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In this work we �nd asymptotic formulas for eigenvalues and eigenfunctions
of a Sturm-Liouville type problem with retarded argument which contains a
spectral parameter in the boundary conditions and with discontinuous weight
function and also we obtain bounds for the distance between eigenvalues. We
extend and generalize some approaches and results of the [S. B. Norkin, Di-
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1. Introduction.

Some discontinuous boundary value problems with retarded argument and some
classic boundary value problems have been investigated in [1-18]. Norkin in [2] considered
the equation

x′′ (t) + λx(t) +M(t)x(t−∆(t)) = 0

with boundary conditions

x (0) = x (π) = 0,

obtained asymptotic formulas for eigenvalues and eigenfunctions and found bounds for
the distance between eigenvalues of this problem. In this paper we investigate the ei-
genvalues and eigenfunctions of a discontinuous boundary value problem with retarded
argument with discontinuous weight function. Namely, we consider the boundary value
problem for the di�erential equation

(1) u′′(x) + q(x)u(x−∆(x)) + λr (x)u(x) = 0

2010 Mathematics Subject Classi�cation: 34L20, 35R10

c© �Sen E., Bayramov A., 2017



180
Erdo�gan �SEN, Azad BAYRAMOV

ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2017. Âèïóñê 83

on
[
0, π2

)
∪
(
π
2 , π

]
with spectral and physical parameter dependent boundary conditions

(2)
√
λr+u(0) + u′(0) = 0,

(3) mλu(π) + u′ (π) = 0,

and with transmission conditions

(4) γ+u(π2 − 0)− δ+u(π2 + 0) = 0,

(5) γ−u′(π2 − 0)− δ−u′(π2 + 0) = 0

where the real-valued function q(x) is continuous in
[
0, π2

)
∪
(
π
2 , π

]
and has �nite limits

q(π2 ± 0) = lim
x→π

2±0
q(x),

the real valued function ∆(x) > 0 is continuous in
[
0, π2

)
∪
(
π
2 , π

]
and has �nite limits

∆(π2 ± 0) = lim
x→π

2±0
∆(x),

x − ∆(x) > 0 if x ∈
[
0, π2

)
; x − ∆(x) > π

2 , if x ∈
(
π
2 , π

]
; r(x) = r2

+ if x ∈
[
0, π2

)
and

r(x) = r2
− if x ∈

(
π
2 , π

]
; λ is a real positive spectral parameter; m is a positive physical

parameter; r+, r−, d, δ
+, δ−, γ+, γ− 6= 0 are arbitrary real numbers.

We want to note that di�erential equations with retarded argument are of im-
portance in the theory of automatic control and in the theory of self-oscillatory systems.
For instance, in automatic control systems retardation is the time interval which the
system requires to react to an input impulse ([2]).

Let w1(x, λ) be a solution of Eq. (1) on
[
0, π2

]
satisfying the initial conditions

(6) w1 (0, λ) = r−1
+ and w′1 (0, λ) = −

√
λ.

Conditions (6) determine a unique solution of Eq. (1) on
[
0, π2

]
([2], p. 12).

After determining the above solution, we shall determine the solution y2(x, λ) of
Eq. (1) on

[
π
2 , π

]
by means of the solution y1(x, λ) using the initial conditions

(7) w2

(
π
2 , λ

)
= γ+

δ+w1(π2 , λ) and w′2
(
π
2 , λ

)
= γ−

δ−w
′
1(π2 , λ).

The conditions (7) de�ne a unique solution of Eq. (1) on
[
π
2 , π

]
.

Consequently, the function w (x, λ) de�ned on
[
0, π2

)
∪
(
π
2 , π

]
by the equality

w(x, λ) =

{
w1(x, λ), x ∈

[
0, π2

)
,

w2 (x, λ) , x ∈
(
π
2 , π

]
,

is a solution of the Eq. (1) on
[
0, π2

)
∪
(
π
2 , π

]
which satis�es one of the boundary conditions

and transmission conditions.
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2. Eigenvalues and Eigenfunctions of the Problem (1)�(5).

