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Äîñëiäæåíî ìiøàíi çàäà÷i äëÿ íåëiíiéíèõ âèðîäæóâàíèõ ïàðàáîëi÷íèõ
ðiâíÿíü çi çìiííèìè ïîêàçíèêàìè íåëiíiéíîñòi òà iíòåãðàëüíèìè îïåðà-
òîðàìè òèïó Âîëüòåððà. Äîâåäåíî iñíóâàííÿ òà ¹äèíiñòü óçàãàëüíåíèõ
ðîçâ'ÿçêiâ òàêèõ çàäà÷ ó âiäïîâiäíèõ óçàãàëüíåíèõ ïðîñòîðàõ Ëåáåãà òà
Ñîáîë¹âà. Îòðèìàíî àïðiîðíi îöiíêè óçàãàëüíåíèõ ðîçâ'ÿçêiâ äîñëiäæóâà-
íèõ çàäà÷.

Êëþ÷îâi ñëîâà: iíòåãðî-äèôåðåíöiàëüíi ðiâíÿííÿ, åëiïòè÷íî-ïàðàáîëi÷íi
ðiâíÿííÿ, çìiííi ïîêàçíèêè íåëiíiéíîñòi, ìåòîä Ãàëüîðêiíà, ìåòîä ìîíî-
òîííîñòi.

Âñòóï

Iíòåãðî-äèôåðåíöiàëüíi ðiâíÿííÿ ïàðàáîëi÷íîãî òèïó øèðîêî âèêîðèñòîâóþòü
äëÿ ìàòåìàòè÷íîãî ìîäåëþâàííÿ ñêëàäíèõ ÿâèù â ñó÷àñíîìó ïðèðîäîçíàâñòâi, åêî-
íîìiöi òà òåõíiöi. Çîêðåìà, òàêi ðiâíÿííÿ òðàïëÿþòüñÿ â çàäà÷àõ îïèñó åâîëþöi¨
ïîïóëÿöié [20], â òåîði¨ ÿäåðíèõ ðåàêöié äëÿ âèâ÷åííÿ ïðîöåñó óïîâiëüíåííÿ íåéòðî-
íiâ [29], â äèôóçi¨ çàðÿäæåíèõ ÷àñòèíîê ó ïëàçìi òà â iíøèõ ðiçíîìàíiòíèõ çàäà÷àõ
[18], [19], [21], [22], [23].

Ðîçãëÿäà¹ìî íåëiíiéíi âèðîäæóâàíi ïàðàáîëi÷íi ðiâíÿííÿ çi çìiííèìè ïîêàçíè-
êàìè íåëiíiéíîñòi òà iíòåãðàëüíèìè îïåðàòîðàìè òèïó Âîëüòåððà. �õíiì òèïîâèì
ïðèêëàäîì ¹ ðiâíÿííÿ

(
b(x)u

)
t
−

n∑
i=1

(
âi(x, t)|uxi

|pi(x)−2uxi

)
xi

+â0(x, t)|u|p0(x)−2u+
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+

t∫
0

ĥ0(x, t, s)ĥ1(u(x, s)) ds = f(x, t) , (x, t) ∈ Ω× (0, T ), (1)

äå Ω � îáëàñòü â Rn, T > 0 � äiéñíå ÷èñëî, âi > 0 (i = 0, n), pi > 1 (i = 0, n), ĥ0

� âèìiðíi îáìåæåíi ôóíêöi¨, ĥ1 � ëiïøèöåâà ôóíêöiÿ. Çàóâàæèìî, ùî âåëè÷èíè pi
(i = 0, n), ÿêi íàçèâàþòü ïîêàçíèêàìè íåëiíiéíîñòi, ¹ çìiííèìè.

Íåëiíiéíi äèôåðåíöiàëüíi ðiâíÿííÿ ïîäiáíi äî (1) ç b ≡ 1 i ĥ0 ≡ 0 (çi çìií-
íèìè ïîêàçíèêàìè íåëiíiéíîñòi) âèâ÷àþòü äóæå àêòèâíî (äèâ. [2, 3, 4, 5, 6, 7, 13,
9, 17, 31, 32]). Ìiøàíi çàäà÷i äëÿ öèõ ðiâíÿíü îïèñóþòü áàãàòî ôiçè÷íèõ ïðîöåñiâ
(äèâ. [13, 16]), çîêðåìà, åëåêòðîìàãíiòíi ïîëÿ, åëåêòðîðåîëîãi÷íi ðiäèíè, ïðîöåñè âiä-
íîâëåííÿ çîáðàæåííÿ, ïîòiê ñòðóìó â çìiííèõ òåìïåðàòóðíèõ ïîëÿõ. Ðîçâ'ÿçêè öèõ
çàäà÷ íàëåæàòü äî âiäïîâiäíèõ óçàãàëüíåíèõ ïðîñòîðiâ Ëåáåãà i Ñîáîë¹âà. Âïåðøå
öi ïðîñòîðè áóëè ââåäåíi ó [15], à ¨õíi âëàñòèâîñòi âèâ÷àëè ó [8, 11, 14, 15] òà ií.

Âèðîäæóâàíi íåëiíiéíi ïàðàáîëi÷íi ðiâíÿííÿ âèãëÿäó (1) ó âèïàäêó, êîëè p0 ≡
const > 1, . . . , pn ≡ const > 1 i ĥ0 ≡ 0, ðîçãëÿäàëèñÿ ó [33, 34, 35, 36, 30]. Çàóâàæèìî,
ùî ìiøàíi çàäà÷i äëÿ çãàäóâàíèõ ðiâíÿíü ó âèïàäêó çìiííèõ ïîêàçíèêiâ íåëiíiéíîñòi
äîñëiäæåíi â [26].

Ðiâíÿííÿ âèãëÿäó (1) çi ñòàëèìè ïîêàçíèêàìè íåëiíiéíîñòi òà iíòåãðàëüíèìè
îïåðàòîðàìè äîñëiäæóâàëè ó [24, 25, 27, 28] òà ií. Çîêðåìà, ó [28] äîñëiäèëè ìiøàíó
çàäà÷ó äëÿ iíòåãðî-äèôåðåíöiàëüíîãî ðiâíÿííÿ âèãëÿäó

ut −4u+

t∫
0

g(t− s, u(x, s)) ds = f(x, t), (x, t) ∈ Ω× (0,+∞),

u = 0 íà ∂Ω× (0,+∞), u(x, 0) = u0(x), x ∈ Ω.

Ó ïðàöi [25] âèâ÷à¹òüñÿ ñòiéêiñòü ãëîáàëüíîãî ðîçâ'ÿçêó íåëîêàëüíîãî ðiâíÿííÿ
Âîëüòåððà

ut −4u = (a− bu)u−
t∫

0

K(t− s)u(x, s) ds, (x, t) ∈ Ω× (0,+∞).

Íà âiäìiíó âiä âiäîìèõ íàì ðîáiò, ìè ðîçãëÿäà¹ìî íåëiíiéíi âèðîäæóâàíi ïàðà-
áîëi÷íi ðiâíÿííÿ çi çìiííèìè ïîêàçíèêàìè íåëiíiéíîñòi òà iíòåãðàëüíèìè ÷ëåíàìè, â
ÿêèõ íåâiäîìà ôóíêöiÿ âõîäèòü ïiä çíàê iíòåãðàëà çà ÷àñîâîþ çìiííîþ, òîáòî, êîëè
çíà÷åííÿ ðîçâ'ÿçêó â àêòóàëüíèé ìîìåíò ÷àñó çàëåæèòü i âiä çíà÷åíü ðîçâ'ÿçêó â
ïîïåðåäíi ìîìåíòè. Äîñëiäæó¹ìî ïèòàííÿ ïðî îäíîçíà÷íó ðîçâ'ÿçíiñòü çàäà÷i (2)-(4)
â óçàãàëüíåíèõ ïðîñòîðàõ Ëåáåãà i Ñîáîë¹âà.

