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We introduce two families of periodic words (TLP-words of type 1 and
TLP-words of type 2) that are connected with the Tribonacci numbers
and Tribonacci words, respectively.

Key words: Tribonacci numbers, Tribonacci words.

1. Introduction.

The Tribonacci numbers T, are defined by the recurrence relation 7T, = T,,—1 +
Th—o+T,—3, for all integer n > 2, and with initial values Tp = 0, T3 = 0 and T3 = 1 (see,
e.g., [1, 2, 3]). Many properties of the Tribonacci numbers require the full ring structure
of the integers. However, generalizations to the ring Z,, have been considered (see, e.g.,
[4]). The sequence T;, (mod m) is periodic and repeats by returning to its starting values
because there are only a finite number m? of triples of terms possible, and the recurrence
of a triple results in recurrence of all the following terms.

In analogy to the definition of Tribonacci numbers, one defines the Tribonacci finite
words as the contatenation of the three previous terms t, = t,_1tp_ot,_3, n > 2, with
initial values tg = 0, t; = 01 and t; = 0102 and defines the infinite Tribonacci word t,
t =limt, (see [5]). It is the archetype of an Arnoux-Rauzy word (see, e.g., [6, 7]).

Using Tribonacci words, in the present article we shall introduce some new kinds of
the infinite words, mainly TLP words, and investigate some of their properties.

For any notations not explicitly defined in this article we refer to [1, 6].

2. Tribonacci sequence modulo m.

The letter p is reserved to designate a prime and m may be arbitrary integer, m > 1.

Let T)(m), 0 < T;*(m) < m, denote the n-th member of the sequence of integers
T,=Th—1+Th—2+T,_3 (mod m), for all integer n > 2, and with initial values Ty = 0,
Ty =0and To =1 (T§(m) = 0, T} (m) = 0 and Ty (m) = 1). We reduce T,, modulo m
taking the least nonnegative residues, and let k(m) denote the length of the period of

© Barabash G., Kholyavka Ya., Tytar 1., 2016



Galyna BARABASH, Yaroslav KHOLYAVKA, Iryna TYTAR
6 ISSN 2078-3744. Bicuuk JIpBiB. yn-ty. Cepis mex.-mar. 2016. Bumyck 81

the repeating sequence T)F(m). A few properties of the function k(m) are in the following
theorem [4, 8]. Let p be an odd prime, p # 11, and () denotes the Legendre symbol.

Theorem 1. In Z,, the following hold:

1) Any Tribonacci sequence modulo m is periodic.

2) If (1) =1, then k(p)|(p*> + p+1) if 2* — 2® — 2 — 1 is irreducible mod p, otherwise
k(p)l(p—1).

3) If (£)) = —1, then k(p)|(p* — 1).

The results in Theorem 8 give upper bounds for k(p) but there are primes for which
k(p) is less than the given upper bound.

3. Tribonacci words.

Let tg = 0, t; = 01 and t2 = 0102. Now t,, = t,,—1tn—_ot,—_3, n > 2, the contatenation
of the three previous terms. The successive initial finite Tribonacci words are:

to =0, t; =01, t5 = 0102, ¢t3 = 0102010, ¢4, = 0102010010201, ... (1)

The infinite Tribonacci word ¢ is the limit ¢ = lim,,_, o t,,. It is referenced A080843
in the On-line Encyclopedia of Integer Sequences [9]. The properties of the Tribonacci
infinite words are of great interest in some fields of mathematics and its application such
as number theory, fractal geometry, formal language etc. See [5, 10, 11, 12, 13].

We denote as usual by |t,| the length (the number of symbols) of ¢,,. The following
proposition summarizes basic properties of Tribonacci words [5].

Theorem 2. The infinite Tribonacci word and the finite Tribonacci words satisfy the
following properties:

1) The words 11, 22 and 000 are not subwords of the infinite Tribonacci word.

2) For all n = 0 let a,, be the last symbol of t,, and k = n (mod 3), k € {0,1,2}. Then
we have a, = k.

3) For alln >0 |t,| = Thys.

