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1. Introduction.

The initial-boundary value problems for the nonlinear parabolic equations with time
depended delay are considered. A typical example of the equations being studied here is

ut−
n∑

i=1

(
âi(x, t)uxi

)
xi

+â0(x, t)u+

t∫
t−τ(t)

c0(x, t, s)u(x, s)ds =f(x, t), (1)

(x, t) ∈ Q := Ω × (0, T ), where n ∈ N, Ω is a domain in Rn, T > 0, â0, . . . , ân are
measurable positive functions on Q, τ is a nonnegative continuous function, c0 is a
measurable bounded function, f is an integrable function, u is an unknown function.

Equations with time delay arise in modelling population dynamics, in non-
Newtonian �ltration, heat �ux, etc. ([5]). The equations of type (1) with constant
delay were investigated in [1], [2], [3], [6], [7] and others. A good reference overview of
such papers can be found in [3]. Note that in these papers the semigroup theory is used.

Partial di�erential equations with a variable delay are less studied, and we know
only publications of Rezounenko and Chueshov (in particular, [4], [8]), where equations
of type (1), with τ = τ(u), are considered. In [4], a certain abstract parabolic problem
with the state dependent delay term of a rather general structure is considered. In [8],
the nonlinear partial functional di�erential equations with main linear elliptic operator
and non-local nonlinear term is considered. For proving existence of solutions of problems
considered in [4], [8] Galerkin's approximations are used.

c⃝ Bokalo M., Ilnytska O., 2016
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To the best of our knowledge, the initial-boundary value problems for parabolic
equations with time dependent delay is an untreated topic in the literature. These
problems are considered in our paper. Existence and uniqueness of solution of the problem
are proved. The methods of investigation as in [10] are used.

The paper is organized as follows. In Section 2, the main notations and functional
spaces are introduced. The statement of the problem and formulation of the main result
are given in Section 3. The main result is proved in Section 4.

2. Notations and auxiliary facts.

Let n be a natural number, Rn be the standard linear space of ordered collections
x = (x1, ..., xn) of real numbers with the norm |x| := (|x1|2 + . . . + |xn|2)1/2. Suppose
that Ω ⊂ Rn is a bounded domain with a piecewise smooth boundary ∂Ω, ∂Ω = Γ0 ∪Γ1,
where Γ0 is the closure of an open set on ∂Ω (in particular, either Γ0 = ∅ or Γ0 = ∂Ω),
Γ1 := ∂Ω \ Γ0, ν = (ν1, . . . , νn) is a unit outward pointing normal vector on ∂Ω. Let
T > 0 and Q := Ω× (0, T ), Σ0 := Γ0 × (0, T ), Σ1 := Γ1 × (0, T ).

Now let us give the de�nitions of the following functional spaces. First, denote by
H1(Ω) the Sobolev space of the functions v ∈ L2(Ω) such that vxi

∈ L2(Ω) (i = 1, n),

with the norm ||v||H1(Ω) :=
(
||v||2L2(Ω) +

∑n
i=1 ||vxi ||2L2(Ω)

)1/2
. Let H̃1(Ω) be the closure

of the space C̃1(Ω) := {v ∈ C1(Ω) | v|Γ0 = 0
}
in H1(Ω).

Denote by L2(0, T ; H̃
1(Ω)) the space of measurable functions w : (0, T ) → H̃1(Ω)

such that for a.e. t 7→ ||w(t)||H̃1(Ω) ∈ L2(0, T ).

Denote by F (Q) the space of vector-functions (f0, f1, . . . , fn) ∈ [L2(Q)]1+n such
that fi ∈ L2(Q), and for each i ∈ {1, ..., n}, fi = 0 a.e. in some neighborhood of the
surface Σ1.

Finally, de�ne C1
0 (0, T ) as the subset of the set C1(0, T ) whose elements are of

compact support in (0, T ). Also denote by C([t1, t2];L2(Ω)) (t1, t2 ∈ R, t1 < t2) the
space of continuous functions w : [t1, t2] → L2(Ω).

3. Statement of the problem and main result.

In this paper we consider the problem of �nding a function u : Ω × [−τ0, T ] → R
satisfying (in some sense) the equation

ut −
n∑

i=1

d

dxi
ai(x, t, u,∇u) + a0(x, t, u,∇u) +

t∫
t−τ(t)

c(x, t, s, u(x, s))ds

= −
n∑

i=1

∂

∂xi
fi(x, t) + f0(x, t), (x, t) ∈ Q, (2)

the boundary conditions

u
∣∣∣
Σ0

= 0,
n∑

i=1

ai(x, t, u,∇u) νi

∣∣∣
Σ1

= 0, (3)

and the initial condition

u(x, t) = u0(x, t), (x, t) ∈ Ω× [−τ0, 0]. (4)
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Here τ : [0, T ] → R is a continuous function such that τ(t) > 0 for all t ∈ [0, T ],
τ0 := max{− inf

t∈[0,T ]
(t − τ(t)), 0} (assume [−0, 0] = {0}), τ+ := max

t∈[0,T ]
τ(t), and ai :

Q× R1+n → R, c : Q× (−τ0, T ) × R → R, fi : Q → R (i = 0, n), u0 : Ω× [−τ0, 0] → R
are given real-valued functions from the corresponding classes of initial data.