Ðîáîòà ñêëàäà¹òüñÿ çi âñòóïó i òðüîõ ðîçäiëiâ. Ó ïåðøîìó ðîçäiëi ââåäåíî îñíîâ-
íi ïîçíà÷åííÿ òà äîïîìiæíi ôàêòè. Ôîðìóëþâàííÿ çàäà÷i é îñíîâíîãî ðåçóëüòàòó
ìiñòèòü äðóãèé ðîçäië. Ó òðåòüîìó ðîçäiëi îá ðóíòîâàíî îñíîâíèé ðåçóëüòàò.
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1. Îñíîâíi ïîçíà÷åííÿ òà äîïîìiæíi ôàêòè

Íåõàé n ∈ N; Rn � ëiíiéíèé ïðîñòið, ñêëàäåíèé ç âïîðÿäêîâàíèõ íàáîðiâ x =
(x1, . . . , xn) äiéñíèõ ÷èñåë i íàäiëåíèé íîðìîþ |x| := (|x1|2 + . . . + |xn|2)1/2; Ω �
îáìåæåíà îáëàñòü â Rn ç êóñêîâî-ãëàäêîþ ìåæåþ ∂Ω; ∂Ω = Γ0 ∪ Γ1, äå Γ0 � çà-
ìèêàííÿ âiäêðèòî¨ ìíîæèíè íà ∂Ω (çîêðåìà, Γ0 = ∅ àáî Γ0 = ∂Ω), Γ1 := ∂Ω \ Γ0;
ν = (ν1, . . . , νn) � îäèíè÷íèé âåêòîð çîâíiøíüî¨ íîðìàëi äî ∂Ω; T > 0;Q := Ω×(0, T ),
Σ0 := Γ0 × (0, T ), Σ1 := Γ1 × (0, T ).

Ââåäåìî äåÿêi ïîòðiáíi íàì äàëi ôóíêöiéíi ïðîñòîðè. Íåõàé G = Ω àáî G = Q.
Ïðèïóñòèìî, ùî ôóíêöiÿ r ∈ L∞(Ω) òàêà, ùî r(x) > 1 äëÿ ì.â. x ∈ Ω. ×åðåç Lr(·)(G)
ïîçíà÷èìî ëiíiéíèé ïðîñòið, ÿêèé ñêëàäà¹òüñÿ ç âèìiðíèõ ôóíêöié v : G→ R òàêèõ,
ùî ρG,r(v) <∞, äå

ρG,r(v) :=

∫
Ω

|v(x)|r(x) dx, ÿêùî G = Ω,

i

ρG,r(v) :=

∫∫
Q

|v(x, t)|r(x) dxdt, ÿêùî G = Q.

Öåé ïðîñòið ¹ áàíàõîâèì ç íîðìîþ ||v||Lr(·)(G) := inf{λ > 0 | ρG,r(v/λ) 6 1} (äèâ. [11,
p. 599]) i éîãî íàçèâàþòü óçàãàëüíåíèì ïðîñòîðîì Ëåáåãà. Çàóâàæèìî òàêå: ÿêùî
r(x) = r0 = const > 1 äëÿ ì.â. x ∈ Ω, òî íîðìà || · ||Lr(·)(G) çáiãà¹òüñÿ çi ñòàíäàðòíîþ

íîðìîþ || · ||Lr0
(G) ïðîñòîðó Ëåáåãà Lr0(G). Çãiäíî ç [11, p. 599], ÿêùî ess inf

x∈Ω
r(x) > 1,

òî ñïðÿæåíèé äî Lr(·)(G) ïðîñòið [Lr(·)(G)]′ îòîòîæíþ¹òüñÿ ç ïðîñòîðîì Lr′(·)(G),
äå ôóíêöiÿ r′(x), x ∈ Ω, âèçíà÷à¹òüñÿ ðiâíiñòþ 1/r(x) + 1/r′(x) = 1 äëÿ ì.â. x ∈ Ω.
Çàóâàæèìî, ùî ìíîæèíà C(G) ¹ ùiëüíîþ â Lr(·)(G) (äèâ. [11, p. 603]).

Íåõàé p = (p0, . . . , pn) : Ω→ Rn+1, b : Ω→ R � ôóíêöi¨, ÿêi çàäîâîëüíÿþòü òàêi
óìîâè:

(P) äëÿ êîæíîãî i ∈ {0, 1, . . . , n} âåêòîð-ôóíêöiÿ pi : Ω → R ¹ âèìiðíîþ i p−i :=
ess inf
x∈Ω

pi(x) > 1, p+
i := ess sup

x∈Ω
pi(x) < +∞;

(B) ôóíêöiÿ b � âèìiðíà, íåâiä'¹ìíà òà îáìåæåíà íà Ω, ïðè÷îìó ìíîæèíà Ω0 :=
{x ∈ Ω | b(x) > 0} � âiäêðèòà.

×åðåç W 1
p(·)(Ω) ïîçíà÷èìî óçàãàëüíåíèé ïðîñòið Ñîáîë¹âà, ùî ñêëàäà¹òüñÿ ç

ôóíêöié v ∈ Lp0(·)(Ω) òàêèõ, ùî vx1
∈ Lp1(·)(Ω), . . . , vxn

∈ Lpn(·)(Ω). Öåé ïðîñòið ¹

áàíàõîâèì ç íîðìîþ ||v||W 1
p(·)(Ω) := ||v||Lp0(·)(Ω) +

∑n
i=1 ||vxi

||Lpi(·)(Ω). Ïiä W̃ 1
p(·)(Ω) �

ðîçóìiòèìåìî çàìèêàííÿ ïðîñòîðó C̃1(Ω) := {v ∈ C1(Ω) | v|Γ0
= 0
}
â W 1

p(·)(Ω).

Ïðèéìåìî Vp(Ω) := W̃ 1
p(·)(Ω)∩L2(Ω). Ëåãêî ïåðåêîíàòèñÿ, ùî Vp(Ω) ¹ áàíàõîâèì

ïðîñòîðîì ç íîðìîþ

||v||Vp(Ω) := ||v||W 1
p(·)(Ω) + ||v||L2(Ω) .
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Âèçíà÷èìî b̃(x) := b(x), ÿêùî x ∈ Ω0, òà b̃(x) := 1, ÿêùî x ∈ Ω\Ω0, i ïðèéìåìî
Hb(Ω) := {v : Ω→ R− âèìiðíà |v = b̃−1/2w,äå w ∈ L2(Ω)}. Öåé ïðîñòið ¹ ïîïîâíåí-
íÿì ïðîñòîðó Vp(Ω) çà ïiâíîðìîþ

||v||Hb(Ω) := ||b1/2v||L2(Ω).

Ïiä W 1,0
p(·)(Q) ðîçóìiòèìåìî ïðîñòið ôóíêöié w ∈ Lp0(·)(Q) òàêèõ, ùî wx1

∈
Lp1(·)(Q), . . . , wxn ∈ Lpn(·)(Q). Ðîçãëÿäàòèìåìî öåé ïðîñòið ç íîðìîþ ||w||W 1,0

p(·)(Q) :=

||w||Lp0(·)(Q) +
∑n
i=1 ||wxi

||Lpi(·)(Q). Âèçíà÷èìî ïðîñòið W̃
1, 0
p(·)(Q) ÿê çàìèêàííÿ ïðîñòî-

ðó C̃1,0(Q) :=
{
w ∈ C(Q)

∣∣ wxi
∈ C(Q) (i = 1, n), w|Σ0

= 0
}
â W 1,0

p(·)(Q).

Ïðèéìåìî

Up,b(Q) := W̃ 1,0
p(·)(Q) ∩ L2(Q) ∩ C([0, T ];Hb(Ω)).

Ëåãêî ïåðåêîíàòèñÿ, ùî öå áàíàõiâ ïðîñòið ç íîðìîþ

||w||Up,b(Q) := ||w||W 1,0
p(·)(Q) + ||w||L2(Q) + max

t∈[0,T ]
||w(·, t)||Hb(Ω) .

Î÷åâèäíî, ùî äëÿ áóäü-ÿêî¨ ôóíêöi¨ w ∈ Up,b(Q) ìà¹ìî w(·, t) ∈ Vp(Ω) äëÿ ì.â.
t ∈ [0, T ].