Lemma 1. Let w (x, λ) be a solution of Eq. (1). Then the following integral equations
hold:

w1(x, λ) =
√

2
r+

cos(r+

√
λx+ π

4 )− r+√
λ

x∫
0

q (τ) sin r+

√
λ (x− τ)w1 (τ −∆ (τ) , λ) dτ ,(8)

w2(x, λ) = γ+

δ+w1(π2 , λ) cos r−
√
λ
(
x− π

2

)
+
γ−w′1(π2 , λ)
√
λr−δ−

sin r−
√
λ
(
x− π

2

)
−

− r−√
λ

x∫
π
2

q (τ) sin r−
√
λ (x− τ)w2 (τ −∆ (τ) , λ) dτ .(9)

Proof. To prove this lemma, it is enough to substitute −λ2w1(τ, λ) − w′′1 (τ, λ) and
−λ2w2(τ, λ) − w′′2 (τ, λ) instead of −q(τ)w1(τ − ∆(τ), λ) and −q(τ)w2(τ − ∆(τ), λ) in
the integrals in (9), (10) respectively and integrate by parts twice. �

Theorem 1. Problem (1)�(5) can have only simple eigenvalues.

Proof. The proof is similar to the proof of Theorem 1 in [8]. �

The function w(x, λ) de�ned in Section 1 is a nontrivial solution of Eq. (1) satisfying
conditions (2) and (4)-(5). Putting w(x, λ) into (3), we get the characteristic equation

(10) Z(λ) ≡ w′(π, λ) +mλw(π, λ) = 0.

By Theorem 1 the set of eigenvalues of boundary-value problem (1)-(5) coincides
with the set of real roots of Eq. (10). Let

Q1 = r+

π
2∫

0

|q(τ)|dτ, Q2 = r−

π∫
π
2

|q(τ)| dτ .

Lemma 2. Let λ > max {2Q1, 2Q2}. Then for the solutions w1 (x, λ) and w2 (x, λ)of
Eq. (8) and Eq. (9) the following inequalities hold:

(11) |w1 (x, λ)| 6 const ., x ∈
[
0, π2

]
,

(12) |w2 (x, λ)| 6 const ., x ∈
[
π
2 , π

]
.

Proof. The proof is similar to the proof of Theorem 1 in [7]. �



182
Erdo�gan �SEN, Azad BAYRAMOV

ISSN 2078-3744. Âiñíèê Ëüâiâ. óí-òó. Ñåðiÿ ìåõ.-ìàò. 2017. Âèïóñê 83

From (8)-(10)

−γ
+r−
√
λ

δ+

[
√

2
r+

cos
(
r+π
√
λ

2 +π
4

)
− r+√

λ

π/2∫
0

q(τ) sin
(
r+

√
λ
(
π
2−τ

))
w1(τ−∆(τ),λ)dτ

]
sin r−π

√
λ

2

+γ−

δ−

[
−
√

2λ sin
(
r+π
√
λ

2 +π
4

)
−r2

+

π/2∫
0

q(τ) cos
(
r+

√
λ(π2−τ)

)
w1(τ−∆(τ), λ)dτ

]
cos r−π

√
λ

2

− r2
−

π∫
π/2

q(τ) cos
(
r−
√
λ(π − τ)

)
w2(τ −∆(τ), λ)dτ−

+mλ

{
γ+

δ+

[
√

2
r+

cos
(
r+π
√
λ

2 +π
4

)
− r+√

λ

π/2∫
0

q(τ) sin
(
r+

√
λ
(
π
2−τ

))
w1(τ−∆(τ), λ)dτ

]
cos r−π

√
λ

2

+ γ−

δ−
√
λr−

[
−
√

2λ sin
(
r+π
√
λ

2 +π
4

)
− r2

+

π/2∫
0

q(τ) cos
(
r+

√
λ(π2−τ)

)
w1(τ−∆(τ), λ)dτ

]

× sin r−π
√
λ

2 − r−√
λ

π∫
π/2

q(τ) sin
(
r−
√
λ(π − τ)

)
w2(τ −∆(τ), λ)dτ

}
= 0.

(13)

Let λ be su�ciently large and γ+δ−r− = r+δ
+γ−. With the helps of (8), (9), (11) and

(12), we have √
λ cos

(√
λπ
2 [r+ + r−] + π

4

)
+O(1) = 0.

So we have the following formula for the eigenvalues:√
λn =

4n− 3

2 [r+ + r−]
+O

(
1
n

)
.

Using the same techniques in [2] we �nd the next asymptotic formulas for the eigenfuncti-
ons of problem (1)�(5):

u1n = r−1
+

{
cos
(

[4n−3]r2−r+x

2[r++r−]

)
− sin

(
[4n−3]r2−r+x

2[r++r−]

)}
+O

(
1
n

)
, x ∈

[
0, π2

)
and

u2n =
r−1
+ γ+

δ+

{
cos
(

[4n−3]r−r
2
+x

2[r++r−] + [4n−3][r++r−]π
16[r++r−]

)
− sin

(
[4n−3]r−r

2
+x

2[r++r−] + [4n−3][r++r−]π
16[r++r−]

)}
+O

(
1
n

)
, x ∈

(
π
2 , π

]
.