We introduce the following classes of the initial data.
De�ne A to be the set of the collections (a0, a1, . . . , an) of the functions satisfying

the following assumptions:
(A1) for every i ∈ {0, 1, . . . , n},

Q× R1+n ∋ (x, t, ρ, ξ) 7→ ai(x, t, ρ, ξ) ∈ R
is a Caratheodory function, i.e., ai(x, t, ·, ·) : R1+n → R is a continuous function for a.e.
(x, t) ∈ Q, and ai(·, ·, ρ, ξ) : Q → R is a measurable function for every (ρ, ξ) ∈ R1+n;

(A2) for every i ∈ {0, 1, . . . , n}, for every (ρ, ξ) ∈ R1+n, and for a.e. (x, t) ∈ Q the
estimate

|ai(x, t, ρ, ξ)| ≤ C1

(
|ρ|+

n∑
j=1

|ξj |
)
+ hi(x, t),

is valid, where C1 is a positive constant (depending on (a0, a1..., an)), and hi ∈ L2(Q);
(A3) for every (ρ1, ξ

1), (ρ2, ξ
2) ∈ R1+n and for a.e. (x, t) ∈ Q the inequality

n∑
i=1

(
ai(x, t, ρ1, ξ

1)− ai(x, t, ρ2, ξ
2)
)
(ξ1i − ξ2i ) +

(
a0(x, t, ρ1, ξ

1)− a0(x, t, ρ2, ξ
2)
)
(ρ1 − ρ2)

≥ −K0|ρ1 − ρ2|2,
holds, where K0 > 0 is a constant;

(A4) for every (ρ, ξ) ∈ R1+n and for a.e. (x, t) ∈ Q we have
n∑

i=1

ai(x, t, ρ, ξ)ξi + a0(x, t, ρ, ξ)ρ ≥ K1

n∑
i=1

|ξi|2 −K2|ρ|2 − g(x, t),

where K1,K2 are positive constants (depending on (a0, a1..., an)), and 0 6 g ∈ L1(Q).

De�ne C to be the set of the functions c(x, t, s, ρ), (x, t, s, ρ) ∈ Q × (−τ0, T ) × R,
satisfying the following assumptions:

(C1) c is a Caratheodory function, i.e., c(x, t, s, ·) : R → R is a continuous function
for a.e. (x, t, s) ∈ Q×(−τ0, T ), and c(·, ·, ·, ρ) : Q×(−τ0, T ) → R is a measurable function
for every ρ ∈ R; in addition, c(x, t, s, 0) = 0 for a.e. (x, t, s) ∈ Q× (−τ0, T );

(C2) there exists a constant L > 0 (depending on c) such that for every ρ1, ρ2 ∈ R
and for a.e. (x, t, s) ∈ Q× (−τ0, T ) the inequality∣∣c(x, t, s, ρ1)− c(x, t, s, ρ2)

∣∣ ≤ L|ρ1 − ρ2| (5)

holds.
Remark. From the condition c(x, t, s, 0) = 0 and (C2) it follows that for every ρ ∈ R, and
for a.e. (x, t, s) ∈ Q× (−τ0, T ) the estimate

|c(x, t, s, ρ)| ≤ L|ρ| (6)

is valid.
Now we can give a de�nition of a weak solution to problem (2)�(4).
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De�nition 1. Let (a0, a1, ..., an) ∈ A, c ∈C,(f0, f1, ..., fn) ∈F (Q), u0∈C([−τ0, 0];L2(Ω)).

The function u ∈ L2(0, T ; H̃
1(Ω)) ∩ C ([−τ0, T ];L2(Ω)) is called a weak solution of

problem (2)�(4) if u satis�es the initial condition

||u(·, t)− u0(·, t)||L2(Ω) = 0 ∀t ∈ [−τ0, 0], (7)

and the integral equality∫∫
Q

{ n∑
i=1

ai(x, t, u,∇u)vxiφ+ a0(x, t, u,∇u)vφ+ vφ

t∫
t−τ(t)

c(x, t, s, u(x, s)) ds

−uvφ′
}
dxdt =

∫∫
Q

{ n∑
i=1

fivxi
φ+ f0vφ

}
dxdt (8)

holds for every v ∈ H̃1(Ω) and φ ∈ C1
0 (0, T ).