4. Periodic TLP words.
Let us start with the classical definition of periodicity of words over arbitrary
alphabet {ag,a1,az,...} (see [14]).

Definition 1. Let w = agaias ... be an infinite word. We say that w is

1) a periodic word if there exists a positive integer t such that a; = a1 for all i > 0.
The smallest t satisfying the previous condition is called the period of w;

2) an eventually periodic word if there exist two positive integers t, s such that a; = a;4¢,
for alli > s;

3) an aperiodic word if it is not eventually periodic.

Theorem 3. The infinite Tribonacci word is aperiodic.

This statement is proved in [10].

We consider the finite Tribonacci words ¢, (3) as numbers written in the ternary
numeral system and denote them by b,. Denote by d,, the value of the number b, in
usual decimal numeration system. We write d,, = b,, meaning that d,, and b,, are writing
of the same number in different numeral systems.
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Example 1.
to =0, t; =01, to = 0102, t3 = 0102010, ¢4, = 0102010010201, ...,
bp =0, by =1, by =102, b3 = 102010, by = 102010010201, ...,
dy=0, di =1, do =11, d3 = 300, dy = 218800, ds = 38759787911, ....
Theorem 4. For any finite Tribonacci word t,we have
do=0, di=1, do=11, dy=dp 13" " 4d, 23" +d,_ 3(n>2). (2

Proof. One can easily verify (4) for the first few n : d3 = b3 = 102010 = 102000+ 1040 =
b2334+b131 +by = do3®+d1 3 +dy, dy = by = 102010010201 = 102010000000+ 10200+1 =
d33® + d232 + d;. Equality (4) follows from Theorem 9 (statement 3)) and the equality
— — — Trnt1+Tn T
dp,=b,=b,_1 0...0 +b,,_20...0+b,,_3=d,,_13 +d,_23'" +dp_3.
Tog1+Tn T,

Let wo(m) = 0 and for arbitrary integer n, n > 1, d,(m) = d, (mod m), 0 <
dn(m) < m, b,(m) is d,,(m) in the ternary numeration system, wy, (m) = wy,—1(m)b, (m).
Denote by w(m) the limit w(m) = lim, o wp(m).

Definition 2. We say that

1) wyp(m) is a finite TLP word type 1 modulo m;
2) w(m) is an infinite TLP word type 1 modulo m.

Theorem 5. The infinite TLP word of type 1 w(p) is a periodic word.

Proof. The statement follows from (4) because there are only a finite number of d,(p)
and 37* (mod p) possible, and the recurrence of the first few terms sequence d,,(p) and
3T» (mod p) gives recurrence of all subsequent terms.

Using Tribonacci words (3) we define a periodic TLP word w*(m) (infinite TLP
word type 2 by modulo m). As usual, we denote by € the empty word. Let v (m) be the
last Ty, 3(m) symbols of the word t,, if Ty, 3(m) # 0, otherwise vy, (m) = e.

Theorem 6. The word length |vy;,(m)| coincides with T} 5(m).

Proof. This is clear by construction of v} (m) .

Since T} (m) is a periodic sequence with period k(m), the sequence |vf(m)| is
periodic with the same period. Let wgi(m) = 0 and for arbitrary integer n, n > 1,
wi(m) = wk_;(m)v}(m). Denote by w*(m) the limit w*(m) = lim,,_, o w}(m).

Definition 3. We say that

1) wk(m) is a finite TLP word of type 2 modulo m;
2) w*(m) is an infinite TLP word of type 2 modulo m.

Theorem 7. The infinite TLP word of type 2 w*(m) is a periodic word.
The Theorem 14 is a direct corollary of Theorem 9 (statement 2)) and Theorem 13.
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Osmageno gasa Bumm nepioguaanx ciais (TLP-ciosa tumy 1 ta TLP-ciosa
Ty 2), axi mos’a3ani 3 ancaamu Tpibonaswdi ta caosamu TpiGoradHi.

Karwost crosa: «ucia Tpibonawdi, ciaosa Tpibonaddi.