Now let us assume that the following conditions hold: The derivatives q′(x) and
∆′′(x) exist and are bounded in [0, π2 )

⋃
(π2 , π] and have �nite limits q′(π2 ± 0) =

lim
x→π

2±0
q′(x) and ∆′′(π2 ± 0) = lim

x→π
2±0

∆′′(x), respectively; ∆′(x) 6 1 in [0, π2 )
⋃

(π2 , π],

∆(0) = 0 and lim
x→π

2 +0
∆(x) = 0.
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Under these additional conditions we have

(14) w1 (τ −∆ (τ) , λ) =
√

2
r+

cos
(
π+r+4

√
λ(τ−∆(τ))
4

)
+O

(
1√
λ

)
,

(15) w2 (τ −∆ (τ) , λ) =
√

2γ+

r+δ+
cos
(
π+
√
λ2π(r+−r−)+r−4

√
λ(τ−∆(τ))

4

)
+O

(
1√
λ

)
.

Let

R1 (x, λ,∆(τ)) =

x∫
0

q(τ)√
2

sin
(
r+4
√
λ∆(τ)−π

4

)
dτ,

R2(x, λ,∆(τ)) =

x∫
0

q(τ)√
2

cos
(
r+4
√
λ∆(τ)−π

4

)
dτ,

R3 (x, λ,∆(τ)) =

x∫
π/2

q(τ)√
2

sin
(
r−4
√
λ∆(τ)−π

4

)
dτ,

R4 (x, λ,∆(τ)) =

x∫
π/2

q(τ)√
2

cos
(
r−4
√
λ∆(τ)−π

4

)
dτ.

The following formulas

(16)



x∫
0

q(τ)√
2

sin
(
r+4
√
λ(2τ−∆(τ))+π

4

)
dτ

x∫
0

q(τ)√
2

cos
(
r+4
√
λ(2τ−∆(τ))+π

4

)
dτ

x∫
π/2

q(τ)√
2

sin
(
r−4
√
λ(2τ−∆(τ))+π

4

)
dτ

x∫
π/2

q(τ)√
2

cos
(
r−4
√
λ(2τ−∆(τ))+π

4

)
dτ

= O
(

1√
λ

)

can be proved by the similar method as in Lemma 3.3.3 in [2]. Putting formulas (14) and
(15) in (13) and using (16) we obtain following equality:

cos
(√

λπ(r++r−)
2 +

π

4

)
=

sin

(√
λπ(r++r−)

2 +π
4

)
√
λ

(
δ+γ−+mδ−γ+[r+R2(x,λ,∆(τ))+r−R4(x,λ,∆(τ))]

δ+δ−

)
+O

(
1
λ

)
.

Now replacing
√
λ by

√
λn =

4n− 3

2 [r+ + r−]
+ δn we get

δn =
4 [δ+γ−+mδ−γ+]

[
r+R2

(
π
2 ,

4n−3
2[r++r−] ,∆ (τ)

)
+r−R4

(
π, 4n−3

2[r++r−] ,∆ (τ)
)]

(4n− 3)πδ+δ−
+O

(
1
n2

)
.
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Thus, we now may obtain a sharper asymptotic formula for the eigenfunctions.
Putting (14) in (8) and replacing

√
λ by

√
λn for x ∈

[
0, π2

)
we have

u1n(x) = cos
(
r2−(8n−6)x+π(r++r−)

4(r++r−)

)[ (8n−6)+2
√

2r2+(r++r−)R1

(
x, 4n−3

2[r++r−]
,∆(τ)

)
r+
√

2(4n−3)

]

−4
√

2 sin
(
r2−(8n−6)x+π(r++r−)

4(r++r−)

)
×

(
δ+γ−+r+δ

−mγ+R2

(
π
2 ,

4n−3
2[r++r−]

,∆(τ)
)

+mr−γ
+δ−R4

(
π, 4n−3

2[r++r−]
,∆(τ)

)
(4n−3)πr+δ+δ−

)
+O

(
1
n2

)
.

