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Ðîçãëÿíóòî ìåðîìîðôíi ôóíêöi¨ ó ïðîêîëåíié ïëîùèíi C∗ := C \ {0}
ç ìàëîþ êiëüêiñòþ íóëiâ i ïîëþñiâ. Âèêîðèñòîâóþ÷è àíàëîãè ââåäåíèõ
Â. Ï. Ïåòðåíêî âåëè÷èí β(a, f), îòðèìó¹ìî îöiíêó íà β0(0, f), β0(∞, f) äëÿ
ìåðîìîðôíî¨ ó C∗ ôóíêöi¨ f ñêií÷åííîãî ïîðÿäêó ρ > 1.

Êëþ÷îâi ñëîâà: ìåðîìîðôíà ôóíêöiÿ, ïðîêîëåíà ïëîùèíà, õàðàêòå-
ðèñòèêà Íåâàíëiííè, äåôåêò, ìiíiìàëüíå âiäõèëåííÿ.

1. Âñòóï

Çíà÷íà êiëüêiñòü çàäà÷ òåîði¨ ðîçïîäiëó çíà÷åíü ïîòðåáó¹ âèâ÷åííÿ âëàñòèâî-
ñòåé ìåðîìîðôíèõ ôóíêöié ó íåîäíîçâ'ÿçíèõ i, çîêðåìà, äâîçâ'ÿçíèõ îáëàñòÿõ. Áàãà-
òî àâòîðiâ óçàãàëüíþâàëè òåîðiþ Íåâàíëiííè íà âèïàäîê äâîçâ'ÿçíèõ îáëàñòåé. Çà
òåîðåìîþ ïðî êîíôîðìíi âiäîáðàæåííÿ äâîçâ'ÿçíèõ îáëàñòåé êîæíà òàêà îáëàñòü
êîíôîðìíî åêâiâàëåíòíà äåÿêîìó êiëüöþ, àáî ïðîêîëåíié ïëîùèíi, ÿêó ìîæíà ââà-
æàòè óçàãàëüíåíèì êiëüöåì. Ìè çàñòîñîâó¹ìî àïàðàò îäíîãî ç íàéîñòàííiøèõ ïiäõî-
äiâ äî âèâ÷åííÿ ðîçïîäiëó çíà÷åíü ìåðîìîðôíèõ ó êiëüöi ôóíêöié, ÿêèé íàëåæèòü
À. Êîíäðàòþêó, À. Õðèñòiÿíèíó òà I. Ëàéíå [1], [2], [3].

Äëÿ âèâ÷åííÿ ãëèáøèõ àñèìïòîòè÷íèõ âëàñòèâîñòåé ìåðîìîðôíèõ ôóíêöié
Â.Ï. Ïåòðåíêîì ââiâ âåëè÷èíè β(a, f), ÿêi õàðàêòåðèçóþòü ìiíiìàëüíå âiäõèëåííÿ
ìåðîìîðôíî¨ ôóíêöi¨ f âiä çíà÷åííÿ a ∈ C ([4]). Öi âåëè÷èíè, ÿê âèÿâèëîñÿ, âîëîäi-
þòü áàãàòüìà âëàñòèâîñòÿìè àíàëîãi÷íèìè äî âëàñòèâîñòåé äåôåêòiâ ââåäåíèõ Ð. Íå-
âàíëiííîþ. Ïðèðîäíî ñôîðìóëüîâàíà çàäà÷à ðîçøèðåííÿ öi¹¨ òåîði¨ òà ïåðåíåñåííÿ
¨¨ ðåçóëüòàòiâ íà âèïàäîê äâîçâ'ÿçíèõ îáëàñòåé. Âèêîðèñòîâóþ÷è àíàëîãè β0(a, f)
ââåäåíèõ Â.Ï. Ïåòðåíêîì âåëè÷èí, îòðèìó¹ìî îöiíêè íà β0(0, f), β0(∞, f) äëÿ ìå-
ðîìîðôíî¨ ó C∗ := C \ {0} ôóíêöi¨ ñêií÷åííîãî ïîðÿäêó ρ > 1. Äîñëiäæåíî âïëèâ
êiëüêîñòi íóëiâ i ïîëþñiâ ôóíêöi¨ f íà çðîñòàííÿ âåëè÷èí ln+M(r, f), ln+M(r, 1f )
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ïðè r → 0 òà r → +∞. Îñêiëüêè öi ðåçóëüòàòè ¹ ïåðåíåñåííÿì âiäïîâiäíèõ ðåçóëüòà-
òiâ Ïåòðåíêà íà âèïàäîê ìåðîìîðôíèõ â C∗ ôóíêöié, òî ìè çàãàëîì âèêîðèñòîâó¹ìî
iäåþ äîâåäåííÿ Ïåòðåíêà ç [4] äëÿ âñi¹¨ êîìïëåêñíî¨ ïëîùèíè C, ìîäèôiêóþ÷è òà
äîïîâíþþ÷è öå äîâåäåííÿ äëÿ âèïàäêó C∗.

2. Îçíà÷åííÿ òà ïîçíà÷åííÿ

Íåõàé f � ìåðîìîðôíà ôóíêöiÿ ó ïðîêîëåíié ïëîùèíi C∗ := C \ {0}. Ïðè-
ïóñòèìî, ùî f(z) 6= 0 íà îäèíè÷íîìó êîëi. Ïîçíà÷àòèìåìî ÷åðåç n10(r, f), n

2
0(r, f)

êiëüêiñòü ïîëþñiâ ôóíêöi¨ f , âiäïîâiäíî, â {z : 1 < |z| 6 r} òà {z : 1
r 6 |z| < 1},

r > 1 ç âðàõóâàííÿì ¨õ êðàòíîñòi. Ââàæàòèìåìî ïðè öüîìó ni0(1, f) = 0, i = 1, 2.
Íåõàé n0(r, f) = n10(r, f) + n20(r, f) ïðè r > 1. Êðiì òîãî, âæèâàòèìåìî ïîçíà÷åííÿ
n0(r, f, 1/f) := n0(r, f) + n0(r,

1
f ) ïðè r > 1. Àíàëîãi÷íî ðîçóìiþòüñÿ ïîçíà÷åííÿ

ni0(r, f, 1/f), i = 1, 2.

Îçíà÷åííÿ 1 ([1],[3]). N i
0(r, f) =

r∫
1

ni0(t, f)

t
dt, i = 1, 2, N0(r, f) =

r∫
1

n0(t, f)

t
dt.

Ïîçíà÷èìî òàêîæ N0(r, f, 1/f) = N0(r, f) +N0(r,
1
f ), r > 1.

Õàðàêòåðèñòèêà T0(r, f) òèïó Íåâàíëiííè äëÿ ôóíêöié f, ìåðîìîðôíèõ ó êiëüöi
{z : 1

R0
< |z| < R0}, äå 1 < R0 ≤ +∞ áóëà ââåäåíà ó [1].

Îçíà÷åííÿ 2 ([1],[3]). T0(r, f) = m0(r, f) +N0(r, f), r > 1, äå

m0(r, f) = m(r, f) +m

(
1

r
, f

)
− 2m(1, f),

m(t, f) =
1

2π

2π∫
0

ln+ |f(teiθ)| dθ, 1

R0
< t < R0.

