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We consider a semitopological a-bicyclic monoid B, and prove that it is
algebraically isomorphic to the semigroup of all order isomorphisms between
the principal upper sets of ordinal w®. We prove that for every ordinal o and
every (a,b) € B if a or bis a non-limit ordinal, then (a, b) is an isolated point in
Bo. We show that for every ordinal oo < w+1 every locally compact semigroup
topology on B, is discrete. On the other hand, we construct an example of a
non-discrete locally compact topology 7ic on By41 such that (Bu+yi,7ic) is a
topological inverse semigroup. This example shows that there is a gap in the
proof of Theorem 2.9 [16] stating that for every ordinal « the semigroup Ba
does not admit non-discrete locally compact inverse semigroup topologies.

Key words: topological inverse semigroup, topological semigroup, semi-
topological semigroup, a-bicyclic semigroup.

In this paper all topological spaces are assumed to be Hausdorff. By N we shall
denote the set of all positive integers. A semigroup S is called inverse if for every z € S
there exists a unique y € S such that xyx = = and yry = y. Later such an element y
will be denoted by x~! and will be called the inverse of 2. A map inv : S — S which
assigns to every s € S its inverse is called inversion. By w we denote the first infinite ordi-
nal. A topological (inverse) semigroup is a topological space together with a continuous
semigroup operation (and an inversion, respectively). Obviously, the inversion defined
on a topological inverse semigroup is a homeomorphism. If S is a semigroup (an inverse
semigroup) and 7 is a topology on S such that (S, 7) is a topological (inverse) semigroup,
then we shall call 7 an (inverse) semigroup topology on S. A semitopological semigroup
is a topological space together with a separately continuous semigroup operation. Let f
be a map between two partial ordered sets (A4,<a) and (B, <p), then we shall call f a
monotone if for every a,b € A if a <a b then f(a) <p f(b). We shall call f an order
isomorphism if f is monotone bijection and its inverse map f~! is also monotone.

For a partially ordered set (A, <), for an arbitrary X C A and = € A we write:

1) JX = {y € A: there exists z € X such that y < z};
2) 1X = {y € A: there exists z € X such that z < y};
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3) Lo = Wah
1) 1o = Ha}
5) X is a lower set if X = [ X;
6) X is an upper set if X =1X;
7) X is a principal lower set if X = |z for some z € X
7) X is a principal upper set if X =tz for some x € X.

The bicyclic monoid A(p, q) is the semigroup with the identity 1 generated by two
elements p and ¢ subjected only to the condition pg = 1. The distinct elements of B(p, q)
are exhibited in the following useful array

p P
3

g qp q* qp
@ ap ¢’ ¢p’
@ ép @B @

and the semigroup operation on %(p, q) is determined as follows:

qkpl . qmpn _ qk+m—min{l,m}pl+n—mill{l7m}.
It is well known that the bicyclic monoid %(p, q) is a bisimple (and hence simple) combi-
natorial E-unitary inverse semigroup and every non-trivial congruence on %(p,q) is a
group congruence [8]. Also classic Andersen Theorem states that a simple semigroup S
with an idempotent is completely simple if and only if S does not contains an isomorphic
copy of the bicyclic semigroup (see [1] and [8, Theorem 2.54]). Observe that the bicyclic
monoid can be represented as a semigroup of isomorphisms between principal upper sets
of partially ordered set (N, <) (see [21]). The bicyclic semigroup admits only the discrete
semigroup topology and if a topological semigroup S contains it as a dense subsemigroup
then A(p, q) is an open subset of S [9]. In [6] and [10] this result was extended for the
case of semitopological semigroups and generalized bicyclic semigroup respectively. The
problem of an embedding of the bicyclic monoid into compact-like topological semigroups
was discussed in [2], [3], [12]. Also, in [9] was described the closure of the bicyclic monoid
PB(p,q) in a locally compact topological inverse semigroup. In [11] was proved that a
Hausdorff locally compact semitopological bicyclic semigroup with adjoined zero 0 is
either compact or discrete.

Among the other natural generalization of bicyclic semigroup polycyclic monoid and
a-bicyclic monoid play the major role.