Putting (15) in (9) and replacing
√
λ by

√
λn for x ∈ (π2 , π] we have

u2n(x) = γ+

2δ+

{[
(−1)n+1 sin

(
r−(4n−3)x
2(r++r−)

)
+ cos

(
π[(r+−r−)(4n−3)+(r++r−)]+(8n−6)r−x

4(r++r−)

)]
×

[
(8n−6)+2

√
2r2+(r++r−)R1

(
π
2 ,

4n−3
2[r++r−] ,∆(τ)

)
r+
√

2(4n−3)

]
+
[
(−1)n cos

(
r−(4n−3)x
2(r++r−)

)

− sin
(
π[(r+−r−)(4n−3)+(r++r−)]+(8n−6)r−x

4(r++r−)

)]
×

[
2r+(r++r−)R2

(
π
2 ,

4n−3

2[r++r−]
,∆(τ)

)
(4n−3)

]
−
√

2γ−

2r−δ−

{
(−1)n+1 sin

(
(4n−3)r2−r+x

2(r++r−)

)
+ 4

(4n−3)π

[
(−1)n cos

(
(4n−3)r2−r+x

2(r++r−)

)
+

× sin
(
π[(r+−r−)(4n−3)+(r++r−)]+(8n−6)r−x

4(r++r−)

)]
×

[
γ−δ++γ+δ−m

[
r+R2

(
π
2 ,

4n−3

2[r++r−]
,∆(τ))

)
+r−R4

(
π, 4n−3

2[r++r−]
,∆(τ))

)]
δ+δ−

]
+ cos

(
π[(r+−r−)(4n−3)+(r++r−)]+(8n−6)r−x

4(r++r−)

)}
+

γ−r2+(r++r−)

r−δ−(4n−3) R2

(
π
2 ,

4n−3
2[r++r−] ,∆(τ)

){
(−1)n cos

(
r−(4n−3)x
2(r++r−)

)
− sin

(
π[(r+−r−)(4n−3)+(r++r−)]+(8n−6)r−x

4(r++r−)

)}
+

2γ−r3+(r++r−)R1

(
π
2 ,

4n−3

2[r++r−]
,∆(τ)

)
δ−(4n−3)

×
{

(−1)n sin
(
r−(4n−3)x
2(r++r−)

)
+ cos

(
π[(r+−r−)(4n−3)+(r++r−)]+(8n−6)r−x

4(r++r−)

)}
−

2γ+r−(r++r−)
(4n−3)r+δ+

{
sin
(
π[(r+−r−)(4n−3)+(r++r−)]+(8n−6)r−x

4(r++r−)

)
×R4

(
x, 4n−3

2[r++r−] ,∆(τ)
)
−R3

(
x, 4n−3

2[r++r−] ,∆(τ)
)

× cos
(
π[(r+−r−)(4n−3)+(r++r−)]+(8n−6)r−x

4(r++r−)

)}
+O

(
1
n2

)
.
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3. Bounds for the Distance Between Eigenvalues.

Let us de�ne

χ0 =


min

{
β2

0Q
2
π, γ

2
0Q

2
0π

2
}
,

γ2
0Q

2
π, if x |q (x)| >

∫ x

0

q(t)dt, 0 6 x 6 π.

where β0 is the unique real root of the equation β =
(√

2 +
√

2 +
√

2
)
e1/β ; γ0 is the

unique real root of the equation γ =
√

2
4

(√
9 + 4

√
2 + 3

)
e1/γ ; Qπ =

∫ π

0

|q(x)| dx and

Q0 = max[0,π] |q (x)| . Assume that λ = χ0 and let λN , λN+1, . . . , λN+p, . . . be the ei-
genvalues of problem (4)�(5) listed in the increasing order, N is the number of zeros on
the set (0, π/2) ∪ (π/2, π) of the eigenfunctions corresponding to the eigenvalue λN . In
what follows the eigenvalues with odd index will be called odd, and those with even index
will be called even.

Now, we will state the following theorem which can be proven easily using the same
method as in [2].

Theorem 2 (Asymptotic Oscillation Theorem). The eigenvalues of problem (1)�(5)
form an unbounded increasing sequence λN , λN+1, . . . , λN+p, . . . , in the region λ = χ0.
Moreover, the eigenfunction corresponding to the eigenvalue λN+p has exactly N + p
zeros on the set (0, π/2) ∪ (π/2, π) , where N is the number of zeros of the eigenfunction
corresponding to the �rst eigenvalue λN of the sequence.

Lemma 3. Suppose that λ = χ0 in (1) and that λ′ is an eigenvalue of problem (1)�(5).

Then
√
λ′ = µ′ =

4n′ − 3

2 [r+ + r−]
+ δn′ , where n

′ is an integer, and |δn′ | 6
1

2 [r+ + r−]
.

Moreover, if λ′ is an odd eigenvalue, then n′ is even; for an even eigenvalue, n′ is odd.