Theorem 1. If (a0, a1, ..., an) ∈ A, c ∈ C, (f0, f1, ..., fn) ∈ F (Q), u0 ∈ C([−τ0, 0];L2(Ω)),
then problem (2)�(4) has a unique weak solution. Moreover, the weak solution u of this
problem satis�es the estimate

max
t∈[0,T ]

∫
Ω

|u(x, t)|2 dx+

∫∫
Q

{ n∑
i=1

∣∣uxi

∣∣2+|u|2
}
dxdt

≤ C2

(∫∫
Q

{ n∑
i=1

∣∣fi∣∣2+g
}
dxdt+ max

t∈[−τ0,0]

∫
Ω

|u0(x, t)|2 dxdt

)
, (9)

where C2 is a positive constant depending only on K1,K2, L, τ0, T .

4. Proof of the main result.

The following auxiliary result, which had been proved in [10], will be used in the
sequel.

Lemma 1. Suppose that w ∈ L2(0, T ; H̃
1(Ω)) satis�es the following identity∫∫

Q

{ n∑
i=1

givxiφ+ g0vφ− wvφ′
}

dxdt = 0, v ∈ H̃1(Ω), φ ∈ C1
0 (0, T ), (10)

for some gj ∈ L2(Q) (j = 0, n). Then w ∈ C([0, T ];L2(Ω)) and for every θ ∈ C1([0, T ]),

v ∈ H̃1(Ω), and t1, t2 ∈ [0, T ] (t1 < t2), we have

θ(t2)

∫
Ω

w(x, t2)v(x) dx− θ(t1)

∫
Ω

w(x, t1)v(x) dx

+

t2∫
t1

∫
Ω

{ n∑
i=1

givxi
θ + g0vθ − wvθ′

}
dxdt = 0, (11)

1

2
θ(t2)

∫
Ω

|w(x, t2)|2 dx− 1

2
θ(t1)

∫
Ω

|w(x, t1)|2 dx
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−1

2

t2∫
t1

∫
Ω

|w|2θ′ dxdt+
t2∫

t1

∫
Ω

{ n∑
i=1

giwxi + g0w

}
θ dxdt = 0. (12)

Proof of Theorem 1. For a function w : Q → R we denote

aj(w)(x, t) := aj(x, t, w(x, t),∇w(x, t)), (x, t) ∈ Q, j = 0, n,

c(w)(x, t, s) := c(x, t, s, w(x, s)), (x, t, s) ∈ Q× (−τ0, T ).

Let us prove Theorem 1 in three steps: �rstly we prove the uniqueness of solution of
problem (2)�(4), later, its existence and, �nally, we prove correctness of estimate (9).

First step (uniqueness of solution). Assume the opposite. Let u1 and u2 be two
di�erent weak solutions of problem (2)�(4). Consider the di�erence between (8) with
u = u2 and (8) with u = u1. From the obtained integral identity by Lemma 1 with
w = u1 − u2, θ = e−λt (λ = const > 0), t1 = 0, t2 = T , we obtain (see (12))

1

2
e−λT

∫
Ω

|w(x, T )|2 dx+
λ

2

∫∫
Q

|w|2e−λtdxdt+

∫∫
Q

{ n∑
i=1

(ai(u1)− ai(u2))(u1,xi − u2,xi)

+(a0(u1)− a0(u2))(u1 − u2) +w(x, t)

t∫
t−τ(t)

[c(u1)(x, t, s)− c(u2)(x, t, s)] ds

}
e−λtdxdt = 0.

(13)
From condition (A3) we have

n∑
i=1

(ai(u1)− ai(u2))(u1,xi − u2,xi) + (a0(u1)− a0(u2))(u1 − u2)

> −K0|u1 − u2|2. (14)

Extend w(x, t) by 0 for all (x, t) ∈ Ω×{(−∞,−τ0) ∪ (T,+∞)}. Note that w(x, t) = 0
for a.e. (x, t) ∈ Ω×[−τ0, 0]. Using condition (C2), the Fubini Theorem (see, e.g., [13, p.91])
and H�older's inequality (see, e.g., [13, p.92]) we obtain∣∣∣∣ ∫∫

Q

w(x, t)
( t∫
t−τ(t)

[c(u1)(x, t, s)− c(u2)(x, t, s)] ds
)
e−λtdxdt

∣∣∣∣
6
∫∫
Q

|w(x, t)|
( t∫
t−τ(t)

|c(u1)(x, t, s)− c(u2)(x, t, s)| ds
)
e−λtdxdt

6 L

∫
Ω

dx

T∫
0

|w(x, t)|
( t∫
t−τ(t)

|w(x, s)|ds
)
e−λtdt

6 L

∫
Ω

dx

T∫
0

|w(x, t)|e−λt
2

(
e−

λt
2

t∫
t−τ+

|w(x, s)| ds
)
dt
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6 L
√
τ+
∫
Ω

[( T∫
0

|w(x, t)|2e−λtdt
)1/2( T∫

0

e−λtdt

t∫
t−τ+

|w(x, s)|2ds
)1/2]

dx. (15)

Now consider the second integral in the right side of inequality (15). Changing the order
of integration, for a.e. x ∈ Ω we have

T∫
0

e−λtdt

t∫
t−τ+

|w(x, s)|2ds 6
T∫

−τ+

|w(x, s)|2ds
s+τ+∫
s

e−λtdt =

= λ−1(1− e−λτ+

)

T∫
0

|w(x, s)|2e−λsds.

