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The linear higher-order systems of PDE's with analytic coe�cients in bidisc
are considered. We study boundedness of the L-index in joint variables of their
analytic solutions, where L(z1, z2) = (l1(z1, z2), l2(z1, z2)), lj : D2 → R+ is
continuous function, j ∈ {1, 2}, D2 = {(z1, z2) ∈ C2 : |z1| < 1, |z2| < 1}.
The main tool of investigations is known Hayman's theorem. Some analytic
solutions in bidisc for these system of PDE's are given.
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1. Introduction. Let L(z1, z2) = (l1(z1, z2), l2(z1, z2)) be a positive continuous
vector function in the unit bidisc D2 = {(z1, z2) ∈ C2 : |z1| < 1, |z2| < 1}. Recently, we
published few papers [7, 8, 9] which are devoted to the theory of analytic functions in D2.
For these functions there was introduced a concept of bounded L-index in joint variables
(see de�nition below). Also we deduced counterparts of known criteria of boundedness of
L-index in joint variables. In this paper, we present an application of obtained theorems
to system of PDE's.

The class of functions of bounded index have been used in the theory value distri-
bution and di�erential equations (see full bibliography in [4]). In particular, every entire
function is a function of bounded value distribution if and only if its derivative is a
function of bounded index [15]. Similar result for entire bivariate function are deduced
by F. Nuray and R. F. Patterson [21]. It is known that every entire solution of the di-

�erential equation f (n)(t)+
n−1∑
j=0

ajf
(j)(t) = 0 (t ∈ C) is a function of bounded index [24].

More general results for entire solutions of PDE's are obtained by A. I. Bandura and
O. B. Skaskiv [1, 2, 4, 10]. But there are only two researches [13, 23] where authors study
bounded index of entire solutions for systems of PDE's. In particular, M. T. Bordulyak
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[13] considered the next system

(1) aj(z)f
(K0

j )(z) +
∑
‖K‖≤s−1

gK,j(z)f
(K)(z) = hj(z), j ∈ {1, . . . ,m}

where for all j ∈ {1, . . . ,m} ‖K0
j ‖ = s,

{
f (K

0
j )(z)

}m
j=1

is the set of all possible s-order

partial derivatives of the function f , the entire functions aj , gK,j , hj are functions with
separable variables of the form g(z) =

∏n
j=1 gj(zj). She obtained su�cient conditions

for boundedness of the L-index in joint variables for every entire solution of system (1),
where L(z) = (l1(|z1|), . . . , ln(|zn|)) and each function lj : R+→R+ is continuous. Earlier
M. Salmassi [23] established that every entire solution of the system

(2)

{
a0f

(n1,0)(z) + a1f
(n1−1,0)(z) + . . .+ an1

f(z) = g(z), a0 6= 0,

b0f
(0,n2)(z) + b2f

(0,n2−1)(z) + . . .+ bn2
f(z) = h(z), b0 6= 0,

z = (z1, z2),

is a function of bounded index in joint variables, where aj ∈ C, bi ∈ C, h(z) and g(z) are
arbitrary entire functions in C2 of bounded index in joint variables. Unlike M. T. Bor-
dulyak, he did not suppose that h(z) and g(z) are functions with separable variables.

In the present paper, we consider homogeneous systems of form (1) in two variables
with analytic coe�cients in the unit bidisc. As M. Salmassi, we do not assume that the
coe�cients are functions with separable variables. At �rst, three systems of PDE's with
speci�ed coe�cients are studied. For each system we �nd a function L = (l1, l2) such that
every its analytic solution has bounded L-index in joint variables. Finally, the developed
methods helps us to deduce su�cient conditions providing boundedness of L-index of
analytic solutions for a more general homogeneous system.

Note that the same problem is considered in [12] for analytic functions in the unit
ball.

2. Main de�nitions and notations. We consider two-dimensional complex space
C2. This helps to distinguish main methods of investigation.

