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Ðîçãëÿíóòî íåëiíiéíi âèðîäæåíi ðiâíÿííÿ êîíâåêöi¨-äèôóçi¨, çáóðåíi
ñòðèáêîïîäiáíèì äèôóçiéíèì îïåðàòîðîì, ÿêi ïîâ'ÿçàíi ç òåîði¹þ öiíîóòâî-
ðåííÿ îïöiîíiâ ¹âðîïåéñüêîãî ñòèëþ âèêîíàííÿ. Äîñëiäæåíî ìiøàíi çàäà÷i
äëÿ òàêèõ ðiâíÿíü. Äîâåäåíî òåîðåìó iñíóâàííÿ ¨õíiõ ðîçâ'ÿçêiâ.

Êëþ÷îâi ñëîâà: íåëiíiéíå ïàðàáîëi÷íå ðiâíÿííÿ, çìiííèé ïîêàçíèê íå-
ëiíiéíîñòi, ñòðèáêîïîäiáíèé ïðîöåñ Ëåâi, ¹âðîïåéñüêèé îïöiîí.

1. Âñòóï. Íåõàé n ∈ N, T > 0 � äåÿêi ÷èñëà, Ω ⊂ Rn � îáìåæåíà îáëàñòü
êëàñó C0,1 (äèâ. [1, c. 48]) ç ìåæåþ ∂Ω, Qt1,t2 = Ω × (t1, t2), Σt1,t2 = ∂Ω × (t1, t2),
0 ≤ t1 < t2 ≤ T , Ωτ = {(x, t) | x ∈ Ω, t = τ}, τ ∈ [0, T ]. Ðîçãëÿíåìî òàêó çàäà÷ó:

ut − a∆(|u|γ−2u) +Gu+ ϕ(Eu) = f(x, t), (x, t) ∈ Q0,T , (1)

u|Σ0,T
= 0, (2)

u|t=0 = u0, (3)

äå a > 0, γ ∈ [2, 3) � äåÿêi ÷èñëà, ∆ = ∂2

∂x2
1
+ . . .+ ∂2

∂x2
n
� îïåðàòîð Ëàïëàñà,

(Gu)(x, t) = g(x, t)|u(x, t)|q(x)−2u(x, t), (4)

(Eu)(x, t) =

∫
Ω

ϵ(x, t, z)
(
u(x+ z, t)− u(z, t)

)
dz, (5)

g, q, ϕ, ϵ, f, u0 � äåÿêi ôóíêöi¨. Â (5) ââàæà¹ìî ôóíêöiþ u ïðîäîâæåíîþ íóëåì ïðè
x ̸∈ Ω, t ∈ [0, T ].

Çàäà÷ó Êîøi äëÿ ðiâíÿííÿ òèïó (1) ç q(x) ≡ 2 äîñëiäæåíî ó [2] ïðè γ = 2, i ó
[3] ïðè γ = 3. ßê ìè äîâåäåìî, öi çàäà÷i ìàþòü ïðèêëàäíå çíà÷åííÿ â ôiíàíñîâié
ìàòåìàòèöi. Âèáèðàþ÷è ôóíêöiþ ϵ â (5), îòðèìà¹ìî, ùî ëiíiéíèé àíàëîã (1) âèíèêà¹

c⃝ Áóãðié Î., Áóãðié Ì., 2016
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â ìîäåëÿõ Ìåðòîíà [4], Êîó [5] òà iíøèõ (äèâ. [6]), ÿêi îïèñóþòü áiðæîâi êîëèâàííÿ
âàðòîñòi îïöiîíiâ. Âiäïîâiäíi äî (1) ïiâëiíiéíi iíòåãðî-äèôåðåíöiàëüíi ïàðàáîëi÷íi
âàðiàöiéíi íåðiâíîñòi ðîçãëÿíóòî ó [7], [8]. Íåëiíiéíi ðiâíÿííÿ òèïó

−ut +H(x, t, u,∇u,∆u,Eu) = 0,

ç ëiïøèöü-íåïåðåðâíîþ ôóíêöi¹þ (u, v, w) 7→H(x, t, u, v, w, z) âèâ÷åíî ó [9]-[11].
Çàäà÷i äëÿ ïàðàáîëi÷íèõ ðiâíÿíü çi ñòàëèìè ïîêàçíèêàìè íåëiíiéíîñòi é iíòåã-

ðàëüíèì äîäàíêîì iíøîãî, íiæ (5), âèãëÿäó âèâ÷àëè â [12]-[16].
Â [17] ðîçãëÿíóòî ìiøàíó çàäà÷ó äëÿ ðiâíÿííÿ

ut −∆u− |u|α(x) =
∫
Ω

|u(z, t)|β(z) dz (6)

çi çìiííèìè ïîêàçíèêàìè íåëiíiéíîñòi α = α(x) > 1, β = β(x) > 1. Äîâåäåíî iñíóâàí-
íÿ ëîêàëüíîãî òà íåiñíóâàííÿ ãëîáàëüíîãî ðîçâ'ÿçêó.

Ìiøàíó çàäà÷ó äëÿ íåëiíiéíîãî ðiâíÿííÿ (1) ç iíòåãðàëüíèì äîäàíêîì âèãëÿäó
(5) i çìiííèì ïîêàçíèêîì íåëiíiéíîñòi (q(x) ̸≡ const) ðîçãëÿíóòî âïåðøå.

Còðóêòóðà ïðàöi òàêà. Ó äðóãîìó ïóíêòi ñôîðìóëüîâàíî ðîçãëÿäóâàíó çàäà÷ó
i îñíîâíèé ðåçóëüòàò � òåîðåìó iñíóâàííÿ ¨¨ ðîçâ'ÿçêó. Òðåòÿ ÷àñòèíà ñòàòòi ìiñòèòü
åêîíîìi÷íó ìîäåëü îá÷èñëåííÿ âàðòîñòi îïöiîíó ¹âðîïåéñüêîãî ñòèëþ âèêîíàííÿ,
â ÿêié âèíèêà¹ ëiíiéíèé àíàëîã íàøîãî ðiâíÿííÿ. Ó ÷åòâåðòîìó ïóíêòi íàâåäåíî
îñíîâíi ïîçíà÷åííÿ òà äîïîìiæíi ôàêòè, ÿêi âèêîðèñòàíî ó ï'ÿòîìó ïóíêòi ñòàòòi
äëÿ äîâåäåííÿ îñíîâíî¨ òåîðåìè. Ñòàòòþ çàâåðøó¹ ñïèñîê ëiòåðàòóðè.

2. Ôîðìóëþâàííÿ çàäà÷i. Íåõàé G ⊂ RN , N ∈ N, � äåÿêà îáëàñòü (íàïðè-
êëàä, G = Ω, G = Q0,T i ò.ä.), L(G) � ìíîæèíà âñiõ âèìiðíèõ çà Ëåáåãîì ïiäìíîæèí
G, ML(G) � ìíîæèíà âñiõ ôóíêöié v : G → R1, âèìiðíèõ ñòîñîâíî L(G),

MLB+(G) = {p ∈ ML(G) | ess inf
y∈G

p(y) > 0, ess sup
y∈G

p(y) < +∞}.

Äàëi äëÿ êîæíî¨ ôóíêöi¨ p ∈ MLB+(G) ÷åðåç p0, p
0 ïîçíà÷àòèìåìî òàêi ÷èñëà, à

÷åðåç Sp � òàêó ôóíêöiþ:

p0 := ess inf
y∈G

p(y), p0 := ess sup
y∈G

p(y), Sp(s) := max{sp0 , sp
0

}, s ≥ 0. (7)

Íåõàé Lip (G) � ìíîæèíà ôóíêöié ϕ ∈ ML(G), ÿêi çàäîâîëüíÿþòü íà îáëàñòi G
óìîâó Ëiïøèöÿ; Lr(G), äå r ≥ 1, � ïðîñòið Ëåáåãà; Lr(0, T ;B), äå B � íîðìîâàíèé
ïðîñòið, � ïðîñòið ç [1, ñ. 155]; Wm,r(G), Wm,r

0 (G), äå m ∈ N, � ïðîñòîðè Ñîáîë¹âà,

Hm(G) = Wm,2(G), Hm
0 (G) = Wm,2

0 (G).
Íåõàé L∞

+ (G) = {p ∈ L∞(G) | ess inf
y∈G

p(y) > 1}. Çðîçóìiëî, ùî âèêîíó¹òüñÿ

âêëàäåííÿ L∞
+ (G) ⊂ MLB+(G). Êðiì ïîçíà÷åíü p0, p

0, Sp, äëÿ êîæíîãî p ∈ L∞
+ (G)

îçíà÷èìî ôóíêöiþ p′ ∈ L∞
+ (G) òàê: 1

p(y) +
1

p′(y) = 1 ìàéæå äëÿ âñiõ y ∈ G.

Íåõàé p ∈ L∞
+ (G). Âèçíà÷èìî ôóíêöiîíàë ρp(·;G) çà äîïîìîãîþ ðiâíîñòi

ρp(v;G) :=
∫
G
|v(y)|p(y) dy, äå v � äåÿêà ôóíêöiÿ. Óçàãàëüíåíèì ïðîñòîðîì Ëåáåãà

Lp(y)(G) íàçèâàþòü ìíîæèíó òàêèõ ôóíêöié v ∈ ML(G), äëÿ ÿêèõ ρp(v;G) < +∞.

Â [18, c. 599, 600] äîâåäåíî, ùî Lp(y)(G) ¹ ðåôëåêñèâíèì áàíàõîâèì ïðîñòîðîì ç
íîðìîþ Ëþêñåìáóðãà ||v;Lp(y)(G)|| := inf{λ > 0 | ρp(v/λ;G) ≤ 1}.



ÏÐÎ ÐIÂÍßÍÍß, ÏÎÂ'ßÇÀÍI Ç �ÂÐÎÏÅÉÑÜÊÈÌ ÎÏÖIÎÍÎÌ
ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2016. Âèïóñê 81 63

Íåõàé q ∈ L∞
+ (Ω), V = H1

0 (Ω) ∩ Lq(x)(Ω),

U(Q0,T ) = {u ∈ Lq(x)(Q0,T ) | |u|γ−2u ∈ L2(0, T ;H1
0 (Ω))}.

Ïðèïóñòèìî, ùî âèêîíóþòüñÿ òàêi óìîâè:
(A): a > 0, 2 ≤ γ < 3;
(E): ϵ ∈ ML(Q0,T × Ω), |ϵ(x, t, y)| ≤ ϵ0 ìàéæå äëÿ âñiõ (x, t, y) ∈ Q0,T × Ω,

äå ϵ0 > 0 � äåÿêå ÷èñëî;
(Ô): ϕ ∈ Lip (R), |ϕ(ξ)| ≤ ϕ0|ξ| äëÿ âñiõ ξ ∈ R, äå ϕ0 > 0 � äåÿêå ÷èñëî;
(Q): q ∈ L∞

+ (Ω), q0 ≤ γ;
(G): g ∈ MLB+(Q0,T ), gt ∈ ML(Q0,T ), |gt(x, t)| ≤ g1 < +∞ ìàéæå äëÿ âñiõ

(x, t) ∈ Q0,T ;
(F): f ∈ Lγ(Q0,T );
(U): u0 ∈ Lγ(Ω), |u0|γ−2u0 ∈ H2(Ω) ∩H1

0 (Ω).
Ïîäàìî îçíà÷åííÿ óçàãàëüíåíîãî ðîçâ'ÿçêó íàøî¨ çàäà÷i.

Îçíà÷åííÿ 1. Ôóíêöiþ u ∈ U(Q0,T )∩C([0, T ];L2(Ω)) íàçèâàòèìåìî óçàãàëüíåíèì
ðîçâ'ÿçêîì çàäà÷i (1)-(3), ÿêùî u çàäîâîëüíÿ¹ óìîâó (3) i ðiâíiñòü∫

Q0,T

[
−uvt + a(∇(|u|γ−2u),∇v) +G(u)v + ϕ(Eu)v

]
dxdt =

∫
Q0,T

fv dxdt (8)

äëÿ âñiõ v ∈ H1
0 (Q0,T ).

Òóò i äàëi ∇v = (vx1 , . . . , vxn) � ãðàäi¹íò ôóíêöi¨ v, (·, ·) � ñêàëÿðíèé äîáóòîê â
Rn. Çàóâàæèìî òàêå: ÿêùî u ∈ C([0, T ];L2(Ω)), òî u ∈ L2(Q0,T ) i ìè äîâåäåìî, ùî
òîäi Eu,Gu ∈ L2(Q0,T ). Îòæå, â (8) iíòåãðàëè ìàþòü ñåíñ. Çàóâàæèìî òàêå: ÿêùî

γ ≥ 2, òî ïðàâèëüíi íåðiâíîñòi 1 < 4(γ−1)
3γ−4 ≤ 2.

Îñíîâíèé ðåçóëüòàò ñòàòòi � òàêà òåîðåìà.

Òåîðåìà 1. Íåõàé ∂Ω ∈ C4, âèêîíóþòüñÿ óìîâè (A)-(U). Òîäi çàäà÷à (1)-(3) ìà¹
óçàãàëüíåíèé ðîçâ'ÿçîê u i, êðiì òîãî, ïðàâèëüíi òàêi âêëþ÷åííÿ:

u ∈ C
(
[0, T ];L

4(γ−1)2

3γ−4 (Ω)
)
, |u|γ−2u ∈ W

1,
4(γ−1)
3γ−4 (Q0,T ).