×åðåç E(z, p) ïîçíà÷àòèìåìî êàíîíi÷íèé ìíîæíèê Âåé¹ðøòðàññà ðîäó p, òîáòî
öiëó ôóíêöiþ, ÿêà âèçíà÷à¹òüñÿ òàê:

E(z, 0) = 1− z, E(z, p) = (1− z) exp
{
z +

z2

2
+ . . .+

zp

p

}
, p ∈ N.

Îçíà÷åííÿ 3 ([3]). Íåõàé {aj} i {bj} ïîñëiäîâíîñòi íóëiâ i ïîëþñiâ ôóíêöi¨ f âiä-
ïîâiäíî. Ïîçíà÷èìî

zj =

{
aj , ÿêùî |aj | > 1,
1
aj
, ÿêùî |aj | < 1.

wj =

{
bj , ÿêùî |bj | > 1,
1
bj
, ÿêùî |bj | < 1.

(1)

Ðiä ïîñëiäîâíîñòi {zj} âèçíà÷à¹òüñÿ ÿê íàéìåíøå íåâiä'¹ìíå öiëå p òàêå, ùî∑
zj

|zj |−p−1 < +∞.
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Îçíà÷åííÿ 4 ([3]). Ïîðÿäêîì ρ = ρ[f ] ìåðîìîðôíî¨ ôóíêöi¨ f â C∗ íàçèâà¹òüñÿ
ïîðÿäîê çðîñòàííÿ ¨¨ õàðàêòåðèñòè÷íî¨ ôóíêöi¨ T0(r, f), òîáòî

ρ[f ] = lim
r→+∞

log T0(r, f)

log r
.

Îçíà÷åííÿ 5 ([5], [6]). Ôóíêöiÿ ρ(r), çàäàíà íà [1,∞), íàçèâà¹òüñÿ óòî÷íåíèì

ïîðÿäêîì, ÿêùî: 1) ρ(r) > 0; 2) lim
r→+∞

ρ(r) = ρ, 0 6 ρ < ∞; 3) ρ(r) � íåïåðåðâíî-

äèôåðåíöiéîâíà íà [1,+∞); 4) lim
r→+∞

rρ′(r) ln r = 0.

Îçíà÷åííÿ 6 ([5], [6]). Óòî÷íåíèé ïîðÿäîê ôóíêöi¨ ρ(r) íàçèâà¹òüñÿ óòî÷íåíèì

ïîðÿäêîì ôóíêöi¨ α(r), ÿêùî iñíó¹ σ(α), 0<σ[α]<+∞ òàêå, ùî σ[α] = lim
r→+∞

α(r)
rρ(r)

.

Óòî÷íåíèì ïîðÿäêîì ìåðîìîðôíî¨ â C∗ ôóíêöi¨ f íàçèâàòèìåìî óòî÷íåíèé
ïîðÿäîê ¨¨ õàðàêòåðèñòèêè T0(r, f).

Îçíà÷åííÿ 7. Íåõàé f ìåðîìîðôíà ôóíêöiÿ â C∗ = C \ {0}. Ïîçíà÷èìî

κ0(f) = lim
r→+∞

N0(r, f) +N0(r, 1/f)

T0(r, f)
= lim
r→+∞

N0(r, f, 1/f)

T0(r, f)
,

òà

β0(a, f) = lim
r→+∞

ln+M(r, a, f) + ln+M( 1r , a, f)

T0(r, f)
, a ∈ C,

äå

M(r, a, f) = max
|z|=r

1

|f(z)− a|
ïðè a ∈ C, M(t,∞, f) = max

|z|=t
|f(z)|.

Âåëè÷èíè β0(a, f) ¹ àíàëîãàìè õàðàêòåðèñòèê ìiíiìàëüíîãî âiäõèëåííÿ ôóí-
êöi¨ f âiä çíà÷åííÿ a, ââåäåíèõ Â.Ï. Ïåòðåíêîì ([4]).

Îçíà÷åííÿ 8 ([3], [2]). Íåõàé f - ìåðîìîðôíà ôóíêöiÿ â C∗. Ïîçíà÷èìî

δ0(a, f) = lim
r→+∞

m0(r,
1

f−a )

T0(r, f)
ïðè a ∈ C, δ0(∞, f) = lim

r→+∞

m0(r, f)

T0(r, f)
.

Âåëè÷èíà δ0(a, f) íàçèâà¹òüñÿ äåôåêòîì ôóíêöi¨ f äëÿ çíà÷åííÿ a.

Äîìîâèìîñÿ íàäàëi ïîçíà÷àòè ñòàëi, ÿêi çàëåæàòü âiä ôóíêöi¨ f ëiòåðîþ C ç
iíäåêñàìè çíèçó, à ñòàëi, ÿêi íå çàëåæàòü âiä f ëiòåðîþ K, ç iíäåêñàìè çíèçó.

3. Îñíîâíi ðåçóëüòàòè

Òåîðåìà 1. Íåõàé f(z) ìåðîìîðôíà â C∗ ôóíêöiÿ ñêií÷åííîãî ïîðÿäêó ρ > 1. Òîäi
äëÿ a = 0, ∞ ïðàâèëüíà îöiíêà

β0(a, f) 6 π + κ0(f)K(1 + ρ) log(1 + ρ), (2)

äå K � äåÿêà ñòàëà.
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Çàóâàæèìî, ùî ñòàëó π â òåîðåìi íå ìîæíà çìåíøèòè. Äîñòàòíüî ðîç-
ãëÿíóòè ôóíêöiþ f(z) = exp(zp + 1

zp ), p ∈ N. Ñïðàâäi, îñêiëüêè |f(reiθ)| =

exp {(rp + 1
rp ) cos pθ}, òî M(r,∞, f) = M( 1r ,∞, f) = exp (rp + 1

rp ). Òîìó m(r, f) =

m( 1r , f) =
1
π (r

p + 1
rp ), m(1, f) = 2

π . À îòæå m0(r, f) =
2
π (r

p + 1
rp − 2). Î÷åâèäíî, ùî

N0(r, f) = 0. Çâiäñè

β0(∞, f) = lim
r→∞

log+M(r,∞, f) + log+M( 1r ,∞, f)
T0(r, f)

= lim
r→∞

rp +
1

rp
+ rp +

1

rp
2

π
(rp +

1

rp
− 2)

= π.

Àíàëîãi÷íî β0(0, f) = π. Âàðòî çàóâàæèòè, ùîM(r, 0, f) =M( 1r , 0, f) = exp (rp + 1
rp ),

à òàêîæ âèêîðèñòàòè âëàñòèâiñòü õàðàêòåðèñòèêè T0(r, f) = T0(r,
1
f ).

Òåîðåìà 2. Íåõàé f � ãîëîìîðôíà â C∗ ôóíêöiÿ ñêií÷åííîãî ïîðÿäêó ρ > 1. ßêùî∑
a
δ0(a, f) = 2, òî β0(∞, f) 6 π.