We need some standard notations. Denote R+ = [0,+∞), 0 = (0, 0) ∈ R2
+, 1 =

(1, 1) ∈ R2
+, R = (r1, r2) ∈ R2

+, z = (z1, z2) ∈ C2. For A = (a1, a2) ∈ R2, B = (b1, b2) ∈
R2 we will use formal notations without violation of the existence of these expressions

AB = (a1b1, a2b2), A/B = (a1/b1, a2/b2), b1 6= 0, b2 6= 0, AB = ab11 a
b2
2 , b ∈ Z2

+,

and the notation A < B means that aj < bj , j ∈ {1, 2}; the relation A 6 B is de�ned
similarly. For K = (k1, k2) ∈ Z2

+ denote ‖K‖ = k1 + k2, K! = k1!k2!.
The bidisc {z ∈ C2 : |zj − z0j | < rj , j = 1, 2} is denoted by D2(z0, R) and the

closed bidisc {z ∈ C2 : |zj − z0j | 6 rj , j = 1, 2} is denoted by D2[z0, R], D2 = D2(0,1),

D = {z ∈ C : |z| < 1}. For p, q ∈ Z+ and the partial derivative ∂p+qF (z1,z2)
∂zp

1∂z
q
2

of analytic

function F (z) in D2 we will use the notation

F (p,q)(z) = F (p,q)(z1, z2) :=
∂p+qF (z1, z2)

∂zp1∂z
q
2

.

Let L(z) = (l1(z), l2(z)), where lj(z) : D2 → R+ is a continuous function such that

(∀z ∈ D2) : lj(z) > β/(1− |zj |), j ∈ {1, 2},
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where β > 1 is a some constant. S. N. Strochyk, M. M. Sheremeta, V. O. Kushnir [17],
[27] imposed a similar condition for a function l : G→ R+, where G is arbitrary domain
in C. A. I. Bandura and O. B. Skaskiv [11, 12] used the similar condition to consider
analytic functions in the unit ball of bounded L-index in joint variables.

An analytic function F : D2 → C [7, 8, 9] is called a function of bounded L-index
(in joint variables), if there exists n0 ∈ Z+ such that for all z = (z1, z2) ∈ D2 and for all
(p1, p2) ∈ Z2

+

1

p1!p2!

|F (p1,p2)(z)|
lp1

1 (z)lp2

2 (z)
6 max

{
1

k1!k2!

|F (k1,k2)(z)|
lk1
1 (z)lk2

2 (z)
: 0 6 k1 + k2 6 n0

}
.(3)

The least such integer n0 is called the L-index in joint variables of the function F (z) and
is denoted by N(F,L,D2) = n0. This is an analog of the de�nition of entire function of
bounded L-index or bounded index (L ≡ 1) in joint variables in C2 (see [5], [20, 21, 22])
and the de�nition of analytic in a domain function of bounded index [16]. Note that a
primary de�nition of entire in C function of bounded index was supposed by B. Lepson
[19]. Other approach (so-called L-index in a direction) is considered in [4, 1, 6].

By Q(D2) we denote the class of functions L, which satisfy the condition

(4) (∀rj ∈ [0, β], j ∈ {1, 2}) : 0 < λ1,j(R) 6 λ2,j(R) <∞,

where

λ1,j(R) = inf
z0∈D2

inf

{
lj(z)

lj(z0)
: z ∈ D2

[
z0, R/L(z0)

]}
,

λ2,j(R) = sup
z0∈D2

sup

{
lj(z)

lj(z0)
: z ∈ D2

[
z0, R/L(z0)

]}
,

It is easy to prove that the function L1(z1, z2) = (β′/(1− |z1|), β′/(1− |z2|)) belongs to
Q(D2), where β′ > β. We need the following theorem from [8].

Òåîðåìà 1 ([8]). Let L ∈ Q(D2). An analytic function F in D2 has bounded L-index
in joint variables if and only if there exist p ∈ Z+ and c ∈ R+ such that for each
z = (z1, z2) ∈ D2 the next inequality

max

{
|F (j1,j2)(z)|
lj11 (z)lj22 (z)

: j1 + j2 = p+ 1

}
6 c ·max

{
|F (k1,k2)(z)|
lk1
1 (z)lk2

2 (z)
: k1 + k2 6 p

}

holds.