Polycyclic monoid was introduced in [23]. In [4] there was introduced a notion of the
A-polycyclic monoid, which is a generalization of the polycyclic monoid and there was
proved that for every cardinal A > 1 the A-polycyclic monoid Py can be represented as
a subsemigroup of the semigroup of all order isomorphisms between principal lower sets
of the A-ary tree with adjoined zero. In [18] and [19] were studied algebraic properties
of the polycyclic monoid. In [22] were studied topological properties of the graph inverse
semigroups which are the generalization of polycyclic monoids and proved that for every
finite graph E every locally compact semigroup topology on the graph inverse semigroup
over F is discrete, which implies that for every positive integer n every locally compact
semigroup topology on the n-Polycyclic monoid is discrete. In [4] were studied algebraic
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and topological properties of the A-polycyclic monoid and was proved that for every non-
zero cardinal A every locally compact semigroup topology on the A-Polycyclic monoid
is discrete. In [5] authors investigated the closure of A-polycyclic monoid in topological
inverse semigroups.

However in this paper we are mostly concerned on the a-bicyclic monoid. This
monoid was introduced in [17]. Let a be an arbitrary ordinal and < be the usual order
on « such that a < b iff a € b for every a,b € a. For every a,b € a we write a < b iff
a =bor a € b. Clearly that < is a partial order on «. By 4+ we will denote the usual
ordinal addition. Ordinal « is said to be prime if it can’t be represented as a sum of two
ordinals which are contained in «. For every ordinals a,b such that a > b we will put
c=a—bif a =b+ c. Clearly that for every ordinals a > b there exists a unique ordinal
¢ such that ¢ = b+ ¢. For more about ordinals see [20], [25] or [26]. By the a-bicyclic
monoid B, we mean the set w* x w® endowed with the following binary operation:

(a+(c—0b),d), if b<g
(a,b)-(c,d):{ (a,d+ (b—c)), if b>c

Later on we will write (a,b)(c, d) instead of (a,b) - (¢, d).

In [17] were considered algebraic properties of bisimple semigroups with well-ordered
idempotents. In [24] was built a non-discrete inverse semigroup topology on Ba. In [15]
were investigated inverse semigroup topologies on B,,.

Observe that every upper set of arbitrary ordinal « is principal.

By jfa we shall denote the semigroup of all order isomorphisms between the pri-
ncipal upper sets of the ordinal w® endowed with multiplication of composition of partial
maps.

Topological semigroups of partial monotone bijections of linearly ordered sets were
investigated in [7], [13], [14]. In [13] it was proved that every locally compact topology
on the semigroup of all partial cofinite monotone injective transformations of the set
of positive integers is discrete. In [7] authors proved that every Baire topology on the
semigroup of almost monotone injective co-finite partial selfmaps of positive integers is
discrete. In [14] was proved that every Baire topology on the semigroup of all monotone
injective partial selfmaps of the set of integers having cofinite domain and image is
discrete. We observe that in [7] and [14] there constructed non-discrete non-Baire inverse
semigroup topologies on the corresponding semigroups.

In this paper we consider a semitopological a-bicyclic monoid B, and prove that it is
algebraically isomorphic to a semigroup of all order isomorphisms between the principal
upper sets of ordinal w®. We prove that for every ordinal « for every (a,b) € B, if a
or b is a non-limit ordinal then (a,bd) is an isolated point in B,. We show that for every
ordinal o < w + 1 every locally compact semigroup topology on B, is discrete. However
we construct an example of a non-discrete locally compact topology 7. on B,1 such
that (B,+1,7ic) is a topological inverse semigroup. This example shows that there is a
gap in [16, Theorem 2.9], where is stated that for every ordinal « there is only discrete
locally compact inverse semigroup topology on B,.

Proposition 1. For every ordinal o the semigroup jfa of all order isomorphisms
between principle upper sets of ordinal w® is isomorphic to the a-bicyclic monoid B,,.
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Proof. Observe that every principal upper set of w® is an interval [a,w®) for some a € w®.
Define a map h : /5 — B, in the following way: for an arbitrary order isomorphism
f e, w®) = [byw®) put h(f) = (a,b). Clearly that if there exists an order isomorphism
between two intervals [a,w®) and [b,w®) then it is unique. Thus the map h is injective.
Since w® is a prime ordinal for every a,b < w® upper sets [a,w®) and [b,w®) of w* are
order isomorphic and hence the map h is surjective. Simple verifications show that the
map h is a homomorphism.

Lemma 1. Let (B,,T) be a semitopological semigroup. Then for every ordinal a € w®
the elements (0,a) and (a,0) are isolated points in (By,T).