4. Äîïîìiæíi ðåçóëüòàòè

Òåîðåìà 3 ([3]). Íåõàé f � ìåðîìîðôíà ôóíêöiÿ â C∗, ÿêà ìà¹ ñêií÷åííèé ïîðÿäîê,
íåõàé {aj} i {bj} � ïîñëiäîâíîñòi ¨¨ íóëiâ òà ïîëþñiâ âiäïîâiäíî, i íåõàé p � ðiä
ïîñëiäîâíîñòi {zj}, q � ðiä ïîñëiäîâíîñòi {wj}, ùî âèçíà÷à¹òüñÿ ñïiââiäíîøåííÿì
(1). Òîäi

f(z) = zmez
−νP (z)

∏
|aj |61

E(
aj
z , p)

∏
|aj |>1

E( zaj , p)∏
|bj |61

E(
bj
z , q)

∏
|bj |>1

E( zbj , q)
, (3)

äå m ∈ Z, ν ∈ Z+, P (z) � ïîëiíîì, degP (z) = 2ν, i ν 6 ρ.

Ëåìà 1. Ìåðîìîðôíà â C∗ ôóíêöiÿ

f(z) = zmeα0z
p+Pp−1(z)

∏
|aj |61

E(
aj
z , p)

∏
|aj |>1

E( zaj , p)∏
|bj |61

E(
bj
z , p)

∏
|bj |>1

E( zbj , p)
(4)

ñêií÷åííîãî ïîðÿäêó ρ (p = [ρ]) çàäîâîëüíÿ¹ ðiâíiñòü

log |f(z)| = m log |z|+Re {G1(R)z
p +G2(R)z

−p} +

+ log

∣∣∣∣∣∣∣
∏

1<|ak|<R
(1− z

ak
)∏

1<|bk|<R
(1− z

bk
)

∣∣∣∣∣∣∣+ log

∣∣∣∣∣∣∣∣
∏

1
R<|ak|61

(1− ak
z )∏

1
R<|bk|61

(1− bk
z )

∣∣∣∣∣∣∣∣+H(z),
(5)

äå 0 < 1
R < |z| = r < R < +∞, Pp−1(z) � ïîëiíîì íå âèùå p−1 ñòåïåíÿ, E(u, p) �

êàíîíi÷íèé ìíîæíèê Âåé¹ðøòðàññà ðîäó p, à

G1(R) = α0 +
1

p

 ∑
1<|ak|<R

1

apk
−

∑
1<|bk|<R

1

bpk

 , (6)
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G2(R) =
1

p

 ∑
1
R<|ak|61

apk −
∑

1
R<|bk|61

bpk

 . (7)

Ïðè÷îìó H : C∗ → R i

|H(z)| 6
p−1∑
k=1

(
1

R

)k
(rk +

1

rk
)

n0(R, f,
1
f )

k
+N0(R, f,

1

f
)+kRk

R∫
1

N0(t, f,
1
f )

tk+1
dt

+

+

∞∑
l=p+1

(
1

R

)l
(rl +

1

rl
) lRl

∞∫
R

N0(t, f, 1/f)

tl+1
dt+ C1r

p−1.

(8)

Äîâåäåííÿ. Ñïiââiäíîøåííÿ (5) îäåðæó¹òüñÿ ç (4), ÿêùî âðàõóâàòè, ùî H(z) =
H1(z) +H2(z), äå

H1(z) =
∑

1<|ak|<R

Re

{
z

ak
+

1

2

(
z

ak

)2

+ . . .+
1

p− 1

(
z

ak

)p−1}
−

−
∑

1<|bl|<R

Re

{
z

bl
+

1

2

(
z

bl

)2

+ . . .+
1

p− 1

(
z

bl

)p−1}
+

+
∑
|ak|>R

log |E(
z

ak
, p)| −

∑
|bl|>R

log |E(
z

bl
, p)|+RePp−1(z),

(9)

à

H2(z) =
∑

1
R<|ak|61

Re

{
ak
z

+
1

2

(ak
z

)2
+ . . .+

1

p− 1

(ak
z

)p−1}
−

−
∑

1
R<|bl|61

Re

{
bl
z
+

1

2

(
bl
z

)2

+ . . .+
1

p− 1

(
bl
z

)p−1}
+

+
∑
|ak|6 1

R

log |E(
ak
z
, p)| −

∑
|bl|6 1

R

log |E(
bl
z
, p)|.

(10)

Âèêîðèñòîâóþ÷è íåðiâíiñòü | log |E(u, p)|| 6
∞∑

l=p+1

|u|l
l , ÿêà ïðàâèëüíà ïðè |u| <

1, p > 1, ç (9) òà (10) îòðèìó¹ìî

|H1(z)| 6
p−1∑
k=1

rk

k

R∫
1

dn10(t, f, 1/f)

tk
+

∞∑
l=p+1

rl

l

∞∫
R

dn10(t, f, 1/f)

tl
+ C1r

p−1,

|H2(z)| 6
p−1∑
k=1

1

rkk

R∫
1

dn20(t, f, 1/f)

tk
+

∞∑
l=p+1

1

rll

∞∫
R

dn20(t, f, 1/f)

tl
.
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Òîáòî,

|H(z)|6
p−1∑
k=1

1
k (r

k+ 1
rk
)

R∫
1

dn0(t, f, 1/f)

tk
+

∞∑
l=p+1

1
l (r

l+ 1
rl
)

∞∫
R

dn0(t, f, 1/f)

tl
+C1r

p−1. (11)

Äâi÷i iíòåãðóþ÷è ÷àñòèíàìè ó ïåðøîìó iíòåãðàëi ç (11), ìà¹ìî

R∫
1

dn0(t, f, 1/f)

tk
=
n0(R, f, 1/f)

Rk
+ k

R∫
1

dN0(t, f, 1/f)

tk
=

=
n0(R, f, 1/f)

Rk
+ k

N0(R, f, 1/f)

Rk
+ k

R∫
1

N0(t, f, 1/f)

tk+1
dt

 .

Äëÿ îöiíêè äðóãîãî iíòåãðàëà ç (11) çíîâó äâi÷i çàñòîñîâó¹ìî iíòåãðóâàííÿ ÷àñòèíà-
ìè

∞∫
R

dn0(t, f, 1/f)

tl
= −n0(R, f, 1/f)

Rl
+ l

∞∫
R

dN0(t, f, 1/f)

tl
=

= −n0(R, f, 1/f)
Rl

− lN0(R, f, 1/f)

Rl
+ l2

∞∫
R

N0(t, f, 1/f)

tl+1
dt 6 l2

∞∫
R

N0(t, f, 1/f)

tl+1
dt.

Ç îòðèìàíèõ îöiíîê áåçïîñåðåäíüî âèïëèâà¹ (8). �

Ëåìà 2. Íåõàé f � ìåðoìîðôíà â C∗ ôóíêöiÿ ïîðÿäêó ρ > 1, ρ(r) ¨¨ óòî÷íåíèé
ïîðÿäîê. Òîäi ïðè y > y0 > r0 > 1 ïðàâèëüíà íåðiâíiñòü

y∫
y0

r−ρ(r)−1

{ q
q−1 r∫
1

log+
1

|1− rt |
dn0(t, f, 1/f)+

q
q−1 r∫
1

log+
1

|1− 1
rt |
dn0(t, f, 1/f)

}
dr 6

6 K1(1 + ρ) log(1 + ρ)

y∫
y0

r−ρ(r)−1N0(r, f, 1/f)dr + C2,

(12)

äå q = max{2, ρ}.