3. Óçàãàëüíåííÿ ìîäåëi Áëåêà-Øîóëñà îá÷èñëåííÿ ïðåìi¨ îïöiîíiâ ¹â-
ðîïåéñüêîãî ñòèëþ âèêîíàííÿ. Íàãàäà¹ìî ðåçóëüòàòè ç [4]. Ðîçãëÿíåìî ñòàíäàð-
òèçîâàíèé áiðæîâèé êîíòðàêò, ÿêèé íàäà¹ ïðàâî éîãî âëàñíèêó â äåÿêèé ìîìåíò
÷àñó T > 0 â ìàéáóòíüîìó (òåðìií âèêîíàííÿ êîíòðàêòó) êóïèòè çà äîãîâiðíîþ öi-
íîþ K > 0 (strike-öiíà áàçîâîãî àêòèâó êîíòðàêòó íà ìîìåíò âèêîíàííÿ êîíòðàêòó)
îáóìîâëåíèé îá'¹ì öüîãî áàçîâîãî àêòèâó. Ïîòî÷íà ðèíêîâà öiíà áàçîâîãî àêòèâó
(spot-öiíà) ïîñòiéíî çìiíþ¹òüñÿ. Çàëåæíî âiä ñïiââiäíîøåííÿ ìiæ strike i spot öiíà-
ìè áàçîâîãî àêòèâó âèêîíàííÿ êîíòðàêòó ìîæå áóòè âèãiäíèì àáî çáèòêîâèì.

Ñüîãîäíi íà ôîíäîâèõ áiðæàõ àêòèâíî òîðãóþòü òðüîìà îñíîâíèìè âèäàìè ôi-
íàíñîâèõ êîíòðàêòiâ: ôîðâàðäàìè � �òâåðäèìè� êîíòðàêòàìè, îáîâ'ÿçêîâèìè äî âè-
êîíàííÿ; ô'þ÷åðñàìè � êîíòðàêòàìè �ìàéæå îáîâ'ÿçêîâèìè� äî âèêîíàííÿ (ÿêùî áà-
çîâèé àêòèâ êóïóâàòè íåâèãiäíî, òî ô'þ÷åðñíà ïîçèöiÿ çàêðèâà¹òüñÿ îôñåòíîþ óãî-
äîþ); îïöiîíàìè � �íåîáîâ'ÿçêîâèìè� äî âèêîíàííÿ êîíòðàêòàìè. Îñêiëüêè â îñíîâó
êîíòðàêòiâ ëåæèòü ïåâíèé ôiíàíñîâèé àêòèâ, òî âîíè ïðèðîäíî ìàþòü ðèíêîâó âàð-
òiñòü i ¹ ïðåäìåòîì òîðãiâ íà áiðæi. Îñîáëèâî ïðèâàáëèâèìè íà áiðæàõ ¹ îïöiîíè
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àìåðèêàíñüêîãî òà ¹âðîïåéñüêîãî ñòèëiâ âèêîíàííÿ. Îïöiîí àìåðèêàíñüêîãî ñòèëþ
âèêîíàííÿ ïåðåäáà÷à¹ ìîæëèâiñòü âèêîíàííÿ êîíòðàêòó â áóäü-ÿêèé ìîìåíò ÷àñó
τ ∈ [0, T ], à ¹âðîïåéñüêîãî � ëèøå â ÷àñ τ = T .

Ìåòà öüîãî ïóíêòó � â ðàìêàõ ìîäåëi Áëåêà-Øîóëñà îáãîâîðèòè äåÿêi óçàãàëü-
íåííÿ êëàñè÷íî¨ ìåòîäèêè îá÷èñëåííÿ ðèíêîâî¨ âàðòîñòi (ïðåìi¨) îïöiîíó êóïiâëi
(call-option) ¹âðîïåéñüêîãî ñòèëþ âèêîíàííÿ íà àêöi¨.

Êëàñè÷íà òåîðiÿ Áëåêà-Øîóëñà îöiíêè îïöiîííèõ êîíòðàêòiâ ïåðåäáà÷à¹, ùî
îïåðàöi¨ ç êîíòðàêòàìè ïðîâîäÿòü íà (B,S) ðèíêó, ÿêèé ñêëàäà¹òüñÿ ç áåçðèçèêî-
âîãî àêòèâó B (áàíêiâñüêèé ðàõóíîê, áàíêiâñüêi îáëiãàöi¨) i ðèçèêîâîãî àêòèâó S
(àêöi¨). Âiäñîòêîâà ñòàâêà µ áàíêiâñüêîãî ðàõóíêó, à òàêîæ âîëàòèëüíiñòü (ìiíëè-
âiñòü) àêöi¨ σ ¹ âiäîìèìè ñòàëèìè ïàðàìåòðàìè. Ìàòåìàòè÷íà ìîäåëü öüîãî ðèíêó
îïèñó¹ åâîëþöiþ àêòèâiâ íà ñêií÷åííîìó iíòåðâàëi ÷àñó [0, T ]. Áàíêiâñüêèé ðàõóíîê
çìiíþ¹òüñÿ çà çàêîíîì B(τ) = B(0)eµτ , τ ∈ [0, T ], ç íåâèïàäêîâèì äèôåðåíöiàëîì

dB(τ) = µB(τ) dτ, B(0) > 0.

Öiíà áàçîâîãî àêòèâó îïöiîíó ìiíëèâà, âîíà çàëåæèòü âiä áàãàòüîõ ÷èííèêiâ, ¹ âè-
ïàäêîâèì ïðîöåñîì {S(τ)}τ∈[0,T ] i ñïðàâäæó¹ ñòîõàñòè÷íå äèôåðåíöiàëüíå ðiâíÿííÿ

dS(τ) = µS(τ) dτ + σ S(τ) dWτ , (9)

äå {Wτ}τ∈[0,T ] � ñòàíäàðòíèé âiíåðiâñüêèé ïðîöåñ, òîáòî ïðîöåñ áðîóíiâñüêîãî ðóõó
(äèâ. [19]). Âèêîðèñòîâóþ÷è ìåòîäèêó ïðàöi [20], ðîçâ'ÿçó¹ìî ðiâíÿííÿ (9) i îòðèìó-
¹ìî, ùî ôîðìóëà

S(τ) = S(0) e(µ−
σ2

2 )τ+σWτ =
S(0)

B(0)
B(τ) e−

σ2

2 τ+σWτ , τ ∈ [0, T ], (10)

âèçíà÷à¹ çíà÷åííÿ spot-öiíè àêöi¨ â äîâiëüíèé ìîìåíò ÷àñó τ ∈ [0, T ].
Âèïàäêîâà âåëè÷èíà

H(ST ) = (ST −K)+ = max{ST −K, 0}
íàçèâà¹òüñÿ ôóíêöi¹þ âèïëàò call-îïöiîíó ¹âðîïåéñüêîãî ñòèëþ âèêîíàííÿ, âîíà âè-
çíà÷à¹ âíóòðiøíþ âàðòiñòü îïöiîíó â ìîìåíò éîãî åêñïiðàöi¨: ÷èì áiëüøå çíà÷åííÿ
H(ST ), òèì áiëüøó âèãîäó ìàòèìåìî âiä ðåàëiçàöi¨ îïöiîíó â ÷àñ τ = T . Â ìîìåíò
τ = T çíà÷åííÿ H(ST ) ¹ ìàêñèìàëüíî ìîæëèâîþ ðèíêîâîþ öiíîþ call-îïöiîíó ¹â-
ðîïåéñüêîãî ñòèëþ âèêîíàííÿ. Îñêiëüêè H(ST ) ¹ âèïàäêîâîþ âåëè÷èíîþ, òî äëÿ
õàðàêòåðèñòèêè ïîòî÷íîãî çíà÷åííÿ ðèíêîâî¨ öiíè öüîãî îïöiîíó ïðèðîäíî ïðèéíÿ-
òè �òåïåðiøíþ� âàðòiñòü îïöiîíó â áóäü-ÿêèé ìîìåíò ÷àñó τ ∈ [0, T ] çà óìîâè, ùî
spot-öiíà àêöi¨ äîðiâíþ¹ S

v(S, τ) = e−µ(T−τ)M{H(ST ) |S(τ) = S}, S ∈ [0,+∞), τ ∈ [0, T ]. (11)

Òóò M � óìîâíå ìàòåìàòè÷íå ñïîäiâàííÿ âèïàäêîâî¨ âåëè÷èíè H(ST ), à òåðìiíè
�òåïåðiøíÿ� i �ìàéáóòíÿ� âàðòiñòü âæèâàþòüñÿ ó êëàñè÷íîìó ç ïîãëÿäó ôiíàíñîâî¨
ìàòåìàòèêè ñåíñi (äèâ., íàïðèêëàä, [21], [22]). Çîêðåìà, v(ST , 0) = e−µTM{H(ST )} �
âàðòiñòü îïöiîíó íà ìîìåíò éîãî ïiäïèñàííÿ, à v(ST , T ) = M{H(ST )} � íàéî÷iêóâà-
íiøå çíà÷åííÿ ôóíêöi¨ âèïëàò ó ÷àñ âèêîíàííÿ îïöiîíó.

Ó ðàìêàõ ìîäåëi (B,S) ðèíêó çíà÷åííÿ v(ST , 0) ìà¹ áóòè òàêèì, ùîá ïîäàëüøå
iíâåñòóâàííÿ öi¹¨ ñóìè â ôîíäîâèé ïîðòôåëü, ÿêèé ñêëàäà¹òüñÿ ç àêöié i îáëiãà-
öié, íà ìîìåíò ÷àñó τ = T äàëî ïðèáóòîê, íå ìåíøèé çà çíà÷åííÿ H(ST ). Âèáið
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îïòèìàëüíî¨ ñòðàòåãi¨ iíâåñòóâàííÿ (õåäæ-ñòðàòåãi¨) ïðîäàâöåì îïöiîíó ïåðåäáà÷à¹,
ùî äåòåðìiíîâàíà âåëè÷èíà v(S, τ) çà óìîâè, ùî çà àêöi¹þ íå âèïëà÷óþòüñÿ äèâi-
äåíòè òà iíøi ïëàòåæi, öiíà àêöi¨ ¹ íåïåðåðâíîþ âèïàäêîâîþ âåëè÷èíîþ òà äåÿêèõ
iíøèõ äîäàòêîâèõ óìîâàõ (äèâ. [23], [2]), ïîâèííà áóòè ðîçâ'ÿçêîì êðàéîâî¨ çàäà÷i
äëÿ ðiâíÿííÿ Áëåêà-Øîóëñà

vτ +
1

2
σ2S2 vSS + µS vS − µv = 0, S ∈ [0,+∞), τ ∈ [0, T ], (12)

v(0, τ) = 0, v(S, T ) = H(ST ), (13)

äå vτ = ∂v
∂τ , vS = ∂v

∂S , vSS = ∂2v
∂S2 .

Îäíàê ìîäåëü Áëåêà-Øîóëñà íå âðàõîâó¹ ìèòò¹âi ñòðèáêîïîäiáíi çìiíè öiíè
àêöi¨. Âîíè âiäáóâàþòüñÿ, íàïðèêëàä, ïiä ÷àñ íåî÷iêóâàíî¨ òåðîðèñòè÷íî¨ àòàêè, ñòè-
õiéíîãî ëèõà, îòðèìàííÿ êîìïàíi¹þ âåëèêîãî äåðæàâíîãî çàìîâëåííÿ òîùî. Ëîãà-
ðèôìi÷íà öiíà àêòèâó ó öüîìó âèïàäêó îïèñó¹òüñÿ (äèâ., íàïðèêëàä, [24], [25], [26])
ïðîöåñîì Ëåâi çi ñòðèáêîïîäiáíîþ äèôóçi¹þ (Levy jump-di�usion). Öåé ïðîöåñ ìà¹
òðè íåçàëåæíi ñêëàäîâi: íåâèïàäêîâó � ëiíiéíèé çñóâ (linear drift); âèïàäêîâó íåïå-
ðåðâíó � áðîóíiâñüêèé ðóõ (Brownian motion); âèïàäêîâó ñòðèáêîïîäiáíó � ñêëàäå-
íèé ïóàññîíiâñüêèé ïðîöåñ (compound Poisson process), òîáòî

ln
S(τ)

S(0)
= ã τ + b̃Wτ + c̃ Qτ . (14)

äå ã, b̃, c̃ � äåÿêi ñòàëi. Ó âèïàäêó (14) ðiâíÿííÿ (12) íàáóäå âèãëÿäó (äèâ. [4, ñ. 132])

ut −
1

2
σ2x2 uxx − (µ− λk)xux + g(x, t)u− λM[u(xY, t)− u(x, t)] = 0, (15)

äå u(x, t) = v(S, τ) � ïðåìiÿ ¹âðîïåéñüêîãî îïöiîíó, x = S � spot-öiíà àêöi¨, t =
T − τ � ÷àñ äî âèêîíàííÿ îïöiîíó, (Y − 1) � âèïàäêîâà âåëè÷èíà, ÿêà ïðîäóêó¹
ñòðèáêîïîäiáíó çìiíó öiíè àêöi¨ ç x äî xY , k = M[Y − 1] � ìàòåìàòè÷íå ñïîäiâàííÿ
(Y − 1), g(x, t) � äîõiäíiñòü îïöiîíó, λ � ñåðåäíÿ êiëüêiñòü ñòðèáêiâ çà îäèíèöþ ÷àñó.