Proof. Observe that if e is an idempotent of semitopological semigroup S both eS and
Se are retracts of the space S and hence are closed subsets of S. Since {(0,0)} = B, \
((1,1)B, UB,(1,1)), (0,0) is an isolated point in (B, T).

Since (0, a)(a,0) = (0,0) the separate continuity of multiplication implies that there
exists an open neighborhood V' ((0, a)) such that V((0,a))(a,0) = {(0,0)}. Fix any point
(¢c,d) € V((0,a)). Then (¢, d)(a,0) = (0,0). Hence d = a and ¢ = 0 which implies that
V((0,a)) = {(0,a)}. Thus (0,a) is an isolated point in (B, 7). Proof of the statement
that (a,0) is an isolated point is similar.

Lemma 2. Let (B,,T) be a semitopological semigroup. Then for every element (a,b) €
B, there exists a clopen neighborhood V ((a,b)) of (a,b) such that the following conditions
hold:

1) for every (c,d) € V((a,b)) ¢ < a and d < b;

2) for every (c,d) € V((a,b)) a = c if and only if b=d.

Proof. Put V((a,b)) = {z € S : (0,a)x = (0,b)}. Observe that by Lemma 1 (0,b) is an
isolated point of the space B,. Since (0,a)(a,b) = (0,b) the separate continuity of the
multiplication in B, implies that V' (a,b) is a clopen neighborhood of the point (a, b). Fix
any element (c,d) € V((a,b)). Then we have that (0,a)(c,d) = (0,b). Clearly that above
equality holds in the only case when ¢ < a. Hence (0,a)(c,d) = (0,d+(a—c)) = (0,b) and
since d+ (a —¢) = b we get that d < b. Moreover if a = ¢ then (0, a)(c,d) = (0,d) = (0,b)
and hence b = d.

Lemma 2 implies the following corollary:

Corollary 1. Let (B, 7) be a semitopological semigroup. Then for every finite ordinals
n,m element (n,m) is an isolated point in the space (Ba,T).

Lemma 3. Let (B, 7) is a semitopological semigroup. For every distinct ordinals a,b < «
(w?, w?) is an isolated point in (By,T).

Proof. First we consider the case when a < b. Since (0,w%)(w? w’) = (0,w),
Lemma 1 and separate continuity of the semigroup operation in (B,,7) imply that
there exists an open neighborhood V((w? w®)) of (w* w’) in (B,,7) such that
(0,w)V((w*,w®) = {(0,w*)} and for the neighborhood V((w® w®)) conditions of
Lemma 2 hold. Then (0,w®)(c,d) = (0,d+ (w® —c¢)) = (0,w’) for every (c,d) € V((a,b)).
Hence d + (w® — ¢) = d + w*® = w®, but this equation is true only if w® = w®, a
contradiction.
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In the case when a > b the proof is similar.

By [26, Theorem 17] each ordinal a has Cantor’s normal form, that is a = nyw® +
naw™ 4 ... +n,wP* , where n; are positive integers and 81, fa, ..., 3 is a decreasing sequence
of ordinals.

Lemma 4. Let (B, T) be a semitopological semigroup, a = n1wP' +now® + ... +npw’*,
b= miw™ +mow™ +...4+mw* be Cantor’s normal forms of ordinals a and b respectively.
If (a,b) € By and (W W) is an isolated point in (By,T) then (a,b) is an isolated point
in the space (Ba,T).

Proof. Suppose (w”*,wt) is an isolated point in (Ba,7). Put a* = njwf' + nyw? +
o (ng — DwP and b* = myw™ + now?? + ... + (ny — 1)w?t. Here we agree that a* =
0(b* = 0) in the case when ny = 1(n; = 1). Then (0,a*)(a,b)(b*,0) = (WP w).
The separate continuity of multiplication in (B,,7) implies that there exists an open
neighborhood V' ((a, b)) of (a,b) such that (0,a*)V((a,b))(b*,0) = {(w?*,w?*)}. Fix any
element (c,d) € V((a,b)). Obviously (0,a*)(c,d)(b*,0) can be equal to (w?*,w*) only if
a* < cand b* < d. Then (0,a*)(c,d)(b*,0) = (c — a*,d — b*) = (w,w"*), which implies
that ¢ = a and d = b. Hence V((a,b)) = {(a,b)}.

Proposition 2. Let (B, T) be a semitopological semigroup and a be a non-limit ordinal.
Then for every ordinal b € w® both (a,b) and (b, a) are isolated points in the space (Ba, T).