Äîâåäåííÿ. Íåõàé I � öå iíòåãðàë ó ëiâié ÷àñòèíi íåðiâíîñòi (12). Âií ¹ ñóìîþ äâîõ
iíòåãðàëiâ. Ïîçíà÷èìî ¨õ, âiäïîâiäíî, I1 òà I2. Îöiíêó âèãëÿäó (12) äëÿ I1 îòðèìó¹-
ìî àíàëîãi÷íèì ñïîñîáîì äî êëàñè÷íîãî âèïàäêó, ðîçãëÿíóòîãî Â.Ï. Ïåòðåíêîì [4,
Ëåìà 7.3]. Âàðòî ëèøå çìiíèòè ïîçíà÷åííÿ n(r) íà n0(r, f, 1/f).

Ðîçãëÿíåìî òåïåð iíòåãðàë I2

I2 =

y∫
y0

r−ρ(r)−1

{ q
q−1 r∫
1

log+
1

|1− 1
rt |
dn0(t, f, 1/f)

}
dr.
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Äëÿ r > 1, t > 1 ïðè
r

t
6 1, âèêîíó¹òüñÿ∣∣∣1− r

t

∣∣∣ = 1− r

t
6 1− 1

t
6 1− 1

rt
=

∣∣∣∣1− 1

rt

∣∣∣∣ .
Òîáòî ïðè r > 1, t > 1, rt 6 1 âèêîíó¹òüñÿ íåðiâíiñòü

log+
1

|1− r
t |
> log+

1

|1− 1
rt |
.

Ó âèïàäêó, êîëè âæå îòðèìàíî îöiíêó (12) äëÿ iíòåãðàëà I1, ç îãëÿäó íà íåâiä'¹ì-
íiñòü ïiäiíòåãðàëüíèõ âèðàçiâ, äîñòàòíüî ðîçãëÿíóòè ëèøå òó ÷àñòèíó ìíîæèíè ïî
ÿêié áåðåòüñÿ iíòåãðàë I2, ÿêà ïîòðàïëÿ¹ äî ìíîæèíè {(r, t) : r > 1, t > 1, rt > 1}.

Ðîçãëÿíåìî ñïî÷àòêó iíòåãðàë I2(t) =

y∫
y0

log+ 1
|1− 1

rt |

rρ(r)+1
dr. Ïåðåéäåìî äî íîâî¨ çìií-

íî¨ τ , ÿêà ïîâ'ÿçàíà ç r òàêèì ñïiââiäíîøåííÿì 1 − 1

rt
=
τ

q
. Âèêîðèñòîâóþ÷è âëàñ-

òèâiñòü óòî÷íåíîãî ïîðÿäêó ρ(r) [4], ìàòèìåìî

I2(t) =

y∫
y0

log+ 1
|1− 1

rt |

rρ(r)+1
dr =

y∫
y0

log 1
1− 1

rt

rρ(r)+1
dr =

1 + o(1)

qtρ

τ2∫
τ1

log q
τ(

1− τ
q

)−ρ+1 dτ, t→ +∞,

äå τ1 = q(1− 1
y0t

), τ2 = q(1− 1
yt ).

Â îñòàííüîìó iíòåãðàëi çðîáèìî ùå îäíó çàìiíó u =
q

τ

I2(t) =
1 + o(1)

qtρ

u2∫
u1

log u(
1− 1

u

)−ρ+1

(−q) du
u2

=
1 + o(1)

tρ

u1∫
u2

log u du

(u− 1)−ρ+1uρ+1
, t→ +∞,

äå u1 = (1− 1
y0t

)−1, u2 = (1− 1
yt )
−1.

Ïðè t > 1 îäåðæó¹ìî

1

y0t
6

1

y0
=⇒ 1− 1

y0t
> 1− 1

y0
=⇒ 1

1− 1
y0t

6
1

1− 1
y0

.

Îñêiëüêè y0t > y0 > 1, òî 1
1− 1

y0t

> 1. Àíàëîãi÷íî ïðè y > y0 > 1 i t > 1

1 <
1

1− 1
yt

6
1

1− 1
y

,
1

1− 1
yt

6
1

1− 1
y0t

.

Çâiäñè

1 <
1

1− 1
yt

6
1

1− 1
y0t

6
1

1− 1
y0

.

Òîáòî, 1 < u2 6 u1 6 (1− 1
y 0
)−1, à îòæå,

0 6

u1∫
u2

log u

(u− 1)−ρ+1uρ+1
du <

∞∫
1

log u

(u− 1)−ρ+1uρ+1
du. (13)
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Ïðè u→ +∞ :
log u

(u− 1)−ρ+1uρ+1
∼ log u

u2
. ßêùî æ u→ 1 + 0, òî

log u

(u− 1)−ρ+1uρ+1
∼ u− 1

(u− 1)−ρ+1
= (u− 1)ρ.

Îòæå, îñòàííié iíòåãðàë ó (13) ¹ çáiæíèì, òîìó

I2(t) =
1 + o(1)

tρ

u1∫
u2

log u

(u− 1)−ρ+1uρ+1
du <

C3

tρ(t)
, t→ +∞.

Ïîâåðòàþ÷èñü äî iíòåãðàëà I2, ïðèãàäóþ÷è, ùî íàì äîñòàòíüî îöiíèòè ëèøå éîãî
÷àñòèíó, i âèêîðèñòîâóþ÷è òîé ôàêò, ùî ρ(r) ¹ óòî÷íåíèì ïîðÿäêîì ôóíêöi¨ f (òîáòî
¨¨ õàðàêòåðèñòèêè T0(r, f)), îòðèìó¹ìî

y∫
y0

r−ρ(r)−1


r∫

1

log+
1

|1− 1
rt |
dn0(t, f,

1

f
)

 dr 6

6

y∫
y0

r−ρ(r)−1


y∫

1

log+
1

|1− 1
rt |
dn0(t, f,

1

f
)

 dr =

=

y∫
1


y∫

y0

log+ 1
|1− 1

rt |

rρ(r)+1
dr

 dn0(t, f,
1

f
) =

y∫
1

I2(t) dn0(t, f,
1

f
) =

6 Iy2n0(y, f,
1

f
) 6 C3

n0(y, f,
1
f )

yρ(y)
6 C3

N0(2y, f,
1
f )

yρ(y)
log 2 6 C4.

Öå çàâåðøó¹ äîâåäåííÿ. �

Òåîðåìà 4 ([3], [2]). Íåõàé f � âiäìiííà âiä ñòàëî¨ ìåðîìîðôíà ôóíêöiÿ â C∗ i
a1, a2, . . . , aq � ðiçíi êîìïëåêñíi ÷èñëà (q > 2). Òîäi

m0(r, f) +

q∑
ν=1

m0(r,
1

f − aν
) 6 2T0(r, f)− N̂0(r, f) + S(r, f), r > 1, (14)

äå

N̂0(r, f) = N0(r,
1

f ′
) + 2N0(r, f)−N0(r, f

′)

i

S(r, f) = m0(r,
f ′

f
) +

q∑
ν=1

m0(r,
f ′

f − aν
) +O(1), r → +∞.