Ïåðåòâîðèìî îñòàííié äîäàíîê çëiâà â (15). ßêùî D � ùiëüíiñòü ðîçïîäiëó âè-
ïàäêîâî¨ âåëè÷èíè Y , òî

M[u(xY, t)−u(x, t)]=

+∞∫
−∞

(
u(xy, t)−u(x, t)

)
D(y)dy=

+∞∫
−∞

(
u(x+z, t)−u(x, t)

)D( zx+1)

x
dz.

Äîïîâíèâøè ðiâíÿííÿ êðàéîâèìè óìîâàìè, ïiñëÿ ïåðåïîçíà÷åíü îòðèìà¹ìî çàäà÷ó

ut − a(x)uxx + b(x, λ)ux + g(x, t)u+ λ

+∞∫
−∞

h(x, z)
(
u(x+ z, t)− u(x, t)

)
dz = 0, (16)

u|x=0 = 0, u|t=0 = u0, (17)

Ïiñëÿ ïðîöåäóðè �îáðiçàííÿ� ðiâíÿííÿ (äèâ. ó îäíîâèìiðíîìó âèïàäêó, íàïðèêëàä,
[27, ñ. 39], ó áàãàòîâèìiðíîìó � [28, c. 14]), ìàòèìåìî çàäà÷ó â îáìåæåíié îáëàñòi.

Ðîçãëÿäóâàíå â öié ïðàöi ðiâíÿííÿ (1) ¹ ïåâíèì íåëiíiéíèì àíàëîãîì (16).
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4. Äîïîìiæíi ïîçíà÷åííÿ i òâåðäæåííÿ. Íîðìó áàíàõîâîãî ïðîñòîðó B
ïîçíà÷èìî || · ;B||, à ñïðÿæåíèé äî B ïðîñòið � B∗. Ñêàëÿðíèé äîáóòîê ìiæ B∗ i B

ïîçíà÷àòèìåìî ⟨·, ·⟩B. Ñèìâîë 	 îçíà÷à¹ íåïåðåðâíå,
_

	 � íåïåðåðâíå òà ùiëüíå, à
K

⊂ � êîìïàêòíå âêëàäåííÿ îäíîãî áàíàõîâîãî ïðîñòîðó â iíøèé.
Íåõàé α ∈ ML(Ω)

ϕα(x)(s) :=

{
sα(x), s > 0,
0, s ≤ 0,

x ∈ Ω. (18)

Ëåãêî ïåðåêîíàòèñÿ, ùî äëÿ áóäü-ÿêèõ s, s1, s2 ∈ R âèêîíóþòüñÿ (äèâ., íàïðè-
êëàä, [29, ñ. 82]) íåðiâíîñòi (òóò u+ = max{u, 0})

s+ ≤ |s|, |s+1 − s+2 | ≤ |s1 − s2|. (19)

Íåõàé X � äåÿêèé ïðîñòið. Ðîçãëÿíåìî ïðîñòið

W 1,p(0, T ;X) = {u ∈ Lp(0, T ;X) | ut ∈ Lp(0, T ;X)}, 1 ≤ p ≤ ∞,

çi ñòàíäàðòíî ââåäåíîþ íîðìîþ (äèâ., íàïðèêëàä, [30, ñ. 286]). Çðîçóìiëî, ùî
C1([0, T ];X) 	W 1,p(0, T ;X).

Òâåðäæåííÿ 1. (Òåîðåìà 2 [30, ñ. 286]). ßêùî X � áàíàõiâ ïðîñòið, 1 ≤ p ≤ ∞,
òî W 1,p(0, T ;X) 	 C([0, T ];X) i âèêîíó¹òüñÿ ôîðìóëà iíòåãðóâàííÿ ÷àñòèíàìè

τ∫
s

ut(t) dt = u(τ)− u(s), 0 ≤ s < τ ≤ T, u ∈ W 1,p(0, T ;X). (20)

ßê i â òåîðåìi A.1 [31, c. 47] ìàòèìåìî òàêå: ÿêùî v ∈ W 1,p(0, T ;Lp(Ω)), äå
1 ≤ p ≤ ∞, òî v+ ∈ W 1,p(0, T ;Lp(Ω)) òà (v+)t = χ̃(v)vt ìàéæå ñêðiçü â Q0,T , äå

χ̃(s) :=

{
1, s > 0,
0, s ≤ 0.

(21)

Àíàëîãi÷íå òâåðäæåííÿ ïðàâèëüíå i äëÿ v− = max{−v, 0}.
Äàëi êîðèñòóâàòèìåìîñÿ òàêèìè òâåðäæåííÿìè.

Ëåìà 1. Íåõàé Ω ⊂ Rn � îáìåæåíà îáëàñòü êëàñó C0,1. Òîäi ôîðìóëà∫
Qs,τ

wt z dxdt =

∫
Ωt

w z dx

∣∣∣∣t=τ

t=s

−
∫

Qs,τ

w zt dxdt, 0 ≤ s < τ ≤ T, (22)

âèêîíó¹òüñÿ äëÿ âñiõ ôóíêöié w òà z, ÿêi çàäîâîëüíÿþòü îäíó ç òàêèõ óìîâ:
(i) w ∈ Lq(x)(Q0,T ), äå q ∈ L∞

+ (Ω), wt ∈ L1(Q0,T ),

z ∈ L∞(Q0,T ), zt ∈ Lq′(x)(Q0,T );
(ii) w,wt ∈ L1(Q0,T ), z, zt ∈ L∞(Q0,T ).

Äîâåäåííÿ. Äîâåäåìî ïóíêò (i). Íåõàé W = {w ∈ Lq(x)(Q0,T ) | wt ∈ L1(Q0,T )},
Z = {z ∈ L∞(Q0,T ) | zt ∈ Lq′(x)(Q0,T )}. Äëÿ φ ∈ C1([0, T ]) òà z ∈ Z ìà¹ìî âêëþ÷åííÿ

φz ∈ W 1,1(0, T ;L
q0

q0−1 (Ω)). Òîìó ç ôîðìóëè (20) äëÿ u = φ(t)z(x, t) âèïëèâà¹, ùî
τ∫

s

φt(t)z(x, t) dt = φ(τ)z(x, τ)− φ(s)z(x, s)−
τ∫

s

φ(t)zt(x, t) dt, x ∈ Ω. (23)



ÏÐÎ ÐIÂÍßÍÍß, ÏÎÂ'ßÇÀÍI Ç �ÂÐÎÏÅÉÑÜÊÈÌ ÎÏÖIÎÍÎÌ
ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2016. Âèïóñê 81 67

Íåõàé v ∈ C1(Ω). Òîäi ç (23) îòðèìà¹ìî òàêå:∫
Qs,τ

φtv z dxdt =

∫
Ωt

φv z dx

∣∣∣∣t=τ

t=s

−
∫

Qs,τ

φv zt dxdt. (24)

Çðîçóìiëî, ùî C1([0, T ];C1(Ω))
_

	W
_

	W 1,1(0, T ;L1(Ω)). Òîìó ìíîæèíà ôóíêöié{ m∑
i=1

φi(t)vi(x)
∣∣ m ∈ N, φ1, . . . , φm ∈ C1([0, T ]), v1, . . . , vm ∈ C1(Ω)

}
¹ âñþäè ùiëüíà

â ïðîñòîði W i ç (24) âèïëèâà¹ (22).
Äîâåäåííÿ (ii) öiëêîì àíàëîãi÷íå äî äîâåäåííÿ (i). �

Òâåðäæåííÿ 2. Íåõàé q ∈ L∞
+ (G). Òîäi (äèâ. [32, c. 168]) äëÿ êîæíîãî v ∈ ML(G)

âèêîíóþòüñÿ òàêi íåðiâíîñòi:
1) ||v;Lq(x)(G)|| ≤ S1/q(ρq(v;G)) ïðè ρq(v;G) < +∞;

2) ρq(v;G) ≤ Sq(||v;Lq(x)(G)||) ïðè ||v;Lq(x)(G)|| < +∞.

Ëåìà 2. Íåõàé α ∈ MLB+(G) òà p, q ∈ L∞
+ (G) � òàêi ôóíêöi¨, ùî p(y) ≥ α(y) i

q(y) ≤ p(y)
α(y) ìàéæå äëÿ âñiõ y ∈ G; ϕα(y) � ôóíêöiÿ, âèçíà÷åíà â (18) ç α(y) çàìiñòü

α(x). Òîäi, ÿêùî u ∈ Lp(y)(G), òî ϕα(y)(u) ∈ L
p(y)
α(y) (G) i ïðàâèëüíi òàêi òâåðäæåííÿ:

1) âèêîíóþòüñÿ îöiíêè

ρp/α(ϕα(y)(u);G) ≤ ρp(u;G); (25)

||ϕα(y)(u);L
q(y)(G)|| ≤ C1Sα/p

(
ρp(u;G)

)
, (26)

äå C1 > 0 � ñòàëà, ÿêà íå çàëåæèòü âiä u;
2) äëÿ âñiõ v ∈ Lp(y)(G) âèêîíó¹òüñÿ îöiíêà

ρp/α
(
ϕα(y)(u)− ϕα(y)(v);G

)
≤ C2

(
ρp(u− v;G0) +

+ S1/α′
(
ρp(u;G1) + ρp(v;G1)

)
· S1/α

(
ρp(u− v;G1)

))
, (27)

äå G0 = {y ∈ G | 0 < α(y) ≤ 1}, G1 = {y ∈ G | 1 < α(y)}, C2 > 0 � ñòàëà, ÿêà
íå çàëåæèòü âiä u;

3) ÿêùî um −→
m→∞

u ñèëüíî â Lp(y)(G), òî

ϕα(y)(u
m) −→

m→∞
ϕα(y)(u) ñèëüíî â Lq(y)(G). (28)

Äîâåäåííÿ. 1) Çðîçóìiëî, ùî p(y)
α(y) ≥ 1 ìàéæå äëÿ âñiõ y ∈ G. Ç îöiíîê (19) âè-

ïëèâà¹ òàêå: |ϕα(y)(u)|
p(y)
α(y) = |u+|p(y) ≤ |u|p(y) ∈ L1(G). Òîìó ç [33, ñ. 297] îòðèìà¹ìî

âêëþ÷åííÿ ϕα(y)(u) ∈ L
p(y)
α(y) (G), à ç îòðèìàíî¨ íåðiâíîñòi � îöiíêà (25). Êðiì òîãî,

||ϕα(y)(u);L
q(y)(G)|| ≤ C3||ϕα(y)(u);L

p(y)
α(y) (G)|| ≤ C3Sα/p

(
ρp/α(ϕα(y)(u);G)

)
.

Çâiäñè i ç (25) âèïëèâà¹ íåðiâíiñòü (26).
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2) Âèêîðèñòîâóþ÷è òåîðåìó 2.1 [34, c. 2], äîâîäèìî, ùî äëÿ âñiõ η1, η2 ∈ R
âèêîíó¹òüñÿ íåðiâíiñòü∣∣ |η1|r(y)−2η1 − |η2|r(y)−2η2

∣∣ ≤ C4(r0, r
0)(|η1|+ |η2|)r(y)−1−β(y)|η1 − η2|β(y), (29)

äå r ∈ L∞
+ (G), 0 ≤ β(y) ≤ min{1, r(y) − 1} ìàéæå äëÿ âñiõ y ∈ G, C4 > 0 � ñòàëà,

ÿêà íå çàëåæèòü âiä y, η1, η2. Íåõàé òóò r = α + 1, η1 = s+1 , η2 = s+2 , äå s1, s2 ∈ R.
Îòðèìà¹ìî òàêå:

|ϕα(y)(s1)− ϕα(y)(s2)| ≤ C5(s
+
1 + s+2 )

α(y)−β(y)|s+1 − s+2 |β(y),
äå C5 > 0 � ñòàëà, ÿêà íå çàëåæèòü âiä y, s1, s2. Âèêîðèñòàâøè îöiíêè (19), îäåðæèìî

|ϕα(y)(s1)− ϕα(y)(s2)| ≤ C5(|s1|+ |s2|)α(y)−β(y)|s1 − s2|β(y), (30)

äå 0 ≤ β(y) ≤ min{1, α(y)}, y ∈ G.
Íåõàé ñïåðøó y ∈ G0. Òîäi ç (30) ïðè β = α ìàòèìåìî âèêîíàííÿ òàêî¨ íåðiâ-

íîñòi: |ϕα(y)(s1)− ϕα(y)(s2)| ≤ C5|s1 − s2|α(y). Çâiäñè âèïëèâà¹ îöiíêà

ρp/α
(
ϕα(y)(u)− ϕα(y)(v);G0

)
≤ C6ρp(u− v;G0). (31)

ßêùî y ∈ G1, òî ç îöiíêè (30) ïðè β ≡ 1 âèïëèâà¹ ïðàâèëüíiñòü òàêî¨ íåðiâíîñòi:
|ϕα(y)(s1)− ϕα(y)(s2)| ≤ C5(|s1|+ |s2|)α(y)−1|s1 − s2|. Òîìó

ρp/α
(
ϕα(y)(u)− ϕα(y)(v);G1

)
≤ C7

∫
G1

(|u|+ |v|)
(α(y)−1)p(y)

α(y) |u− v|
p(y)
α(y) dy ≤

≤ C8|| (|u|+ |v|)
p(y)
α′(y) ;Lα′(y)(G1)|| · || |u− v|

p(y)
α(y) ;Lα(y)(G1)|| ≤

≤ C8S1/α′

(
ρα′

(
(|u|+ |v|)

p(y)
α′(y) ;G1

))
· S1/α

(
ρα

(
|u− v|

p(y)
α(y) ;G1

))
≤

≤ C9S1/α′
(
ρp(u;G1) + ρp(v;G1)

)
· S1/α

(
ρp(u− v;G1)

)
. (32)

äå α′(y) = α(y)
α(y)−1 , y ∈ G1. Äîäàâøè (32) äî (31), îòðèìà¹ìî (27).