Substituting in (15) the last term from the obtained above relations chain instead of the
�rst one, we obtain∣∣∣ ∫∫

Q

w(x, t)
( t∫
t−τ(t)

|c(u1)(x, t, s)− c(u2)(x, t, s)| ds
)
e−λtdxdt

∣∣∣
6 L

√
τ+λ−1(1− e−λτ+)

∫∫
Q

|w(x, t)|2e−λtdxdt. (16)

Using (14), (16), from (13) we obtain(
λ/2−K0 − L

√
τ+λ−1(1− e−λτ+)

)∫∫
Q

|w(x, t)|2e−λtdtdx 6 0. (17)

Choosing λ big enough and such that λ/2−K0 − L
√
λ−1τ+(1− e−λτ+) > 0, from (17)

we obtain u1 = u2 for a.e. (x, t) ∈ Q, i.e., a contradiction to our assumption. Therefore,
a solution of problem (2)�(4) is unique.

Second step (existence of solution). For proving existence of a weak solution of
problem (2)-(4) Galerkin's method is used. Let {wj | j ∈ N} be a full linear independent

set of the functions from H̃1(Ω), which is an orthonormalized basis in L2(Ω). For each
k ∈ N, set

αk(t) :=

∫
Ω

u0(x, t)wk(x)dx, t ∈ [−τ0, 0]. (18)

Obviously, αk ∈ C([−τ0, 0]) (k ∈ N).
For all m ∈ N we denote

u0,m(x, t) :=
m∑

k=1

αk(t)wk(x), (x, t) ∈ Ω× [−τ0, 0]. (19)

It is clear that

max
t∈[−τ0,0]

||u0(·, t)− u0,m(·, t)||L2(Ω) −→
m→∞

0. (20)
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According to Galerkin's method, for every m ∈ N we put

um(x, t) :=
m∑

k=1

cm,k(t)wk(x), (x, t) ∈ Ω× [−τ0, T ], (21)

where cm,1, . . . , cm,m are continuous on [−τ0, T ] and absolutely continuous on [0, T ]
functions, which are solutions of the Cauchy problem for the system of ordinary di-
�erential equations with delay∫

Ω

um,twj dx+

∫
Ω

{ n∑
i=1

(ai(um)− fi)wj,xi + (a0(um)− f0)wj

+wj(x)

t∫
t−τ(t)

c(um)(x, t, s)ds
}
dx = 0, t ∈ [0, T ], j = 1,m, (22)

cm,k(t) = αk(t), t ∈ [−τ0, 0], k = 1,m. (23)

Note that from (19), (21) and (23) it follows that

um(x, t) = u0,m(x, t) for a.e. (x, t) ∈ Ω× [−τ0, 0]. (24)

The linear independence of functions w1, . . . , wm yields that the matrix
(∫
Ω

wkwjdx
)m
k,j=1

is invertible. Thus the system of ordinary di�erential equations with delay (22) can be
transformed to the normal form. Hence, according to the theorems of existence and
extension of the solution to this problem (see [11, p. 54], [12, p. 31]), we obtain a global
solution c1,m, . . . .., cm,m of problem (22), (23). This solution is de�ned on the interval
[−τ0, Tm⟩, where 0 < Tm ≤ T . Here the braces �⟩� means either �)� or �]�. Further we will
obtain the estimates that imply the equality [−τ0, Tm⟩ = [−τ0, T ].

Now we shall obtain estimates of um for each m ∈ N. Multiply the equation of
system (22) with a number j ∈ {1, . . . ,m} by cm,je

−λt, where λ > 0 is a positive
number, and sum over j ∈ {1, . . . ,m}. Integrating the obtained equality over t ∈ [0, σ],
where σ ∈ [0, Tm⟩, and using the integration-by-parts formula and equality (24), we have

1

2
e−λσ

∫
Ω

|um(x, σ)|2 dx− 1

2

∫
Ω

|u0,m(x, 0)|2 dx+
λ

2

σ∫
0

∫
Ω

|um(x, t)|2e−λtdxdt

+

σ∫
0

∫
Ω

{ n∑
i=1

ai(um)um,xi + a0(um)um + um(x, t)

t∫
t−τ(t)

c(um)(x, t, s)ds
}
e−λtdxdt

=

σ∫
0

∫
Ω

{ n∑
i=1

fium,xi + f0um

}
e−λtdxdt. (25)