This proposition and its generalizations [26, 18, 5, 8] are analogs of known Hayman's
Theorem [15] in theory of functions of bounded index. M.T. Bordulyak [14] apllied the
theorem to investigate l-index boundedness of entire solutions of linear high-order di-
�erential equations. Later, A. I. Bandura and O. B. Skaskiv [2] used the same method to
study bounded L-index in direction of entire solutions of PDE's. We will apply Theorem 1
to systems of PDE's.
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3. General result. Let us consider the following system of PDE's

(5)



a1,k,0(z)F
(k,0)(z) +

∑
06j1+j26k−1

a1,j1,j2(z)F
(j1,j2)(z) = 0,

a2,k−1,1(z)F
(k−1,1)(z) +

∑
06j1+j26k−1

a2,j1,j2(z)F
(j1,j2)(z) = 0

. . .

ak+1,0,k(z)F
(0,k)(z) +

∑
06j1+j26k−1

ak+1,j1,j2(z)F
(j1,j2)(z) = 0.

Theorem 1. Let L ∈ Q(D2), ai,j1,j2(z) be analytic functions in D2, which satisfy the
following conditions for all z ∈ D2 :

(6) |ai,j1,j2(z)|l
j1
1 (z)lj22 (z) 6 Clk+1−i

1 (z)li−12 (z)|ai,k+1−i,i−1(z)|, ai,k+1−i,i−1(z) 6= 0,

where 0 ≤ j1 + j2 ≤ k − 1, i ∈ {1, . . . , k + 1} and C > 0 is some constant. If analytic
function F (z1, z2) in D2 is a solution of (5) then F (z1, z2) is of bounded L-index in joint
variables.

Proof. From the �rst equation we have:

|F (k,0)(z)| 6

∣∣∣ ∑
06j1+j26k−1

a1,j1,j2(z)F
(j1,j2)(z)

∣∣∣
|a1,k,0(z)|

6

6
∑

06j1+j26k−1

|a1,j1,j2(z)|
|a1,k,0(z)|

|F (j1,j2)(z)| 6
∑

06j1+j26k−1

Clk−j11 (z)l−j22 (z)|F (j1,j2)(z)|,

whence

|F (k,0)(z)|
lk1(z)l

0
2(z)

6
∑

06j1+j26k−1

Cl−j11 (z)l−j22 (z)|F (j1,j2)(z)| 6 C1 max
06j1+j26k−1

|F (j1,j2)(z)|
lj11 (z)lj22 (z)

Similarly, for i-th equation of system (5) it can be proved that

|F (k−i,i)(z)|
lk−i1 (z)li2(z)

6 Ci max
06j1+j26k−1

|F (j1,j2)(z)|
lj11 (z)lj22 (z)

Finally, we obtain

max

{
|F (k1,k2)(z)|
lk1
1 (z)lk2

2 (z)
: k1 + k2 = k

}
6 max

1≤i≤k+1
Ci · max

06j1+j26k−1

|F (j1,j2)(z)|
lj11 (z)lj22 (z)

.

By Theorem 1 this means that F (z1, z2) is of bounded L-index in joint variables. �

To formulate one-dimensional corollary, we consider the following linear higher-order
di�erential equation:

(7) ak(t)f
(k)(t) +

k−1∑
j=0

aj(t)f
(j)(t) = 0.

Corollary 1. Let l ∈ Q(D) and analytic functions aj(t) in D satisfy the conditions:

(8) (∀t ∈ D) (∀j ∈ {0, 1, . . . , k − 1}) |aj(t)|lj(t) 6 Clk(t)|ak(t)|, ak(t) 6= 0,
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where C > 0 is a some constant. If an analytic function f in D satis�es equation (7)
then f has bounded l-index.

M. Sheremeta [25] considered equation (7) with coe�cients which are analytic functi-
ons of bounded l-index. As M. Bordulyak in [14] for entire functions, we replaced the
restriction by inequality (8). Thus, Corollary 1 is a new proposition for analytic functions
in the unit disc.