Proof. Corollary 1 and Lemma 4 imply that both points (a,b) and (b, a) are isolated in
(Ba,7) if b is a non-limit ordinal. Hence it is sufficient to consider the case when b is a
limit ordinal. Suppose to the contrary that (a,b) is a non-isolated point in (B, 7). Since
(a,b)(b,0) = (a,0), the separate continuity of multiplication in (B,,7), Lemmas 1 and 2
imply that there exists an open neighborhood V' ((a, b)) of (a,b) satisfying conditions of
Lemma 2 such that V((a,b))(b,0) = {(a,0)}. Fix an arbitrary element (c,d) € V(a,b) \
{(a,b)}. Then (c¢,d)(b,0) = (¢ + (b —d),0) = (a,0). Hence a = ¢+ (b — d), but since b
is a limit ordinal we have that b — d is also a limit ordinal. Then ¢ + (b — d) is a limit
ordinal which contradicts to the assumption that a is a non-limit ordinal. Proof of the
statement that (b, a) is an isolated point in (Bg, 7) is similar.

Theorem 1. For each o < w+ 1 every locally compact topological a-bicyclic semigroup
(Bo,T) is discrete.

Proof. Lemmas 3 and 4 imply that if each idempotent (w®, w?®) of the (B, 7) is an isolated
point then 7 is discrete.

It is obvious that the subset {(n,m) : n,m < w} U {w,w} with the semigroup
operation induced from B, is isomorphic to the bicyclic semigroup with adjoined zero.
Then by Lemma 2 and [11, Corollary 1|, (w,w) is an isolated point in (Bg, 7).

Suppose (Ba, 7) is a non-discrete semigroup. Let m be the smallest positive integer
such that (w™,w™) is a non isolated idempotent of (B,,7). We remark that by the
our assumption Lemmas 3 and 4 imply that {(a,b) : a,b < w™} is discrete subsemi-
group of (B,,7) which is algebraically isomorphic to B,,. By Lemma 2 there exists
a clopen compact neighborhood W ((w™,w™)) of (w™,w™) such that W((w™,w™)) C
By U {(w™,w™)}. The continuity of the multiplication in the (B, 7) implies that there
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exists a compact open neighborhood V((w™,w™)) C W((w™,w™)) of (w™,w™) such
that (0,0) ¢ V2((w™,w™)). Since V((w™,w™)) is compact and (w™,w™) is the only
non-isolated point in V ((w™,w™)), we have that (w™,w™) is a limit point of every infi-
nite sequence z,, € V((w™,w™)) consisting of mutually distinct elements.

For an arbitrary element (y,0) € B,, put
X0 ={(0,2) : (,0)(0,2) = (y,x) € V}.

Suppose that there exists an element (y,0) € B, for which the set X, o) is infinite. Let
Xy,00 = 1{(0,7%) : k € N} be an enumeration of the set X, o). Observe that

(wm7wm) = lim ((y,O)(O,Ik)) = lim (y,«Ik)~
k—o0 k— o0
Then for every ordinal z < w™

lim (z,2g) = (W™, w™),
k— o0

because
(W™ w™) = (z,y) (W™ w™) = (2,y) lim (y,2x) = lim ((2,y)(y,zx)) = lim (z, z)

For every k € N let ¢, be the smallest ordinal such that (zg,cr) € V((w™,w™)). Since
(0,0) ¢ V2((w™,w™)) we have that there exists ko € N such that for every k > ko ¢ # 0.
Observe that (w™,w™) is a zero of By,. The continuity of the multiplication in (B, 7)
implies that there exists an open compact neighborhood O((w™,w™)) C V((w™,w™))
such that

O((w™,w™))(1,0) UO((w™,w™))(w,0) U.. U O((w™,w™))(w™™",0) € V((w™,w™)).

But then an infinite discrete space {(zg,cx) : k € N} C V((w™,w™)) \ O((w™,w™)),
which contradicts the compactness of V((w™,w™)). The obtained contradiction implies
that X(, 0) is a finite set for every element (y,0) € B,,.

Since V((w™,w™)) is infinite there exist an infinite set A = {(yn,0) : n €
N} C B,, such that X, o) # 0. For an arbitrary element (y,,0) € A by (0, z,,) we
denote an element of X, o) which has the greatest second coordinate. Clearly that

{(yn,0)(0, 2zy,,) = (Yn, 2y, ) } is infinite sequence of V ((w™,w™)). Then we have that

T (g, 2,) = (@™, 0™).