Proof. Suppose that λ′ is an odd eigenvalue of the problem (1)�(5) and that

(17)
√
λ′ = µ′ =

4n′ − 3

2 [r+ + r−]
+ δn′

where n′ is an integer, and

(18) |δn′ | 6
1

2 [r+ + r−]
.

Di�erentiating (9) with respect to x and evaluating its value at x = π we obtain

(19)
∣∣∣sin(µ′π[r++r−]

2 +
π

4

)∣∣∣ > √
2

2 .

However, if λ′ = χ0, from (6) and Lemma 2.3.6 in [2] it follows that

(20)
1

µ′

∣∣∣∣∣
∫ π

π/2

q (τ) cos (µ′r− (π − τ))w2 (τ −∆(τ), λ′) dτ

∣∣∣∣∣ < √
2

2

and it follows from the (19) and (20) that the sign of the derivative coincides with the

sign of sin
(
µ′π[r++r−]

2 + π
4

)
. From Theorem 3.1 and Lemma 2.3.3 in [2] we obtain that
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w′x (π, λ′) > 0. Therefore we get

(21) sin
(
µ′π[r++r−]

2 +
π

4

)
> 0.

From (17) it now follows that

sin
(
µ′π[r++r−]

2 + π
4

)
= sin

((
4n′−3

2[r++r−] + δn′
)
π[r++r−]

2 + π
4

)
= sin

(4n′−3)π
2 cos

(
δn′π[r++r−]

2 + π
4

)
.

If the equality holds in (18), then cos
(
δn′π[r++r−]

2 + π
4

)
= 0 and therefore

sin
(
µ′π[r++r−]

2 + π
4

)
= 0, which contradicts (21), the integer n′ is de�ned uniquely and∣∣∣ δn′π[r++r−]

2 + π
4

∣∣∣ < π
2 . Then cos

(
δn′π[r++r−]

2 + π
4

)
> 0 and, from (21), sin

(4n′−3)π
4 > 0.

Thus the proof is completed. �

Theorem 3. Let λ′ = µ2
1, λ

′′ = µ2
2, λ

′′′ = µ2
3 (λ′′′ > λ′′ > λ′ = χ0) be three successive

eigenvalues of problem (1)�(5). Then

(22)
3

r+ + r−
< µ3 − µ1 <

6

r+ + r−

(23) µ3 − µ2 <
4

r+ + r−
, µ2 − µ1 <

4

r+ + r−
.

Proof. By Lemma 3.2, µ3 =
4n3 − 3

2 [r+ + r−]
+δn3 and µ1 =

4n1 − 3

2 [r+ + r−]
+δn1 , with n3−n1 = 2

and |δn1 | <
1

2 [r+ + r−]
, |δn3 | <

1

2 [r+ + r−]
. Therefore

µ3 − µ1 =
2 (n3 − n1)

r+ + r−
− (|δn3

|+ |δn1
|) > 3

r+ + r−
.

The inequalities in (23) and the second inequality in (22) may be proved using the same
method in the proof of Theorem 3.6.1 in [2]. �
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Çíàéäåíî àñèìïòîòè÷íi ôîðìóëè äëÿ âëàñíèõ ôóíêöié çàäà÷i òèïó
Øòóðìà-Ëióâiëëÿ ç âiäõèëåííÿìè àðãóìåíòó. Ó öié çàäà÷i ñïåêòðàëüíèé
ïàðàìåòð ìiñòèòüñÿ òàêîæ ó êðàéîâèõ óìîâàõ, à âàãîâà ôóíêöiÿ ¹ ðîçðèâ-
íîþ. Îòðèìàíî îöiíêè íà âiäñòàíü ìiæ âëàñíèìè çíà÷åííÿìè. Ìè ðîçøè-
ðèëè é óçàãàëüíèëè äåÿêi ïiäõîäè òà ðåçóëüòàòè ñòàòòi [S. B. Norkin, Di-
�erential equations of the second order with retarded argument, Translations
of Mathematical Monographs, Vol. 31, AMS, Providence, RI (1972)]

Êëþ÷îâi ñëîâà: äèôåðåíöiàëüíå ðiâíÿííÿ ç âiäõèëåííÿì àðãóìåíòó,
ñïåêòðàëüíèé ïàðàìåòð, óìîâè ñïðÿæåííÿ, àñèìïòîòèêà âëàñíèõ çíà÷åíü,
îöiíêà âiäñòàíi ìiæ âëàñíèìè çíà÷åííÿìè.