Ëåìà 3 ([3]). ßêùî R - ðàöiîíàëüíà ôóíêöiÿ, degR = q, i f ìåðîìîðôíà â C∗, òî

T0(r,R ◦ f) = qT0(r, f) +O(1), r → +∞.

Ëåìà 4. ßêùî g � ãîëîìîðôíà â C∗ ôóíêöiÿ ñêií÷åííîãî ïîðÿäêó ρ, äëÿ ÿêî¨∑
a
δ0(a, g) = 2, òî δ0(0, g

′) = 1.
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Äîâåäåííÿ. Íåõàé H(z) = h(g(z)), äå h(ω) =

q∑
ν=1

1

ω − aν
. Çà Ëåìîþ 3

m0(r,H) = T0(r,H)−N0(r,H) = qT0(r, f)−
q∑

ν=1

N0(r, aν , g) +O(1) =

=

q∑
ν=1

m0(r, aν , g) +O(1), r → +∞.
(15)

Âðàõîâóþ÷è îçíà÷åííÿ ôóíêöi¨ m0(r, f) òà Òåîðåìó 4, ìîæíà çàïèñàòè

m0(r,H) 6 m0(r,
1

g′
) +m0(r, g

′H) 6

6 m0(r,
1

g′
) +

q∑
ν=1

m0(r,
g′

g − aν
) + log q = m0(r,

1

g′
) + S(r, g),

(16)

äå S(r) = O(log r) ïðè r → +∞. Ç (15) òà (16) îòðèìó¹ìî

q∑
ν=1

m0(r, aν)− S(r, g) 6 m0(r,
1

g′
). (17)

Êðiì òîãî,

T0(r, g
′) = m0(r, g

′) 6 m0(r, g)+m0(r,
g′

g
)+O(1) 6 T0(r, g)+O(log r), r → +∞. (18)

Ïîäiëèìî (17) íà T0(r, g) òà ñïðÿìó¹ìî r → +∞

q∑
ν=1

δ0(aν , g) 6 lim
r→+∞

m0(r,
1
g′ )

T0(r, g′)
lim

r→+∞

T0(r, g
′)

T0(r, g)
. (19)

Ç îãëÿäó íà (18)

T0(r, g
′)

T0(r, g)
6
T0(r, g) +O(log r)

T0(r, g)
.

Çâiäñè

lim
r→+∞

T0(r, g
′)

T0(r, g)
6 1. (20)

Òîìó (19) íàáóäå âèãëÿäó ∑
a6=∞

δ0(a, g) 6 δ0(0, g
′). (21)

Çà óìîâîþ ëåìè
∑
a
δ0(a, g) = 2. Îñêiëüêè g ¹ ãîëîìîðôíîþ â C∗, òî

∑
a6=∞

δ0(a, g) = 1.

Îòæå, ç (21) îòðèìó¹ìî δ0(0, g
′) = 1. �
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5. Äîâåäåííÿ Òåîðåìè 1

Íåõàé Gi(R) � ôóíêöi¨ ç Ëåìè 1. Äëÿ ôiêñîâàíîãî R > 1 ïîçíà÷èìî ÷åðåç ωi(R)
àðãóìåíò Gi(R), i = 1, 2. Ðîçãëÿíåìî ôóíêöiþ

hR(z) = exp{m log z +G1(R)z
p +G2(R)z

−p}. (22)

Âðàõîâóþ÷è, ùî

|hR(reiθ)| = exp {m log r +G1(R)r
p cos(pθ + ω1(R)) +G2(R)r

−p cos(pθ − ω2(R))},

|hR( 1r e
iθ)| = exp {−m log r +G1(R)r

−p cos(pθ − ω1(R)) +G2(R)r
p cos(pθ + ω2(R))},

|hR(eiθ)| = exp {G1(R) cos(pθ + ω1(R)) +G2(R) cos(pθ − ω2(R))}
ìàòèìåìî

m0(r, hR) = m(r, hR) +m( 1r , hR)− 2m(1, hR) =

=
|G1(R)|

π
rp +

|G2(R)|
π

r−p +
|G1(R)|

π
r−p +

|G2(R)|
π

rp − 2

π
(|G1(R)|+ |G2(R)|) =

=
|G2(R)|+ |G2(R)|

π
(rp + r−p − 2). (23)

Çàïèøåìî äîïîìiæíi ðiâíîñòi òà íåðiâíîñòi, ÿêi íàì çíàäîáëÿòüñÿ â ïðîöåñi
äîâåäåííÿ.
1) πm0(r, hR)+2(|G1(R)|+ |G2(R)|) = (|G1(R)|+ |G2(R)|)(rp+r−p) (âèïëèâà¹ ç (23));
2)

∑
1<|ak|6R

log |1− reiθ

ak
| =

∑
1<|ak|6R

log | re
iθ

ak
|+

∑
1<|ak|6R

log | ak
reiθ
− 1| 6

∑
1<|ak|6R

log r
|ak|+

+
∑

1<|ak|6R
log(1 + |ak|r ) 6

∑
1<|ak|6R

log r
|ak| + n10(R,

1
f ) log(1 +

R
r );

3)
∑

1
R<|ak|61

log
∣∣1− akr

eiθ

∣∣ =
∑

1
R<|ak|61

(
log
∣∣akr
eiθ

∣∣+ log
∣∣∣ eiθakr − 1

∣∣∣) 6 ∑
1
R<|ak|61

log(r|ak|)+

+n20(R,
1
f ) log(1 +

R
r );

4)
∑

1<|ak|6R
log |1− eiθ

rak
| 6 n10(R, 1f ) log(1 +

1
r ) 6 n

1
0(R,

1
f );

5)
∑

1
R<|ak|61

log |1− ak
reiθ
| 6 n20(R, 1f ) log(1 +

1
r ) 6 n

2
0(R,

1
f ).

6)
∑

1
R<|ak|61

log(r|ak|) = −
1∫
1
R

log(rt) dn20(
1
t , f) = −n20( 1t , f) log(rt)

∣∣∣∣1
1
R

+
1∫
1
R

n20(
1
t , f)

dt
t =

= n20(R, f) log
r
R +N2

0 (R, f) 6 N
2
0 (R, f).

7)
∑

1<|ak|6R
log r
|ak| =

R∫
1

log r
t dn

1
0(t, f) = n10(r, f) log

r
t

∣∣∣∣R
1

+
R∫
1

n10(t, f)
dt
t = log r

Rn
1
0(R, f)+

+N1
0 (R, f) 6 N

1
0 (R, f).

8) |G1(R)| 6 |α0| + N1
0 (R, f) + N1

0 (R,
1
f ), |G2(R)| 6 N2

0 (R, f) + N2
0 (R,

1
f ) (âèïëè-

âà¹ ç (6), (7)).