Further we need Cauchy inequality in the form

2ab ≤ ε|a|2 + ε−1|b|2, a, b ∈ R, ε > 0. (26)
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Now, extend um(x, t) = 0 for all (x, t) ∈ Ω × ((−∞,−τ0) ∪ (T,+∞)). Then, using
(6) and Hölder's inequality we obtain

∣∣∣ σ∫
0

∫
Ω

um(x, t)
( t∫
t−τ(t)

c(um)(x, t, s) ds
)
e−λtdxdt

∣∣∣

6
σ∫

0

∫
Ω

|um(x, t)|
( t∫
t−τ(t)

|c(um)(x, t, s)| ds
)
e−λtdxdt

6 L

∫
Ω

dx

σ∫
0

|um(x, t)|e−λt
( t∫
t−τ(t)

|um(x, s)|ds
)
dt

6 L

∫
Ω

dx

σ∫
0

|um(x, t)|e−λt
2

(
e−

λt
2

t∫
t−τ+

|um(x, s)| ds
)
dt

6 L
√
τ+
∫
Ω

[( σ∫
0

|um(x, t)|2e−λtdt
)1/2( σ∫

0

e−λtdt

t∫
t−τ+

|um(x, s)|2ds
)1/2]

dx. (27)

Now, let us estimate the second integral from the right side of the inequality above, for
a.e. x ∈ Ω,

σ∫
0

e−λtdt

t∫
t−τ+

|um(x, s)|2ds6
σ∫

−τ+

|um(x, s)|2ds
s+τ+∫
s

e−λtdt

= λ−1(1− e−λτ+

)

σ∫
−τ0

|um(x, s)|2e−λsds

= λ−1(1− e−λτ+

)
( σ∫

0

|um(x, t)|2e−λtdt+

0∫
−τ0

|u0,m(x, t)|2e−λtdt
)
.

Here changing order of integration for a.e. x ∈ Ω, and (24) were used.
Substituting in the right side of (27) the last item from the obtained above chain of

relations instead of the �rst one, and using Hölder's inequality we obtain

∣∣∣ σ∫
0

∫
Ω

um(x, t)
( t∫
t−τ(t)

c(um)(x, t, s)ds
)
e−λtdxdt

∣∣∣ 6

6 L
√
τ+λ−1(1− e−λτ+)

(
2

σ∫
0

∫
Ω

|um(x, t)|2e−λtdxdt+

0∫
−τ0

∫
Ω

|u0,m(x, t)|2e−λtdxdt
)
. (28)



UNIQUE SOLVABILITY OF INITIAL-BOUNDARY VALUE PROBLEMS...
ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2016. Âèïóñê 81 31

From condition (A4) we have
σ∫

0

∫
Ω

{ n∑
i=1

ai(um)um,xi+a0(um)um

}
dxdt≥

σ∫
0

∫
Ω

{
K1

n∑
i=1

|um,xi |2−K2|um|2−g(x, t)
}
dxdt.

(29)
Applying inequality (26), we obtain the estimate

σ∫
0

∫
Ω

{ n∑
i=1

fium,xi + f0um

}
e−λt dxdt 6 ε

2

σ∫
0

∫
Ω

{ n∑
i=1

|um,xi(x, t)|2

+|um(x, t)|2
}
e−λtdxdt+

1

2ε

σ∫
0

∫
Ω

n∑
i=0

|fi(x, t)|2e−λtdxdt, (30)

where ε > 0 is arbitrary.
From (25), using (28) � (30), for each σ ∈ (0, Tm⟩ we obtain

e−λσ

∫
Ω

|um(x, σ)|2 dx+ (2K1 − ε)

σ∫
0

∫
Ω

n∑
i=1

|um,xi(x, t)|2e−λtdxdt

+

(
λ− 2K2 − ε− 4L

√
τ+λ−1(1− e−λτ+)

) σ∫
0

∫
Ω

|um(x, t)|2e−λtdxdt

≤ ε−1

σ∫
0

∫
Ω

n∑
i=0

|fi(x, t)|2e−λtdxdt+ 2

σ∫
0

∫
Ω

g(x, t)e−λtdxdt

+2Lτ0

√
τ+λ−1(1− e−λτ+) max

t∈[−τ0,0]

∫
Ω

|u0,m(x, t)|2dx. (31)

Taking ε = K1, λ = λ0, where λ0 is a solution of the inequality

λ− 2K2 −K1 − 4L
√

τ+λ−1(1− e−λτ+) > 0, (32)

from (31) we obtain

max
t∈[0,T ]

∫
Ω

|um(x, t)|2 dx+ C3

∫∫
Q

{ n∑
i=1

|um,xi(x, t)|2 + |um(x, t)|2
}
dxdt

≤ C4

∫∫
Q

( n∑
i=0

|fi(x, t)|2 + g(x, t)
)
dxdt+C5 max

t∈[−τ0,0]

∫
Ω

|u0,m(x, t)|2dx, (33)

where C3, C4, C5 are positive constants depending only on K,L, τ0, τ
+, T .