But
(W™ W™) = (@™,w™) (0,0 ) = lim (Un» 24,)(0,0™ 1) =
= lim (yn, 0™+ 2,,) # (W™, W),

n—oo

because w™ ! + z, > z, which contradicts the continuity of the multiplication in
(Ba, 7). Hence (B, T) is a discrete semigroup.

However the following example shows that there exists a non-discrete locally
compact topology 7. on the B,11 such that (B,+1,7c) is a topological inverse semi-

group.
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Example 1. We define the topology 7. in the following way: all points distinct from
(nw*, mw*) for some positive integers n, m are isolated, and the family Z((nw*, mw®)) =
{Uk((nw*, mw®)) : k € N} forms a base of the topology 7. at the point (nw*,mw®),
where

Uk (nw®,mw®)) = {((n — Dw* + ', (m — Dw® + w') : t > k} U {(nw®, mw*)}.

Clearly that 7. is a Hausdorff topology on B,1. Since every open basic neighborhood
of an arbitrary non isolated point (nw“,mw®) is compact we have that 7. is locally
compact.

It is obvious that for every positive integer k

inv(Ug (nw®, mw®)) = Uk (mw®, nw®).

Hence the inversion is continuous in (B,41, 7ic)-
Let a < w**! be an arbitrary ordinal. Below for us will be useful the following
trivial modification of the Cantor’s normal form of the ordinal a:

a=nw® + nw' + .. + npwtp,

where ny is a non negative integer, no, ..,n, are positive integers and w,to,t3,..,t, is a
decreasing sequence of ordinals.

It is sufficient to check the continuity of the multiplication at a point ((a,b), (¢, d)) €
B,4+1 % Bu+1 when at least one of the points (a,b) or (¢, d) is non-isolated in (B 41, 7ic)-
Hence there are three cases to consider:

(1) (nw*, mw*)(nw®, mw*), where n,m,n;, my € N;
(2) (a,b)(nw®, mw®), where (a,b) is an isolated point in (By,+1,7c), n,m € N;
(3) (nw*, mw*)(a,b), where (a,b) is an isolated point in (B,41, i), n,m € N;

Suppose the first case holds, then we have the multiplication of the form
(n1w®, miw®) (nw®, mw®).

It has the following three subcases:

(1.1) if my < n then (nqw*, mw*)(nw*, mw*) = ((n1 +n — m)w®, mw*);
(1.2) if my = n then (nw*, mw®)(nw*, mw*) = (n1w*, mMw*);
(1.3) if my > n then (nw*, mw®)(nw*, mw*) = (n1w*, (M + my — n)w*).

Let’s consider the subcase (1.1). Let Ug(((n1 +n — mq)w®, mw®)) be a basic open nei-
ghborhood of ((n; +n — mp)w®, mw®). Then we state that

U ((nw®, miw®))Ug((nw*, mw®)) C Ug(((n1 +n — mq)w®, mw®)).
Indeed, fix any elements
((ng — Dw® +w', (mp — Dw® +w') € Up((nw”, miw®))

and

((n—1Dw” +wP, (m — )w® + wP) € Ug((nw*, mw®)).



Serhii BARDYLA
16 ISSN 2078-3744. Bicuuk JIpBiB. yu-ty. Cepis mex.-mar. 2016. Bumyck 81

ny — Dw® +wt, (my — Dw® +w)((n — Dw® +wP, (m — Dw” +wP) =

n1 — Dw? +wh + ((n — Dw* +wP — ((mp — Dw® +wh)), (m — Dw® + wP) =
ny — Dw® +w' 4+ (n—1—=my + Dw® +wP),(m— 1w +wP) =
n—1l+n—1-—m;+ Hw” +wP, (m—1w* +uwP) =

(n1+n—m; — Dw” + P, (m— 1w +wP) € Up(((n1 +n — mq)w®, mw®)).