3) Çáiæíiñòü (28) âiäðàçó âèïëèâà¹ ç îöiíêè (27). �
Ëåìà 3. Íåõàé p ∈ L∞

+ (Ω) òà θ ∈ ML(Ω × R); ìàéæå äëÿ âñiõ x ∈ Ω ôóíêöiÿ
R ∋ ξ 7→ θ(x, ξ) ∈ R ¹ íåïåðåðâíî äèôåðåíöiéîâíîþ; iñíó¹ òàêå ÷èñëî M > 0, ùî
ìàéæå äëÿ âñiõ x ∈ Ω i äëÿ âñiõ ζ, η, ξ ∈ R âèêîíóþòüñÿ îöiíêè

|θ(x, ζ)− θ(x, η)| ≤ M |ζ − η|, |θξ(x, ξ)| ≤ M. (33)

Òîäi, ÿêùî u, ut ∈ Lp(x)(Q0,T ), òî θ(x, u),
(
θ(x, u)

)
t
∈ Lp(x)(Q0,T ) i, êðiì òîãî,(

θ(x, u)
)
t
= θξ(x, u)ut . (34)

Äîâåäåííÿ. Îñêiëüêè u, ut ∈ Lp(x)(Q0,T ), òî iñíó¹ ïîñëiäîâíiñòü {um}m∈N ⊂ C1(Q0,T )

òàêà, ùî um −→
m→∞

u òà um
t −→

m→∞
ut ñèëüíî â Lp(x)(Q0,T ) i ìàéæå ñêðiçü â Q0,T . Çðî-

çóìiëî, ùî äëÿ (x, t) ∈ Q0,T i m ∈ N ïðàâèëüíà ðiâíiñòü(
θ(x, um(x, t))

)
t
= lim

h→0

θ(x, um(x, t+ h))− θ(x, um(x, t))

um(x, t+ h)− um(x, t)

um(x, t+ h)− um(x, t)

h
=

= θξ(x, u
m(x, t))um

t (x, t).
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Êðiì òîãî, |θ(x, um) − θ(x, u)| ≤ M |um − u|, à òîìó θ(x, um) −→
m→∞

θ(x, u) ñèëüíî â

ïðîñòîði Lp(x)(Q0,T ), çîêðåìà, θ(x, u) ∈ Lp(x)(Q0,T ).
Ðîçãëÿíåìî âèðàç θξ(x, u

m)um
t − θξ(x, u)ut = Am +Bm, äå

Am = θξ(x, u
m)(um

t − ut), Bm = (θξ(x, u
m)− θξ(x, u))ut.

Çðîçóìiëî, ùî |Am|p(x) ≤ Mp(x)|um
t − ut|p(x) −→

m→∞
0 â L1(Q0,T ). Òîìó Am −→

m→∞
0 â

Lp(x)(Q0,T ). Êðiì òîãî, |Bm|p(x) ≤ (2M |ut|)p(x) ∈ L1(Q0,T ) i Bm −→
m→∞

0 ìàéæå ñêðiçü

â Q0,T . Òîìó Bm −→
m→∞

0 â Lp(x)(Q0,T ). Îòæå, θξ(x, u
m)um

t −→
m→∞

θξ(x, u)ut ñèëüíî â

ïðîñòîði Lp(x)(Q0,T ), çîêðåìà θξ(x, u)ut ∈ Lp(x)(Q0,T ).
Äîâåäåìî òåïåð (34). Íåõàé φ ∈ C∞

0 (Q0,T ). Òîäi∫
Q0,T

θξ(x, u)ut φ dxdt = lim
m→∞

∫
Q0,T

θξ(x, u
m)um

t φ dxdt = lim
m→∞

∫
Q0,T

(
θ(x, um)

)
t
φ dxdt =

= − lim
m→∞

∫
Q0,T

θ(x, um)φt dxdt = −
∫

Q0,T

θ(x, u)φt dxdt.

Îòæå, â ñåíñi ïðîñòîðó ðîçïîäiëiâ D∗(Q0,T ) ìàòèìåìî (34). �

Çàóâàæèìî, ùî ëåìà 3 óçàãàëüíþ¹ ðåçóëüòàòè ëåìè 3 [35, ñ. 18], äå áóëî ðîçãëÿ-
íóòî âèïàäîê ôóíêöi¨ θ, ÿêà íå çàëåæàëà âiä x.

Íàñëiäîê 1. Íåõàé I = [a, b], àáî I = [a,+∞), àáî I = (−∞, b], äå âèêîíó¹òüñÿ
óìîâà −∞ < a < b < +∞. Ïðèïóñòèìî òàêîæ, ùî p ∈ L∞

+ (Ω); θ ∈ ML(Ω × I);
ìàéæå äëÿ âñiõ x ∈ Ω ôóíêöiÿ I ∋ ξ 7→ θ(x, ξ) ∈ R ¹ íåïåðåðâíî äèôåðåíöiéîâíîþ;
iñíó¹ òàêå ÷èñëî M > 0, ùî ìàéæå äëÿ âñiõ x ∈ Ω i äëÿ âñiõ ζ, η, ξ ∈ I âèêîíóþòüñÿ
îöiíêè (33). Òîäi, ÿêùî u, ut ∈ Lp(x)(Q0,T ) òà u(x, t) ∈ I ìàéæå äëÿ âñiõ (x, t) ∈
Q0,T , òî θ(x, u),

(
θ(x, u)

)
t
∈ Lp(x)(Q0,T ) i ïðàâèëüíà ôîðìóëà (34).

Äîâåäåííÿ. Ðîçãëÿíåìî ëèøå âèïàäîê I = (−∞, b]. Iäåþ äîâåäåííÿ çàïîçè÷èìî ç
[36, ñ. 98]. Ïðîäîâæèìî ôóíêöiþ θ ïîçà I òàê:

Θ(x, ξ) =

 θ(x, ξ), ξ ≤ b,

θξ(x, b)ξ + θ(x, b)− θξ(x, b)b, ξ > b,
x ∈ Ω.

Òîäi Θ çàäîâîëüíÿ¹ âñi óìîâè ëåìè 3 i, êðiì òîãî, Θ(x, u(x, t)) = θ(x, u(x, t)) ìàéæå
äëÿ âñiõ (x, t) ∈ Q0,T . Çâiäñè i âèïëèâà¹ äîâåäåííÿ òâåðäæåííÿ íàøîãî íàñëiäêó. �

Ëåìà 4. Íåõàé p ∈ L∞
+ (Ω), θ ∈ ML(Ω × R), N ∈ N, ξ1, . . . , ξN ∈ R; ìàéæå äëÿ

âñiõ x ∈ Ω ôóíêöiÿ R ∋ ξ 7→ θ(x, ξ) ∈ R ¹ íåïåðåðâíîþ, à ôóíêöiÿ R \ {ξ1, . . . , ξN} ∋
ξ 7→ θ(x, ξ) ∈ R ¹ äèôåðåíöiéîâíîþ; ìàéæå äëÿ âñiõ x ∈ Ω, äëÿ âñiõ ζ, η ∈ R òà

äëÿ âñiõ ξ ∈ R \ {ξ1, . . . , ξN} âèêîíóþòüñÿ (33). Òîäi, ÿêùî u, ut ∈ Lp(x)(Q0,T ), òî

θ(x, u),
(
θ(x, u)

)
t
∈ Lp(x)(Q0,T ) i ïðàâèëüíà ôîðìóëà (34).

Äîâåäåííÿ. Ðîçãëÿíåìî ëèøå âèïàäîê N = 1, ξ1 = 0. Iäåþ äîâåäåííÿ çàïîçè÷èìî ç
[36, ñ. 100]. Çðîçóìiëî, ùî ïðàâèëüíà ôîðìóëà

θ(x, u) = θ(x, u+) + θ(x,−u−)− θ(x, 0). (35)



70
Îëåã ÁÓÃÐIÉ, Ìèêîëà ÁÓÃÐIÉ

ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2016. Âèïóñê 81

Îñêiëüêè u, ut ∈ Lp(x)(Q0,T ) ⊂ Lp0(Q0,T ), òî ìè çàçíà÷àëè, ùî (u±)t ∈ Lp0(Q0,T ) i
âèêîíó¹òüñÿ ôîðìóëà (u±)t = ±χ̃(u)ut, äå χ̃ âçÿòî ç (21). Òîìó ç íàñëiäêó 1 ìàòèìåìî
âèêîíàííÿ ôîðìóëè òèïó (34) äëÿ êîæíîãî äîäàíêà â (35). Òîìó (34) ïðàâèëüíà â
ñåíñi ðîçïîäiëiâ. Âêëþ÷åííÿ

(
θ(x, u)

)
t
∈ Lp(x)(Q0,T ) âèïëèâà¹ ç (332), (34). �

Ëåìà 5. Íåõàé β ∈ MLB+(Ω), ϕβ(x) � ôóíêöiÿ, âèçíà÷åíà â (18) ç β çàìiñòü α,

χk(s) =


1, s >

1

k
,

0, s ≤ 1

k
,

k ∈ N. (36)

Òîäi, ÿêùî u ∈ C1(Q0,T ) òà v, vt ∈ L1(Q0,T ), òî âèêîíó¹òüñÿ ðiâíiñòü

lim
k→+∞

∫
Q0,T

χk(u)β(x)ϕβ(x)−1(u)ut v dxdt =

=

∫
Ωt

ϕβ(x)(u) v dx

∣∣∣∣t=T

t=0

−
∫

Q0,T

ϕβ(x)(u) vt dxdt. (37)

Äîâåäåííÿ. Íåõàé

ϕβ(x),k(s) =



kβ(x), s ≥ k,

sβ(x),
1

k
< s < k,

1

kβ(x)
, s ≤ 1

k
,

ξ̃β(x),k(s) =


β(x) sβ(x)−1,

1

k
< s < k,

0, s ≤ 1

k
àáî s ≥ k,

k ∈ N2, x ∈ Ω. Çðîçóìiëî, ùî ϕβ(x),k(s) −→
k→∞

ϕβ(x)(s) äëÿ s ∈ R, x ∈ Ω. Êðiì òîãî,

äëÿ k ∈ N2 òà x ∈ Ω ôóíêöiÿ s 7→ ϕβ(x),k(s) çàäîâîëüíÿ¹ óìîâó Ëiïøèöÿ íà R i ¹

íåäèôåðåíöiéîâíîþ ëèøå â òî÷êàõ s = 1
k i s = k, äå ∂

∂s ϕβ(x),k(s) = ξ̃β(x),k(s) ïðè

s ̸= 1
k i s ̸= k. Òîìó ç ëåìè 4 âèïëèâà¹, ùî(

ϕβ(x),k(u)
)
t
= ξ̃β(x),k(u)ut ìàéæå âñþäè íà Q0,T . (38)

Îòæå, ϕβ(x),k(u),
(
ϕβ(x),k(u)

)
t
∈ L∞(Q0,T ). Òîäi ç ïóíêòó (ii) ëåìè 1 ç z = ϕβ(x),k(u),

w = v ìàòèìåìî ðiâíiñòü (22) ó âèãëÿäi∫
Q0,T

(
ϕβ(x),k(u)

)
t
v dxdt =

∫
Ω

ϕβ(x),k(u) v dx

∣∣∣∣t=T

t=0

−
∫

Q0,T

ϕβ(x),k(u) vt dxdt. (39)

Íåõàé M = max
(x,t)∈Q0,T

|u(x, t)|, k0 ∈ N, k0 ≥ max{2,M}. Îñêiëüêè |u| ≤ M ≤ k0 ≤ k,

òî ç (38) îòðèìà¹ìî
(
ϕβ(x),k(u)

)
t
= ξ̃β(x),k(u)ut = χk(u)β(x)ϕβ(x)−1(u)ut ïðè k ≥ k0.

Ç îöiíêè |ϕβ(x),k(u(x, t))| ≤ Mβ(x) ∀ (x, t) ∈ Q0,T i òåîðåìè Ëåáåãà ïðî ïåðåõiä äî
ãðàíèöi ïiä çíàêîì iíòåãðàëà (òåîðåìà 6 [33, ñ. 302]) âèïëèâà¹, ùî

lim
k→+∞

∫
Ωt

ϕβ(x),k(u) v dx =

∫
Ωt

ϕβ(x)(u) v dx ïðè t = 0 i t = T,
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lim
k→+∞

∫
Q0,T

ϕβ(x),k(u) vt dxdt =

∫
Q0,T

ϕβ(x)(u) vt dxdt.