Çðåøòîþ, âèçíà÷èìî ïðîñòîðè

Fp′(Q) :=
{

(f0, f1, . . . , fn) | fi ∈ Lp′i(·)(Q) (i = 0, n),

fi = 0 â äåÿêîìó îêîëi ïîâåðõíi Σ1 äëÿ êîæíîãî i ∈ {1, ..., n}
}
,

äå 1/pi(x) + 1/p′i(x) = 1 äëÿ ì.â. x ∈ Ω (i = 0, n),

C1
c (0, T ) := {ϕ ∈ C1([0, T ]) | suppϕ ⊂ (0, T )}.

2. Ïîñòàíîâêà çàäà÷i òà ôîðìóëþâàííÿ îñíîâíîãî ðåçóëüòàòó

Ðîçãëÿäà¹ìî çàäà÷ó: çíàéòè ôóíêöiþ u : Q → R, ÿêà çàäîâîëüíÿ¹ (â ïåâíîìó
ñåíñi) ðiâíÿííÿ

(
b(x)u

)
t
−

n∑
i=1

d

dxi
ai(x, t, u,∇u) + a0(x, t, u,∇u)+

+

t∫
0

h(x, t, s, u(x, s)) ds = −
n∑
i=1

∂

∂xi
fi(x, t) + f0(x, t) , (x, t) ∈ Q , (2)

êðàéîâi óìîâè

u
∣∣∣
Σ0

= 0,
∂u

∂νa

∣∣∣
Σ1

= 0 (3)

i ïî÷àòêîâó óìîâó

u(x, 0) = u0(x), ÿêùî x ∈ Ω i b(x) > 0. (4)
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Òóò b : Ω → R, ai : Q × R1+n → R, fi : Q → R, h : Q × (0, T ) × R → R,
u0 : Ω → R � çàäàíi äiéñíîçíà÷íi ôóíêöi¨, ïðè÷îìó b(x) > 0 äëÿ ìàéæå âñiõ x ∈ Ω,

∂u
∂νa

(x, t) :=
n∑
i=1

ai(x, t, u,∇u) νi, (x, t) ∈ Σ1, � ïîõiäíà ïî �êîíîðìàëi�.

Çàóâàæèìî, ùî ðiâíiñòü b = 0 ìîæå âèêîíóâàòèñü íà äîâiëüíié ïiäìíîæèíi Ω
i ïðîñòîðîâà ÷àñòèíà âèðàçó â ëiâié ÷àñòèíi ðiâíÿííÿ (2) ¹ åëiïòè÷íîþ. Òîìó òàêi
ðiâíÿííÿ ùå íàçèâàþòü åëiïòè÷íî-ïàðàáîëi÷íèìè (äèâ. [30]).

Ìè ðîçãëÿäàòèìåìî óçàãàëüíåíi ðîçâ'ÿçêè çàäà÷i (2)-(4). Äëÿ ¨õíüîãî îçíà÷åííÿ
ñïî÷àòêó ââåäåìî âiäïîâiäíi êëàñè âèõiäíèõ äàíèõ.

Íåõàé p � âåêòîð-ôóíêöiÿ, ÿêà çàäîâîëüíÿ¹ óìîâó (P). Ïîçíà÷èìî ÷åðåç AHp
ìíîæèíó íàáîðiâ äiéñíîçíà÷íèõ ôóíêöié (a0, a1, . . . , an, h) , ÿêi ìàþòü òàêi âëàñòè-
âîñòi:

(A1) äëÿ êîæíîãî i ∈ {0, 1, . . . , n} ôóíêöiÿ Q×R1+n 3 (x, t, ρ, ξ) 7→ ai(x, t, ρ, ξ) ∈ R
¹ êàðàòåîäîðiâñüêîþ, òîáòî, äëÿ ì.â. (x, t) ∈ Q ôóíêöiÿ ai(x, t, ·, ·) : R1+n →
R ¹ íåïåðåðâíîþ i äëÿ âñiõ (ρ, ξ) ∈ R1+n ôóíêöiÿ ai(·, ·, ρ, ξ) : Q → R ¹
âèìiðíîþ; êðiì òîãî, ai(x, t, 0, 0) = 0 äëÿ ì.â. (x, t) ∈ Q (i = 0, n);

(A2) äëÿ êîæíîãî i ∈ {0, 1, . . . , n}, äëÿ ì.â. (x, t) ∈ Q i áóäü-ÿêèõ (ρ, ξ) ∈ R1+n

ìà¹ìî

|ai(x, t, ρ, ξ)| ≤ C1

(
|ρ|2/p

′
i(x) + |ρ|p0(x)/p′i(x) +

n∑
j=1

|ξj |pj(x)/p′i(x)
)

+ hi(x, t),

äå C1 = const > 0, hi ∈ Lp′i(·)(Q);

(A3) äëÿ ì.â. (x, t) ∈ Q i âñiõ (ρ1, ξ
1), (ρ2, ξ

2) ∈ R1+n âèêîíó¹òüñÿ íåðiâíiñòü

n∑
i=1

(
ai(x, t, ρ1, ξ

1)− ai(x, t, ρ2, ξ
2)
)
(ξ1
i − ξ2

i )+

+
(
a0(x, t, ρ1, ξ

1)− a0(x, t, ρ2, ξ
2)
)
(ρ1 − ρ2) ≥ K1|ρ1 − ρ2|2 , (5)

äå K1 = const > 0;
(A4) äëÿ ì.â. (x, t) ∈ Q i âñiõ (ρ, ξ) ∈ R1+n ìà¹ìî

n∑
i=1

ai(x, t, ρ, ξ)ξi + a0(x, t, ρ, ξ)ρ ≥ K2

( n∑
i=1

|ξi|pi(x) + |ρ|p0(x)
)
− g(x, t) ,

äå K2 = const > 0, g ∈ L1(Q) (î÷åâèäíî, ùî g ≥ 0);
(H1) ôóíêöiÿ Q × (0, T ) × R 3 (x, t, s, ρ) 7→ h(x, t, s, ρ) ∈ R ¹ êàðàòåîäîðiâñüêîþ,

òîáòî, äëÿ ì.â. (x, t, s) ∈ Q×(0, T ) ôóíêöiÿ h(x, t, s, ·) : R→ R ¹ íåïåðåðâíîþ
i äëÿ âñiõ ρ ∈ R ôóíêöiÿ h(·, ·, ·, ρ) : Q × (0, T ) → R ¹ âèìiðíîþ; êðiì òîãî,
h(x, t, s, 0) = 0 äëÿ ì.â. (x, t, s) ∈ Q× (0, T );

(H2) äëÿ ìàéæå âñiõ (x, t, s) ∈ Q× (0, T ) i áóäü-ÿêèõ ρ1, ρ2 ∈ R ìà¹ìî

|h(x, t, s, ρ1)− h(x, t, s, ρ2)| 6M |ρ1 − ρ2|, (6)

äå M = const > 0.

Òåïåð ïîäàìî îçíà÷åííÿ óçàãàëüíåíîãî ðîçâ'ÿçêó çàäà÷i (2)�(4).
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Îçíà÷åííÿ 1. Íåõàé p òà b çàäîâîëüíÿþòü, âiäïîâiäíî, óìîâè (P) òà (B),
(a0, a1, . . . , an, h) ∈ AHp, (f0, f1, ..., fn) ∈ Fp′(Q), u0 ∈ Hb(Ω). Ôóíêöiþ u ∈ Up,b(Q)
íàçèâàþòü óçàãàëüíåíèì ðîçâ'ÿçêîì çàäà÷i (2)�(4), ÿêùî âîíà çàäîâîëüíÿ¹ óìîâó

‖u(·, 0)− u0(·)‖Hb(Ω) = 0

i âèêîíó¹òüñÿ iíòåãðàëüíà ðiâíiñòü∫∫
Q

{ n∑
i=1

ai(x, t, u,∇u)vxi
ϕ+ a0(x, t, u,∇u)vϕ+

+vϕ

t∫
0

h(x, t, s, u(x, s)) ds− b(x)uvϕ′
}
dxdt =

∫∫
Q

{ n∑
i=1

fivxi
ϕ+ f0vϕ

}
dxdt (7)

äëÿ áóäü-ÿêèõ v ∈ Vp(Ω) i ϕ ∈ C1
c (0, T ).