—~ Y~ ~~ —~
—_— o~ =~ =~

Let’s consider the subcase (1.2). We have that m; = n. Let Ug((n1w®, mw®)) be a basic
open neighborhood of (njw®, mw*). Then we state that

Uk ((n1w®, nw®)) Uk ((nw*, mw®)) C Uk ((n1w®, mw®)).
Indeed, fix any elements
((n1 — Dw® +wh, (n — Dw® +w') € Up((nw®, nw®))
and
((n = 1Dw” +wP, (m — )w® + wP) € Up((nw*, mw®)).
If p >t then
((n1 — Dw® +w', (n — Dw® +w')((n — Dw® + P, (m — Dw® + wP) =
(n1 — Dw® + 0"+ (0 — Dw® + wP — ((n — Dw® + '), (m — Dw® + wP) =
((n1 — Dw® + W' + (WP —wh), (m — Dw® +wP) =
((n1 — Dw® + WP, (m — 1)w* + wP) € Up((nw", mw®)).
If p =t then we have the following:
((ng — Dw®” + WP, (n — Dw® + wP)((n — D + w?, (m — Dw® + wP) =
((ng — Dw® + WP, (m — 1)w* + wP) € Ugp((nw", mw®)).
If p <t then
(1 — 1 + ', (0 — 1)
((n1 — Dw® +w', (m — Dw* +wP + (n — Dw® +w' — ((n — Dw* +wP))) =
((n1 = Dw” +w', (m = Do +wP + (W' —wP)) =
) -1

m
((n1 — Dw® + ', (m — Dw® + w') € Up((nw®, mw®)).

n w? +wh((n — Dw +wP, (m — w* +wP) =

Let’s consider the subcase (1.3). In this subcase we have that m; > n.
Let Uy ((n1w*, (m+mi—n)w®)) be a basic open neighborhood of (niw®, (m+mi —n)w®).
Then we state that

U (niw?, miw®)) Uk ((nw®, mw®)) C Uk((n1w®, (m 4+ my —n)w®)).
Indeed, fix any elements
((n1 — Dw® + ', (mg — Dw® +w') € Up((nw”, miw®))

and
((n — Dw* + P, (m—Dw” + wP) € Uk((nw*, mw®)).
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Then

(m1 — Dw® + ") ((n — Dw* + wP, (m — w* +wP) =

w? +wh (m — Dw® + wP + ((my — Dw® +w' — ((n — Dw® +wP))) =
(m—1Dw* +wP + ((m —1—n+Dw* + ') =

W’ +wh (m+my —n—Dw” +w') € Up((nw®, (m +my — n)w®)).

Hence the continuity of the multiplication in (By41, 7ic) holds in the case (1).
Let’s consider the case (2). It has the following three subcases:

(2.1) a # nw* and b # myw®;
(2.2) a # nw* and b = myw®;
(2.3) a =nyw* and b # miw®.

Let’s consider the subcase (2.1) Let a = njw® 4+ naw'? + .. + nyw' and
b=miw® + maow™ + .. + mew™, (note that ny and m; could be equal to 0).
Then we have the following two subcases:

(2.1.1) if my < n then
(n1w” +12w" +..4+npw', miw” +maw™ +..+mew”™ ) (nw, mw*) = ((n1+n—mq)w®, mw®);
(2.1.2) if my > n then

(n1w® + now™ + .. + npw', Mmiw® + maw™ + .. + mew” ) (nw®, mw*) =

= (Mw” 4+ n2w™ + .. + npw', (M +my — n)w® + maw™ + .. + Mew"™);

Let’s prove the continuity in the subcase (2.1.1). Let Ux(((n1 +n — my)w*, mw®)) be a
basic open neighborhood of ((ny +n —mp)w*, mw®). Note that

(n1w® 4 now®™ + .. + npwtp, miw® + mow™ + .. + mew’)
is an isolated point in (8,41, 7). Then we state that
(n1w® 4+ now™ + .. + npw' maw® + maw”™ + .. + Mew" ) Upy 1y 41 ((nW®, mw®)) C
C Ui(((n1 +n —mp)w”, mw®)).
Indeed, fix any element
(n — Dw® + W', (m— Dw* +w") € Upypty 1k ((nw®, mw®)).
Then
(n1w® 4+ n2w™ + .. + npw', miw® + maw™ + .. + mew”)((n — Dw® + w’, (m — 1w+
+w") = (mw® + n2w' + .. + npw' + ((n — Dw® +w' — (Mmiw® + maw™ + ..
+mew”™)), (m — Dw® +w') =
= (nw® + naw® + .. + npw' + ((n — 1 —my)w® + ', (m — Dw® + w') =
=((n1+n—m; — Dw” +w', (m—Dw” +w'") € Up(((n1 +n —my)w®”, mw®)).