Çâiäñè âèïëèâà¹ iñíóâàííÿ ãðàíèöi ñïðàâà â (39) ïðè k → ∞, à òîìó i ãðàíèöi çëiâà
â (39). Îòæå, âèêîíó¹òüñÿ (37) i ëåìó äîâåäåíî. �

Òâåðäæåííÿ 3. (Òåîðåìà Îáåíà, äèâ. [37] i [38, c. 393]). ßêùî s, h > 1 � äåÿêi

÷èñëà, W,L,B � áàíàõîâi ïðîñòîðè, W
K

⊂ L 	 B, òî

{u ∈ Ls(0, T ;W) | ut ∈ Lh(0, T ;B)}
K

⊂ Ls(0, T ;L) ∩ C([0, T ];B).

Ëåìà 6. ßêùî p ∈ ML(Ω), 1 ≤ p0 ≤ p(x) ≤ p0 < +∞ ìàéæå äëÿ âñiõ x ∈ Ω,
z, zt ∈ Lp(x)(Q0,T ), òî âèêîíó¹òüñÿ îöiíêà∫

Ω

|z(x, τ)|p(x) dx ≤ C10

∫
Q0,T

[
|z(x, t)|p(x) + |zt(x, t)|p(x)

]
dxdt, τ ∈ [0, T ], (40)

äå C10 > 0 � ñòàëà, ÿêà íå çàëåæèòü âiä z, τ .

Äîâåäåííÿ. Äîâåäåìî (40) ëèøå ïðè p0>1,τ >0. Îñêiëüêè z∈W 1,p0(0, T ;Lp0(Ω)), òî
ç òâåðäæåííÿ 1 âèïëèâà¹, ùî z(τ)− z(s) =

∫ τ

s
zt(t) dt, 0 ≤ s < τ ≤ T . Òîìó∫

Ω

|z(x, τ)|p(x) dx =

∫
Ω

∣∣∣z(x, s) + τ∫
s

zt(x, t) dt
∣∣∣p(x) dx ≤ C11(p)

(∫
Ω

|z(s)|p(x) dx+

+

∫
Ω

∣∣∣ τ∫
s

zt(t) dt
∣∣∣p(x)dx) ≤ C11(p)

(∫
Ω

|z(s)|p(x)dx+

∫
Ω

∣∣∣ τ∫
s

dt
∣∣∣p(x)−1

×

×
∣∣∣ τ∫
s

|zt(t)|p(x)dt
∣∣∣dx) = C12(p, T )

(∫
Ω

|z(s)|p(x) dx+

∫
Ω

τ∫
s

|zt(t)|p(x) dtdx
)
. (41)

Çiíòåãðóâàâøè (41) çà s ïiñëÿ íåñêëàäíèõ ïåðåòâîðåíü, îòðèìà¹ìî (40). �

Âèêîðèñòà¹ìî öi òâåðäæåííÿ äëÿ äîâåäåííÿ òàêèõ òåîðåì.

Òåîðåìà 2. Íåõàé α ∈ L∞
+ (Ω), ϕα(x) � ôóíêöiÿ ç (18). Òîäi ïðàâèëüíi òâåðäæåííÿ:

1) ÿêùî u ∈ C1(Q0,T ), òî ϕα(x)(u),
(
ϕα(x)(u)

)
t
∈ L∞(Q0,T ) i(

ϕα(x)(u)
)
t
= α(x)ϕα(x)−1(u)ut; (42)

2) ÿêùî u, ut ∈ Lp(x)(Q0,T ), äå p ∈ L∞
+ (Ω) i p(x) ≥ α(x) ìàéæå äëÿ âñiõ x ∈ Ω,

òî ϕα(x)(u),
(
ϕα(x)(u)

)
t
∈ L

p(x)
α(x) (Q0,T ), âèêîíó¹òüñÿ ðiâíiñòü (42) i îöiíêà

ρp/α

((
ϕα(x)(u)

)
t
;Q0,T

)
≤ C13S1/α′

(
ρp(u;Q0,T )

)
S1/α

(
ρp(ut;Q0,T )

)
, (43)

äå C13 > 0 � ñòàëà, ÿêà íå çàëåæèòü âiä u.
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Äîâåäåííÿ. Äîâåäåìî ïóíêò 1. Íåõàé u ∈ C1(Q0,T ). ßêùî v, vt ∈ C(Q0,T ), ôóíêöiþ
χk âçÿòî ç (36), k ∈ N, òî |χk(u)α(x)ϕα(x)−1(u)ut v| ≤ C14, äå C14 > 0 � ñòàëà, ÿêà
íå çàëåæèòü âiä k, x, t. Òîìó ç òåîðåìè Ëåáåãà ïðî ïåðåõiä äî ãðàíèöi ïiä çíàêîì
iíòåãðàëà âèïëèâà¹, ùî

lim
k→+∞

∫
Q0,T

χk(u)α(x)ϕα(x)−1(u)ut v dxdt =

∫
Q0,T

α(x)ϕα(x)−1(u)ut v dxdt.

Òîäi ç ðiâíîñòi (37), çàïèñàíî¨ äëÿ β = α > 1, îòðèìà¹ìî òàêå:∫
Q0,T

α(x)ϕα(x)−1(u)ut v dxdt =

∫
Ωt

ϕα(x)(u) v dx

∣∣∣∣t=T

t=0

−
∫

Q0,T

ϕα(x)(u) vt dxdt. (44)

Ïðèéìàþ÷è â (44) v ∈ C∞
0 (Q0,T ), îäåðæèìî (òóò αϕα(x)−1(u)ut ∈ L∞(Q0,T ), áî

α0 > 1) ∫
Q0,T

α(x)ϕα(x)−1(u)ut v dxdt = −
∫

Q0,T

ϕα(x)(u) vt dxdt.

Îòæå, çãiäíî ç îçíà÷åííÿì ïîõiäíî¨ ôóíêöi¨ â ñåíñi Ñîáîë¹âà ìà¹ìî âèêîíàííÿ (42).
Îñêiëüêè α0 > 1, òî ç (18) ìàòèìåìî âêëþ÷åííÿ ϕα(x) ∈ L∞(Q0,T ), à ç (42) �

âêëþ÷åííÿ
(
ϕα(x)(u)

)
t
∈ L∞(Q0,T ).

Äîâåäåìî ïóíêò 2. Íåõàé u ∈ U := {u ∈ Lp(x)(Q0,T ) | ut ∈ Lp(x)(Q0,T )}. Çðîçóìi-
ëî, ùî C1([0, T ];C1(Ω))

_

	 W 1,p0

(0, T ;Lp(x)(Ω))
_

	 U
_

	 W 1,p0(0, T ;Lp(x)(Ω)), à òîìó
iñíó¹ ïîñëiäîâíiñòü {um}m∈N ⊂ C1(Q0,T ) òàêà, ùî um −→

m→∞
u, um

t −→
m→∞

ut ñèëüíî â

Lp(x)(Q0,T ), u
m −→

m→∞
u â C([0, T ];Lp(x)(Ω)).

Íåõàé v, vt ∈ C(Q0,T ). Äëÿ êîæíîãî m ∈ N ç (44) îòðèìà¹ìî ðiâíiñòü∫
Q0,T

α(x)ϕα(x)−1(u
m)um

t v dxdt =

∫
Ω

ϕα(x)(u
m) v dx

∣∣∣∣t=T

t=0

−
∫

Q0,T

ϕα(x)(u
m) vt dxdt. (45)

Îñêiëüêè 1 < α(x) ≤ p(x), òî p(x)
α(x)−1 > 1, x ∈ Ω. Òîäi íà ïiäñòàâi ïóíêòó 3 ëåìè

2 äëÿ G = Q0,T i ç α− 1 çàìiñòü α òà q = p
α−1 ìàòèìåìî, ùî

ϕα(x)−1(u
m) −→

m→∞
ϕα(x)−1(u) ñèëüíî â L

p(x)
α(x)−1 (Q0,T ).

Çðîçóìiëî, ùî [L
p(x)

α(x)−1 (Q0,T )]
∗ ∼= L

p(x)
p(x)−(α(x)−1) (Q0,T ). Îñêiëüêè p(x) ≥ (α(x)−1)+1,

òî p(x) ≥ p(x)
p(x)−(α(x)−1) , x ∈ Ω. Òîìó ç âèáîðó {um}m∈N âèïëèâà¹, ùî

um
t −→

m→∞
ut ñèëüíî â L

p(x)
p(x)−(α(x)−1) (Q0,T ).

Òîäi ç ëåìè 5.2 [1, ñ. 19] ìàòèìåìî òàêå:∫
Q0,T

α(x)ϕα(x)−1(u
m)um

t v dxdt −→
m→∞

∫
Q0,T

α(x)ϕα(x)−1(u)ut v dxdt (46)
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i αϕα(x)−1(u)ut ∈ L1(Q0,T ). Íà ïiäñòàâi ïóíêòó 3 ëåìè 2 äëÿ q = p
α òà G = Ω,

G = Q0,T , âiäïîâiäíî, îòðèìà¹ìî, ùî

ϕα(x)(u
m(t)) −→

m→∞
ϕα(x)(u(t)) ñèëüíî â L

p(x)
α(x) (Ω) äëÿ t = 0 òà t = T, (47)

ϕα(x)(u
m) −→

m→∞
ϕα(x)(u) ñèëüíî â L

p(x)
α(x) (Q0,T ). (48)

Ñïðÿìóâàâøè â (45) m → ∞ i âèêîðèñòàâøè (46)-(48), îäåðæèìî ðiâíiñòü (44). Äàëi
ÿê i äëÿ äîâåäåííÿ ïåðøîãî ïóíêòó öi¹¨ òåîðåìè äîâîäèìî ïðàâèëüíiñòü (42).

Ç ëåìè 2 ìàòèìåìî, ùî ϕα(x)(u) ∈ L
p(x)
α(x) (Q0,T ). Ç (42), (19) i íåðiâíîñòi Þíãà

äëÿ α′(x) = α(x)
α(x)−1 , α(x) > 1 îäåðæèìî, ùî

∣∣(ϕα(x)(u)
)
t

∣∣ p(x)α(x) ≤ α(x)
p(x)
α(x) |u|

p(x)
α′(x) |ut|

p(x)
α(x) ≤ C15(|u|p(x) + |ut|p(x)) ∈ L1(Q0,T ).

Òîìó
(
ϕα(x)(u)

)
t
∈ L

p(x)
α(x) (Q0,T ).

Ç (42) i óçàãàëüíåíî¨ íåðiâíîñòi Ãåëüäåðà äëÿ α′(x), α(x) ìàòèìåìî òàêå:∫
Q0,T

∣∣∣(ϕα(x)(u)
)
t

∣∣∣ p(x)α(x)
dxdt ≤

∫
Q0,T

α(x)
p(x)
α(x) |u|

p(x)
α′(x) |ut|

p(x)
α(x) dxdt ≤

≤ C16|| |u|
p(x)
α′(x) ;Lα′(x)(Q0,T )|| · || |ut|

p(x)
α(x) ;Lα(x)(Q0,T )|| ≤

≤ C17S1/α′

( ∫
Q0,T

|u|p(x) dxdt
)
S1/α

( ∫
Q0,T

|ut|p(x) dxdt
)
,

çâiäêè i âèïëèâà¹ (43) òà äîâåäåííÿ ïóíêòó 2 íàøî¨ òåîðåìè. Òåîðåìó 2 äîâåäåíî. �

Òåîðåìà 3. Íåõàé r ∈ MLB+(Ω), ϕr(x)−2 � ôóíêöiÿ, âèçíà÷åíà â (18) ç r − 2
çàìiñòü α. Òîäi ïðàâèëüíi òàêi òâåðäæåííÿ.

1) ßêùî r0 > 1, òî ôîðìóëà(
|u|r(x)

)
t
= r(x)ϕr(x)−2(u)uut (49)

ïðàâèëüíà ïðè âèêîíàííi îäíi¹¨ ç òàêèõ óìîâ:
i) u ∈ C1(Q0,T ), i òîäi |u|r(x),

(
|u|r(x)

)
t
∈ L∞(Q0,T );

ii) u, ut ∈ Lp(x)(Q0,T ) òà p(x) ≥ r(x) äëÿ x ∈ Ω, i òîäi |u|r(x),
(
|u|r(x)

)
t
∈ L

p(x)
r(x) (Q0,T ).