Òåîðåìà 1. Íåõàé p òà b çàäîâîëüíÿþòü, âiäïîâiäíî, óìîâè (P) òà (B),
(a0, a1, . . . , an, h) ∈ AHp, (f0, f1, . . . , fn) ∈ Fp′(Q), u0 ∈ Hb(Ω). Êðiì òîãî, ïðè-
ïóñòèìî, ùî

K1 −MT > 0. (8)

Òîäi çàäà÷à (2)�(4) ìà¹ ¹äèíèé óçàãàëüíåíèé ðîçâ'ÿçîê i äëÿ íüîãî ïðàâèëüíà îöiíêà

max
t∈[0,T ]

∫
Ω

b(x)|u(x, t)|2 dx+

∫∫
Q

{ n∑
i=1

∣∣uxi
(x, t)

∣∣pi(x)
+|u(x, t)|p0(x) + |u(x, t)|2

}
dxdt 6

6 C2

[∫∫
Q

{ n∑
j=1

∣∣fj(x, t)∣∣p′j(x)
+g(x, t)

}
dxdt+

∫
Ω

b(x)|u0(x)|2 dx
]
, (9)

äå C2 � äîäàòíà ñòàëà, ÿêà çàëåæèòü òiëüêè âiä K1, K2, M , T i p−i (i = 0, n).

3. Îá ðóíòóâàííÿ îñíîâíîãî ðåçóëüòàòó

Ñïî÷àòêó ââåäåìî ïîçíà÷åííÿ:

∂0w := w, ∂iw := wxi
(i = 1, n),

aj(w)(x, t) := aj(x, t, w(x, t), ∇w(x, t)), (x, t) ∈ Q (j = 0, n),

h(w)(x, t, s) := h(x, t, s, w(x, s)), (x, t, s) ∈ Ω× (0, T )× (0, T ).

Íàì áóäå ïîòðiáíå òàêå òâåðäæåííÿ (äèâ.[26, ëåìà 2]).

Ëåìà 1. Íåõàé b çàäîâîëüíÿ¹ óìîâó (B), w ∈ W̃ 1,0
p(·)(Q) òàêà, ùî b1/2w ∈ L2(Q) i

äëÿ äåÿêèõ ôóíêöié gi ∈ Lp′i(·)(Q) (i = 0, n) âèêîíó¹òüñÿ òîòîæíiñòü∫∫
Q

{ n∑
i=0

gi∂ivϕ− bwvϕ′
}
dxdt = 0, v ∈ Vp(Ω), ϕ ∈ C1

c (0, T ). (10)
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Òîäi w ∈ C([0, T ];Hb(Ω)) i äëÿ âñiõ θ ∈ C1([0, T ]), v ∈ Vp(Ω) i t1, t2 ∈ [0, T ] (t1 < t2)
ïðàâèëüíi ðiâíîñòi

θ(t2)

∫
Ω

b(x)w(x, t2)v(x) dx− θ(t1)

∫
Ω

b(x)w(x, t1)v(x) dx+

+

t2∫
t1

∫
Ω

{ n∑
i=0

gi∂ivθ − bwvθ′
}
dxdt = 0, (11)

1

2
θ(t2)

∫
Ω

b(x)|w(x, t2)|2 dx− 1

2
θ(t1)

∫
Ω

b(x)|w(x, t1)|2 dx−

−1

2

t2∫
t1

∫
Ω

b|w|2θ′ dxdt+

t2∫
t1

∫
Ω

{ n∑
i=0

gi∂iw

}
θ dxdt = 0 , (12)

à òàêîæ íåðiâíiñòü

max
t∈[0,T ]

||b1/2(·)w(·, t)||2L2(Ω) ≤ C2

(
||b1/2w||2L2(Q) +

n∑
i=0

||gi||Lp′
i
(·)(Q) ||∂iw||Lpi(·)(Q)

)
, (13)

äå C2 > 0 � ñòàëà, ÿêà íå çàëåæèòü âiä w i g0, . . . , gn.

Äîâåäåííÿ òåîðåìè 1. Ñïåðøó äîâåäåìî ¹äèíiñòü óçàãàëüíåíîãî ðîçâ'ÿçêó çàäà÷i
(2)�(4). Ïðèïóñòèìî ïðîòèëåæíå i íåõàé u1 òà u2 � ðiçíi óçàãàëüíåíi ðîçâ'ÿçêè äàíî¨
çàäà÷i. Ðîçãëÿíåìî ðiçíèöþ ìiæ òîòîæíîñòÿìè, ÿêi îòðèìàëè ç (7) ïiäñòàíîâêîþ
çàìiñòü u ñïî÷àòêó u1, à ïîòiì � u2. Iç çäîáóòî¨ òîòîæíîñòi íà ïiäñòàâi ëåìè 1 ïðè
w = u1 − u2, θ ≡ 1, t1 = 0, t2 = T ìàòèìåìî (äèâ. (12)) ðiâíiñòü

1

2

∫
Ω

b(x)|w(x, T )|2 dx+

∫∫
Q

{ n∑
i=0

(ai(u1)− ai(u2))(∂iu1 − ∂iu2)+

+(u1 − u2)

t∫
0

(
h(u1)(x, t, s)− h(u2)(x, t, s)

)
ds
}
dxdt = 0. (14)

Ðîçãëÿíåìî ÷ëåíè ëiâî¨ ÷àñòèíè ðiâíîñòi (14). Ç óìîâè (A3) îäåðæèìî íåðiâíiñòü∫∫
Q

{ n∑
i=0

(ai(u1)− ai(u2))(∂iu1 − ∂iu2)
}
dxdt > K1

∫∫
Q

|u1 − u2|2 dxdt. (15)

Íà ïiäñòàâi óìîâè (H2) (äèâ. (6)) îòðèìà¹ìî

|h(u1)(x, t, s)− h(u2)(x, t, s)| 6M |u1(x, s)− u2(x, s)| (16)

äëÿ ì.â. (x, t, s) ∈ Ω× (0, T )× (0, T ).



ÌIØÀÍI ÇÀÄÀ×I ...
ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2016. Âèïóñê 82 63

Âèêîðèñòàâøè íåðiâíiñòü Êîøi-Áóíÿêîâñüêîãî òà îöiíêó (16), ìàòèìåìî

∣∣∣ ∫∫
Q

{(
u1(x, t)− u2(x, t)

) t∫
0

(
h(u1)(x, t, s)− h(u2)(x, t, s)

)
ds
}
dxdt

∣∣∣ 6
6M

∫
Ω

( T∫
0

|w(x, t)|dt
)( T∫

0

|w(x, s)|ds
)
dx = M

∫
Ω

( T∫
0

|w(x, t)|dt
)2

dx 6

6MT

∫∫
Q

|w(x, t)|2dxdt . (17)

Íà ïiäñòàâi îöiíîê (15) i (17) ç (14) îòðèìà¹ìî(
K1 −MT

) ∫∫
Q

|w(x, t)|2 dxdt 6 0 .

Çâiäñè, âðàõóâàâøè íåðiâíiñòü (6), îòðèìà¹ìî ðiâíiñòü
∫∫
Q

|w(x, t)|2 dxdt = 0,

òîáòî, ðiâíiñòü u1(x, t) = u2(x, t) äëÿ ì.â. (x, t) ∈ Q. Öå ñóïåðå÷èòü íàøîìó ïðèïó-
ùåííþ, ùî i äîâîäèòü ¹äèíiñòü óçàãàëüíåíîãî ðîçâ'ÿçêó çàäà÷i (2)�(4).