Hence the continuity of the multiplication in the subcase (2.1.1) holds.
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Let’s consider the subcase (2.1.2). Note that both (nqw® +now +..+n,w', myw” +
mow™ +..+mew”) and (njw® +now'? +..+npw', (Mm—+my —n)w® +mow”™ + ..+ mew"™)
are isolated points in the (B,1, 7). Then we state that

(n1w® + noaw™ + .. + npw', miw® + maw™ + .. + mew”)Up((nw®, mw®)) =

= {(n1w” + now' + .. + nyw', (M +my — n)w” + maw™ + .. + mew")}.
Indeed, fix any element

((n — Dw® + ', (m — Dw* +w') € Up((nw*, mw®)).

Then
(n1w® 4+ n2w™ + .. + npw', miw® + maw™ + .. + mew”)((n — Dw® + w’, (m — 1w+
+ w') = (Mw® + n2w™ + .. + npw', (m — Dw® + w' + (Maw® + maw™ + .. + mew”™ —
—((n = Nw* +u"))) =
(n1w® 4+ n2w™ + .. + npw', (m — Dw® + w' + ((m1 —n + Dw® + maw™ + .. + mew”™) =
= (nw® + naw™ + .. + npwtp, (m+m; —n)w” + maw™ + .. + mw"™).

Hence the continuity of the multiplication in the subcase (2.1) holds.
Let’s consider the subcase (2.2). Let a = njw® + naw™ + .. + nyw' and b = myw®.
Then we have the following two subcases:

(2.2.1) if m1 < n then
(n1w® + naw™ + .. + npw', miw®) (nw®, mw®) = ((n1 +n — my)w”, mw*);
(2.2.2) if my > n then
(n1w® 4+ now™ + .. + npw', miw®) (nw*, mw®) =
= (nw® + naw™ + .. + npw', (m +my — n)w®);
Let’s consider the subcase (2.2.1). Let Ug(((n1 +n —m1)w®, mw®)) be a basic open

neighborhood of ((n1 +n —mq)w®, mw®). Note that (n1w” + naw’ + .. + nyw'», miw®)
is an isolated point in the (By41, 7). Then we state that

(n1w® 4+ now™ + .. + npw', maw ) U,y 41 ((nw®, mw®)) C
C Up(((n1 +n —mq)w®, mw®)).
Indeed, fix any element
((n — Dw* + ', (m — Dw* +w") € Upyii((nw”, mw®)).
Then
(n1w® + now™ + .. + npw', miw?)((n — Dw® +w', (m — D +w') =
= (mw® + now™ + .. + npw' + ((n — Dw® + w' — miw®), (m — Dw® + w') =
= (mw” 4+ n2w™ + .. + npw' + ((n — 1 — my)w® + w'), (m — D +w') =
=((n1 +n—mp — Dw* +wt, (m - Dw* +w) € Up(((n1 +n — myp)w®, mw®)).

Hence the continuity of the multiplication in the subcase (2.2.1) holds.
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Let’s consider the subcase (2.2.2). Note that both (njw® +now® + .. +n,w', miw®)
and (n1w® 4+ now' + .. + nyw'», (m + my — n)w®) are isolated points in the (By11, 7ie)-
Then we state that

(n1w® 4+ naw™ + .. + npw', miw* ) Ug((nw®, mw®)) =
= {(nMw® + naw™ + .. + nyw', (m +my —n)w*)}.
Indeed, fix any element
((n— Dw®” +w', (m — Dw* +w') € Up((nw”, mw®)).
Then
(n1w® 4+ naw™ + .. + npw', miw?)((n — D + W', (m — N + ') =
= (nw® + naw® + .. + npw', (m — Dw® + ' + (mw® — ((n — D +w'))) =
= (nw® + naw' + .. + npw', (m — Dw® +w' + ((m1 —n + Dw®) =
= (nw® + naw™ + .. + npw', (M +my — n)w®).
Hence the continuity of the multiplication in the subcase (2.2) holds.

Let’s consider the subcase (2.3). Let a = njw® and b = miw® + mow™ + .. + mew"e.
Then we have the following two subcases:

(2.3.1) if m1 < n then
(nw®, miw® + maw™ + .. + mew”™) (nw®, mw®) = ((n1 +n — mp)w*, mw*);
(2.3.2) if my > n then
(nw®, miw® + maw™ + .. + mew") (nw*, mw®) =
= (nw®, (m+mq — n)w* + maw™ + .. + mew"™);
Let’s consider the subcase (2.3.1). Let Ur(((n1 + n — my1)w*, mw®)) be a basic open
neighborhood of ((n; +n —my)w®, mw*). Then we state that
(nw®, miw® + maw™ + .. + mew")Up, 1 ((nw®, mw®)) C
C Uk(((n1 +n —mq)w®, mw?)).
Indeed, fix any element
(n—Dw* + ', (m — Dw® +w") € U1 ((nw®, mw®)).
Then
(n1w®, miw® + maw™ + .. + mew”™)((n — Dw® + W', (m — Dw®” +w') =
= (mw” + ((n — Dw® +w' — (Miw®” + maw™ + .. + mw™)), (m — Dw® + w') =
= (mw* + ((n —1—mp)w” +wh), (m — Dw* +w') =
=((n1 +n—mp — Dw* +w', (m— 1w +w') € Up(((n1 +n — myp)w®, mw®)).
Hence the continuity of the multiplication in the subcase (2.3.1) holds.

Now let’s consider the subcase (2.3.2). Note that both (njw®, miw” + maw™ + ..
+ mew”™) and (niw®, (m 4+ my — n)w® + maw™ + .. + mew") are isolated points in the
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(Bw+1,Tic)- Then we state that
(n1w®, miw® + maw™ + .. + mew"™ ) Up ((nw®, mw®)) =
= {(mw”, (m+m; —n)w® + maw™ + .. + mw")}.
Indeed, fix any element
(n = Dw* + ', (m — Dw® +w') € Up((nw®, mw®)).
Then
(n1w”, miw® + maw™ + .. + mew”™)((n — Dw® + ', (m — Dw® +w') =
= (nw*, (m — Dw* + w' 4+ (mw® + mow™ + .. + mew™ — ((n — Dw* +wh))) =
= (mw*, (m — Dw* + W' + (M1 —n + Dw® + mow™ + ... + mew™) =
= (mw”, (m+m; —n)w* + maw™ + .. + mew”).

Hence the continuity of the multiplication holds in the case (2).
Since the inversion is continuous in (Byt1,7.) and

((a,b)(nw®, mw*)) "t = (mw*, nw*) (b, a)

the case (2) implies that the semigroup operation in the case (3) is continuous too.
Hence (By+1,Tic) is a topological inverse semigroup.
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IMPO HAIIIBTOIIOJ/IOTTYHUMN o-BINMUKJITYHUN MOHOI T,

Cepriit BAPINJIA

Jveiecvruti HaytonarvHul yHisepcumem imeni Ieana Dparnka,
eys. Yuisepcumemcoka,l, Jveis, 79000
e-mail: sbardyla@yahoo.com

ocnigKeHo HamiBTOMOIOr9HAN -6inpkmigruii Mmoroin By. Josemeno, mo
Ba — anrebpuuno isomopdHuit Hanisrpymi ycix nopsiakosux isomopdizmins mix
BepXHIMU MHOXKUHAMU OpAuHaTy w®. Takoxk MOBEIEHO, IO JJI J0BLIHHOTO Op-
JUHAILY v, 71 JIOBLIBHOTO esieMenTa (a, b) € Ba 3 Toro, mo a abo b He € rpanuy-
HUM OP/IMHAJIOM, BUILIUBAE, O (a,b) € i30/1b0BaHO0 TOYKOI0 B Bo. 3’scosBano,
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0 18 AOBLIHHO OpAMHAIY @ < w + 1 KOXKHa JIOKAJIHHO KOMITAKTHA HATIBIPY-
nmoBa Tomosoria Ha B, € AucKpeTHO 1 moOymoBaHwil TPUKIIA] HEIUCKPETHOT
JIOKAJIbHO KOMIIAKTHOI TOHOJIoril Tjc Ha Bu4+1 Takol, mo (Bu41,7ic) € TomoJio-
rigHOIO iHBepCHOIO HamiBrpymoio. lleit mpukian 3acBimdye, IO € IOMHIKA B
[16, Teopemi 2.9], me CTBEPMKYETHCA, WO s JOBLIBHOTO OPAMHALY (@ iCHY€E
JIMIIE JUCKPETHA JIOKAJIbHO KOMIIAKTHA TOIOJIOrid Ha Be, gka neperBopioe Ba
B TOIIOJIOTIYHY iHBEPCHY HAIIIBIDYILY.

Karmwost caosa: TOMOJIOTIYHA iHBepCHA HAMIBIPYIA, TOMNOJIOTIYHA HAIB-
rpyIa, HAIiBTOIIOJOTIYHA HAMBIPYIA, O-OlMUK/IIIHII MOHOIH.