2) ßêùî r0 > 2, òî ôîðìóëà(
|u|r(x)−2u

)
t
= (r(x)− 1)ϕr(x)−2(u)ut (50)

ïðàâèëüíà ïðè âèêîíàííi îäíi¹¨ ç òàêèõ óìîâ:
i) u ∈ C1(Q0,T ), i òîäi |u|r(x)−2u,

(
|u|r(x)−2u

)
t
∈ L∞(Q0,T );

ii) u, ut ∈ Lp(x)(Q0,T ) òà p(x) ≥ r(x)− 1 äëÿ x ∈ Ω, i òîäi âèêîíóþòüñÿ âêëþ÷åííÿ

|u|r(x)−2u,
(
|u|r(x)−2u

)
t
∈ L

p(x)
r(x)−1 (Q0,T ).
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Äîâåäåííÿ. öi¹¨ òåîðåìè âiäðàçó æ âèïëèâà¹ ç òåîðåìè 2 i òàêèõ ðiâíîñòåé:

|s|r(x)=ϕr(x)(s)+ϕr(x)(−s), |s|r(x)−2s=ϕr(x)−1(s)−ϕr(x)−1(−s), x ∈ Ω, s ∈ R. �
�

Çàóâàæåííÿ 1. Îñêiëüêè ϕr(x)−2(u) = |u|r(x)−2 ïðè u > 0, òî ÷àñòî (ùîá íå ââîäèòè
äîäàòêîâèõ ïîçíà÷åíü) ôîðìóëè (49) i (50) âèêîðèñòîâóþòü ó òàêîìó âèãëÿäi:(

|u|r(x)
)
t
= r(x)|u|r(x)−2uut ,

(
|u|r(x)−2u

)
t
= (r(x)− 1)|u|r(x)−2ut . (51)

Ó öüîìó âèïàäêó ââàæàþòü ïðàâi ÷àñòèíè öèõ ðiâíîñòåé òàêèìè, ùî äîðiâíþþòü
íóëþ íà ìíîæèíi
E = {(x, t) ∈ Q0,T | u(x, t) = 0}.

Òåîðåìà 4. Íåõàé α ∈ ML(Ω), 1
2 < α0 ≤ α(x) ≤ α0 ≤ 1 ìàéæå äëÿ âñiõ x ∈ Ω,

ϕα(x) � ôóíêöiÿ ç (18). Òîäi ïðàâèëüíi òàêi òâåðäæåííÿ.

1. ßêùî u ∈ C2(Q0,T ), òî ϕα(x)(u) ∈ L∞(Q0,T ),
(
ϕα(x)(u)

)
t
∈ L2(Q0,T ). Êðiì

òîãî, âèêîíó¹òüñÿ (42).

2. ßêùî u, ut, utt ∈ Lp(x)(Q0,T ), äå p ∈ L∞
+ (Ω) òà p(x) ≥ 2α(x) ìàéæå äëÿ âñiõ

x ∈ Ω, òî ϕα(x)(u) ∈ W 1,2(0, T ;L2(Ω)). Êðiì òîãî, âèêîíó¹òüñÿ (42) i îöiíêè

||ϕα(x)(u);L
2(Q0,T )|| ≤ C18Sα/p

(
ρp(u;Q0,T )

)
, (52)

||
(
ϕα(x)(u)

)
t
;L2(Q0,T )|| ≤ C19Sα/p

(
ρp(u;Q0,T ) + ρp(ut;Q0,T ) + ρp(utt;Q0,T )

)
, (53)

äå C18, C19 > 0 � ñòàëi, ÿêi íå çàëåæàòü âiä u.

Äîâåäåííÿ. Äîâåäåìî ïóíêò 1. Íåõàé u ∈ C2(Q0,T ). Âçÿâøè â ðiâíîñòi (37) β =
2α− 1 > 0 i v = ut, ùî çàêîííî, áî ut, utt ∈ L1(Q0,T ), îòðèìà¹ìî, ùî

lim
k→+∞

∫
Q0,T

fk dxdt =

∫
Ωt

ϕ2α(x)−1(u)ut dx

∣∣∣∣t=T

t=0

−
∫

Q0,T

ϕ2α(x)−1(u)utt dxdt, (54)

äå fk = χk(u)(2α(x)− 1)ϕ2α(x)−2(u)|ut|2, χk âçÿòî ç (36), k ∈ N. Çðîçóìiëî, ùî
fk(x, t) −→

k→∞
f(x, t) äëÿ (x, t) ∈ Q0,T , (55)

äå f = (2α(x) − 1)ϕ2α(x)−2(u)|ut|2 = (2α(x) − 1)|ϕα(x)−1(u)ut|2. Ç iñíóâàííÿ ãðàíèöi
(54) âèïëèâà¹, ùî iñíó¹ ñòàëà C20 > 0 òàêà, ùî äëÿ âñiõ k ∈ N ïðàâèëüíà îöiíêà∫
Q0,T

fk dxdt ≤ C20. Î÷åâèäíî, ùî fk1 ≤ fk2 ïðè k1 ≤ k2. Òîìó ç òåîðåìè Ëåâi

ïðî ìîíîòîííó çáiæíiñòü (òåîðåìà 7 [33, ñ. 303]) òà çáiæíîñòi (55) ìàòèìåìî, ùî
f ∈ L1(Q0,T ) (à òîìó ϕα(x)−1(u)ut ∈ L2(Q0,T )) i∫

Q0,T

fk dxdt −→
k→∞

∫
Q0,T

f dxdt. (56)

Òîäi ç (54) îòðèìà¹ìî ðiâíiñòü∫
Q0,T

(2α(x)− 1)|ϕα(x)−1(u)ut|2 dxdt =

∫
Ωt

ϕ2α(x)−1(u)ut dx

∣∣∣∣t=T

t=0

−
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−
∫

Q0,T

ϕ2α(x)−1(u)utt dxdt. (57)

Ç (56) òàêîæ îäåðæèìî çáiæíiñòü

||χk(u)
√
2α− 1ϕα(x)−1(u)ut;L

2(Q0,T )|| −→
k→∞

||
√
2α− 1ϕα(x)−1(u)ut;L

2(Q0,T )||. (58)

Òîìó, âèêîðèñòàâøè (55), ìîæíà äîâåñòè, ùî

χk(u)ϕα(x)−1(u)ut −→
k→∞

ϕα(x)−1(u)ut ñèëüíî â L2(Q0,T ). (59)

Íåõàé â (37) β = α, v ∈ L2(Q0,T ), vt ∈ L1(Q0,T ). Âèêîðèñòàâøè (59), îòðèìà¹ìî
(44). Äàëi ÿê i ïðè äîâåäåííi òåîðåìè 2 îäåðæèìî (42). Òîìó ìàòèìåìî âêëþ÷åííÿ
(ϕα(x)(u))t ∈ L2(Q0,T ), à ç âèãëÿäó ϕα(x) � âêëþ÷åííÿ ϕα(x)(u) ∈ L∞(Q0,T ). Ïóíêò 1
äîâåäåíî.

Äîâåäåìî ïóíêò 2. Ïåðø çà âñå äîâåäåìî (52) i (53) äëÿ u ∈ C2(Q0,T ). Îñêiëüêè
p ≥ 2α, òî 2 ≤ p

α i ç îöiíêè (26) äëÿ G = Q0,T i q ≡ 2 îäåðæèìî (52). Âèêîðèñòàâøè
ðiâíiñòü (42), ÿêà âèêîíó¹òüñÿ çãiäíî ç âæå äîâåäåíèì, ç (57) îäåðæèìî∫

Q0,T

∣∣∣(ϕα(x)(u)
)
t

∣∣∣2 dxdt ≤ |α0|2

2α0 − 1

(∫
Ω0

ϕ2α(x)−1(u)|ut| dx+

∫
ΩT

ϕ2α(x)−1(u)|ut| dx+

+

∫
Q0,T

ϕ2α(x)−1(u)|utt| dxdt
)
. (60)

Îöiíèìî íàÿâíi òóò âèðàçè. Äëÿ âñiõ r ∈ L∞
+ (Ω) ìàòèìåìî, ùî

J1 =

∫
Ω0

ϕ2α(x)−1(u)|ut| dx ≤ ||ϕ2α(x)−1(u(0));L
r′(x)(Ω)|| · ||ut(0);L

r(x)(Ω)||.

Îñêiëüêè p ≥ 2α > 1, òî ïðè r = 2α ìà¹ìî òàêi îöiíêè: 1 < r ≤ p, 2α − 1 < p
òà 1 < r′ = r

r−1 = r
2α−1 ≤ p

2α−1 . Òîìó ç îöiíêè (26) ïðè G = Ω i q = r′ îäåðæèìî,

ùî ||ϕ2α(x)−1(u(0));L
r′(x)(Ω)|| ≤ C21S(2α−1)/p(ρp(u(0); Ω)). Êðiì òîãî, ç òâåðäæåííÿ 2

îòðèìà¹ìî òàêå: ||ut(0);L
r(x)(Ω)|| ≤ C22||ut(0);L

p(x)(Ω)|| ≤ C22S1/p(ρp(ut(0); Ω)). Òî-
ìó ç (40) i î÷åâèäíî¨ ðiâíîñòi Sa(z)Sb(z) = Sa+b(z), a, b, z ≥ 0 îòðèìà¹ìî, ùî

J1 ≤ C23S(2α−1)/p

(∫
Ω

|u(0)|p(x) dx
)
S1/p

(∫
Ω

|ut(0)|p(x) dx
)
≤

≤ C24S2α/p

( ∫
Q0,T

[
|u(x, t)|p(x) + |ut(x, t)|p(x) + |utt(x, t)|p(x)

]
dxdt

)
,

äå C24 > 0 � ñòàëà, ÿêà íå çàëåæèòü âiä u. Àíàëîãi÷íó îöiíêó çðîáèìî äëÿ äðóãîãî
i òðåòüîãî iíòåãðàëiâ ó ïðàâié ÷àñòèíi íåðiâíîñòi (60) i ç (60) îòðèìà¹ìî (53).

Íåõàé òåïåð u, ut, utt ∈ Lp(x)(Q0,T ), p ≥ 2α, {uℓ}ℓ∈N ⊂ C2(Q0,T ) � ïîñëiäîâíiñòü

òàêà, ùî uℓ −→
ℓ→∞

u, uℓ
t −→
ℓ→∞

ut u
ℓ
tt −→

ℓ→∞
utt ñèëüíî â Lp(x)(Q0,T ). Ç (52), (53) îäåðæèìî

îáìåæåíiñòü ïîñëiäîâíîñòi {ϕα(x)(u
ℓ)}ℓ∈N â ïðîñòîði W 1,2(0, T ;L2(Ω)). Òîìó iñíó¹

ïiäïîñëiäîâíiñòü {uℓk}k∈N ⊂ {uℓ}ℓ∈N òàêà, ùî

ϕα(x)(u
ℓk) −→

k→∞
χ ñëàáêî â W 1,2(0, T ;L2(Ω)).
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Òîäi, çîêðåìà,

αϕα(x)−1(u
ℓk)uℓk

t =
(
ϕα(x)(u

ℓk)
)
t

−→
k→∞

ζ ñëàáêî â L2(Q0,T ).

Òàêîæ ç âèáîðó ïîñëiäîâíîñòi {uℓ}ℓ∈N ìàòèìåìî (ìîæëèâî ó ðàçi ïåðåõîäó äî íîâî¨
ïiäïîñëiäîâíîñòi) çáiæíîñòi

uℓk −→
k→∞

u, uℓk
t −→

k→∞
ut, α(x)ϕα(x)−1(u

ℓk)uℓk
t −→

k→∞
α(x)ϕα(x)−1(u)ut

ìàéæå ñêðiçü â Q0,T . Òîìó χ = ϕα(x)(u) i ζ = αϕα(x)−1(u)ut. Îòæå, âèêîíó¹òüñÿ (44)

ç v ∈ W 1,2(0, T ;L2(Ω)), à òîìó ïðàâèëüíà ðiâíiñòü (42). Âèêîðèñòîâóþ÷è ëåìó 5.3 [1,
ñ. 20], ç (52), (53), çàïèñàíèõ äëÿ uℓk , îäåðæèìî (52), (53) äëÿ íàøîãî u. �

Âèêîðèñòàâøè òåîðåìó 4, àíàëîãi÷íî ÿê òåîðåìó 3 (äèâ. òàêîæ çàóâàæåííÿ 1)
äîâîäèìî òàêå òâåðäæåííÿ.

Òåîðåìà 5. Íåõàé r ∈ MLB+(Ω). Òîäi ïðàâèëüíi òàêi òâåðäæåííÿ.
1. ßêùî 1

2 < r0 ≤ r0 ≤ 1, òî ôîðìóëà (49) ïðàâèëüíà ó ðàçi âèêîíàííÿ îäíi¹¨ ç
òàêèõ óìîâ:
i) u ∈ C2(Q0,T ), i òîäi |u|r(x) ∈ L∞(Q0,T ),

(
|u|r(x)

)
t
∈ L2(Q0,T );

ii) u, ut, utt ∈ Lp(x)(Q0,T ) òà p(x) ≥ 2r(x) ìàéæå äëÿ âñiõ x ∈ Ω, i òîäi ïðàâèëüíi

âêëþ÷åííÿ |u|r(x) ∈ W 1,2(0, T ;L2(Ω)) òà îöiíêà

|| |u|r(x);W 1,2(0, T ;L2(Ω))|| ≤ C25Sr/p

(
ρp(u;Q0,T )+ρp(ut;Q0,T )+ρp(utt;Q0,T )

)
, (61)

äå C25 > 0 � ñòàëà, ÿêà íå çàëåæèòü âiä u.
2. ßêùî 3

2 < r0 ≤ r0 ≤ 2, òî ôîðìóëà (50) ïðàâèëüíà ó ðàçi âèêîíàííÿ îäíi¹¨ ç
òàêèõ óìîâ:
i) u ∈ C2(Q0,T ), i òîäi |u|r(x)−2u ∈ L∞(Q0,T ),

(
|u|r(x)−2u

)
t
∈ L2(Q0,T );

ii) u, ut, utt ∈ Lp(x)(Q0,T ) òà p(x) ≥ 2(r(x)− 1) ìàéæå äëÿ âñiõ x ∈ Ω, i òîäi

ïðàâèëüíi âêëþ÷åííÿ |u|r(x)−2u ∈ W 1,2(0, T ;L2(Ω)) òà îöiíêà

|| |u|r(x)−2u;W 1,2(0, T ;L2(Ω))|| ≤

≤ C26S(r−1)/p

(
ρp(u;Q0,T ) + ρp(ut;Q0,T ) + ρp(utt;Q0,T )

)
, (62)

äå C26 > 0 � ñòàëà, ÿêà íå çàëåæèòü âiä u.