From (20) it follows that the sequence { max
t∈[−τ0,0]

∫
Ω

|u0,m(x, t)|2dx}∞m=1 is bounded.

Hence from (33) we obtain for all σ ∈ (0, Tm⟩ the estimates∫
Ω

|um(x, σ)|2 dx ≤ C6, (34)
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σ∫
0

∫
Ω

{ n∑
i=1

|um,xi(x, t)|2 + |um(x, t)|2
}
dxdt ≤ C7, (35)

where C6, C7 > 0 are independent of m,Tm, σ. Estimate (34) implies that there exists
an independent of Tm constant that bounds the functions cm,1, . . . , cm,m on [−τ0, Tm⟩.
Thus [−τ0, Tm⟩ = [−τ0, T ].

Condition (A2) and estimate (35) yield∫∫
Q

|ai(um)(x, t)|2 dxdt ≤ C8, i = 0, n, (36)

where C8 > 0 is independent of m.
Using (6), the Cauchy�Schwarz inequality, (20) and (34) we obtain∫∫

Q

∣∣∣ t∫
t−τ(t)

c(um)(x, t, s) ds
∣∣∣2dxdt ≤ L2(T + τ0)

∫∫
Q

T∫
−τ0

|um(x, s)|2 dsdxdt

≤ L2T (T + τ0)
(∫∫

Q

|um(x, t)|2 dxdt+τ0 max
t∈[−τ0,0]

∫
Ω

|u0,m(x, t)|2dx
)
≤ C9, (37)

where C9 > 0 is a constant independent of m.
Since the spaces L2(Q) is re�exive, and estimates (34)�(37) hold, we obtain the

existence of a subsequence (we denote it {um}m∈N again), functions v∗ ∈ L2(Ω), u ∈
L2(0, T ; H̃

1(Ω)), χi ∈ L2(Q) (i = 0, n), and ζ ∈ L2(Q) such that

um(·, T ) −→
m→∞

v∗(·) weakly in L2(Ω), (38)

um −→
m→∞

u ∗ −weakly in L∞(0, T ;L2(Ω)), (39)

um −→
m→∞

u weakly in L2(0, T ; H̃
1(Ω)), (40)

ai(um) −→
m→∞

χi weakly in L2(Q) (i = 0, n). (41)

t∫
t−τ(t)

c(um)ds −→
m→∞

ζ weakly in L2(Q). (42)

Let us prove that u is a weak solution of problem (2)�(4).
Fix the numbers j,m ∈ N such that m ≥ j. Multiplying the equation of system (22)

with number j by the function θ ∈ C1([0, T ]) we integrate the obtained equality over
t ∈ [0, T ]. Letting m → ∞, and taking into account (20), (24), (38)�(42), we obtain

θ(T )

∫
Ω

v∗(x)wj(x) dx− θ(0)

∫
Ω

u0(x, 0)wj(x) dx

−
∫∫
Q

uwjθ
′ dxdt+

∫∫
Q

{ n∑
i=1

(χi − fi)wj,xi+(χ0+ ζ −f0)wj

}
θ dxdt=0. (43)
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This equality yields that for every v ∈ H̃1(Ω) and θ ∈ C1([0, T ]) the equality

θ(T )

∫
Ω

v∗(x)v(x) dx− θ(0)

∫
Ω

u0(x, 0)v(x) dx

−
∫∫
Q

uvθ′ dxdt+

∫∫
Q

{ n∑
i=1

(χi − fi)vxi + (χ0 − f0 + ζ)v
}
θ dxdt = 0 (44)

holds.
Notice that if we take θ = φ ∈ C1

0 (0, T ) in (44) then we have the identity∫∫
Q

{ n∑
i=1

(χi−fi)vxiφ+(χ0−f0+ζ)vφ−uvφ′
}
dxdt = 0 ∀ v ∈ H̃1(Ω), ∀φ ∈ C1

0 (0, T ).