Òåïåð äîâåäåìî iñíóâàííÿ óçàãàëüíåíîãî ðîçâ'ÿçêó çàäà÷i (2)�(4), âèêîðèñòàâøè
ìåòîä Ôàåäî-Ãàëüîðêiíà. Îòîæ, íåõàé {wj ∈ Vp(Ω) | j ∈ N} � ëiíiéíî íåçàëåæíà ñiì'ÿ
ôóíêöié, ÿêà ¹ ïîâíîþ â ïðîñòîði Vp(Ω). Î÷åâèäíî, ùî öÿ ñiì'ÿ ôóíêöié ¹ ïîâíîþ i

â Hb(Ω). Ïïðèéìåìî Vp,m(Ω) =
{ m∑
k=1

αkwk

∣∣∣ α1, . . . , αm ∈ R
}
, m ∈ N. Î÷åâèäíî, ùî

çàìèêàííÿ
⋃
m∈N

Vp,m(Ω) â Vp(Ω) çáiãà¹òüñÿ ç Vp(Ω).

Îñêiëüêè ñiì'ÿ ôóíêöié
{
wj | j ∈ N

}
¹ ïîâíîþ â Hb(Ω), òî ìîæíà âèáðàòè

ïîñëiäîâíiñòü ôóíêöié {u0,m}∞m=1 òàêó, ùî u0,m ∈ Vp,m(Ω) äëÿ âñiõ m ∈ N i

||u0 − u0,m||Hb(Ω) = ||b1/2u0 − b1/2u0,m||L2(Ω) −→
m→∞

0 . (18)

Òåïåð çàóâàæèìî, ùî äëÿ ì.â. x ∈ Ω i äëÿ áóäü-ÿêîãî η ∈ [0, 1] ìàòèìåìî

|b1/2(x)− (b(x) + η)1/2|2|u0,m(x)|2 ≤ 4(b(x) + 1)|u0,m(x)|2.

Çâiäñè íà ïiäñòàâi òåîðåìè Ëåáåãà ïðî ãðàíè÷íèé ïåðåõiä ïiä çíàêîì iíòåãðàëà
(äèâ. [30]) äëÿ áóäü-ÿêîãî m ∈ N îòðèìà¹ìî

||b1/2u0,m − (b+ η)1/2u0,m||L2(Ω) −→
η→+0

0 .

Îòîæ, iñíó¹ ïîñëiäîâíiñòü {ηm}∞m=1 ÷èñåë ç iíòåðâàëó (0, 1) òàêà, ùî ηm −→
m→∞

0 i

||b1/2u0,m − (b+ ηm)1/2u0,m||L2(Ω) −→
m→∞

0 . (19)

Ïðèéìåìî

bm(x) := b(x) + ηm, x ∈ Ω, m ∈ N. (20)
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Íà ïiäñòàâi (18) òà (19) îäåðæèìî

||b1/2u0 − b1/2m u0,m||L2(Ω) −→
m→∞

0 . (21)

Òåïåð ïåðåéäåìî áåçïîñåðåäíüî äî âèêîðèñòàííÿ ìåòîäó Ôàåäî-Ãàëüîðêiíà. Äëÿ
êîæíîãî m ∈ N ãàëüîðêiíñüêå íàáëèæåííÿ um øóêà¹ìî ó âèãëÿäi

um(x, t) =

m∑
k=1

cm,k(t)wk(x) , (x, t) ∈ Q ,

äå cm,1, . . . , cm,m � àáñîëþòíî íåïåðåðâíi ôóíêöi¨, ÿêi ¹ ðîçâ'ÿçêàìè çàäà÷i Êîøi äëÿ
ñèñòåìè çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü∫

Ωt

bmum,twj dx+

∫
Ωt

{ n∑
i=0

(ai(um)− fi)∂iwj+ (22)

+wj

t∫
0

h(um) ds
}
dx = 0, t ∈ [0, T ], j = 1,m ,

um|t=0 = u0,m , (23)

äå Ωt := {(x, t)|x ∈ Ω}, t ∈ [0, T ].
Äîâåäåìî iñíóâàííÿ òà ¹äèíiñòü ðîçâ'ÿçêó çàäà÷i (22), (23). Îñêiëüêè ôóíêöi¨

w1, . . . , wm � ëiíiéíî íåçàëåæíi, òî ìàòðèöÿ
(
amk,j :=

∫
Ω

bmwkwj dx
)m
k,j=1

� äîäàòíî

âèçíà÷åíà. Îòæå, ñèñòåìó çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü (22) ìîæíà çàïèñà-
òè â íîðìàëüíié ôîðìi. Çà òåîðåìîþ Êàðàòåîäîði (äèâ. [1]) îòðèìà¹ìî iñíóâàííÿ
òà ¹äèíiñòü ãëîáàëüíîãî ðîçâ'ÿçêó c1,m, . . . .., cm,m çàäà÷i (22), (23). Öåé ðîçâ'ÿçîê
âèçíà÷åíèé íà ïðîìiæêó [0, Tm〉, äå Tm ≤ T . Òóò êóòîâà äóæêà "〉" îçíà÷à¹ àáî
êðóãëó ")", àáî êâàäðàòíó "]" äóæêó. Äàëi ìè îòðèìà¹ìî îöiíêè, ç ÿêèõ, çîêðåìà,
âèïëèâàòèìå, ùî [0, Tm〉 = [0, T ].

Äëÿ êîæíîãî j ∈ {1, ...,m} i ìàéæå êîæíîãî t ∈ (0, T ) äîìíîæèìî ðiâíiñòü ç
íîìåðîì j ñèñòåìè (22) íà cm,j(t) i ïiäñóìó¹ìî îòðèìàíi ðiâíîñòi. Ó ðåçóëüòàòi äëÿ
ì.â. t ∈ (0, T ) îäåðæèìî∫

Ωt

bmum,tum dx+

∫
Ωt

{ n∑
i=0

(ai(um)− fi)∂ium + um

t∫
0

h(um) ds
}
dx = 0. (24)

Ïðîiíòåãðó¹ìî ðiâíiñòü (24) çà t ∈ [0, τ ] ⊂ [0, Tm〉, âèêîðèñòàâøè ôîðìóëó iíòå-
ãðóâàííÿ ÷àñòèíàìè. Ó ðåçóëüòàòi îòðèìà¹ìî ðiâíiñòü

1

2

∫
Ω

bm(x)|um(x, τ)|2 dx− 1

2

∫
Ω

bm(x)|u0,m(x)|2 dx+

+[δ + (1− δ)]
τ∫

0

∫
Ω

{ n∑
i=0

ai(um)∂ium

}
dxdt+
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+

τ∫
0

∫
Ω

{
um

t∫
0

h(um) ds
}
dxdt =

τ∫
0

∫
Ω

{ n∑
i=0

fi∂ium

}
dxdt, (25)

äå τ ∈ (0, Tm〉 , δ ∈ (0, 1) � äîâiëüíi ÷èñëà.
Çðîáèìî âiäïîâiäíi îöiíêè ÷ëåíiâ ðiâíîñòi (25). Íà ïiäñòàâi óìîâ (A1) i (A3)

ìàòèìåìî òàêó îöiíêó:

τ∫
0

∫
Ω

{ n∑
i=0

ai(um)∂ium

}
dxdt > K1

τ∫
0

∫
Ω

|um(x, t)|2 dxdt, (26)

à ç óìîâè (A4) îäåðæèìî

τ∫
0

∫
Ω

{ n∑
i=0

ai(um)∂ium

}
dxdt>K2

τ∫
0

∫
Ω

{ n∑
i=0

|∂ium(x, t)|pi(x)
}
dxdt−

τ∫
0

∫
Ω

g(x, t)dxdt. (27)

Ç óìîâ (H1) i (H2) ëåãêî âèïëèâà¹ íåðiâíiñòü

|h(um)(x, t, s)| 6M |um(x, s)| (28)

äëÿ ì.â. (x, t, s) ∈ Ω× (0, T )× (0, T ).
Âðàõóâàâøè îöiíêó (28) òà âèêîðèñòàâøè íåðiâíiñòü Êîøi-Áóíÿêîâñüêîãî, ìà-