Çàóâàæåííÿ 2. ßê i â çàóâàæåííi 1 çàçíà÷èìî, ùî çà óìîâ òåîðåìè 5 ôîðìóëè (49)
i (50) âæèâàòèìåìî ó âèãëÿäi (51).

Ëåìà 7. ßêùî a > 0, òî âèçíà÷åíèé ðiâíiñòþ

⟨Av,w⟩H1
0(Ω) =

∫
Ω

a(∇v(x),∇w(x)) dx, v, w ∈ H1
0 (Ω), (63)

îïåðàòîð A : H1
0 (Ω) → H−1(Ω) ¹ ëiíiéíèì îáìåæåíèì íåïåðåðâíèì i ìîíîòîííèì.

Äîâåäåííÿ ëåìè 7 îïóñòèìî.

Ëåìà 8. ßêùî âèêîíóþòüñÿ óìîâè (Q) i (G), òî âèçíà÷åíèé â (4) îïåðàòîð Íå-

ìèöüêîãî G : Lq(x)(Q0,T ) → Lq′(x)(Q0,T ) ¹ îáìåæåíèì íåïåðåðâíèì i ìîíîòîííèì.
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Äîâåäåííÿ. Îáìåæåíiñòü i íåïåðåðâíiñòü G âèïëèâà¹ ç [40]. Ìîíîòîííiñòü îïåðàòîðà
G âèïëèâà¹ ç òàêî¨ ÷èñëîâî¨ íåðiâíîñòi (äèâ. òåîðåìó 2.2 [34, c. 3]):

∀ ξ1, ξ2 ∈ R : (|ξ1|r−2ξ1 − |ξ2|r−2ξ2)(ξ1 − ξ2) ≥ C27(r)(|ξ1|+ |ξ2|)r−β |ξ1 − ξ2|β , (64)

äå r > 1, max{r, 2} ≤ β < ∞, C27(r) = min{22−r, (r−1)22−r} > 0. Ëåìó äîâåäåíî. �

Ëåìà 9. ßêùî âèêîíó¹òüñÿ óìîâà (E), òî âèçíà÷åíèé â (5) iíòåãðàëüíèé îïå-
ðàòîð E : Lr(Q0,T ) → Lr(Q0,T ), äå r > 1, ¹ ëiíiéíèì îáìåæåíèì íåïåðåðâíèì
îïåðàòîðîì i çàäîâîëüíÿ¹ îöiíêó

||Eu;Lr(Q0,τ )|| ≤ C28||u;Lr(Q0,τ )||, u ∈ Lr(Q0,T ), τ ∈ (0, T ], (65)

äå C28 > 0 � ñòàëà, ÿêà íå çàëåæèòü âiä u, τ .

Äîâåäåííÿ. Ëiíiéíiñòü íàøîãî îïåðàòîðà î÷åâèäíà. Äîâåäåìî îöiíêó (65), ç ÿêî¨ i
âèïëèâàòèìóòü iíøi òâåðäæåííÿ ëåìè. Ïðîäîâæèìî êîæíó ôóíêöiþ u ∈ Lr(Q0,T )
íóëåì ïîçà Q0,T . Âèêîðèñòàâøè íåðiâíiñòü Ãåëüäåðà, îäåðæèìî∫

Q0,τ

|(Eu)(x, t)|r dxdt =

∫
Q0,τ

∣∣∣∫
Ω

ϵ(x, t, y)
(
u(x+ y, t)− u(x, t)

)
dy

∣∣∣r dxdt ≤

≤
∫

Q0,τ

(∫
Ω

|ϵ(x, t, y)|r
′
dy

) r
r′
∫
Ω

|u(x+ y, t)− u(x, t)|r dy dxdt ≤

≤ C29

∫
Q0,τ

∫
Ω

(|u(x+ y, t)|r + |u(x, t)|r) dy dxdt = 2C29|Ω|
∫

Q0,τ

|u(x, t)|r dxdt,

äå 1
r + 1

r′ = 1, |Ω| � ìiðà Ëåáåãà Ω. Ç öi¹¨ îöiíêè i âèïëèâà¹ (65). �

5. Äîâåäåííÿ òåîðåìè 1. Íåõàé γ ∈ [2, 3), 1
γ + 1

γ′ = 1. Òîäi γ′ ∈ ( 32 , 2]. Ó

âèïàäêó γ = 2 çàäà÷à (1)�(3) çíà÷íî ñïðîùó¹òüñÿ. Òîìó íåõàé äàëi γ > 2.

Êðîê 1. Çðîáèìî çàìiíó u  u, äå u = |u|γ−2u. Òîäi u = |u|γ′−2u. Òîìó (1)�(3)
åêâiâàëåíòíà òàêié çàäà÷i:

(|u|γ
′−2u)t − a∆u+G(|u|γ

′−2u) + ϕ
(
E(|u|γ

′−2u)
)
= f(x, t), (66)

u|Σ0,T = 0, u|t=0 = |u0|γ−2u0. (67)

Äëÿ äîâåäåííÿ iñíóâàííÿ ðîçâ'ÿçêó çàäà÷i (66), (67) âèêîðèñòà¹ìî ìåòîä åëiïòè÷íî¨
ðåãóëÿðèçàöi¨. Äëÿ êîæíîãî ε > 0 ðîçãëÿíåìî çàäà÷ó Äiðiõëå-Íåéìàíà

−ε uεtt +
(
|uε|γ

′−2uε
)
t
− a∆uε +G(|uε|γ

′−2uε) + ϕ
(
E(|uε|γ

′−2uε)
)
= f(x, t), (68)

uε|Σ0,T = 0, uε|t=0 = |u0|γ−2u0, uεt |t=T = 0. (69)

Íåõàé U0(Q0,T ) = {v ∈ H1(Q0,T ) | v|Σ0,T
= 0, v|t=0 = 0}. Âèêîðèñòîâóþ÷è óìîâè

∂Ω ∈ C4, 2 ≤ γ < 3 i q0 ≤ γ âèáèðà¹ìî â ïðîñòîði V äîñèòü ãëàäêó áàçó. Òîäi
äëÿ âèêîíàííÿ óìîâ òåîðåìè 1 ìåòîäîì Ãàëüîðêiíà äîâîäèìî, ùî iñíó¹ ðîçâ'ÿçîê
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uε ∈ H2(Q0,T ) ∩W 1,2(0, T ;H1
0 (Ω)) êðàéîâî¨ çàäà÷i (68), (69) òàêèé, ùî

|uε|γ′−2uε ∈ W 1,2(0, T ;L2(Ω)), G(|uε|γ′−2uε) ∈ L2(Q0,T ), ϕ
(
E(|uε|γ′−2uε)

)
∈ L2(Q0,T ),∫

Q0,T

[
εuεtvt − |uε|γ

′−2uεvt + a(∇uε,∇v) +G(|uε|γ
′−2uε)v + ϕ

(
E(|uε|γ

′−2uε)
)
v
]
dxdt+

+

∫
Ω

|uε(T )|γ
′−2uε(T )v(T ) dx =

∫
Q0,T

fv dxdt ∀ v ∈ U0(Q0,T ). (70)

Êðîê 2. Çàóâàæèìî òàêå: îñêiëüêè uε ∈ H1(Q0,T ) i 1 < γ′ ≤ 2, òî ç ïóíêòó 1.ii
òåîðåìè 3 äëÿ p(x) ≡ 2, r(x) ≡ γ′ i ç çàóâàæåííÿ 1 ìàòèìåìî òàêå:

|uε|γ
′
∈ W

1, 2
γ′
(0, T ;L

2
γ′
(Ω)),

(
|uε|γ

′)
t
= γ′ |uε|γ

′−2uε uεt . (71)

Àíàëîãi÷íî ç âêëþ÷åííÿ uε ∈ H1(Q0,T ) i ïóíêòó 1.ii òåîðåìè 3 îäåðæèìî, ùî

|uε|2 ∈ W 1,1(0, T ;L1(Ω)),
(
|uε|2

)
t
= 2 uε uεt . (72)

Êðiì òîãî, ç íåðiâíîñòi Ãåëüäåðà äëÿ ïîêàçíèêiâ γ, γ′ > 1, óìîâè (Ô) òà îöiíêè (65)
âèïëèâà¹ òàêå:∣∣∣ ∫

Q0,T

ϕ
(
E(|uε|γ

′−2uε)
)
uε dxdt

∣∣∣ ≤ ϕ0
∣∣∣∣∣∣E(

|uε|γ
′−2uε

)
;Lγ(Q0,T )

∣∣∣∣∣∣ · ||uε;Lγ′
(Q0,T )|| ≤

≤ C30||uε;Lγ′
(Q0,T )||

1
γ−1+1

= C30

∫
Q0,T

|uε|γ
′
dxdt, (73)

äå C30 > 0 � ñòàëà, ÿêà íå çàëåæèòü âiä ε. Íåõàé â (70) v = uε. Âèêîðèñòàâøè (71),
(73), ïiñëÿ íåñêëàäíèõ ïåðåòâîðåíü îäåðæèìî îöiíêó

ε

∫
Q0,T

|uεt |2 dxdt+

∫
Q0,T

[
|∇uε|2 + |uε|2 + |uε|γ

′
+ |uε|

q(x)+γ−2
γ−1

]
dxdt ≤ C31. (74)

Òîìó ∫
Q0,T

∣∣∣|uε|γ′−2uε
∣∣∣2(γ−1)

dxdt =

∫
Q0,T

|uε|2 dxdt ≤ C32. (75)

Ç óìîâè (Ô), (65) i (75) âèïëèâà¹, ùî

||ϕ
(
E(|uε|γ

′−2uε)
)
;L2(γ−1)(Q0,T )|| ≤ C33|| |uε|γ

′−2uε;L2(γ−1)(Q0,T )|| ≤ C34. (76)

ßêùî q0 ≤ γ, òî ìàéæå äëÿ âñiõ x ∈ Ω îäåðæèìî òàêå:

q(x) + γ − 2

q(x)− 1
≥ 2,

q(x)− 1

q(x) + γ − 2
+

γ − 1

q(x) + γ − 2
= 1, 2 ≥ q(x) + γ − 2

γ − 1
> 1. (77)

Òîìó ç îöiíîê (74) ìàòèìåìî, ùî∣∣∣∣∣∣G(
|uε|γ

′−2uε
)
;L

q(x)+γ−2
q(x)−1 (Q0,T )

∣∣∣∣∣∣≤C35S1/q̂

(
Ŝ̂q

(∣∣∣∣∣∣uε;L q(x)+γ−2
γ−1 (Q0,T )

∣∣∣∣∣∣))≤C36, (78)

äå q̂(x) = q(x)+γ−2
q(x)−1 , ̂̂q(x) = q(x)+γ−2

γ−1 , x ∈ Ω. Òóò C31 − C36 > 0 íå çàëåæàòü âiä ε.
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Îöiíêè (74)�(78) äàäóòü iñíóâàííÿ ïîñëiäîâíîñòi {εj}j∈N òàêî¨, ùî εj −→
j→∞

0,

εj > 0 äëÿ âñiõ j ∈ N,

uεj −→
j→∞

u ñëàáêî â L2(0, T ;H1
0 (Ω)) ∩ Lγ′

(Q0,T ) ∩ L
q(x)+γ−2

γ−1 (Q0,T ), (79)

|uεj |γ
′−2uεj −→

j→∞
χ1 ñëàáêî â L2(γ−1)(Q0,T ), (80)

G
(
|uεj |γ

′−2uεj
)
−→
j→∞

χ2 ñëàáêî â L
q(x)+γ−2
q(x)−1 (Q0,T ), (81)

ϕ
(
E(|uεj |γ

′−2uεj )
)
−→
j→∞

χ3 ñëàáêî â L2(γ−1)(Q0,T ), (82)

√
εj u

εj
t −→

j→∞
χ4 ñëàáêî â L2(Q0,T ). (83)

Êðîê 3. Îòðèìà¹ìî äîäàòêîâi îöiíêè. Çàóâàæèìî òàêå: îñêiëüêè uε ∈ H2(Q0,T )

i 3
2 < γ′ ≤ 2, òî ç ïóíêòó 2.ii òåîðåìè 5 äëÿ r(x) ≡ γ′

2 + 1 i p(x) ≡ 2 âèïëèâà¹, ùî

|uε|
γ′

2 −1uε ∈ W 1,2(0, T ;L2(Ω)),
(
|uε|

γ′

2 −1uε
)
t
=

γ′

2
|uε|

γ′

2 −1uεt , (84)