(45)
According to Lemma 1, (45) imply that

u ∈ C([0, T ];L2(Ω)) (46)

and for every v ∈ H̃1(Ω) and θ ∈ C1([0, T ]) the equality

θ(T )

∫
Ω

u(x, T )v(x) dx− θ(0)

∫
Ω

u(x, 0)v(x) dx

−
∫∫
Q

uvθ′ dxdt+

∫∫
Q

{ n∑
i=1

(χi − fi)vxi + (χ0 + ζ − f0)v
}
θ dxdt = 0 (47)

holds.
From (44) and (47) we get

u(x, 0) = u0(x, 0), u(x, T ) = v∗(x) for a.e. x ∈ Ω. (48)

Extend u by u0 on Ω × [−τ0, 0). Let us show that this extended function belongs
to the space C([−τ0, T ];L2(Ω)). Indeed, in view of (46) we conclude that the restriction
u on Ω× [0, T ] belongs to C([0, T ];L2(Ω)). From the conditions of the theorem we have
u0 ∈ C([−τ0, 0];L2(Ω)). Also, u(x, 0) = u0(x, 0) (see (48)). These two facts imply (7).
Hence, u ∈ C([−τ0, T ];L2(Ω)).

According to (45) to prove (8) it is enough to show that the equality∫
Ω

{ n∑
i=1

χivxi+ (χ0 + ζ)v
}
dx=

∫
Ω

{ n∑
i=1

ai(u)vxi+
(
a0(u) +

t∫
t−τ(t)

c(u) ds
)
v
}
dx (49)

is valid for every v ∈ H̃1(Ω) and for a.e. t ∈ (0, T ). For this we use the monotonicity
method (see [15]).

Take a function wm ∈ L2(0, T ; H̃
1(Ω)) ∩ L2(−τ0, T ;L2(Ω)) such that wm(x, t) =

u0,m(x, t) for a.e. (x, t) ∈ Ω × (−τ0, 0) and w(x, t) = w̃(x, t) for a.e. (x, t) ∈ Q, where
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w̃ ∈ L2(0, T ; H̃
1(Ω)) is arbitrary. Denote for every m ∈ N,

Wm :=

∫∫
Q

{ n∑
i=1

(ai(um)− ai(wm))(um,xi − wm,xi) + (a0(um)− a0(wm))(um − wm)

+
λ

2
|um − wm|2 + (um − wm)

t∫
t−τ(t)

(c(um)− c(wm)) ds
}
e−λt dxdt,

where λ > 0 such that the inequality λ/2−K0 − L
√
τ+λ−1(1− e−λτ+) > 0 holds.

Using condition (A3) for every m ∈ N we have

Wm ≥
∫∫
Q

{
(
λ

2
−K0)|um − wm|2 + (um − wm)

t∫
t−τ(t)

(c(um)− c(wm)) ds
}
e−λt dxdt.

Since the inequality∣∣∣ ∫∫
Q

(um − wm)
( t∫
t−τ(t)

|c(um)− c(wm)| ds
)
e−λtdxdt

∣∣∣
6 L

√
τ+λ−1(1− e−λτ+)

∫∫
Q

|um − wm|2e−λtdxdt

holds (see (16)), and because the choice of λ we obtain Wm ≥ 0.
Hence, we have

Wm =

∫∫
Q

{ n∑
i=1

ai(um)um,xi + a0(um)um +
λ

2
|um|2 + um

t∫
t−τ(t)

c(um) ds
}
e−λt dxdt

−
∫∫
Q

{ n∑
i=1

[
ai(um)wm,xi + ai(wm)(um,xi − wm,xi)

]
+ a0(um)wm + a0(wm)(um − wm)

+λumwm−λ

2
|wm|2+wm

t∫
t−τ(t)

c(um) ds+(um−wm)

t∫
t−τ(t)

c(wm) ds
}
e−λt dxdt ≥ 0, m ∈ N.

(50)
From (50), using (25) with σ = T , we obtain

Wm =

∫∫
Q

{ n∑
i=1

fium,xi+f0um

}
e−λt dxdt−1

2
e−λT

∫
Ω

|um(x, T )|2 dx+
1

2

∫
Ω

|u0,m(x, 0)|2 dx

−
∫∫
Q

{ n∑
i=1

[
ai(um)wm,xi + ai(wm)(um,xi − wm,xi)

]
+ λumw − λ

2
|wm|2 + a0(um)wm
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+a0(w)(um −wm) +wm

t∫
t−τ(t)

c(um) ds+ (um −wm)

t∫
t−τ(t)

c(wm) ds
}
e−λt dxdt ≥ 0 (51)

for all m ∈ N.
Taking into account (38) and the second equality of (48) we have

lim
m→∞

inf ||um(·, T )||L2(Ω) ≥ ||u(·, T )||L2(Ω). (52)

De�ne w(x, t) := u0(x, t) for (x, t) ∈ Ω × (−τ0, 0), and w(x, t) := w̃(x, t) for (x, t) ∈
Ω× (0, T ). Then,

wm → w strongly in L2(Ω× (−τ0, T )). (53)

Now, let us show that∣∣∣ t∫
t−τ(t)

c(wm)ds−
t∫

t−τ(t)

c(w)ds
∣∣∣→ 0 in L2(Q). (54)

Extend the functions w,wm by 0 on Ω× {(−∞,−τ0) ∪ (T,+∞)}. Using condition (C2),
Cauchy�Schwarz inequality and changing order of integration, we obtain∫∫