òèìåìî

∣∣∣ τ∫
0

∫
Ω

{
um(x, t)

t∫
0

h(um)(x, t, s)ds
}
dxdt

∣∣∣ 6 τ∫
0

∫
Ω

{
|um(x, t)|·

t∫
0

|h(um)(x, t, s)|ds
}
dxdt 6

6M
∫
Ω

{( τ∫
0

|um(x, t)|dt
)( τ∫

0

|um(x, s)|ds
)}
dx 6MT

τ∫
0

∫
Ω

|um(x, t)|2dxdt . (29)

Äàëi âèêîðèñòîâóâàòèìåìî íåðiâíiñòü Þíãà

ab ≤ ε|a|q + ε−
1

q−1 |b|q
′
, a, b ∈ R, q > 1, ε > 0, (30)

äå q′ = q/(q − 1).
Âèáåðåìî äîâiëüíî çíà÷åííÿ ε ∈ (0, 1). Âèêîðèñòîâóþ÷è íåðiâíiñòü (30), îòðè-

ìà¹ìî

τ∫
0

∫
Ω

{ n∑
i=0

fi(x, t)∂ium(x, t)
}
dxdt 6 ε

τ∫
0

∫
Ω

{ n∑
i=0

|∂ium(x, t)|pi(x)
}
dxdt+

+

τ∫
0

∫
Ω

{ n∑
i=0

ε
− 1

p
−
i
−1 |fi(x, t)|p

′
i(x)
}
dxdt. (31)
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Ç (25) íà ïiäñòàâi (26), (27), (29) òà (31) îäåðæèìî

1

2

∫
Ω

bm(x)|um(x, τ)|2 dx+ δK1

τ∫
0

∫
Ω

|um(x, t)|2 dxdt+

+(1− δ)K2

τ∫
0

∫
Ω

{ n∑
i=0

|∂ium(x, t)|pi(x)
}
dxdt 6MT

τ∫
0

∫
Ω

|um(x, t)|2dxdt+

+ε

τ∫
0

∫
Ω

{ n∑
i=0

|∂ium(x, t)|pi(x)
}
dxdt+

τ∫
0

∫
Ω

{ n∑
i=0

ε
− 1

p
−
i
−1 |fi(x, t)|p

′
i(x) dxdt

}
+

+(1− δ)
τ∫

0

∫
Ω

g(x, t) dxdt+
1

2

∫
Ω

bm(x)|u0,m(x)|2 dx, (32)

äå τ ∈ (0, Tm〉 .
Ç (32) áåçïîñåðåäíüî îòðèìà¹ìî íåðiâíiñòü

1

2

∫
Ω

bm(x)|um(x, τ)|2 dx+ (δK1 −MT )

τ∫
0

∫
Ω

|um(x, t)|2 dxdt+

+[(1− δ)K2 − ε]
τ∫

0

∫
Ω

{ n∑
i=0

|∂ium(x, t)|pi(x)
}
dxdt6

τ∫
0

∫
Ω

{ n∑
i=0

ε
− 1

p
−
i
−1 |fi(x, t)|p

′
i(x) dxdt

}
+

+(1− δ)
τ∫

0

∫
Ω

g(x, t) dxdt+
1

2

∫
Ω

bm(x)|u0,m(x)|2 dx, τ ∈ (0, Tm〉 . (33)

Âèáåðåìî i çàôiêñó¹ìî çíà÷åííÿ δ ∈ (0, 1) òàêå, ùî δK1 −MT > 0 (öå ìîæíà
çðîáèòè íà ïiäñòàâi (8)), à ïîòiì � çíà÷åííÿ ε ∈ (0, 1) òàêå, ùî (1 − δ)K2 − ε > 0, i
ïiäñòàâèìî ¨õ â (33). Ó ðåçóëüòàòi çäîáóäåìî íåðiâíiñòü

∫
Ω

bm(x)|um(x, τ)|2 dx+ C3

τ∫
0

∫
Ω

{ n∑
i=0

|∂ium(x, t)|pi(x)
}
dxdt+ C4

τ∫
0

∫
Ω

|um(x, t)|2 dxdt 6

6 C5

[∫∫
Q

{ n∑
i=0

|fi(x, t)|p
′
i(x) + g(x, t)

}
dxdt+

∫
Ω

bm(x)|u0,m(x)|2 dx
]
, (34)

äå τ ∈ (0, Tm〉 � äîâiëüíå, à C3, C4, C5 � äîäàòíi ñòàëi, ÿêi çàëåæàòü òiëüêè âiä
K1, K2, M, T i p−i (i = 0, n).

Ç (19) âèïëèâà¹, ùî∫
Ω

bm(x)|u0,m(x)|2 dx −→
m→∞

∫
Ω

b(x)|u0(x)|2 dx . (35)
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Îòæå, ïîñëiäîâíiñòü
{∫

Ω

bm(x)|u0,m(x)|2 dx
}∞
m=1

¹ îáìåæåíîþ, òîìó íà ïiäñòàâi íå-

ðiâíîñòi (34) ìîæíà çðîáèòè âèñíîâîê, ùî iñíó¹ íåçàëåæíà âiä Tm ñòàëà, ÿêà îáìå-
æó¹ ôóíêöiþ t 7→

∫
Ω

bm(x)|um(x, t)|2 dx íà [0, Tm〉, à îòæå, iñíó¹ íåçàëåæíà âiä Tm

ñòàëà, ÿêà îáìåæó¹ ôóíêöi¨ cm,1, . . . , cm,m íà [0, Tm〉. Âíàñëiäîê öüîãî îòðèìà¹ìî,
ùî [0, Tm〉 = [0, T ]. Âðàõîâóþ÷è öå, ç (34) îòðèìà¹ìî íåðiâíiñòü

sup
t∈[0,T ]

∫
Ω

bm(x)|um(x, t)|2 dx +

∫∫
Q

{ n∑
i=0

|∂ium(x, t)|pi(x) + |um(x, t)|2
}
dxdt 6

6 C6

[ ∫∫
Q

{ n∑
i=0

|fi(x, t)|p
′
i(x) + g(x, t)

}
dxdt+

∫
Ω

bm(x)|u0,m(x)|2 dx
]
, (36)

äå C6 > 0 � ñòàëà, ÿêà çàëåæàòü òiëüêè âiä K1, K2, M , T i p−i (i = 0, n).
Íà ïiäñòàâi (35) i (36) îäåðæó¹ìî

sup
t∈[0,T ]

∫
Ω

bm(x)|um(x, t)|2 dx ≤ C7 , (37)

∫∫
Q

|um(x, t)|2 dxdt ≤ C7 , (38)

∫∫
Q

{ n∑
i=0

|∂ium(x, t)|pi(x)
}
dxdt ≤ C7 , (39)

äå C7 > 0 � ñòàëà, ùî íå çàëåæèòü âiä m.
Ç óìîâ (A1), (A2), (28) òà îöiíîê (38) i (39) îòðèìà¹ìî∫∫

Q

|ai(um)(x, t)|p
′
i(x) dxdt ≤ C8 , i = 0, n , (40)

∫∫
Q

∣∣∣ t∫
0

h(um)(x, t, s) ds
∣∣∣2 dxdt 6 C9, (41)

äå ñòàëi C8 i C9 � äîäàòíi, ùî íå çàëåæàòü âiä m.
Îñêiëüêè ïðîñòîðè L2(Q), Lpi(·)(Q), Lp′i(·)(Q) (i = 0, n) ðåôëåêñèâíi (äèâ. [11,

ñ. 600]), òî ç îöiíîê (37)�(41) âèïëèâà¹ iñíóâàííÿ ïiäïîñëiäîâíîñòi ïîñëiäîâíîñòi
{um} (ïîçíà÷àòèìåìî ¨¨ òàê ñàìî, ÿê i ñàìó ïîñëiäîâíiñòü) òà ôóíêöié v∗ ∈ L2(Ω),
u ∈ W̃ 1,0

p(·)(Q) ∩ L2(Q), χi ∈ Lp′i(·)(Q) (i = 0, n) i ζ ∈ L2(Q) òàêèõ, ùî

b1/2m (·)um(·, T ) −→
m→∞

v∗(·) ñëàáêî â L2(Ω), (42)

um −→
m→∞

u ñëàáêî â L2(Q) i ñëàáêî â W̃ 1,0
p(·)(Q), (43)

ai(um) −→
m→∞

χi ñëàáêî â Lp′i(·)(Q) (i = 0, n), (44)
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t∫
0

h(um) ds −→
m→∞

ζ ñëàáêî â L2(Q). (45)