Ïîçíà÷èìî z = reiθ, z̃ = 1
r e
iθ. Çàóâàæèìî, ùî ÿê äëÿ z òàê i äëÿ z̃ ïðàâèëü-

íà îöiíêà (8) ç Ëåìè 1, à òàêîæ log |z̃| = − log |z|. Âðàõîâóþ÷è (23), (5), à òàêîæ
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äîïîìiæíi ðiâíîñòi òà íåðiâíîñòi 1) � 8), îòðèìó¹ìî:

log |f(reiϕ)|+log |f(1
r
eiϕ)| 6 m log |z|+ |G1(R)|rp+ |G2(R)|r−p+

∑
16|ak|<R

log |1− z

ak
|+

+
∑

16|bk|<R

log

∣∣∣∣∣ 1

1− z
bk

∣∣∣∣∣+ ∑
1
R<|ak|<1

log
∣∣∣1− ak

z

∣∣∣+ ∑
1
R<|bk|<1

log

∣∣∣∣∣ 1

1− bk
z

∣∣∣∣∣+ |H(z)|+

+m log |z̃|+ |G1(R)|r−p + |G2(R)|rp +
∑

16|ak|<R

log |1− z̃

ak
|+

∑
16|bk|<R

log

∣∣∣∣∣ 1

1− z̃
bk

∣∣∣∣∣+
+

∑
1
R<|ak|<1

log
∣∣∣1− ak

z̃

∣∣∣+ ∑
1
R<|bk|<1

log

∣∣∣∣∣ 1

1− bk
z̃

∣∣∣∣∣+ |H(z̃)| 6

6 (|G1(R)|+ |G2(R)|)(rp + r−p)
2)
+

∑
16|ak|<R

log
r

|ak|
+ n0(R,

1

f
) log(1 +

R

r
)+

+
∑

16|bk|<R

log+

∣∣∣∣∣ 1

1− r
|bk|

∣∣∣∣∣ 5)
+ n20(R,

1

f
) +

∑
1
R<|bk|<1

log+

∣∣∣∣∣ 1

1− |bk|r

∣∣∣∣∣+
4)
+ n10(R,

1

f
) +

∑
16|bk|<R

log+

∣∣∣∣∣ 1

1− 1
r|bk|

∣∣∣∣∣ 3)
+

∑
1
R<|ak|<1

log r|ak|+ n20(R,
1

f
) log(

R

r
+ 1)+

+
∑

1
R<|bk|<1

log+
∣∣∣∣ 1

1− r|bk|

∣∣∣∣+ |H(z)|+ |H(z̃)|
1), 8)

6 πm0(r, hR)+2(N0(R, f)+N0(R,
1

f
))+

+2|α0|+ n0(R,
1

f
) log(1 +

R

r
) + n0(R,

1

f
)
6)+7)
+ N0(R, f) + |H(z)|+ |H(z̃)|+

+
∑

16|bk|<R

log+

∣∣∣∣∣ 1

1− r
|bk|

∣∣∣∣∣+ ∑
1
R<|bk|<1

log+

∣∣∣∣∣ 1

1− |bk|r

∣∣∣∣∣+
+

∑
16|bk|<R

log+

∣∣∣∣∣ 1

1− 1
r|bk|

∣∣∣∣∣+ ∑
1
R<|bk|<1

log+
∣∣∣∣ 1

1− r|bk|

∣∣∣∣ . (24)

Àëå

log

∣∣∣∣ f(z)hR(z)

∣∣∣∣ = H(z) +
∑

16|ak|<R

log |1− z

ak
|+

∑
16|bk|<R

log

∣∣∣∣∣ 1

1− z
bk

∣∣∣∣∣+
+

∑
1
R<|ak|<1

log
∣∣∣1− ak

z

∣∣∣+ ∑
1
R<|bk|<1

log

∣∣∣∣∣ 1

1− bk
z

∣∣∣∣∣ .
(25)

Ïîçíà÷èâøè {ck} = {ak} ∪ {bk} òà âèêîðèñòàâøè (25), îòðèìó¹ìî

m0(r,
hR
f

)6m(r,
hR
f

)+m(
1

r
,
hR
f

)6
1

2π

2π∫
0

∣∣∣∣log ∣∣∣∣ f(reiθ)hR(reiθ)

∣∣∣∣∣∣∣∣ dθ+ 1

2π

2π∫
0

∣∣∣∣∣log
∣∣∣∣∣ f( 1r eiθ)hR(

1
r e
iθ)

∣∣∣∣∣
∣∣∣∣∣ dθ (25)

6
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6
∑

16|ck|<R

1

2π

2π∫
0

∣∣∣∣log ∣∣∣∣1− r

|ck|
eiθ
∣∣∣∣∣∣∣∣ dθ + ∑

1
R<|ck|<1

1

2π

2π∫
0

∣∣∣∣log ∣∣∣∣1− |ck|r eiθ
∣∣∣∣∣∣∣∣ dθ+

+max
|z|=r

|H(z)|+ max
|z|= 1

r

|H(z)|. (26)

Ìà¹ìî
r
|ck|∫
0

dt

|teiθ − 1|
>

∣∣∣∣∣∣∣
r
|ck|∫
0

dt

teiθ − 1

∣∣∣∣∣∣∣ =
∣∣∣∣∣e−iθ log |teiθ − 1|

∣∣∣∣t= r
|ck|

t=0

∣∣∣∣∣ =
∣∣∣∣log ∣∣∣∣1− r

|ck|
eiθ
∣∣∣∣∣∣∣∣ . (27)

Ïîäiáíî îöiíþ¹ìî ùå îäèí iíòåãðàë
|ck|
r∫

0

dt

|teiθ − 1|
>

∣∣∣∣∣∣e−iθ log |teiθ − 1|
∣∣∣∣t=

|ck|
r

t=0

∣∣∣∣∣∣ =
∣∣∣∣log ∣∣∣∣1− |ck|r eiθ

∣∣∣∣∣∣∣∣ . (28)

Iç íåðiâíîñòåé (27) i (28) âèïëèâàþòü âiäïîâiäíi îöiíêè

1

2π

2π∫
0

| log |1− r

|ck|
eiθ||dθ 6

r
|ck|∫
0

A(t) dt,
1

2π

2π∫
0

| log |1− |ck|
r
eiθ||dθ 6

|ck|
r∫

0

A(t) dt, (29)

äå A(t) =
1

2π

2π∫
0

dt

|teiθ − 1|
.

Åäðåé i Ôóêñ [7] îòðèìàëè îöiíêó äëÿ A(t)

A(t) 6
1

1 + t

{
1 +

2

π
log

∣∣∣∣1 + t

1− t

∣∣∣∣} , t > 0.