Q

∣∣∣ t∫
t−τ(t)

c(wm)ds−
t∫

t−τ(t)

c(w)ds
∣∣∣2dxdt 6 τ+

∫∫
Q

( t∫
t−τ+

|c(wm)− c(w)|2ds
)
dxdt

6 L2τ+
∫∫
Q

( t∫
t−τ+

|wm(x, s)− w(x, s)|2ds
)
dxdt 6

6 L2τ+
∫
Ω

dx

T∫
−τ+

|wm(x, s)− w(x, s)|2ds
s+τ+∫
s

dt

= L2(τ+)2
∫
Ω

0∫
−τ+

|u0,m(x, t)− u0(x, t)|2dxdt −→
m→∞

0.

By (20), (40), (41), (42), (52), (53) from (51) we obtain

0 ≤ lim
m→∞

supWm ≤
∫∫
Q

{ n∑
i=1

fiuxi + f0u
}
e−λt dxdt

−1

2
e−λT

∫
Ω

|u(x, T )|2 dx+
1

2

∫
Ω

|u0(x, 0)|2 dx−
∫∫
Q

{ n∑
i=1

[
χiwxi + ai(w)(uxi − wxi)

]

+χ0w + a0(w)(u− w) + wζ + λuw − λ

2
|w|2 + (u− w)

t∫
t−τ(t)

c(w) ds
}
e−λtdxdt. (55)
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Using Lemma 1 with θ ≡ e−λt and the �rst equality of (48), from (45) we get∫∫
Q

{ n∑
i=1

χiuxi + (χ0 + ζ)u+ λ|u|2
}
e−λt dxdt =

∫∫
Q

{ n∑
i=1

fiuxi + f0u
}
e−λt dxdt

−1

2
e−λT

∫
Ω

|u(x, T )|2 dx+
1

2

∫
Ω

|u0(x, 0)|2 dx. (56)

Thus, (55) and (56) imply that∫∫
Q

{ n∑
i=1

(χi − ai(w))(uxi − wxi) + (χ0 − a0(w))(u− w)

+
λ

2
|u− w|2 + (u− w)

(
ζ −

t∫
t−τ(t)

c(w) ds
)}

e−λt dxdt ≥ 0. (57)

Substituting w = u − µvφ in the inequality above, where v ∈ H̃1(Ω), µ > 0, φ ∈
C1

0 (−τ0, T ), such that suppφ ⊂ (0, T ) and dividing the obtained inequality by µ we
obtain ∫∫

Q

{ n∑
i=1

(χi − ai(u− µvφ))vxiφ+ (χ0 − a0(u− µvφ))vφ

+λµ|vφ|2 +
(
ζ −

t∫
t−τ(t)

c(u− µvφ) ds
)
vφ
}
e−λt dxdt ≥ 0. (58)

Letting µ → 0+ in (58), using condition (A3) and the Dominated Convergence Theorem
(see [14, p. 648]), we have∫∫

Q

{ n∑
i=1

(χi − ai(u))vxiφ+ (χ0 − a0(u))vφ+ vφ
(
ζ −

t∫
t−τ(t)

c(u) ds
)}

e−λt dxdt = 0,

where v ∈ H̃1(Ω), φ ∈ C1
0 (0, T ) are arbitrary functions. Therefore we obtain (49). Thus,

u is a weak solution of problem (2)�(4).
Third step. According to Lemma 1, with w = u, t1 = 0, t2 = σ, θ = e−λt, λ = λ0,

where λ0 is a solution of inequality (32), we obtain

1

2
e−λσ

∫
Ω

|u(x, σ)|2 dx− 1

2

∫
Ω

|u0(x, 0)|2 dx+
λ

2

σ∫
0

∫
Ω

|u(x, t)|2e−λtdxdt

+

σ∫
0

∫
Ω

{ n∑
i=1

ai(u)uxi + a0(u)u+ u(x, t)

t∫
t−τ(t)

c(u)(x, t, s)ds
}
e−λtdxdt

=

σ∫
0

∫
Ω

{ n∑
i=1

fiuxi + f0u
}
e−λtdxdt. (59)
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It is easy to show that inequalities similar to (28) � (30), with u instead of um, hold.
Hence, the inequality, analogous to (33), can be obtained:

max
t∈[0,T ]

∫
Ω

|u(x, t)|2 dx+ C3

∫∫
Q

{ n∑
i=1

|uxi
(x, t)|2 + |u(x, t)|2

}
dxdt

≤ C4

∫∫
Q

( n∑
i=0

|fi(x, t)|2 + g(x, t)
)
dxdt+ C5 max

t∈[−τ0,0]

∫
Ω

|u0(x, t)|2dx. (60)

Therefore, inequality (9) holds.
�

References
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