Äîâåäåìî, ùî u ¹ óçàãàëüíåíèì ðîçâ'ÿçêîì çàäà÷i (2)�(4). Ñïî÷àòêó çàóâàæèìî,
ùî äëÿ áóäü-ÿêèõ ôóíêöié v ∈ L2(Ω), ζ ∈ L2(0, T ) íà ïiäñòàâi îçíà÷åííÿ bm i òåîðåìè
Ëåáåãà ïðî ãðàíè÷íèé ïåðåõiä ïiä çíàêîì iíòåãðàëà ìà¹ìî

b1/2m v −→
m→∞

b1/2v ñèëüíî â L2(Ω) i ìàéæå ñêðiçü íà Ω, (46)

bmvζ −→
m→∞

bvζ ñèëüíî â L2(Q). (47)

Òåïåð âèáåðåìî äîâiëüíî òà çàôiêñó¹ìî ÷èñëà j,m ∈ N òàêi, ùî m ≥ j. Ðiâíiñòü
ñèñòåìè (22) ïiä íîìåðîì j ïîìíîæèìî íà äîâiëüíó ôóíêöiþ θ ∈ C1([0, T ]) i ïðîií-
òåãðó¹ìî çäîáóòó ðiâíiñòü ïî t ∈ [0, T ]. Ó ðåçóëüòàòi ïiñëÿ íåñêëàäíèõ ïåðåòâîðåíü,
âèêîðèñòîâóþ÷è ôîðìóëó iíòåãðóâàííÿ ÷àñòèíàìè, îòðèìà¹ìî

θ(T )

∫
Ω

bm(x)um(x, T )wj(x) dx− θ(0)

∫
Ω

bm(x)u0,m(x)wj(x) dx−

−
∫∫
Q

bmumwjθ
′ dxdt+

∫∫
Q

{ n∑
i=0

(ai(um)−fi)∂iwj + wj

t∫
0

h(um)ds
}
θ dxdt = 0 . (48)

Ñïðÿìóâàâøè m äî ∞ â (48) i âðàõóâàâøè (21), (42), (43), (44)�(47), îòðèìà¹ìî

θ(T )

∫
Q

b1/2(x)v∗(x)wj(x) dx− θ(0)

∫
Q

b(x)u0(x)wj(x) dx−

−
∫∫
Q

buwjθ
′ dxdt+

∫∫
Q

{ n∑
i=0

(χi − fi)∂iwj + ζwj

}
θ dxdt=0 . (49)

Îñêiëüêè j � äîâiëüíå ÷èñëî, à ñèñòåìà ôóíêöié {wj}∞j=1 ïîâíà â ïðîñòîði Vp(Ω),
òî ç (49) ìàòèìåìî, ùî äëÿ âñiõ v ∈ Vp(Ω) i θ ∈ C1([0, T ]) ïðàâèëüíà ðiâíiñòü

θ(T )

∫
Ω

b1/2(x)v∗(x)v(x) dx− θ(0)

∫
Ω

b(x)u0(x)v(x) dx−

−
∫∫
Q

buvθ′ dxdt+

∫∫
Q

{ n∑
i=0

(χi − fi)∂iv + ζv
}
θ dxdt=0 . (50)

Çàóâàæèìî òàêå: îñêiëüêè C1
c (0, T ) ⊂ C1([0, T ]), òî ç (50) îòðèìà¹ìî òîòîæíiñòü∫∫

Q

{ n∑
i=0

(χi − fi)∂ivϕ+ ζvϕ− buvϕ′
}
dxdt=0, äå v ∈ Vp(Ω), ϕ ∈ C1

c (0, T ). (51)

Íà ïiäñòàâi ëåìè 1 ç (51) îäåðæèìî, ùî

u ∈ C([0, T ];Hb(Ω)) (52)
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i äëÿ âñiõ v ∈ Vp(Ω) , θ ∈ C1([0, T ]) ïðàâèëüíà ðiâíiñòü

θ(T )

∫
Ω

b(x)u(x, T )v(x) dx− θ(0)

∫
Ω

b(x)u(x, 0)v(x) dx−

−
∫∫
Q

buvθ′ dxdt+

∫∫
Q

{ n∑
i=0

(χi − fi)∂iv + ζv
}
θ dxdt=0 . (53)

Ïîðiâíþþ÷è (50) i (53), îòðèìà¹ìî ðiâíîñòi

u(x, 0) = u0(x) äëÿ ì. â. x ∈ Ω0 , (54)

b1/2(x)u(x, T ) = v∗(x) äëÿ ì. â. x ∈ Ω. (55)

Îòîæ, ìè âñòàíîâèëè, ùî ôóíêöiÿ u íàëåæèòü ïðîñòîðó U bp(Q) (äèâ.(43) i (52)),
çàäîâîëüíÿ¹ ïî÷àòêîâó óìîâó (4) (äèâ. (54)) òà iíòåãðàëüíó òîòîæíiñòü (51). Ç òî-
òîæíîñòi (51) âèïëèâàòèìå òîòîæíiñòü (7), ÿêùî äëÿ áóäü-ÿêèõ v ∈ Vp(Ω) i ìàéæå
âñiõ t ∈ (0, T ) ïðàâèëüíà ðiâíiñòü∫

Ω

{ n∑
i=0

χi∂iv + ζv
}
dx =

∫
Ω

{ n∑
i=0

ai(u)∂iv +
( t∫

0

h(u) ds
)
v
}
dx . (56)

Îòæå, ÿêùî òîòîæíiñòü (56) ïðàâèëüíà, òî u � óçàãàëüíåíèé ðîçâ'ÿçîê çàäà÷i (2)�
(4) .

Äëÿ äîâåäåííÿ òîòîæíîñòi (56) âèêîðèñòà¹ìî ìåòîä ìîíîòîííîñòi (äèâ. [12]).
Íåõàé w � äîâiëüíà ôóíêöiÿ ç ïðîñòîðó ∈ W̃ 1,0

p(·)(Q) ∩ L2(Q). Äëÿ êîæíîãî m ∈ N
âèçíà÷èìî

Wm :=

∫∫
Q

{ n∑
i=0

(ai(um)− ai(w))(∂ium − ∂iw) +

+ (um − w)
( t∫

0

h(um) ds−
t∫

0

h(w) ds
)}

dxdt. (57)

Âèêîðèñòàâøè óìîâó (A3), äëÿ äîâiëüíîãî m ∈ N îòðèìà¹ìî òàêó îöiíêó∫∫
Q

{ n∑
i=0

(ai(um)− ai(w))(∂ium − ∂iw)
}
dxdt > K1

∫∫
Q

|um − w|2 dxdt. (58)

Ïðîâiâøè ìiðêóâàííÿ, àíàëîãi÷íi äî òèõ, ÿêi ïðèâåëè íàñ äî (17), îòðèìà¹ìî
îöiíêó∣∣∣∫∫

Q

{
(um(x, t)− w(x, t))

( t∫
0

h(um)(x, t, s) ds−
t∫

0

h(w)(x, t, s) ds
)}

dxdt
∣∣∣ 6

6MT

∫∫
Q

|um − w|2 dxdt, m ∈ N. (59)
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Îòæå, âðàõóâàâøè (8), îäåðæèìî

Wm >
(
K1 −MT

) ∫∫
Q

|um − w|2 dxdt > 0, m ∈ N. (60)

Çàïèøåìî (57) ó âèãëÿäi

Wm =

∫∫
Q

{ n∑
i=0

ai(um)∂ium + um

t∫
0

h(um) ds
}
dxdt−

−
∫∫
Q

{ n∑
i=0

[
ai(um)∂iw + ai(w)(∂ium − ∂iw)