Âèêîðèñòîâóþ÷è öåé ðåçóëüòàò, ç (29) îòðèìó¹ìî

1

2π

2π∫
0

∣∣∣∣log ∣∣∣∣1− r

|ck|
eiθ
∣∣∣∣∣∣∣∣ dθ 6 log(1 +

r

|ck|
) +

2

π

∞∫
0

log
∣∣∣ 1+t1−t

∣∣∣
1 + t

dt =

= log

(
1 +

r

|ck|

)
+K2 6 log+

r

|ck|
+K3,

(30)

Àíàëîãi÷íî

1

2π

2π∫
0

∣∣∣∣log ∣∣∣∣1− |ck|r eiθ
∣∣∣∣∣∣∣∣ dθ 6 log+

|ck|
r

+K4. (31)

Îòîæ, ∑
16|ck|<R

1

2π

2π∫
0

∣∣∣∣log ∣∣∣∣1− r

|ck|
eiθ
∣∣∣∣∣∣∣∣ dθ 6 N1

0 (, f,
1

f
) +K3n

1
0(R, f,

1

f
), (32)

∑
1
R<|ck|<1

1

2π

2π∫
0

∣∣∣∣log ∣∣∣∣1− |ck|r eiθ
∣∣∣∣∣∣∣∣ dθ 6 N2

0 (r, f,
1

f
) +K4n

2
0(R, f,

1

f
). (33)
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Âèêîðèñòîâóþ÷è (8), (23), (27), (28), (32), (33), îäåðæó¹ìî

m0(r, hR)6m0(r, f) +m0(r,
hR
f

) + C56m0(r, f)+
∑

16|ck|<R

1

2π

2π∫
0

∣∣∣∣log ∣∣∣∣1− r

|ck|
eiθ
∣∣∣∣∣∣∣∣ dθ+

+
∑

1
R<|ck|<1

1

2π

2π∫
0

∣∣∣∣log ∣∣∣∣1− |ck|r eiθ
∣∣∣∣∣∣∣∣ dθ +max

|z|=r
|H(z)|+ max

|z|= 1
r

|H(z)|+ C5 6

(32), (33)

6 m0(r, f) +N0(r, f,
1

f
) +K5n0(R, f,

1

f
) + max

|z|=r
|H(z)|+ max

|z|= 1
r

|H(z)|+ C5 6

(8)

6 m0(r, f) +N0(r, f,
1

f
) +K5n0(R, f,

1

f
)+

+2

p−1∑
k=1

(
1

R

)k
(rk +

1

rk
)

n0(R, f,
1
f )

k
+N0(R, f,

1

f
) + kRk

R∫
1

N0(t, f,
1
f )

tk+1
dt

+

+

∞∑
l=p+1

(
1

R

)l
(rl +

1

rl
)lRl

∞∫
R

N0(t, f,
1
f )

tl+1
dt+ Crp+1

+ C5. (34)

Íåõàé R = q
q−1r. Ç îãëÿäó íà ðiâíîñòi∑

16|bk|<R
log+

∣∣∣∣ 1
1− r
|bk|

∣∣∣∣ =
q
q−1 r∫
1

log+ 1

|1− rt |
dn10(t, f);

∑
1
R<|bk|<1

log+
∣∣∣∣ 1

1− |bk|r

∣∣∣∣ =− 1∫
(1− 1

q )
1
r

log+ 1

|1− tr |
dn20(

1
t , f);

∑
16|bk|<R

log+
∣∣∣∣ 1
1− 1

r|bk|

∣∣∣∣ =
q
q−1 r∫
1

log+ 1

|1− 1
rt |
dn10(t, f);

∑
1
R<|bk|<1

log+
∣∣∣ 1
1−r|bk|

∣∣∣ =− 1∫
(1− 1

q )
1
r

log+ 1
|1−rt|dn

2
0(

1
t , f)

ìàòèìåìî∑
16|bk|<R

log+
∣∣∣∣ 1
1− r
|bk|

∣∣∣∣+ ∑
1
R<|bk|<1

log+
∣∣∣∣ 1

1− |bk|r

∣∣∣∣+ ∑
16|bk|<R

log+
∣∣∣∣ 1
1− 1

r|bk|

∣∣∣∣+ ∑
1
R<|bk|<1

log+
∣∣∣ 1
1−r|bk|

∣∣∣ =
=

q
q−1 r∫
1

(
log+

1

|1− r
t |

+ log+
1

|1− 1
rt |

)
dn0(t, f,

1

f
). (35)

Òîäi äëÿ 1<r0<y0<y<+∞ ç (24), (34) òà (35), îäåðæèìî
y∫

y0

log+M(r,∞, f) + log+M( 1r ,∞, f)
rρ(r)+1

dr 6

6 π

y∫
y0

m0(r, f)

rρ(r)+1
dr + π

y∫
y0

N0(r, f,
1
f )

rρ(r)+1
dr + (πK5)

y∫
y0

n0(
q
q−1r, f,

1
f )

rρ(r)+1
dr+

+(2π + 2)

p−1∑
k=1

(1− 1

q
)k
(
1 +

1

r2k

)1

k

y∫
y0

n0(
q
q−1r, f,

1
f )

rρ(r)+1
dr +

y∫
y0

N0(
q
q−1r, f,

1
f )

rρ(r)+1
dr+
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+

(
q

q − 1

)k
k

y∫
y0

rk
q
q−1 r∫
1

t−k−1N0(t, f,
1
f )dt

rρ(r)+1
dr

+

+(2π + 2)

∞∑
l=p+1

(1− 1

q
)l
(
1 +

1

rl

)
l

(
q

q − 1

)l y∫
y0

rl
∞∫
q
q−1 r

t−l−1N0(t, f,
1
f )dt

rρ(r)+1
dr+

+

y∫
y0

C(2π + 2)rp−1 + C5 + 2|α0|
rρ(r)+1

dr + (log(1 +
q

q − 1
) + 1)

y∫
y0

n0(
q
q−1r, f,

1
f )

rρ(r)+1
dr+

+3

y∫
y0

N0(
q
q−1r, f,

1
f )

rρ(r)+1
dr+

y∫
y0


q
q−1 r∫
1

(
log+

1

|1− r
t |

+ log+
1

|1− 1
rt |

)
dn0(t, f,

1

f
)

 r−ρ(r)−1dr.

(36)
Àíàëîãi÷íî ÿê ó âèïàäêó ôóíêöié ìåðîìîðôíèõ ó ïëîùèíi îòðèìó¹ìî òàêi îöií-

êè:
y∫

y0

n0(
q
q−1 t, f,

1
f )

tρ(t)+1
dt 6 K6 · ρ

y∫
y0

N0(r, f,
1
f )

rρ(r)+1
dr + C6, (37)

y∫
y0

N0(
q
q−1r)

rρ(r)+1
dr 6 K7

y∫
y0

N0(r, f,
1
f )

rρ(r)+1
dr + C7, (38)

y∫
y0

( q
q−1r)

k

q
q−1 r∫
0

t−k−1N0(t, f,
1
f )dt

rρ(r)+1
dr 6 K8

1

ρ− k

y∫
y0

N0(r, f,
1
f )

rρ(r)+1
dr + C8, (39)

y∫
y0

( q
q−1r)

l
∞∫
q
q−1 r

t−l−1N0(t, f,
1
f )dt

rρ(r)+1
dr 6 K9

1

l − ρ

y∫
y0

N0(r, f,
1
f )

rρ(r)+1
dr + C9, (40)

ïðè y0 > r0 > 1. Êðiì òîãî, âèêîíóþòüñÿ íåðiâíîñòi

ρ < (ρ+ 1) log(ρ+ 1) ïðè ρ > 1; log

(
1 +

q

q − 1

)
6 log 3. (41)

Âèêîðèñòîâóþ÷è (37)�(41), Ëåìó 2 òà îçíà÷åííÿ õàðàêòåðèñòèêè T0(r, f), ç (36)
îäåðæèìî

y∫
y0

log+M(r,∞, f) + log+M( 1r ,∞, f)
rρ(r)+1

dr 6
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6 π

y∫
yo

T0(r, f)

rρ(r)+1
dr +K10(ρ+ 1) log(ρ+ 1)

y∫
y0

N0(r, f,
1
f )

rρ(r)+1
dr+

+K11

∞∑
l=p+1

(1− 1

q
)l

l

l − ρ

y∫
y0

N0(r, f,
1
f )dr

rρ(r)
+

+K12

p−1∑
k=1

(1− 1

q
)k
{
ρ

k
+ 1 +

k

ρ− k

} y∫
y0

N0(r, f,
1
f )

rρ(r)+1
dr + C10.