4. Examples of linear higher-order systems of PDE.

Corollary 2. Every analytic function F (z1, z2) in D2, satisfying the following system of
partial di�erential equations

(9)


2F (2,0)(z1, z2) +

3
(z1−1) · F

(1,0)(z1, z2) +
1
2 ·

1
(z1−1)3(z2+1) · F (z1, z2) = 0,

2F (0,2)(z1, z2) +
3

(z2+1) · F
(0,1)(z1, z2) +

1
2 ·

1
(z1−1)(z2+1)3 · F (z1, z2) = 0,

2F (1,1)(z1, z2) +
1

(z2+1) · F
(1,0)(z1, z2) +

1
2 ·

1
(z1−1)2(z2+1)2 · F (z1, z2) = 0,

is a function of bounded L-index in joint variables, where

(10) L(z) = (l1(z), l2(z)) =

(
1√

|1− z1||1 + z2|(1− |z1|)
,

1√
|1− z1||1 + z2|(1− |z2|)

)
.

Proof. Using (4) it is easy to show that the function L belongs to Q(D2) (see similar
propositions in [3]). Now we check validity of (6) for system (9):

3l1(z)

|z1− 1|
=

3

|z1 − 1|
√
|1−z1||1 + z2|(1− |z1|)

≤ 6

(
√
|1− z1||1 + z2|(1− |z1|))2

≤ 2Ml21(z),

3l2(z)

|z2+ 1|
=

3

|z2 + 1|
√
|1−z1||1 + z2|(1− |z2|)

≤ 6

(
√
|1− z1||1 + z2|(1− |z2|))2

≤ 2Ml22(z),

l1(z)

|z2+ 1|
=

1

|z2 + 1|
√
|1−z1||1 + z2|(1− |z1|)

≤ 2

|1− z1||1 + z2|(1− |z1|)(1− |z2|)
≤

≤ 2Ml1(z)l2(z),

1

2|z1 − 1|3|z2 + 1|
≤ 1

2|1− z1||1 + z2|(1− |z1|)2
≤ 2Ml21(z),

1

2|z1 − 1||z2 + 1|3
≤ 1

2|1− z1||1 + z2|(1− |z2|)2
≤ 2Ml22(z),

1

2|z1 − 1|2|z2 + 1|2
≤ 1/2

|1− z1||1 + z2|(1− |z1|)(1− |z2|)
≤ 2Ml1(z)l2(z).

Hence, by Theorem 1 the function F has bounded L-index in joint variables. �

Example 1. The function

F (z1, z2) = cos
1√

(z1 − 1)(z2 + 1)
=

∞∑
n=0

(−1)n

(2n)!((z1 − 1)(z2 + 1))n
,



BOUNDED L-INDEX IN JOINT VARIABLES ...
ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2017. Âèïóñê 83 105

is a solution of system (9). Indeed, formally �nd all �rst and second order partial deri-
vatives

F (1,0)(z1, z2) = sin
1√

(z1 − 1)(z2 + 1)
· 1

2(z1 − 1)
√
(z1 − 1)(z2 + 1)

,

F (0,1)(z1, z2) = sin
1√

(z1 − 1)(z2 + 1)
· 1

2
√
(z1 − 1)(z2 + 1)(z2 + 1)

,

F (2,0)(z1, z2) = − cos
1√

(z1 − 1)(z2 + 1)
· 1

4(z1 − 1)3(z2 + 1)
−

− sin
1√

(z1 − 1)(z2 + 1)
· 3

4(z1 − 1)2
√
(z1 − 1)(z2 + 1)

,

F (0,2)(z1, z2) = − cos
1√

(z1 − 1)(z2 + 1)
· 1

4(z1 − 1)(z2 + 1)3
−

− sin
1√

(z1 − 1)(z2 + 1)
· 3

4
√

(z1 − 1)(z2 + 1)(z2 + 1)2
,

F (1,1)(z1, z2) = − cos
1√

(z1 − 1)(z2 + 1)
· 1

4(z1 − 1)2(z2 + 1)2
−

− sin
1√

(z1 − 1)(z2 + 1)
· 1

4(
√
(z1 − 1)(z2 + 1))3

.

