Γg+Θε
g−Γg

g1(ε)
=

g1(ε)Γg+g1(ε)Θ
ε
g−Γg

g1(ε)
=

Γg(g1(ε)−1)
g1ε

+Θεg = Γ1,g.

Âèáåðåìî òàêèé íîðìóâàëüíèé ìíîæíèê g2(ε) = o(g1(ε)), äëÿ ÿêîãî âèêîíó¹òüñÿ
òàêà óìîâà:

Γε
g−Γg−g1(ε)Γ1,g

g2(ε)
= Γ2,g.

Çíàéäåìî çîáðàæåííÿ ãåíåðàòîðà Γ2,g

Γε
g−Γg−g1(ε)Γ1,g

g2(ε)
=

Γε
g−Γg−Γg(g1(ε)−1)−g1(ε)Θε

g

g2(ε)
=
g2(ε)Γg+g2(ε)Θ

ε
g−Γg−Γg(g1(ε)−1)−g1(ε)Θε

g

g1(ε)
=

=
Γg(g2(ε)−1−g1(ε)+1+Θε

g(g2(ε)−g1(ε))
g2(ε)

=
Γg(g2(ε)−g1(ε))

g2(ε)
+Θεg

g2(ε)−g1(ε)
g2(ε)

= Γ2,g.

Îòîæ,

Γεg−Γ = g1(ε)Γ1,g+g2(ε)Γ2,g+o(g2(ε)) = Γg(g1(ε)−1)+g1(ε)Θ
ε
g+Γg(g2(ε)−g1(ε))+

+Θεg(g2(ε)− g1(ε)) = Γg(g2(ε)− 1) + Θεgg2(ε) + o(g2(ε)).

Öå ñïiââiäíîøåííÿ ìiñòèòü äîäàíîê Θεg. Çíàéäåìî éîãî ç ðîçâ'ÿçêó çàäà÷i ñèí-
ãóëÿðíîãî çáóðåííÿ.

Äëÿ ãåíåðàòîðà ìàðêîâñüêîãî ïðîöåñó, íîðìîâàíîãî ìíîæíèêîì g2(ε), çàäà÷à
çàïèøåòüñÿ òàê:

Γε = Γ + Γ1,gg2(ε)

φε = φ+ φ1g2(ε).

Ðîçâ'ÿçîê çàäà÷i ñèíãóëÿðíîãî çáóðåííÿ íàáóäå âèãëÿäó

Γεφε = 0

Γφ1 + Γφ = ψ

Γ1,gφ1 = Θε.

Âèðàçèìî Θε

Γεφε = Γφ+ g2(ε)(Γφ1 + Γ1,gφ) + φ1Γ1,gg
2
2(ε) = Γφ+ g2(ε)ψ +Θεg22(ε) = 0.

Çâiäñè

Θε = − Γφ
g22(ε)

− ψ
g2(ε)

.
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4. Âèñíîâêè. Îòæå, iñíóþòü íåëiíiéíi ïàðàìåòðè íîðìóâàííÿ äëÿ ãåíåðàòîðiâ
ìàðêîâñüêèõ ïðîöåñiâ ó ñõåìi ïóàññîíîâî¨ àïðîêñèìàöi¨ òà àïðîêñèìàöi¨ Ëåâi.
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Consider the Markov random evolution and their approximation. The
main object of study is the generator of random processes with independent
increments. These processes are considered in Poisson approximation and
approximation of Levi scheme. Generators of random processes are normalized
by parameters, which are nonlinear functions. We prove the existence of these
parameters.
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