(42)

Îòîæ, äëÿ 1 < r0 < y0 < y <∞
y∫

y0

log+M(r,∞, f) + log+M( 1r ,∞, f)
rρ(r)+1

dr 6

6 π

y∫
yo

T0(r, f)

rρ(r)+1
dr + S(ρ)K13

y∫
y0

N0(r, f,
1
f )

rρ(r)+1
dr + C14 6

6 {π + κ0(f)S(ρ)K13}
y∫

yo

T0(r, f)

rρ(r)+1
dr + C14, (43)

äå S(ρ) = (ρ+ 1) log(ρ+ 1) +

p−1∑
k=1

(1− 1

q
)k
{
ρ

k
+ 1 +

k

ρ− k

}
+

∞∑
l=p+1

l

l − ρ
(1− 1

q
)l =

6 K14(ρ+1) log(ρ+1)+ρ

p−1∑
k=1

1

ρ− k
+q+ρ

2p∑
l=p+1

1

l − ρ
(1− 1

q
)l+ρ

∞∑
l=2p+1

1

l − ρ
(1− 1

q
)l 6

6 K15(ρ+ 1) log(ρ+ 2)
1

p+ 1− ρ
. (44)

Äëÿ îá ðóíòóâàííÿ îñòàííiõ äâîõ çíàêiâ 6 ó (44) äîñòàòíüî âèêîðèñòàòè ìiðêóâàííÿ
ç ðîáîòè Ïåòðåíêà [4], ÿêi ó öüîìó âèïàäêó ïðîñòî ïåðåíîñÿòüñÿ.

ßêùî p 6 ρ 6 p+ 1
2 , òî S(ρ) 6 K16(1 + ρ) log(2 + ρ). Çâiäñè

y∫
y0

log+M(r,∞, f) + log+M( 1r ,∞, f)
rρ(r)+1

dr 6

6 {π + κ0(f)K16(1 + ρ) log(2 + ρ)}
y∫

y0

T0(r, f)

rρ(r)+r
dr + C14.

(45)

Íåðiâíiñòü (45) íå çìiíþ¹òüñÿ, ÿêùî p+ 1
2 6 ρ < p+1. Ó öüîìó âèïàäêó ðîçïî÷íåìî

iç çîáðàæåííÿ ôóíêöi¨

f(z) = zmePp+1(z)

∏
|aj |61

E(
aj
z , p+ 1)

∏
|aj |>1

E( zaj , p+ 1)∏
|bj |61

E(
bj
z , p+ 1)

∏
|bj |>1

E( zbj , p+ 1)
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i ïðîâîäèìî ìiðêóâàííÿ àíàëîãi÷íi äî âèùåíàâåäåíèõ.
Äàëi, îñêiëüêè T0(r, f) íàëåæèòü äî êëàñó ðîçáiæíîñòi ñòîñîâíî óòî÷íåíîãî ïî-

ðÿäêó, òî, âðàõîâóþ÷è (45), ìàòèìåìî

lim
y→∞

y∫
y0

r−ρ(r)−1(log+M(r,∞, f) + log+M( 1r ,∞, f))dr

y∫
y0

r−ρ(r)−1T0(r, f)dr

6 π+κ0(f)K17(1+ρ) log(2+ρ).

Çâiäñè îäåðæó¹ìî

β0(∞, f) = lim
r→∞

log+M(r,∞, f) + log+M( 1r ,∞, f)
T0(r, f)

6 π +Kκ0(f)(1 + ρ) log(1 + ρ).

Íåðiâíiñòü (2) äëÿ β0(0, f) äîâîäèòüñÿ àíàëîãi÷íî, ç âèêîðèñòàííÿì âëàñòèâîñòi
T0(r, f) = T0(r,

1
f ) ([1], [3]). �

6. Äîâåäåííÿ Òåîðåìè 2

Ðîçãëÿíåìî ôóíêöiþ f ′. Çà Ëåìîþ 4 îòðèìà¹ìî δ0(0, f
′) = 1. Îñêiëüêè f �

ãîëîìîðôíà, òî N0(r, f
′) = 0, à îòæå,

κ0(f
′) = lim

r→∞

N0(r,
1
f ′ )

T0(r, f ′)
= 1− lim

r→∞

m0(r,
1
f ′ )

T0(r, f ′)
= 1− δ0(0, f ′) = 0.

Ó òàêîìó âèïàäêó çà Òåîðåìîþ 1 ìàòèìåìî β0(0, f
′) 6 π, β0(∞, f ′) 6 π. Òîìó äëÿ f

îòðèìó¹ìî

β0(∞, f) 6 π lim
r→∞

T0(r, f
′)

T0(r, f)
lim
r→∞

log+M(r,∞, f) + log+M( 1r ,∞, f)
log+M(r,∞, f ′) + log+M( 1r ,∞, f ′)

. (46)

ßê ìè âæå áà÷èëè ó äîâåäåííi Ëåìè 4 (äèâ. (20))

lim
r→∞

T0(r, f
′)

T0(r, f)
6 lim
r→∞

m0(r, f
′) +O(log r)

T0(r, f)
6 1.

Ëîãàðèôìóþ÷è âiäîìó íåðiâíiñòü

M(r)− C
r

6M1(r), äå M1(r) = max
|z|=r

|f ′(z)|, M(r) = max
|z|=r

|f(z)|, C = const

òà ñïðÿìîâóþ÷è r → +∞, îäåðæó¹ìî

lim
r→+∞

logM(r)

logM1(r)
6 lim
r→+∞

logM1(r) + log r +O(1)

logM1(r)
= 1.

Çâiäñè, çîêðåìà

lim
r→∞

log+M(r,∞, f)
log+M(r,∞, f ′)

6 1, lim
r→∞

log+M( 1r ,∞, f)
log+M( 1r ,∞, f ′)

6 1.

À òîäi (46) äà¹ β0(∞, f) 6 π. 2
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MINIMAL DEVIATION FROM 0 AND ∞ ESTIMATES FOR A
MEROMORPHIC IN THE PUNCTURED PLANE FUNCTION

WITH A SMALL NUMBER OF ZEROS AND POLES
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We consider meromorphic in C∗ := C \ {0} functions with a small number
of zeros and poles. Using analogs β0(a, f) of Petrenko's minimal deviations
β(a, f) we obtain estimates for β0(0, f), β0(∞, f) for a meromorphic in C∗

function f of �nite order ρ > 1.
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