]
+

+w

t∫
0

h(um) ds+ (um − w)

t∫
0

h(w) ds
}
dxdt, m ∈ N . (61)

Ïðèéìåìî τ = T â (25). Îòðèìà¹ìî∫∫
Q

{ n∑
i=0

ai(um)∂ium + um

t∫
0

h(um)ds
}
dxdt =

∫∫
Q

{ n∑
i=0

fi∂ium

}
dxdt−

− 1

2

∫
Ω

bm(x)|um(x, T )|2 dx +
1

2

∫
Ω

bm(x)|u0,m(x)|2 dx, m ∈ N . (62)

Ç (61) íà ïiäñòàâi (62) îòðèìà¹ìî

0 6Wm =

∫∫
Q

{ n∑
i=0

fi∂ium

}
dxdt− 1

2

∫
Ω

bm(x)|um(x, T )|2 dx+

+
1

2

∫
Ω

bm(x)|u0,m(x)|2 dx−
∫∫
Q

{ n∑
i=0

[
ai(um)∂iw + ai(w)(∂ium − ∂iw)

]
+

+w

t∫
0

h(um) ds+ (um − w)

t∫
0

h(w) ds
}
dxdt, m ∈ N . (63)

Íà ïiäñòàâi (42) òà (55) ìàòèìåìî

lim inf
m→∞

||b1/2m (·)um(·, T )||L2(Ω) ≥ ||b1/2(·)u(·, T )||L2(Ω) . (64)

Çâàæàþ÷è íà (21), (43) � (45), (64), ç (63) îäåðæó¹ìî

0 ≤ lim sup
m→∞

Wm ≤
∫∫
Q

{ n∑
i=0

fi∂iu
}
dxdt− 1

2

∫
Ω

b(x)|u(x, T )|2dx+
1

2

∫
Ω

b(x)|u0(x)|2dx−

−
∫∫
Q

{ n∑
i=0

[
χi∂iw + ai(w)(∂iu− ∂iw)

]
+ wζ + (u− w)

t∫
0

h(w) ds
}
dxdt . (65)
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Iç (51), âèêîðèñòîâóþ÷è ëåìó 1 ïðè θ ≡ 1 i ðiâíiñòü (54), îòðèìà¹ìî∫∫
Q

{ n∑
i=0

χi∂iu+ ζu
}
dxdt =

∫∫
Q

{ n∑
i=0

fi∂iu
}
dxdt−

− 1

2

∫
Ω

b(x)|u(x, T )|2 dx+
1

2

∫
Ω

b(x)|u0(x)|2 dx . (66)

Îòæå, ç (65) i (66) îäåðæèìî∫∫
Q

{ n∑
i=0

(χi − ai(w))(∂iu− ∂iw) +
(
ζ −

t∫
0

h(w) ds
)

(u− w)
}
dxdt ≥ 0 . (67)

Ïðèéìåìî w = u − λvϕ â (67), äå v ∈ Vp(Ω), ϕ ∈ C1
c (0, T ), λ > 0, i ïîäiëèìî

îòðèìàíó íåðiâíiñòü íà λ. Ó ïiäñóìêó ìàòèìåìî∫∫
Q

{ n∑
i=0

(χi − ai(u− λvϕ))∂ivϕ+
(
ζ −

t∫
0

h(u− λvϕ) ds
)
vϕ
}
dxdt ≥ 0 . (68)

Ïåðåéäåìî â (68) äî ãðàíèöi ïðè λ→ 0+, âèêîðèñòàâøè óìîâè (A1), (A2), (H1),
(H2) i òåîðåìó Ëåáåãà ïðî ïåðåõiä äî ãðàíèöi ïiä çíàêîì iíòåãðàëà. Ó ðåçóëüòàòi
îòðèìà¹ìî ðiâíiñòü∫∫

Q

{ n∑
i=0

(χi − ai(u))∂iv +
(
ζ −

t∫
0

h(u) ds
)
v
}
ϕdxdt = 0

äëÿ áóäü-ÿêèõ v ∈ Vp(Ω) i ϕ ∈ C1
c (0, T ). Çâiäñè ëåãêî âèïëèâà¹ òîòîæíiñòü (56).

Äîâåäåìî, ùî âèêîíó¹òüñÿ îöiíêà (9). Íà ïiäñòàâi ëåìè 1 ç iíòåãðàëüíî¨ òîòîæ-
íîñòi (7), âðàõîâóþ÷è (4), îòðèìà¹ìî ðiâíiñòü

1

2

∫
Ω

b(x)|u(x, τ)|2 dx− 1

2

∫
Ω

b(x)|u0(x)|2 dx+ [δ + (1− δ)]
τ∫

0

∫
Ω

{ n∑
i=0

ai(u)∂iu
}
dxdt+

+

τ∫
0

∫
Ω

{
u

t∫
0

h(u) ds
}
dxdt =

τ∫
0

∫
Ω

{ n∑
i=0

fi∂iu
}
dxdt, τ ∈ [0, T ]. (69)

äå δ ∈ (0, 1) � äîâiëüíå ÷èñëî. Äàëi, ìiðêóþ÷è öiëêîì àíàëîãi÷íî, ÿê äëÿ ïåðåõîäó
âiä (25) äî (36), çäîáóäåìî (9). Òåîðåìà ïîâíiñòþ äîâåäåíà. �

4. Âèñíîâêè

Ìè äîñëiäèëè ìiøàíi çàäà÷i äëÿ âèðîäæóâàíèõ ïàðàáîëi÷íèõ ðiâíÿíü çi çìií-
íèìè ïîêàçíèêàìè íåëiíiéíîñòi, ùî çáóðåíi iíòåãðàëüíèì îïåðàòîðîì. Çáóðþþ÷èé
îïåðàòîð iíêîëè íàçèâàþòü îïåðàòîðîì ïàì'ÿòi, îñêiëüêè çíà÷åííÿ îáðàçó ïðè äi¨
öüîãî îïåðàòîðà çàëåæèòü âiä çíà÷åíü øóêàíî¨ ôóíêöi¨ â ìîìåíòè ÷àñó, ÿêi ïåðåäó-
þòü àêòóàëüíîìó. Òàêîãî òèïó ðiâíÿííÿ ðàíiøå íå âèâ÷àëèñÿ. Ïðè öüîìó íà ÷àñòèíi
ìåæi çàäàíî êðàéîâó óìîâó ïåðøîãî ðîäó, à íà iíøié � äðóãîãî. Ââåäåíî ïîíÿòòÿ
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óçàãàëüíåíîãî ðîçâ'ÿçêó ìiøàíî¨ çàäà÷i äëÿ ðîçãëÿäóâàíèõ ðiâíÿíü, âèêîðèñòàâøè
óçàãàëüíåíi ïðîñòîðè Ëåáåãà òà Ñîáîë¹âà. Âñòàíîâëåíî óìîâè iñíóâàííÿ òà ¹äèíîñòi
óçàãàëüíåíèõ ðîçâ'ÿçêiâ äîñëiäæóâàíèõ çàäà÷. Ïðè äîâåäåííi iñíóâàííÿ ðîçâ'ÿçêó
âèêîðèñòàíî ìîäèôiêàöi¨ ìåòîäiâ Ôàåäî-Ãàëüîðêiíà òà ìîíîòîííîñòi.
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INITIAL-BOUNDARY VALUE PROBLEMS FOR NONLINEAR
DEGENERATE PARABOLIC EQUATIONS WITH INTEGRAL

OPERATORS TYPE VOLTERRA

Mykola BOKALO, Olga SUS

Ivan Franko National University of Lviv,

Universytetska Str. 1, Lviv, 79000
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This paper is devoted to the results of investigation of initial-boundary value
problems for nonlinear integro-di�erential equations with variable exponents
of nonlinearity. We consider weak solutions which belong to the generalized
Sobolev and Lebesgue spaces. Under certain conditions on data-in the uni-
queness and existence of the solutions are proved. Also estimates of the soluti-
ons are obtained.

Key words: elliptic-parabolic equations, variable exponents of nonlinearity,
Galerkin's and monotone procedures.
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