à ç ïóíêòó 2.ii òåîðåìè 5 äëÿ r(x) ≡ γ′ i p(x) ≡ 2 ìà¹ìî, ùî

|uε|γ
′−2uε ∈ W 1,2(0, T ;L2(Ω)),

(
|uε|γ

′−2uε
)
t
=

1

γ − 1
|uε|γ

′−2uεt . (85)

Êðiì òîãî, îñêiëüêè uε ∈ H1(Q0,T ), òî ç ïóíêòó 1.ii òåîðåìè 3 äëÿ r(x) = q(x)+γ−2
γ−1 ,

p(x) ≡ 2 (çãiäíî ç (77) p(x) ≥ r(x) > 1 äëÿ x ∈ Ω) ìàòèìåìî òàêå:

|uε|
q(x)+γ−2

γ−1 ,
(
|uε|

q(x)+γ−2
γ−1

)
t
∈ L

2(γ−1)
q(x)+γ−2 (Q0,T ),(

|uε|
q(x)+γ−2

γ−1
)
t
=

q(x) + γ − 2

γ − 1
|uε|

q(x)−γ
γ−1 uεuεt . (86)

Àíàëîãi÷íî (uεt , u
ε
x1
, . . . , uεxn

∈ H1(Q0,T )) ç ïóíêòó 1.ii òåîðåìè 3 îäåðæèìî, ùî

|uεt |2 ∈ W 1,1(0, T ;L1(Ω)),
(
|uεt |2

)
t
= 2 uεt u

ε
tt, (87)

|∇uε|2 ∈ W 1,1(0, T ;L1(Ω)),
(
|∇uε|2

)
t
= 2 (∇uε,∇uεt ). (88)

Çiíòåãðóâàâøè ÷àñòèíàìè, ùî çàêîííî çãiäíî ç (85), ç (70), îòðèìà¹ìî ðiâíiñòü∫
Q0,T

[
−εuεttv +

(
|uε|γ

′−2uε
)
t
v + a(∇uε,∇v) +

+G(|uε|γ
′−2uε)v + ϕ

(
E(|uε|γ

′−2uε)
)
v − fv

]
dxdt = 0, (89)

äå v ∈ U0(Q0,T ). Çâiäñè îäåðæèìî òàêó ðiâíiñòü â ïðîñòîði H−1(Ω):

−εuεtt(t) +
(
|uε(t)|γ

′−2uε(t)
)
t
+Auε(t) +

+G
(
|uε(t)|γ

′−2uε(t)
)
+ ϕ

(
E
(
|uε(t)|γ

′−2uε(t)
))

= f(t), t ∈ (0, T ). (90)



80
Îëåã ÁÓÃÐIÉ, Ìèêîëà ÁÓÃÐIÉ

ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2016. Âèïóñê 81

Îñêiëüêè uεt ∈ L2(0, T ;H1
0 (Ω)), òî ìîæíà ïîäiÿòè ðiâíiñòþ (90) íà uεt (t). Âèêî-

ðèñòàâøè (85) i çiíòåãðóâàâøè îòðèìàíó ðiâíiñòü çà t ∈ (0, τ) ⊂ (0, T ), ìàòèìåìî∫
Q0,τ

[
−εuεttu

ε
t +

1

γ − 1
|uε|γ

′−2|uεt |2 + a(∇uε,∇uεt ) +

+G(|uε|γ
′−2uε)uεt + ϕ

(
E(|uε|γ

′−2uε)
)
uεt

]
dxdt =

∫
Q0,τ

fuεt dxdt, τ ∈ (0, T ]. (91)

Ïåðåòâîðèìî íàÿâíi òóò âèðàçè. Çiíòåãðóâàâøè ÷àñòèíàìè (äèâ. (87)) i âèêîðèñòàâ-
øè (693), îäåðæèìî, ùî∫

Q0,T

−εuεttu
ε
t dxdt = −ε

2

∫
Ω

|uεt |2 dx

∣∣∣∣t=T

t=0

= −0 +
ε

2

∫
Ω

|uεt (0)|2 dx ≥ 0.

Ç óìîâè (Ô), íåðiâíîñòåé Ãåëüäåðà (òóò 1
γ + γ−2

2γ + 1
2 = 1), Þíãà i (74) ìà¹ìî:∣∣∣− ∫

Q0,T

ϕ
(
E(|uε|γ

′−2uε)
)
uεt dxdt

∣∣∣ ≤ ϕ0

∫
Q0,T

∣∣∣E(
|uε|γ

′−2uε
)∣∣∣ |uε|1−γ′

2 |uε|
γ′

2 −1 |uεt | dxdt ≤

≤ ϕ0
∣∣∣∣∣∣E(

|uε|γ
′−2uε

)
;Lγ(Q0,T )

∣∣∣∣∣∣·∣∣∣∣∣∣ |uε|1−γ′

2 ;L
2γ
γ−2 (Q0,T )

∣∣∣∣∣∣·∣∣∣∣∣∣ |uε|γ′

2 −1uεt ;L
2(Q0,T )

∣∣∣∣∣∣≤
≤ C37||uε;Lγ′

(Q0,T )||
1

γ−1 ·
∣∣∣∣∣∣ |uε| γ−2

2(γ−1) ;L
2γ
γ−2 (Q0,T )

∣∣∣∣∣∣·∣∣∣∣∣∣ |uε|γ′

2 −1uεt ;L
2(Q0,T )

∣∣∣∣∣∣=
= C37

( ∫
Q0,T

|uε|γ
′
dxdt

) 1
2
( ∫
Q0,T

|uε|γ
′−2|uεt |2 dxdt

)1
2 ≤ κ1

∫
Q0,T

|uε|γ
′−2|uεt |2 dxdt+ C38(κ1),

äå κ1 > 0, C38(κ1) > 0 � ñòàëà, ÿêà íå çàëåæèòü âiä ε. Ç íåðiâíîñòi Þíãà (òóò çíîâó
1
γ + γ−2

2γ + 1
2 = 1), îòðèìà¹ìî îöiíêó

|fuεt | = |f | |uε|1−
γ′

2 |uε|
γ′

2 −1 |uεt | ≤ C39(κ2)(|f |γ + |uε|(1−
γ′

2 )
2γ
γ−2 ) + κ2|uε|γ

′−2|uεt |2 =

= κ2|uε|γ
′−2|uεt |2 + C39(κ2)(|f |γ + |uε|γ

′
),

äå κ2 > 0, C39(κ2) > 0 � ñòàëà, ÿêà íå çàëåæèòü âiä ε.
Âðàõóâàâøè öi ïåðåòâîðåííÿ i âèêîðèñòàâøè (86) òà (88), ç (91) ìàòèìåìî∫

Q0,T

[( 1

γ − 1
−κ1−κ2

)
|uε|γ

′−2|uε|2+ a

2

(
|∇uε|2

)
t
+
g(x, t)(γ − 1)

q(x) + γ − 2

(
|uε|

q(x)+γ−2
γ−1

)
t

]
dxdt ≤

≤ C38(κ1,κ2)
(
1 +

∫
Q0,T

[
|f |γ + |uε|γ

′
]
dxdt

)
. (92)

Âèáðàâøè κ1,κ2 > 0 ìàëèìè i çiíòåãðóâàâøè ÷àñòèíàìè, çâiäñè îòðèìà¹ìî îöiíêó∫
Q0,T

|uε|γ
′−2|uεt |2 dxdt ≤ C40. (93)
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Òîìó ç (84) âèïëèâà¹, ùî∫
Q0,T

∣∣∣(|uε|γ′

2 −1uε
)
t

∣∣∣2 dxdt =
|γ′|2

4

∫
Q0,T

|uε|γ
′−2|uεt |2 dxdt ≤ C41. (94)

Êðiì òîãî, ∫
Q0,T

∣∣∣|uε|γ′

2 −1uε
∣∣∣2 dxdt =

∫
Q0,T

|uε|γ
′
dxdt ≤ C42, (95)

Íåõàé γ̂ = 4(γ−1)
3γ−4 . Òîäi ç ïðèïóùåííÿ γ > 2 ìàòèìåìî, ùî γ̂ ∈ (1, 2). Òîìó ç íåðiâíîñòi

Þíãà äëÿ ïàðàìåòðiâ 2
2−γ̂ ,

2
γ̂ > 1 îòðèìà¹ìî îöiíêó

|uεt |γ̂ = |uε|
γ̂(2−γ′)

2 |uε|
γ̂(γ′−2)

2 |uεt |γ̂ ≤ C43|uε|κ + |uε|γ
′−2|uεt |2,

äå κ = γ̂(2−γ′)
2

2
2−γ̂ = 2. Çâiäñè, ç (93) i (74) âèïëèâà¹ íåðiâíiñòü∫

Q0,T

|uεt |γ̂ dxdt ≤
∫

Q0,T

[
C43|uε|2 + |uε|γ

′−2|uεt |2
]
dxdt ≤ C44. (96)

Òóò C40 − C44 > 0 � ñòàëi, ÿêi íå çàëåæàòü âiä ε.
Ç îöiíîê (74), (93)�(96) âèïëèâà¹, ùî

|uεj |
γ′

2 −1uεj −→
j→∞

χ5 ñëàáêî â W 1,2(0, T ;L2(Ω)), (97)

uεj −→
j→∞

u ñëàáêî â W 1,γ̂(Q0,T ). (98)

Òîìó ç òåîðåìè Ðåëëiõà-Êîíäðàøîâà (äèâ. ëåìó 1.28 [1, c. 47]) i ç ëåìè 1.18 [1, c. 39]
îòðèìà¹ìî, ùî

uεj −→
j→∞

u ñèëüíî â Lγ̂(Q0,T ) òà ìàéæå ñêðiçü â Q0,T . (99)

Òîìó χ1 = |u|γ′−2u, χ2 = G(|u|γ′−2u), χ5 = |u|
γ′

2 −1u.
Ç (98) i òåîðåìè Îáåíà (òâåðäæåííÿ 3) ìàòèìåìî çáiæíiñòü

uεj −→
j→∞

u â ïðîñòîði C([0, T ];Lγ̂(Ω)). (100)

Îñêiëüêè γ̂ ∈ (1, 2), òî γ̂ > 1 ≥ γ′−1, òîáòî γ̂
γ′−1 = 4(γ−1)2

3γ−4 > 1. Îòîæ, âèêîðèñòàâøè

(29), îòðèìà¹ìî îöiíêó

|| |z1|γ
′−2z1 − |z2|γ

′−2z2;L
γ̂

γ′−1 (Ω)|| ≤ C45||z1 − z2;L
γ̂(Ω)||γ

′−1, (101)

äå C45 > 0 � ñòàëà, ÿêà íå çàëåæèòü âiä z1, z2 ∈ Lγ̂(Ω). Âðàõîâóþ÷è óìîâó (Ô), (100)

i (101), äîâîäèìî ðiâíiñòü χ3 = ϕ
(
E(|u|γ′−2u)

)
.

Êðîê 4. Íåõàé â (70) ε = εj , v ∈ H1
0 (Q0,T ) i ñïðÿìó¹ìî j → ∞. Îòðèìà¹ìî∫

Q0,T

[
−|u|γ

′−2u vt + a(∇u,∇w) +G(|u|γ
′−2u)v+ ϕ

(
E(|u|γ

′−2u)
)
v− fv

]
dxdt = 0. (102)
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Çi çáiæíîñòi (98) i óìîâ (69) âèïëèâà¹, ùî ôóíêöiÿ u çàäîâîëüíÿ¹ óìîâè (67). Îòæå,
u � ðîçâ'ÿçîê (66), (67), ïðè÷îìó u ∈ W 1,γ̂(Q0,T )∩L2(0, T ;H1

0 (Ω))∩C
(
[0, T ];Lγ̂(Ω)

)
∩

L
q(x)+γ−2

γ−1 (Q0,T ), |u|
γ′

2 −1u ∈ W 1,2(0, T ;L2(Ω)), |u|γ′−2u ∈ L2(γ−1)(Q0,T ). Îñêiëüêè

u = |u|γ−2u, òî |u|
γ′

2 −1u = |u|
γ
2−1u. Îòæå,

|u|
γ
2−1u ∈ W 1,2(0, T ;L2(Ω)).

Ç îöiíêè (101) âèïëèâà¹ âêëàäåííÿ

u ∈ C
(
[0, T ];L

γ̂
γ′−1 (Ω)

)
⊂ C([0, T ];L2(Ω)),

áî γ̂
γ′−1 = 2 +

4(γ−2)(γ− 3
2 )

3γ−4 > 2. Êðiì òîãî, ðiâíiñòü (102) ïðè íàøié çàìiíi âiäðàçó

ïåðåéäå â (8). Òåîðåìó 1 äîâåäåíî. �
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ON EXISTENCE IN GENERALIZED SOBOLEV SPACES
SOLUTIONS OF THE INITIAL-BOUNDARY VALUE PROBLEMS
FOR NONLINEAR INTEGRO-DIFFERENTIAL EQUATIONS
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We consider nonlinear degenerate convection-di�usion equations perturbed
by a jump-di�usion operator arising from theory of European option. The
initial-boundary value problems for these equation are investigated and the
existence theorem for the problems are proved.
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