We choose a branch of square root such that
√
1 = 1 and take into account that 1√

w
sin 1√

w

can be extended to an entire function. Substituting these derivatives in system (9), it is
easy to check that the function F (z1, z2) is its solution. Then by Corollary 2 the function
F has bounded L-index in joint variables with L given in (10).

Corollary 3. Every analytic function F (z1, z2) in D2, satisfying the following system of
partial di�erential equations

(11)


F (2,0)(z1, z2) +

1
(z1+1)2(z2−1) · F

(1,0)(z1, z2)− 2
(z1+1)3(z2−1) · F (z1, z2) = 0

F (0,2)(z1, z2) +
1

(z1+1)(z2−1)2 · F
(0,1)(z1, z2)− 2

(z1+1)(z2−1)3 · F (z1, z2) = 0

F (1,1)(z1, z2) +
1

(z1+1)(z2−1)2 · F
(1,0)(z1, z2)− 1

(z1+1)2(z2−1)2 · F (z1, z2) = 0,

is a function of bounded L-index in joint variables, where

(12) L(z) = (l1(z), l2(z)) =

(
1

|1 + z1||1− z2|(1− |z1|)
,

1

|1 + z1||1− z2|(1− |z2|)

)
.

To prove Corollary 3 it is su�cient to check assumptions of Theorem 1.

Example 2. Analytic function in the unit bidisc

F (z1, z2) = exp

(
1

(z1 + 1)(z2 − 1)

)
,

satis�es system of partial di�erential equations (11). Hence, by Corollary 3 the function
F is of bounded L-index in joint variables, where L is given in (12).
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Corollary 4. An analytic function F (z1, z2) in D2, satisfying the following system of
partial di�erential equations

(13)


F (2,0)(z1, z2) +

2
(z1+1) · F

(1,0)(z1, z2)− 1
(z2−1)2 · F (z1, z2) = 0

F (0,2)(z1, z2) +
2+z1
z2−1 · F

(0,1)(z1, z2)− 2+z1
(z2−1)2 · F (z1, z2) = 0

F (1,1)(z1, z2) +
1

(z1+1) · F
(0,1)(z1, z2) +

z1
(z2−1)3 · F (z1, z2) = 0,

has bounded L-index in joint variables, where

(14) L(z) = (l1(z), l2(z)) =

1 + 1
|z2−1|

1− |z1|
;
1 + |z1|

|z2−1|

1− |z2|

 .

In view of Theorem 1 it is necessary to check validity of (6) (see a scheme in
Corollary 2).

Example 3. Analytic function in the unit bidisc

F (z1, z2) =
z2 − 1

z1 + 1
exp

z1
z2 − 1

,

is a solution of system of partial di�erential equations (13). By Corollary 4 the function
F has bounded L-index in joint variables, where L is given in (14).
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Ðîçãëÿíóòî ñèñòåìè ëiíiéíèõ ðiâíÿíü ç ÷àñòèííèìè ïîõiäíèìè âèùèõ
ïîðÿäêiâ ç àíàëiòè÷íèìè ó áiêðóçi êîåôiöi¹íòàìè. Äîñëiäæåíî îáìåæå-
íiñòü L-iíäåêñó çà ñóêóïíiñòþ çìiííèõ ¨õíiõ àíàëiòè÷íèõ ðîçâ'ÿçêiâ, äå
L(z1, z2) = (l1(z1, z2), l2(z1, z2)), lj : D2 → R+ � íåïåðåðâíà ôóíêöiÿ,
j ∈ {1, 2}, D2 = {(z1, z2) ∈ C2 : |z1| < 1, |z2| < 1}. Îñíîâíèì çàñî-
áîì äîñëiäæåííÿ ¹ òåîðåìà Õåéìàíà. Íàâåäåíî äåÿêi àíàëiòè÷íi ó áiêðóçi
ðîçâ'ÿçêè òàêèõ ñèñòåì ðiâíÿíü ç ÷àñòèííèìè ïîõiäíèìè.
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